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Iterative re�nement { loss of accuracy. The expert dr i vers f or sol vi ng l i near systems

i n LAPACKdo si ngl e preci s i on i terat i ve re�nement to i mprove the sol ut i on [ 4, 80] . Thi s

re�nement wi l l under certai n techni cal assumpti ons guarantee a t i ny componentwi se rel at i ve

backward error . I n contrast, the ear l i er conventi onal wi sdomhad hel d that computi ng

res i dual s i n doubl e preci s i on was needed to j ust i f y the procedure, i n whi ch case one coul d

guarantee a t i ny f orward error provi ded the probl emwas not trul y badl y condi t i oned. So

doubl e preci s i on res i dual accumul at i on has de�ni te advantages , but i s not avai l abl e to us i f

we eschewmi xed preci s i on. Of course, bei ng abl e to use s i mul ated doubl e makes i t avai l abl e

agai n, as wel l as an array of other i terat i ve re�nement schemes based on doubl e preci s i on

i terat i ve re�nement. Si nce the cost of the doubl e preci s i on part of the cal cul at i on (f or

dense probl ems) i s O(n2) i n contrast to the remai ni ng O(n3) part , the margi nal cost of thi s

re�nement i s smal l , and so i t i s wel l worth doi ng.

15



the overal l speed. Certai nl y a f actor of 10 s l owdown over s i ngl e woul d not be too bad.

There are three ways to get access to doubl e preci s i on. One i s s i mpl y to decl are some

doubl e preci s i on var i abl es , but thi s vi ol ates our ban on mi xed ar i thmeti c. One coul d al so

s i mul ate doubl e us i ng i nteger ar i thmeti c, but the known methods f or doi ng thi s portabl y

[ 12, 7] are qui te s l ow i ndeed f or doubl e preci s i on, al though they are usef ul f or very hi gh

preci s i on. Thi s l eaves one wi th s i mul at i ng doubl e preci s i on us i ng s i ngl e preci s i on operat i ons ,

f or whi ch many e�ci ent techni ques are known [ 77, 17, 72] . But these techni ques requi re

su�ci ent l y accurate oat i ng poi nt ar i thmeti c, i n part i cul ar guard di gi ts .

I f we knew ari thmeti c were correct l y rounded, and i f we knew how many di gi ts of

accuracy there were, then we coul d s i mul ate doubl e preci s i on us i ng s i ngl e perhaps onl y 5 or

6 t i mes more s l owl y than j ust us i ng s i ngl e al one. We wi l l use thi s techni que f or the di vi de

and conquer al gor i thmf or the symmetr i c tr i di agonal ei genprobl em.

Paral lel bi section for the symmetric tridiagonal eigenproblem{ loss of speed.

Let T be a symmetr i c tr i di agonal matr i x wi th di agonal entr i es a1; . . .; an and o� di agonal

entr i es b1; . . .; bn�1. As stated i n a previ ous sect i on the Sturmsequence di = (ai��)di �1�
b2i �1di �2can be used to count the number of ei genval ues of T l ess than � . We may eval uate

thi s recurrence i n O( l og2 n ) t i me us i ng paral l el pre�x wi th the operat i on of 2- by- 2 matr i x

mul t i pl i cat i on wi th matr i ces of the f ormMi =

"
ai � � �b2i �1
1 0

#
. The di �cul ty i s that

the entr i es of products of Mi matr i ces growor shr i nk essent i al l y as f ast as determi nants

of submatr i ces of Ti, and so are very prone to over/underow. One coul d scal e wi thi n the

i nner l oop, but thi s woul d be s l ow f or the same reason condi t i on est i mati on i s current l y

s l ow. Agai n, an overowand an underowag woul d be qui te hel pf ul . I n f act , the wrapped

exponent f eature of IEEE ari thmeti c woul d be part i cul ar l y hel pf ul , because i t returns the

true val ue of an underowed or overowed quant i ty wi th the exponent bi ased up or down

by a known amount to keep the returned resul t i n range [ 3] . Thi s can be used to good e�ect

to speed up the cal cul at i on [ 22] .

