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Abstract

This paper presents the conjugate gradient and Lanczos methods in a matrix
framework, focusing mostly on orthogonality properties of the various vector
sequences generated. Various aspects of the methods, such as choice of inner
product, preconditioning, and relations to other iterative methods will be con-
sidered. Minimization properties of the methods and the fact that they can
compute successive approximations to the solution of a linear system will be
proved as corollary.
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1 Introduction

Many articles have already been written about the conjugate gradient method
and the Lanczos algorithm. Some of these focus on preconditioners, some treat
different variants of the basic method, and others derive error or convergence
speed properties of the methods (for the history of the conjugate gradient and
Lanczos methods and an extensive bibliography we refer to [9]). In this article we
will give a unified presentation of the conjugate gradient method and the Lanc-
zos algorithm, and derive properties regarding orthogonality and equivalence of
various formulations. We will stress showing what the minimal assumptions are
for various properties.

In general we will only be concerned with qualitative properties of the methods,
leaving all quantitative results, such as convergence speed, aside. The conjugate
gradient and Lanczos methods will here be derived as orthogonalization methods
for Krylov sequences, and minimization properties will be derived from this
orthogonality. Also, the fact that such methods can be used for the iterative



solution of linear systems will be presented as a corollary rather than as a
starting point of the discussion.

Additionally, the presentation here will differ from most others in the literature
(with the exception of [12]) in that it is given in terms of matrices instead
of vector sequences. Although an occasional part of the discussion may feel
somewhat forced by this, in general the presentation is very concise.

2  Tools: sequences as matrices

Most of the analysis in this paper will talk about matrices, instead of vector
sequences. The matrix corresponding to a sequence has the elements of that se-
quence as its columns. For instance, a matrix X will have the vectors xq, zo, ...
as its columns. Subscripted uppercase letters will indicate initial parts of se-
quences: X, 1s the matrix with columns z; . ..x,. Doubly subscripted lowercase
characters denote elements of matrices: h;; is the i-th element of h; or the (4, j)
element of H.

Combinations of the elements of a sequence can be expressed by upper triangular
matrices: if X and Y are sequences and U is upper triangular, then X = YU
expresses the fact x; = 22:1 Y Ui -

In addition to the identity matrix I, we will often need the unit lower subdiag-
onal matrix

J = (bij+1)-
Right multiplication by J shifts a matrix left one column, so X = YJ corre-
sponds to the relation x; = y;41 between sequences. An update relation

Litl — Li = Y

can be expressed as X(J — 1) =Y.

Lemma 1 An update relation x;y1 — x; = 22:1 YiUks, OF
X(J-I)=YU

with U upper triangular can be rewritten as z;41 = 1 + 22:1 Yi Vi, OF
X(J—-FE)=YV

with V upper triangular and 1 = (6;1).



Proof: the sequences can be rewritten by algebraic manipulation. Here is a proof
using matrix analysis. Let En be the square N x N matrix (6;x), then (J —
E1)™! = J'—EN. Suppose X(J—1) = YU, then using J—FEy = (J—=I)(I-J*")~!

we get
X(J-E)=YUJ-D({J—-E)!
=YU({I-JH)"

Again V = U(I — J*)~! is an upper triangular matrix. .

3  Krylov sequences and Hessenberg matrices

In this section we will look at Krylov sequences, that is, vector sequences de-
rived from successive application of a matrix product. Linear combinations of
subsequences of a Krylov sequence can be associated with an upper Hessenberg
matrix and with matrix polynomials in the generating matrix of the sequence.
It is important to note that all of the properties derived here are independent
of any concept of orthogonality.

Consider the Krylov sequence ;41 = Az;. This sequence can be written in
matrix form as
AX =XJ. (1)

Identities such as #;42 = A%z, follow from
ARX = AFIXT = = XJTR

Taking linear combinations of Krylov vectors gives rise to Hessenberg matrices.

Lemma 2 If AR = RH and ry || 1 (that is, 1 = awx; for some o # 0),
then H is an irreducible upper Hessenberg matrix iff R = XU with X the
Krylov sequence (1) and U a nonsingular upper triangular matrix satisfying

H=U"1JU.

Proof: If U is a nonsingular upper triangular matrix and R = XU, then
AR=RU™'JU

where U~'JU is of irreducible upper Hessenberg shape, so the r; vectors satisfy
a recurrence



i
hiyi,irigr = Ary — Z hjir;.
ji=1

Conversely, if H is an upper Hessenberg matrix and AR = RH, then an upper
triangular matrix U can be determined such that R = XU, namely U has to
satisfy

UH=JU

and this can be solved recursively. For instance, noting that the first row of JU
is zero (and picking wuqy arbitrarily):

urthiy + uizhor =0 = w2 = ...
urrhiz + ui2has + uishss =0 = uiz = ...
Then for the second row
U1 = Ugohoy = U2z = ...
u12 = uzzhas + uashss = waz = ...
We see that U can be solved if all hjyq; # 0, that is, if H is irreducible. Now
ARU' = RUTYUHU Y)Y = RU™'J
so if 11 = awxy, then R = X (al). .

For future reference we prove a lemma on Hessenberg matrices.

Lemma 3 Let H be a Hessenberg matrix that can be factored without pivoting,
then the column sums of H are zero iff the factorization is H = (I — J)V with
V' upper triangular.

Proof: Let ¢ = (1,...). In general, H can be factored as H = (I — L)V. Now
e'(I—L) = (1—{s1,1—l32,...),s0 if the column sums are zero, £ = 1. Conversely,
if H=(I—J)V, then from e'(I — J) = 0' the column sums of H are zero. e

A combination of Krylov vectors can be expressed as a matrix polynomial times
the initial vector.

Theorem 1 If AX = XJ and ry || #1, then R = XU with U upper triangular,
if and only if

n4l = Pn(A)xl



where P, is an n-th degree polynomial with coefficients in the n + 1-st column

of U.

Proof: Suppose R = XU, and consider the splitting of the upper triangular
matrix U as

N
U=> (Y™, U™ = diag(0,. .., 0,u1k, .., un—p41,N)
k=0

where U(*) has k initial zeros. For the columns of R (which are the vectors ry)

we find

n
t\krr(k
Tsxnt+l = Zl‘*,n+1—k(<] ) UT(L+)1,n+1
k=0

n
=3 ek I I g
k=0

n

= {Z An_k$*,1un+1—k,n+1} (JhH"
k=0

where we use A¥X = X J* and the fact that J*(J?)* is the identity matrix apart

from the first & diagonal elements, which are zero. For the inverse assertion, read

the above proof backwards. .

In the context of iterative methods for linear systems, where these r; vectors
will turn out to be residuals, the measure of success of the method depends on
how closely the polynomials approximate the zero function. Results regarding
this can be found for instance in [1], [22]; in this paper we will not pay any
attention to this matter.

The polynomials derived above satisfy a simply recurrence.

Lemma 4 Denoting the polynomials from the previous lemma ¢,, and defining
H =U~'JU, the polynomials satisfy

n—1
hn+1n¢n+1(t) = (t - hnn)¢n(t) - Z hkn¢k(t)
k=1

Proof: From the relation UH = JU relating the upper Hessenberg matrix and
the upper triangular matrix corresponding to certain spans of Krylov spaces we
see that U can be solved one column at a time. Suppose the n-th column wu,,
has been solved, then



Uin+1Pntin = Wimin — Z Uiphen fori=1,...,n+1. (2)
k=1

This relation implies the recurrence for the polynomials ¢, . .

4  Orthogonalization

The conjugate gradient algorithm and the Lanczos method can be derived by
imposing various orthogonality conditions on the sequence R derived in the
previous section. Equivalently, they correspond to a certain construction for the
Hessenberg matrix H.

4.1 Simple orthogonalization: the Galerkin condition

A sequence R defined by AR = RH can be chosen semi-orthogonal to another
sequence S by suitable construction of the Hessenberg matrix H.

Algorithm 1 Let r1 and any sequence S be given, and suppose inductively
that Sfl R, is nonsingular. Solve the n x 1 vector h,, from

St Ar, = St Ryhi,. (3)

Then pick a value for hy, 41 5, for instance 1 or 1/||Ar, — Ry hy||, and define r,4q
from

rn+1hn+1,n = A?“n — Rnhn (4)

(In section 6.1 we shall see factors that dictate certain choices of hit; ;.)

Lemma 5 Algorithm 1 constructs a sequence R that is semi-orthogonal to S
in the sense that str; = 0 for j > i; the algorithm is well-defined if R,, Is not
an invariant subspace of A, and if the breakdown condition s 1,41 = 0 does
not occur.



Proof: Suppose inductively that S? R, is lower triangular and nonsingular. Un-
less R, is an invariant subspace of A, the vector r,41 will be nonnull. Fur-
thermore, Sfrpp1 = 0 so, S, Ryq1 is again a lower triangular matrix. It is
nonsingular depending on whether s}, 7,41 is zero. .

The condition that r; is orthogonal to the ¢ — 1-dimensional space spanned by
Si—1 1s often called a ‘Galerkin condition’; or perhaps more correctly, a ‘Petrov-
Galerkin condition’ [19].

The classical conjugate gradient method stems from the choice S = R.

Lemma 6 The conjugate gradient method corresponds to a transformation
of A to upper Hessenberg form. If A is symmetric this is a tridiagonalization; if
A is positive definite the breakdown condition will not occur.

Proof: If S = R, then the lower triangular matrix S*R is diagonal, and S* AR =
R'AR = R'RH is a transformation of A to Hessenberg form. If A is symmetric,
then R'RH = H'R'R, so H is of both upper and lower Hessenberg form, hence
tridiagonal. .

Lemma 7 Normalizing the r; vectors in the conjugate gradient method for a
symmetric matrix A leads to a symmetric Hessenberg matrix H .

Proof: This follows immediately from R'AR = R'RH = H. .

The question whether for unsymmetric matrices A the upper Hessenberg matrix
can take on a banded form with a small bandwidth is of practical importance,
since such a form limits the length of the recurrence for the r; vectors in (4).
This question was answered largely negatively by [25] and more generally by [6]:
the conjugate gradient algorithm gives a tridiagonal matrix if the spectrum of A
lies on a line in the complex plane; for other matrices the bandwidth 1s a large
fraction of the matrix size.

4.2 Bi-orthogonalization

If the sequence {s,} is based on a Krylov recurrence with A’ that is,



A'S = SK or Ki'st=S'A

with K of upper Hessenberg shape, the columns of K can be solved in a similar
manner to those of H. Assume S! R, is diagonal and non-singular. Solve ky,
from

SZARH = k;Sfl R,
so that s,41 defined from
kn+1,n5n+1 = Atsn - Snkn

satisfies SL_HR” = 0, so that S;+1Rn+1 is again diagonal, but maybe singular.
Obviously, if r1 = s; and A is symmetric, then S,, = R,, for all n, and S;+1Rn+1
is singular iff r,41 = 0. Choosing r1 and s; independently corresponds to the
Lanczos method.

Theorem 2 The Lanczos method generates Hessenberg matrices H and K that
are of tridiagonal form; under some normalization of the R and S sequences they
are equal. The matrix S' AR is tridiagonal and it is symmetric (independent of
the symmetry of A) if H = K.

Proof: We have that SR is a diagonal matrix, so for S* AR we find
S'AR = S'RH = K'S'R

that is, it is both equal to an upper and to a lower Hessenberg matrix. Therefore
it is tridiagonal. Note that, unlike above, this conclusion does not depend on
symmetry, or equality of the sequences R and 5.

Inspecting the elements of S*AR, we find from the (n, n) position that

¢
sy Arp,

1
SpTn

t t t
5, Ar, = s, Tphnn = knns,tn = hnn = knp =

and similarly

(n+1,n):  knpny1shr = 5;+1rn+1hn+1n
and

(nym+1): kn+1n5;+1rn+1 = s rphangt.
The matrices H and K are related by

H=Q'K'Q

where Q is the diagonal matrix S*R. We see again that h,, = k,, for any
scaling of R and S; if we choose hpy1n = kpy1n, then



1
Sn4e1Tn+1 L

hnn+1 = knn+1 = Sfﬂ“n

n+ln
so H = K. In general, any scaling of the R or S sequence that makes 2 = 1
causes H and K to be equal.