2 by2 and other subproblems { loss of accuracy and software productivi ty. I n

LAPACKmuch e�ort was expended on bui l di ng hi ghl y rel i abl e rout i nes f or the smal l (2

by 2 and somewhat l arger) l i near systems and ei genprobl ems that must be sol ved wi thi n

l arger sol vers . These smal l rout i nes need to be hi ghl y rel i abl e s i nce they f ormthe kernel s

of the l arger probl em. I t may seemsurpr i s i ng that such smal l probl ems were so di �cul t

to sol ve wel l , but thi s exper i ence i s corroborated by the exper i ence of other devel opers

of l i near al gebra sof tware. I f , on the other hand, we had been abl e to assume (s i mul ated)

doubl e preci s i on when necessary, vast s i mpl i �cat i ons woul dhave been poss i bl e. For exampl e,

subrout i ne SLAS2 computes the ei genval ues of a 2- by- 2 tr i angul ar matr i x, and gets them

accuratel y no matter thei r val ues on vi rtual l y any machi ne we knowof . I t i s 33 (nontr i vi al )

l i nes of Fortran l ong. I n contrast , a code us i ng s i mul ated doubl e coul d i n pr i nci pal be 3

(nontr i vi al ) l i nes l ong, dependi ng on howmuch syntact i c sugar was avai l abl e to access the

s i mul ated doubl e. The same comments appl y to many other rout i nes as wel l . I n the �rst

publ i c rel ease of LAPACK, we di d not i ncl ude rout i nes f or the general i zed nonsymmetr i c

ei genprobl emA��B, part l y because the correspondi ng 2 by 2 rout i nes were so di �cul t to

wri te. For the next LAPACKrel ease, we pl an to wri te these assumi ng s i mul ated doubl e i s

avai l abl e.
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Schur f orm

T =

2
64 T11 t12 T13

0 � t23
0 0 T33

3
75

and sol ve a tr i angul ar system(T11� � I)x =�t12 to �nd the r i ght ei genvector [ xT ; 1]T of �

expl i ci t l y, or el se reduce j ust to Hessenberg f ormH and do i nverse i terat i on (H�� I )xi +1=

xi usi ng an LUf actor i zat i on of H� � I [ 51] .

Thus, i t appears that one coul d j ust use the Level 2 BLAS rout i ne [ 33, 32] f or sol vi ng

tr i angul ar systems i n al l these cases . Unf ortunatel y, we can not, because i n al l cases we

ant i ci pate sol vi ng i l l - condi t i oned systems whi ch coul d l ead to overow. I n the case of

condi t i on est i mati on, we want a condi t i on est i mate as a warni ng of potent i al probl ems i n

sol vi ng Ax = b , and i n part i cul ar we woul d want a warni ng i f overow i s poss i bl e, s i nce

overowi s general l y f atal and to be avoi ded. I f we are computi ng ei genvectors by sol vi ng

(T11 � � I )x =�t12, then i f � i s (near l y) an ei genval ue of T11 too, the systemwi l l be very

i l l - condi t i oned and overowwi l l be poss i bl e. When sol vi ng (H � � I )xi +1 =x i the more

accurate � i s , the more s i ngul ar H � � I wi l l be and the more l i kel y overowwi l l be. I n

both these cases overowi s not a warni ng s i gnal to the user , but rather an i nternal event

of no i nterest to the user .

To deal wi th potent i al overow, we had to wri te newvers i ons of al l the tr i angul ar sol vers

i n LAPACKwhi ch scal ed i n the i nnermost l oop to avoi d overow. To see that we can not

s i mpl y scal e T and b to sol ve T x = b cons i der an n - by-n upper bi di agonal T wi th ones

on the superdi agonal and "' s on the di agonal ; then T�1 has an entry of s i ze "�n whi ch

can be much l arger than the overowthreshol d. To see howcompl i cated thi s may be, the

LAPACKsubrout i ne SLATRS (whi ch deal s both wi th T x =b and T Tx =b ) i s 300 l i nes of

Fortran (not count i ng comments) .

I f we were onl y i nterested i n condi t i on est i mati on, as i n subrout i ne SGECON, an over-

owwoul d s i gnal extreme i l l - condi t i oni ng and i n f act l et us stop i mmedi atel y, returni ng

RCOND(est i mated reci procal condi t i on number) equal to zero. Wi th the st i cky overow

ag of IEEE ari thmeti c, thi s woul d be poss i bl e by s i mpl y cal l i ng the Level 2 BLAS tr i an-

gul ar sol ver and test i ng the overowag on return. Thi s l ets the code go at i ts top poss i bl e

Level 2 BLAS speed, and st i l l be robust .