If H and K are equal, we can combine the equalities S'AR = K!S'R= H'S'R
and (STAR)' = (S'RH)' = H'R'S = H'S'R to find that ST AR is symmetric. o

4.3 Different choice of inner product and the symmetrizable case

If we don’t orthogonalize R and S directly, but make S* M R diagonal for some
matrix M (if this matrix is symmetric positive definite it induces an inner prod-
uct, however this fact will not be used in the following derivation), the above
formulas alter slightly. First of all, if we still generate R from AR = RH, then
h,, 1s to be solved from

St M Arp, = ST M Ryhy,
so that S% Mr, 41 = 0 if we define
rn+1hn+1n = Arn - Rnhn

For the conjugate gradient method, the upper Hessenberg matrix is usually only
tridiagonal if A is symmetric (see the remark in section 4.1). However, if M A is
symmetric, then it is clear from

R'MAR=R'MRH (5)

that under M-orthogonalization the upper Hessenberg matrix H is again tridi-
agonal.

4.4 Different choice of inner product in the Lanczos method

Consider a generalization of the Lanczos method with a matrix M inducing the
inner product with respect to which the sequences S and R are orthogonalized.
We want to be able to write S MRH = K'S'MR. Since S'MAR = S'MRH,

we have to solve k,, from
kL STMR, = st MAR,
and define
sthy1knyin = shMAM™! — kL Sh

10



so that SZ_HMR” = 0. Apparently, S is no longer generated from a Krylov
sequence of A, but from one of (M AM~1)t.

Another (more symmetric) way of looking at this is to diagonalize S*M R, and
let R and S be generated from

AR =RH, B'S = SK.
We conclude that

S*MAR=S'MRH, S*BMR=K'S'MR,

so in order to conclude the tridiagonality characteristic of the Lanczos recur-
rence, we need that M A = BM, that 1s,

B=MAM™".

In practice, this limits M to powers of A or powers of A™1.

5 Minimization

The choice of orthogonal sequences for R and S in the Lanczos method (or R
orthogonal to itself for the conjugate gradient method) leads to some minimiza-
tion properties. Additionally, minimization properties can be imposed by taking
vector sequences that consist of linear combinations of the R sequence.

5.1 Lanczos’ Minimized iterations

Theorem 3 Choosing the sequences R and S to be orthogonal minimizes the
inner products sir; (modulo some normalization of the sequences).

Proof: Let X, Y be the Krylov sequences following from AX = XJ and A'Y =
Y J, and assume that ry || z1, s1 || v1, and AR = RH, A*S = SH for some
upper Hessenberg matrix H, such that R'S is diagonal with positive diagonal
elements.

Let further 7 = 71, § = s; and AR = RH, A'S = SH for some upper
Hessenberg matrix H. From lemma 2 we find that there are upper triangular
matrices U, U such that R = XU, S=YU, R = X[j, S=YU. Making the
substitutions H «— HU™!, H — fNHj_l, we find AX = RH = RFNI, AYY =
SH = SH. Assuming that the sequences have been normalized such that H, H
can be written as H = J + V, H = J + V for some upper triangular matrices

V,V, we find

11



RI=RJ+XV, SI=S8]+YV,
where V is the upper triangular matrix Uv—Uv.
We now get
JIS'RI = J'S'RT + J'S'XV + VIY'RT + VIY'XV

in which the second and third term are strictly upper and lower triangular
respectively. (Here we use for instance that S'X = S* RU~! is upper triangular;
furthermore, Y'X = U~'S*RU~1.) Therefore, 5! 7, > s r,, with equality only
in the case that V = 0, that is, if R= R, S = S. .

For the symmetric case of A = A’ S = R, this says that the orthogonalizing
algorithm minimizes the length of the r, vectors in each iteration. For the gen-
eral Lanczos method it gives the minimization of the inner product sir;, but
this implies no minimization for either the r; or the s; vectors. This minimiza-
tion property led Lanczos [13, 14] to name this method ‘minimized iterations’.
Another name is the ‘biconjugate gradient method’ [7].

5.2 Symmetric CG: Minimization in the A~ norm

In addition to theorem 3 we can prove a further minimization property for the
conjugate gradient method for spd systems.

Theorem 4 Orthogonalizing the residuals r; for the conjugate gradient method
applied to symmetric positive definite systems A minimizes their lengths in the
A~'-norm (modulo some normalization condition).

Proof: Assume that AR = RH, AR = RH and r [| 71 || #1, then there are
upper triangular matrices U, U such that R = XU, R = XU. Suppose the
sequences have been normalized such that H, H admits a factorization H =
(I -0V, H = (I - J)f/ with V, V upper triangular (in section 6.1 we shall
see that this can be achieved by scaling the R sequence, and this is in fact the
conventional conjugate gradient method); we find that R(J — I) = —ARV ™1,
R(J —I) = —ARV~! and using (J — I)(I — J')~' = J — E; with the matrix

FE; from section 2
R(J — E))= AXW,  R(J—E))=AXW
where W = —UV=Y(I — JH)~L, W = —ﬁf/_l(f — JH)~1 are upper triangular

matrices.

12



Taking the difference we find RJ = RJ + AXW with W = W — W, so (using
the symmetry of A)

J'RIAT'RI = J'RIAT'RT + J'RIATYAXW + WIXTA'ATIRT
TWIXTALATTAX W
= J'RIAT'RT + J'RIXW + W!X'RT + WIXTAXW,
in which the second and third term are strictly upper and lower triangular
because of the upper triangularity of R'X = R'RU~L. Thus F1A=1F; > riA= 1y,
with equality only if W = 0, that isif R = R. .

It is easy to see that orthogonalizing the R sequence under the A* inner product
will similarly lead to minimization in the A*~! norm. For the case of k = 1 this
even holds for the nonsymmetric case, as will be shown in the next section.

5.3 Minimization in nonsymmetric conjugate gradient methods

Neither of the two preceding sections stated a minimization property for non-
symmetric conjugate gradient methods, that is, for the choice S = R with A
not a symmetric matrix. We can derive a minimization property for this case if
R is orthogonalized under the A-inner product.

Theorem 5 The sequence R = XU (where X is the Krylov sequence satisfying
AX = XJ) is A-orthogonal if and only if the norms of the r, vectors are
minimized (see also [19, theorem 1]).

Proof: As in the proof of theorem 4 we derive that any choice R in the same

Krylov space as R is related to R by RJ = RJ + AXW, so we find that
J'RIR] = J'"R'RJ 4+ J'RIAXW + WIXTA'RT + WIXTATAXW.

From diagonality of R' AR we find that R'AX = RTARU ! is upper triangular,
so the second and third term in the above right hand side are strictly upper and
lower triangular respectively. Therefore #% 7, > v r, with equality only if A*A
is semi-definite or if W = 0.

Conversely, for any nonsingular upper triangular matrix W the function f(«) =
[|RJ + «a ARW]|| is minimized for o = 0. Differentiating and substituting e = 0
gives (R'ARW),,,, = 0, that is, R is A-orthogonal. .

13



5.4 Minimal residual methods: GMRES and QMR

Two methods have been proposed that generate a vector sequence satisfying
a minimization property by first generating the sequence R in the usual way,
and subsequently taking combination of this sequence. This procedure can be
applied both to the Lanczos method and the conjugate gradient method.

Let then R satisfy AR = RH, and construct a sequence G by taking combina-
tions, specifically, G = RV; with V; upper triangular with column sums equal
to 1. Then Vi(J — E}) is a Hessenberg matrix with zero column sums, so by
lemma 3 it can be written as Vi (J — F1) = (I — J)V5. Therefore, for some upper
triangular V3 and Va:

G(J—FE)=RVa(J—FEy)=R(I—-J)V, = RHV3 = —ARV,.
Thus we arrive at the following formulation for these combining methods:
G(J — El) = —ARV, g1 =T

where V' 1s an upper triangular matrix.

Lemma 8 The elements of the sequence G are linear combinations of the same
Krylov sequence that underlies R.

Proof: Let R = XU where is U is upper triangular and X is a Krylov sequence
(see lemma 2), then G(J — F,) = —ARV = —AXUV = —XJUV. Since GF, =
RE| = X Fq, we find

GJ=X(Ey—JUV)= GJJ' = X(E, — JUV)J*.

In this equation, JJ* is the identity matrix except for a zero (1,1) element, and
(E1 — JUV)J! is an upper triangular matrix with a zero (1, 1) element. Thus
we can augment the first column of this matrix equation to find G = XW with
W = Ey — JUVJ!, which is a nonsingular upper triangular matrix. .

From the choice g1 = r1 we find that GJ = R(F; — HV), and the columns v,
of V can be derived by solving the least squares problem

min ||Hpv, — e(ln+1)||2.

If R is constructed by the conjugate gradient method this method is called
GMRES (Generalized Minimal Residual [20]), and since R is orthogonal this
minimizes the g, vectors (which will turn out to be residuals) in the 2-norm.
For a matrix R constructed by the Lanczos process this method 1s called QMR
(Quasi Minimal Residual [8]; the authors propose basing QMR on a block-
Lanczos process called ‘look-ahead Lanczos’, but that is not relevant for the

14



current discussion), and it does not directly minimize the residual, only the
coefficient vector.

Lemma 9 The GMRES method is equivalent to the conjugate gradient method
under the A-inner product.

Proof: This follows immediately from theorem 5 and lemma 8, using the fact
that the method minimizes the norms of the residual vectors g,,. .

The least squares solution to HV = Ej can for instance be found by making a
QR decomposition H = QU with ) orthonormal and U upper triangular. For
the QMR method this will result in U being upper tridiagonal. We find that
V = U~1Q", where Q is formed from Q as

q11 q11 - q11

Qt— qi12 - {12
0

qin

The residuals are then computed as
G(J — Ey) = —APQ'  where P = RU™L.

For an updating formula for G we find the even simpler formula
G(J —=1) = —AP diag(qu;).

The elements of P can be easily updated from the r, vectors, in the case of
QMR with a three-term recurrence. In GMRES updating p, requires all previous
such vectors to be stored. Hence, people have considered truncated or restarted
versions of the method.

6  The iterative formulation of the conjugate gradient
and Lanczos methods

The matrix equation AR = RH implies in cases where H is tridiagonal a three-
term recurrence

rn+1hn+1n + rnhnn + rn—lhn—ln = Arrr

Traditionally this was the way Lanczos [13] derived his bi-orthogonalization
method. The conjugate gradient method, however, was presented by its dis-
coverers Hestenes and Stiefel [11] as two coupled two-term recurrences. Such a

15



formulation was later given by Fletcher [7] for the Lanczos method, who called
it the ‘biconjugate gradient method’.

In this section we will show how the two formulations are equivalent, and how
the view as coupled two-term recurrences arises from factoring the Hessenberg
matrix.

6.1 Search directions and the solution of linear systems

The generating recurrence AR = RH can be split into two coupled recurrences.
Factor H as H = (I — L)D=Y(I — U) where L is a strictly lower diagonal

matrix, and U is strictly upper triangular (single upper diagonal for symmetric

conjugate gradients or the Lanczos method). Introducing P = R(I — U)~! we

get the coupled recurrences
APD = R(I - L); R=P(I-U).
The elements of the sequence P are usually called ‘search directions’.

If vectors r,, are replaced by scalar multiples ¢, r,, of themselves, this corresponds
to a transformed recurrence for the sequence RC' (where C' = diag(¢;))

ARC = (RCYC™'HC)

of the original form. In particular, for H = (I — L)D~Y(I — U) we can define a
scalar recurrence

e =1; Civ1 = Lipui¢

so that
ClI-L)C=1-1]

As a result,
C'HC=(I-NC'Dlc(I-Cc™'UC)=(I-J)D" I -C~'UC)

is a factorization of the Hessenberg matrix of the transformed recurrence for RC'.
Note that the matrix D is invariant under scalings of the R sequence.

Table 1 gives orthogonality properties for the gradients and search directions
thus derived.

For the transformed recurrence, now simply denoted R, we thus get coupled
formulas as above:

APD=R(I-J), R=P(I-U). (6)

16



Equation / Shape Relation Valid for

R'R diagonal rir; =0 i+
R'AR= R'RH
upper Hessenberg riAr; =0 i1>j5+1
symm: tridiagonal r{Ar; =0 li—j|>1
PAP = (I - U)T'R'R(I — J)D~!
lower triangular  p!Ap; =0 j>
symm: diagonal plAp; =0 i+
P'R=(I-U)'R'R piri = rir;
lower triangular  pfr; = 0 j>z
R'AP = R'R(I — J)D™!
lower bidiagonal rfAp; =0 j>i,1>5+1
R'AP = (I -U)'P'AP riAp; = ptAp;

Table 1: Orthogonality properties of the conjugate gradient algorithm.