For ei genvector computat i ons , we current l y see no way to avoi d sophi st i cated scal i ng i n

some cases , but f or the maj or i ty of cases where overowdoes not occur, we coul d agai n

run at the top speed of Level 2 BLAS and not pay the i nsurance premi umof scal i ng i n the

i nner l oop unl ess requi red. Thi s speed- up can be s i gni �cant on some machi nes .

Divide andconquer algori thmfor the symmetric tridiagonal eigenproblem{ loss

of functional i ty. The al gor i thmproposed i n [ 14] and f urther devel oped i n [ 38] i s a f ast

paral l el method f or the symmetr i c tr i di agonal ei genprobl em, and can be much f aster than

the ol der QRmethod even on ser i al machi nes . However , i t i s not stabl e unl ess great care i s

taken i n sol vi ng the secul ar equat i on, a rat i onal equat i on whose roots are the ei genval ues at

each step mergi ng the sol ut i ons of two subprobl ems. I n f act , i n [ 82] i t i s shown that doubl e

preci s i on sol ut i on of the secul ar equat i on (doubl e i n the i nput preci s i on, whatever that i s)

i s i n f act necessary i n order to have a stabl e al gor i thm. The amount of doubl e preci s i on

needed i s smal l , and so even i f doubl e i s s i mul ated somewhat i ne�ci ent l y i t wi l l not a�ect
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whereas i n others certai n detai l s of IEEE except i on handl i ng are i mportant. I n part i cul ar ,

a l arge part of the potent i al bene�t i s attai nabl e wi th an e�ci ent l y i mpl ementabl e subset

of the poss i bl e except i on handl i ng mechani smsuggested by the IEEE standard [ 23] . Thi s

i s i mportant because f ul l I EEE compl i ance i n suppl yi ng preci se i nterrupts i s l i kel y to be

i ne�ci ent on the heavi l y pi pel i ned archi tectures common even i n mi croprocessors .

Here we wi l l di scuss the penal t i es pai d f or portabi l i ty, and how IEEE conf ormance

al l evi ates them. Si nce vi rtual l y al l machi nes bei ng bui l t or on the drawi ng boards conf ormat

l east part i al l y to IEEEari thmeti c, we bel i eve the t i me has come to wri te sof tware speci al i zed

to IEEE ari thmeti c (or at l east some f eatures of IEEE). Otherwi se, the great i nvestment

i n hardware made by manuf acturers wi l l not pay o� i n f aster , more accurate, more rel i abl e

and more speedi l y wri tten sof tware, whi ch was the ent i re moti vat i on of the standard.

Computingmachineconstants { loss of softwareproductivi ty. Subrout i ne SLAMCH

i n LAPACKcomputes bas i c machi ne constants l i ke the machi ne preci s i on " , underow

threshol d, overowthreshol d, the base, roundi ng styl e, and so on. I t i s 339 l i nes of Fortran

l ong (not count i ng comments) , and was qui te di �cul t to wri te. I t can be thought of as a

s i mpl i �ed vers i on of programs l i ke Paranoi a [ 60] (over 2300 l i nes of Fortran wi thout com-

ments) whi ch attempt to character i ze the detai l s of machi ne ar i thmeti c (as seen through a

hi gh l evel l anguage) . Most al gor i thms need onl y reasonabl y accurate val ues of the machi ne

preci s i on, over and underowthreshol d i n order to work correct l y, and f or these SLAMCH

i s adequate. However , f or the more subt l e al gor i thms di scussed bel owi t i s di �cul t or i mpos-

s i bl e to rel i abl y di scover at run t i me whether the ar i thmeti c, compi l er , and mathemati cal

l i brar i es have the necessary propert i es f or the al gor i thms to work. For exampl e, s i mul at i ng

doubl e preci s i on requi res the bas i c roundi ng to be accurate enough [ 77, 17, 72] and al though

thi s can be tested at runt i me i t i s very t i me consumi ng and not f ool proof [ 60] . Determi ni ng

howunderowi s handl ed (or even �ndi ng the exact overowthreshol d) requi res caus i ng an

overow, and thi s may be f atal . Many more exampl es can be ci ted.