In this we recognize the classical formulation of the conjugate gradient method:
if z,, are iterates', and p, is a search direction, then scalars d,, are chosen such
that

T4l = Tn — dnnpna (7)
with for the gradients r, = Az, — f:
'n4l1 =Tn — dnnApna

which is the first half of the coupled recurrence. In order to ensure consistency,
we do have to choose explicitly 71 = Az — f. Since the residuals r; are orthog-
onal, for some value n we will have r, = 0. For that n, x,, is the solution of the
linear system Az = f. Note that this is the theoretical exact convergence of the
conjugate gradient method, discovered by [11]; in practice the method usually
converges to a given tolerance in far fewer iterations. This ‘speed of convergence’
depends mostly on the eigenvalues of the matrix; see for instance [1] or [22].

6.2 The scalars in the CG algorithm

If the Hessenberg matrix is factored H = (I — J)D~Y(I — U) with U strictly
upper triangular, then for the conjugate gradient method there are only two
sets of scalars that we need to know: the quantities d;; and w;_y; (k > 0; for
symmetric problems only £ = 1 is needed).

1. In section 3 we used z, to denote elements of a Krylov sequence; from now on z, will
denote solely the n-th iterate.
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Algorithm 2 (Conjugate Gradient Method) In order to solve Az = f, choose
z1 arbitrarily. Choose p1 = r1 = Az, — f. Then perform the following steps for
1=1,...

compute d;; (8)
Update the iterate

Tiy1 = & — pidy (9)
and the residual

Tig1 = 1 — Apidi; (10)

compute ug;4q for k = 1.. (11)

Update the search direction

2
Pitl = Tiy1 + Zpkuki+1 (12)
k=1

If Ar; is computed, Ap; can be derived recursively from

Apiy1 = Ariza + Z Aprturis1 (13)
k=1

where we note that Apy = Ary.

The scalars d;;, u;—1 ; follow in various ways from the orthogonality conditions.

From the relation APD = R(I—.J) we get, using the fact that rfp; = 0 for ¢ > j:

t t
pir; rir;
piApidii = piri — pirig1 = di = pfj‘l]lh = pflAlZ)z (14)
and also
t
rir;
TZApZd“ = 7“:»7“2' - 7“2»7““_1 = dy = tl :
ri Ap;

Comparing elements in the left and right hand side of R'IAR = R*RH, we find

from the lower diagonal
t
T
t _ ot _ t -1 _ +1"i41
T Ari = v ripihigns = —rig i dy = dig = —3714,
Tip14T:

(which is not a useful formula because d;; is needed to compute r;41) and from
the upper triangle we find for & > 0

t ,
ri_p Arg

1 1 -1
PiopAri = =gk di Dy g Uio ki = Uiogi = — di—k ik

1
Vi pVi—k

If A is symmetric we find from rf»_lAm' = rf»Ari_l that
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t
Tip1Ti41

U j4] = ——F—. 15

41 7”Zt'7°i ( )

For nonsymmetric problems the elements of U can be computed by recursion

in each column. Observing that P*AP is lower triangular we find from P*AP

(I —U)= P'AR that for i < j

—prApkukj = plAr;. (16)
k=1

Another way of computing U follows from the equation D=Y(I — J)'R'R =
P'A'R = P*A'P(I — U). We find for the columns of U/

0

. piAlpr ... plAlp, Utnt1

: = ., : : (17)
.0 phApn . :
Tn+t1“+1 PnA'Pn Unn+1

which reduces immediately to (15) for symmetric systems.

6.3 Iterative formulation of the Lanczos method: Bi-CG

Most authors present the Lanczos method as a three-term recurrence (see also
section 9.2), and reserve the name ‘biconjugate gradients’ for the mathematically
equivalent form involving two coupled two-term recurrences.

In order to let the presentation be as far as possible analogous to that of the
conjugate gradient method, we will take the latter approach. That is, we arrive at
an 1terative formulation for the Lanczos method by introducing search directions
corresponding to the left Krylov vectors. To this purpose we split the relation

AlS = SH into
AtQD:S(I—J), Q=S(I-U).

Algorithm 3 (Lanczos Method) In order to solve Ax = f, choose x1 arbi-
trarily. Choose py = ry = Ax; — f and ¢ = sy arbitrarily. Then perform the
following steps for i = 1,.. .:

compute d;; (18)
Update the iterate

Tiy1 = x; — pidy; (19)
and the left and right residuals
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rit1 = 1 — Apidi,

compute Usz;41

Update left and right search directions

Pit1 = Tig1 + Dilliig1,

t
siv1 = 5; — A'qidy;

Qit1 = Sit1 + qiUiiq1

(20)
(21)

(22)

The resulting orthogonality relations for the two sequences of iterates and search

directions are in table 2.

Equation / Shape Relation Valid for
S'R diagonal  sir; =0 i ]
STAR=S'RH = H'S'R
tridiagonal  sfAr; =0 li—j|>1
QAP = (I —U)'S'R(I — J)D~1
=D Y- D)S'R(I-U)"!
diagonal ¢fAp; =0 i ]

Q'R=(I-U)'S'R qir; = str;

lower triangular  ¢{r; =0 >
StP=S'R(I-U)"! sip; = st

upper triangular  sip; =0 1> ]
SYAP = S'R(I — J)D7!

lower bidiagonal s!Ap; =0 j>ii>5+1
QAR = D711 - J)IS'R

upper bidiagonal ¢fAr; =0 t>7,7>t+1

S'AP = (I - U)'Q'AP
Q'AR = Q'AP(I-TU)

stAp; = ¢l Ap;
qt Ar; = gt Ap;

Table 2: Orthogonality properties of the Lanczos method.

The scalar sequences d;; and u;;41 now can be derived as follows. Taking the

inner product of @ with APD = R(I — J) we find that

1
5; T4 .

ds — ’
" gt Ap;

from STAR = S'R(I — J)D=1(I — U) we find that

t ot -1
5i+1A7°i = —5i+17°z+1dn' )

t ot a1
s;Aripr = —siridy; Ui

which, with the symmetry of S* AR (see theorem 2) gives

o

_ SipTi4l

Uikl =
]

(23)
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7  Preconditioning

The idea of preconditioning is usually simply presented as replacing an iteration
on the system Au = f by one on M Au = M f. However, for conjugate gradient
methods 1t is relevant whether the iteration matrix is symmetric or not. Hence
we do not want to iterate directly with M A, which usually is an unsymmetric
system, even if A and M are symmetric.

In this section we will derive how the formulas for the conjugate gradient and
Lanczos methods have to be altered to incorporate a preconditioner. The actual
construction of the preconditioner will be left undiscussed, this being a whole
field of science in itself.

7.1 Preconditioned conjugate gradients

If M is symmetric and positive definite, we can split it (theoretically, not com-
putationally) as M = E'E" and we formulate the conjugate gradients method
as iterating on the system

E'AE(E™ %) = E'f,

that is, r, vectors are generated from the equation
E'AER = RH

where H is again factored as H = (I — J)D=*(I = U).

The first of the coupled recurrences in section 6.1 is now replaced by E'AEPD =
R(I —J), and we get for the full method

A(EP)D = (ET'R)(I—J), E'R=ET'E-YEP)I-U).

Introducing transformed sequences R=FE"'Rand P = E P, we get the coupled
recurrences

APD=R(I-J), MR=P(I-U). (25)

Computationally, the algorithm is extended by a single step of forming the
product M R, and the splitting of M is never explicitly required.

In order to compute the scalar quantities of the algorithm we note that R'R =
R'M R. Where the conjugate gradient algorithm uses p! Ap;, we now get, because
of the transformed system, p! E* AFEp;, which is equal to p! Ap;. For the methods
in section 9.3 we further note that R'AR becomes in the transformed system

RIEFTAER = RIM'AMR.

If we let Z be the solution of E'AEZ = E'f, then in the end we are interested
in obtaining ¥ = E#. Noting that the updating formula X (J —I) = PD follows
from equation (25), we find that
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X(J-1I)=EX(J-1)=PD, (26)

that is, using the transformed search directions we can actually update approx-
imations to the solution of the original system.

Also,
R=E"'R=E"YE'AEz — E'f) = Az — f,
that is, the transformed residuals are the residuals of the original system.

Summarizing, we get the following algorithm (where we now simply write r; for
the 7; of the above theory).

Algorithm 4 (Preconditioned Conjugate Gradient method) Choose 1 arbi-
trarily, and let 1 = Azy — f and p1 = 71 = Mry. Then perform the following
steps fori = 1,...:

compute d;; = 7ir; [ptAp; (27)
Update the iterate

Tig1 = ¥ — pidy; (28)
and the residual

rip1 =1 — Apidy;. (29)
Apply the preconditioner

Pig1 = Mrigq, (30)

compute Ugiy1 = ¥ Tig1 /7T (31)

Update the search direction

Dit1 = Tig1 + Pilliit1- (32)

7.2 Preconditioning as a change of matrix and inner product

We started formulating the preconditioned iteration as arising from a Krylov
sequence with the matrix E*AE. However, the resulting sequence R satisfying
E'AER = RH is never formed. Instead we compute a sequence R = E~'R.
This sequence can be interpreted as arise from a Krylov sequence of another
system, orthogonalized under another inner product.
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Lemma 10 The sequence R consists of linear combinations of a Krylov se-
quence of the matrix AM , and it is orthogonal under the M-inner product.

Proof: The sequence R satisfies AMR = RH, that is, it arises from a Krylov
sequence of the matrix AM (see lemma 2). For a general symmetric choice for M
this matrix will be nonsymmetric, but noting that the scalars in the iterative
method are determined from the equation

RIMAMR = R'MRH

we find by comparing to equation (5) that we have orthogonalized R under the
M inner product, which symmetrizes the matrix AM again. .

Although the discussion so far used a symmetric preconditioner M = EE!, it
is easy to see that taking M = FE! and iterating on a system with coefficient
matrix E'AF will also lead to a formula MR = ﬁ([ — U), that is, involving
only the unfactored preconditioner.

7.3 Preconditioned Lanczos

Preconditioning the Lanczos iteration is largely analogous to preconditioning
the conjugate gradient method as described above. (The only exposition of a
preconditioned Lanczos method in the literature that we are aware of is in [4];
apart from an implementational detail it is identical to the method derived

here.)

Since the Lanczos method can handle nonsymmetric matrices, assume that the
preconditioner is nonsymmetric too, and that we iterate on a system with matrix

E'AF. From
E'AFPD = R(I - J), F'A'EQD = S(I—1J)
we find
APD=R(I-J), A'QD=S(I-1)
where
R=E'R, S=F"'S,  P=FP, Q=EQ.
For the scalar quantities we find first of all that
S'R=SMR
where M = FE' is the preconditioner. Furthermore, the quantity ¢! Ap; in the
conjugate gradient method now becomes ¢! E* AFp;, which is equal to ¢ Ap;.

The update relations R = P(I —U) and S = Q(I — U) for the search directions
become
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MR=P(I-U), M'S=Q(I-U)

for the transformed sequences. We see that applications of both the precondi-
tioner and its transpose are necessary.

8 Polynomial squaring methods: CGS

It has been observed [21] that the Lanczos method computes both r, = ¢,,(A)r
and s, = ¢,,(A")s1, where ¢, is an n — 1-st degree polynomial, and r,, s, are
the right and left residuals. Since presumably both residuals tend to zero, and

sprn = (6n(A)s51) (¢n(A)r1) = s1 (675 (A)r1)

it may seem like a good idea to compute to compute the sequence ¢2(A)ry since,
ideally, this sequence would have double the convergence speed of the original
sequence. Here is why computing this sequence is possible.

Let X be a Krylov sequence of A, that is, AX = X J, and let R consist of linear
combination of the X sequence: R = XU. From the foregoing discussion we know
that we have AR = RH with H = U~'JU. Suppose that H is tridiagonal, for
instance because R is generated with the Lanczos iteration. For the n-th residual
we have 1, = ¢,(A)z; where the polynomials ¢,, are related by

Gnt1(Ohntin + G0 hnn + Gno1(Bhn_1n = 1én(1); (33)
see lemma 4.
We now define in each n-th step a new Krylov vector sequence Y () by

Vi = ¢ (A)X =AY =y (),

Using again the upper triangular matrix U to take linear combinations, this
time from V() we define S0 by

S — vy = 450 — gn)pr. (34)

Note that the matrix H is the same as above, and in particular independent
of n.

The justification for these new sequences is that
W= s = oAy = 60 (A

Naturally, we do not wish to build the whole sequence S) in the n-th step. It
turns out that of each S(") we need only four elements. From (33) we find that

S(n+1)hn+1n + S(n)hnn + S(n_l)hn—ln = AS(n)
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and combining this with (34) we find the following computation:
s hsan = As = (5 + 55 B 1)

Sgln-l—l)hn-l—ln = ASgln) — (Sgln)hnn + Sgln_l)hn—ln)

5(n+1)hn+1n = A5£Ln+1) - (Sgln-l—l)hnn + Sgln_-l—ll)hn—ln)

n+1
S+l (n+1) _((ntD)y

— n+1
s Bogongr = As Y — (s B+ 50T )

Of each equation, the left hand side is the computed result. Additionally, in
the last two steps we perform a matrix-vector product; the results of these can
be reused in the first two steps of the next iteration. We see that this method
requires two matrix-vector products, but neither is with the transpose of the
matrix.

For the computation of the coefficients of H we have to go back to the Lanczos
method. In section 6.3 we saw that we need the expressions (now denoting the
left sequence of residuals by 7,)

AT, (23), 7, (23) and (24).

n

From the above it is easy to see that

Py = 72 (A =7 Ar, = 7 A (A = 7 As(Y).

Thus the left sequence can be eliminated completely, and only its first element
is ever needed. Using the above two expression, the elements of H can be com-
puted, for instance as in equation (35).

There is in fact an unused degree of freedom in the above method: we can choose
a different upper triangular matrix V to form the linear combinations S| so
that

S =y Iy = 4500 = s
where K = V~1JV. We will not further pursue this approach here.

9 Other aspects of the iterative solution process

9.1 Iterative solution as solving reduced systems

In equation (7) we saw that the orthogonalization process of a Krylov sequence
can be used to compute iteratively approximations of the solution of a linear sys-
tem. Writing this vector recurrence again in block form X (I —J) = PD, we find
that the iterates can be computed iteratively or from an initial approximation
as
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X(I-J)y=RUI-U)"'D o X(E;i-J)=RV

where V = (I — U)=*D(I — J*)~! is an upper triangular matrix. Thus, every
iterate differs from the previous and from the initial one by a span of residuals.

For the columns v, of V we find after some elementary throwing around of
formulas that

R'ARV = R'R(Fy — J)
SO
R AR, v, = [|re]%e(™

gn) is the first length n unit vector. We see that each of the columns of V
follows from the solution of a reduced system that is derived from the previous
by the addition of a row and column.

where e

9.2 Three-term recurrence for iterates

Some authors [5, 10], have considered a three-term recurrence for the iterands
in the conjugate gradient algorithm, corresponding to the three-term recurrence
for the residuals. Such a three-term recurrence is the usual mode of presentation
for the Lanczos method and the Chebyshev semi-iterative method [10].

From the splitting H = (I—J)D~1(I=U) of the Hessenberg matrixin AR = RH
we get

_rn+1d;ﬁ + rn(d;ﬁ + d;iln—lu”—ln) - rn—ld;im—lun—ln = Arn. (35)
Since the sum of the weights of the residuals in equation (35) is zero, we can
extract the matrix A from this equation and derive for the iterates

Tp41l = (1 + un—lndnn/dn—ln—l)xn — Tn — un—ln(dnn/dn—ln—l)xn—L

Conversely, a different choice of H, or equivalently a different scaling of the
r, sequence, will not have an analogous relation for updating iterates. Thus,
lemma 3 is seen to be a consistency condition for solving linear systems with H.
We will return to this matter in section 9.5.

A three-term recurrence can also directly be derived from the elements of the
Hessenberg matrix:

rigrhivr +rihii +ricihio = Arg (36)
where from orthogonalization properties we get the expressions
riAri riArig i Ar
his = ——, hijpr = ———, hiy1i = ——. (37)
T ;T 7°Z»+1 Ti41
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Note that the h;y1; are arbitrary normalization factors.

If A is symmetric, the scalar h;;41 can be derived as

rzt'+17°i+1
hisgp1 = ——hiq1s, (38)
T
which can be shown [16, 17] to be a more stable variant of the method.
The three-term form (36) is often written as two coupled two-term recurrences
rivthitii +rihi =t where & = Ar; —ri_ihi_g;.

Although this splitting is of less mathematical significance than the introduction
of search directions in (6), it does allow for a slight variant of the computation
by noting that rf»Am' = rf»ti, which 1s used in the computation of h;;. This variant
is as stable as the original method [16].

9.3 Equivalent formulas for the scalar quantities

In a parallel implementation, the conjugate gradient algorithm as formulated
above has two synchronization points per iteration, located at the inner product
calculations. These synchronization points cannot be coalesced immediately: the
scalar d;; needed to compute ;11 needs an inner product with p;, and the scalar
U541 Necessary to compute p;41 requires an inner product with r;41. Thus the
two inner products are interdependent. However, for the conjugate gradient
method for spd systems the scalars can be computed in ways that eliminate one
synchronization point, perhaps at the expense of some extra computation.

At the moment, two complementary approaches are known. One can either
eliminate the inner product r!r; and express it in terms of inner products with
the search directions, or one can try to eliminate the inner product pfAp; and
express 1t in terms of inner products involving gradients.

The former approach was discovered by Saad [18]. From the orthogonality of R,
the equation APD = R(I — J) leads to

e i = di(Ap)' (Ap), (39)

so the norms of r; can be computed recursively without the need for an inner
product. However, a simple analysis shows that this method is unstable, so extra
measures are necessary. Hence, Meurant [15] proposed computing rr; explicitly,
together with (Ap;)*(Ap;). Thus, the r{, 741 value serves only as a predictor; it
is later computed exactly. The resulting method takes three inner products per
iteration, and is as stable as the classical formulation of the conjugate gradient
method.
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Recently, several methods based on elimination of computing p!Ap; (which is
needed for d;; = rir; /pt Ap;) have been discovered by the present author and [3].
First of all, combine R'AP = (I — U)'P*AP and R'AR = R'AP(I —U) to

(I-U)P'AP = R'AR+ R'APU
and consider the diagonal of the left and right hand side. From
piAp; = vl Ar; + Pl Api_jui_q; (40)

we see that pf Ap; can be computed from r{ Ar; and 7! Ap;_1 = p!_,(Ar;). Hence,
one extra inner product is needed, and Ar; is computed instead of Ap;. This
latter vector can be computed recursively as in equation (13).

Expanding R'AR one step further into (I — U)'P*AP(I — U) gives
P'AP = R'AR+ P'APU + U'P'AP — U'P'APU.

Using the A-orthogonality of P and the fact that the second and third term in
the rhs are strictly upper and lower triangular respectively, we find that

PiApi = r{Ari — ui_y;pi_ 1 Api_1. (41)

For the resulting variant of the conjugate gradient method ([3]) Ap; is again
computed recursively from Ar;, the inner products rir; and r{ Ar; are computed
simultaneously, and the scalar p!Ap; needed for dj; = rir;/ptAp; is computed
from the above recurrence.

There is a fairly strong argument for the stability of this last rearrangement:
using equations (37), (38) and (14) the recurrence for pf Ap, can be derived
from the recurrence

-1
dnn = hn+1n+1 - hn+1ndnnhnn+1

for pivot generation in the factorization of the Hessenberg matrix. For symmetric
positive definite systems this is a stable recurrence.

Another variant of this scheme results from considering the diagonal of
(I-U)'PAP = R'AP = R'AR(I — U)™L.

Since R'AR is tridiagonal the infinite expansion of (I—U)~! terminates quickly,
and we find that

13 _ .t 1
pApi = riArg + i Ari_qui—ag.

However, in the presence of rounding errors this method, being based on an infi-
nite number of orthogonalities, becomes unstable in contrast to the two previous
methods which only use a single orthogonality relation.

Methods for removing a synchronization point generalize to the Lanczos method.

We find that

t 1 1
Qi1 APiv1 = Sip1 Aripr — $;Apitiiiza
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from (I —U)Q'AP = STAR + STAPU;

Gip1APit1 = sip Aripr — Uiy qf Api
using A-orthogonality of () and P in

QAP = STAR+ Q'APU + U'Q'AP — U'Q'APU,
and we get

styrrin — siry = di(A'qi)' (Apy)

from the equations APD = R(I—J) and A'QD = S(I —J) using orthogonality
of S and R.

Another approach for a reduced synchronization overhead was proposed by [23]
and [2], based on computing a number of Krylov vectors and orthogonalizing
these as a block. However, this approach seems inadvisable from a point of
stability.

9.4 Stationary iteration and the steepest descent method

The matrix framework that was used throughout this paper can also be applied
to traditional stationary iterative methods and the steepest descent method (see
for instance [24] and [10]).

Stationary iterative methods in their most basic form update an iterate as
Tpg1 = &y — Mr, (42)

where v, = Az, — f and M approximates A~!. The simplest method, Richard-
son iteration, results from choosing M = D a diagonal matrix with d;; = d for
some scalar d. The updating formula can be written in matrix form as

X(I—J)=RD
from which we find R(I — J) = ARD), and thus
AR=R(I—J)D™ . (43)

Comparing this to the conjugate gradient method, we see that (43) can be
derived from (6) by taking P = R (or equivalently U = 0) and letting D be
constant.

We see that this method generates a Hessenberg matrix H = (I—J)D~! of lower
bidiagonal form. From lemma 2 and theorem 1 we find that rpy; = P,(A)m
where P, is an n-th degree polynomial. (This fact could of course also have been
derived in a more classical way.)

A more general iterative method results from choosing an approximation M
to A™! and iterating
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Tpn4+1 = Tn — dnnMrn (44)

where d,, = d gives a general stationary iterative method, and the steepest
descent method results from choosing d,,, such that it minimizes ||7, +1||. Writing
this update equation as X(I — J) = MRD, we find that the residuals are
generated by

AMR=RH where H = (I — J)D™*.

We note the close resemblance between this formula and the generating formula
for the preconditioned conjugate gradient method in lemma 10.

In the case where d,,, = d we can hide both D and M in a transformed system,
turning equation 42 into

Tpil = Ty — T (45)

Lemma 11 The residuals corresponding to the iterative method (45) are Kry-
lov vectors of the matrix I — A; the iterative method converges if p(I — A) < 1.

Proof: The residuals satisfy R(I —.J) = AR, which can be rewritten as (I —
A)R = RJ, showing that they are a Krylov sequence of the matrix I — A. Since
[|7n41l] < p(I — A)|lrs|| the iterative method will converge if the spectral radius
is less than 1. .

9.5 Polynomial acceleration

Methods such as conjugate gradients are sometimes considered to be an accel-
eration of a basic iterative method. Suppose iterates x,, have been generated
by (45), then the idea behind acceleration is to take combinations

i=1

with the consistency condition

S = 1. (47)
i=1

Varga [24] calls (46) the semi-iterative method corresponding to the basic iter-
ative method. The residuals 7, = A%, — f are seen to satisfy R=RU (where
U is an upper triangular matrix containing the w;, coefficients) because of the
above consistency condition.
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Writing the basic iterative method as AR = R(I —.J) we find for the accelerated
residuals AR = RH where H is the upper Hessenberg matrix I — U1 JU.

Lemma 12 The consistency condition (47) implies the consistency condition

oflemma 3 for H=1—-U"'JU.

Proof: We can express equation (47) as e!U = e'. Since this implies e!U~! = e’
and since ¢'J = ¢, we find that ¢! = 0. .

These acceleration methods are also called ‘polynomial acceleration” methods
because of the following fact.

Lemma 13 The accelerated residuals are related to the original residuals as
Pn = Po(I— A)ry

where P, is an n—1-st degree polynomial with its coefficients in the n-th column
of U, where U contains the u;, coefficients of equation (46).

Proof: Lemma 11 established that the residuals of the basic method are Krylov
vectors in a sequence with matrix [ — A. It then follows from theorem 1 that the
combinations R are obtained by multiplying by a matrix polynomial as stated
above. .

10 Conclusion

We have presented the conjugate gradient-like methods in a matrix framework.
A clear separation between the Hessenberg matrix associated with Krylov se-
quences, orthogonalization under different inner products, preconditioning, and
minimization properties was made. Facts normally taken for granted, such as
the three-term form of recurrences, or the fact that these methods can be used
for iterative solution of linear systems, were derived, not taken as a premise.
Additionally, we have shown how cg methods can be considered as polynomial
accelerations of basic stationary iterative method.

Using the matrix framework for talking about vector sequences, we have given
short derivations of the conjugate gradients method, both for symmetric and
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unsymmetric systems, the Lanczos algorithm and the equivalent biconjugate
gradient method, the least squares methods GMRES and QMR and the conju-
gate gradients squared method.
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