There are two approach to thi s probl em. I n the short run we wi l l s i mpl y be assumi ng

IEEEari thmeti c, i n whi ch al l these f eatures are wel l de�ned (even i f the sof tware i nter f ace to

except i on handl i ng i s not) . I n the l ong run peopl e are, f or better or worse, l i kel y to cont i nue

i nventi ng new styl es of oat i ng poi nt , as wel l as l anguages and compi l ers provi di ng new

i nter f aces , express i on eval uat i on mechani sms, parameter pass i ng mechani sms, and other

f eatures i mpact i ng the oat i ng poi nt envi ronment as percei ved by the programmer [ 49,

62, 63, 66, 76] . These devel opments are guaranteed to repeatedl y make any programl i ke

SLAMCH obsol ete. I t woul d be ni ce to have a standard set of envi ronmental enqui r i es

descr i bi ng al l poss i bl y rel evant detai l s of the ar i thmeti c, whi ch coul d be suppl i ed by the

compi l er i mpl ementor . But i t i s di �cul t to i magi ne a terse but compl ete set of such enqui r i es

at the moment, and tentat i ve steps i n thi s di rect i on have not succeeded [ 62, 76] .

Condition estimation and eigenvector computation { loss of speed. Both these

computat i ons i nvol ve sol vi ng tr i angul ar systems of equat i on. To est i mate kA�1k , one can

use an LU f actor i zat i on of A to repeatedl y sol ve ei ther Ax = b or ATx = b f or certai n

cl ever l y chosen b [ 52, 54, 56, 55, 57] . To compute ei genvectors one can ei ther reduce to
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5 Exploiti ng ood Fl oati ng Poi nt ri thmeti c

Agreat deal of e�ort went i nto tryi ng to make LAPACKportabl y correct despi te the var i a-

t i ons i n oat i ng poi nt ar i thmeti cs , compi l er opt i mi zat i ons , and abi l i ty to handl e except i ons .

Our goal was to wri te \mai l order sof tware" that woul d work correct l y even i f passed around

i n source f ormf rommachi ne to machi ne, s i nce that i s the model of sof tware devel opment

supported by systems l i ke net l i b. We di d not attempt to get equal l y portabl e hi gh perf or-

mance, s i nce the BLAS are machi ne dependent, as wel l as the opt i mal bl ock s i zes used by

each subrout i ne.

I n part i cul ar , we had to make worst case assumpti ons about the oat i ng poi nt envi ron-

ments :

1. Roundi ng i s s l oppy, done wi thout guard di gi ts , so that f or any operat i on� 2 f+; �; �; �g,
one can say onl y that the rounded val ue of a � b i s

fl(a � b ) =(a (1 +�1)) � (b (1 +�2))

where j�1j and j �2j are both bounded by some ti ny " . " need not be as smal l as the

rel at i ve di �erence between adj acent oat i ng poi nt numbers .

2. Al l except i ons except underow are poss i bl y f atal and to be avoi ded as much as i s

reasonabl e, i n part i cul ar when the �nal resul t cons i sts of a representabl e oat i ng poi nt

number.

3. I t i s poss i bl e f or compl ex di vi s i on and the Level 1 BLAS rout i ne xNRM2 [ 69] f or

computi ng the Eucl i dean l ength of a vector to mal f unct i on when some of the data

exceeds the square root of overow, or i s nonzero but al l l ess than the square root of

underow.

4. No mi xed preci s i on i s permi tted, s i nce a s i ngl e preci s i on code us i ng some doubl e

preci s i on can not be s i mpl y trans l ated to a doubl e preci s i on code s i nce quadrupl e

preci s i on i s not general l y avai l abl e.

We al so, out of exasperat i on, made several assumpti ons whi ch are actual l y vi ol ated by

exi st i ng machi nes , because they onl y made a f ew test cases f ai l and because taki ng them

i nto account woul d have s i gni �cant l y compl i cated or s l owed down the sof tware:

1. I t i s saf e to compute x =y i f 0 < x � y wi thout f ear of except i on. However , thi s

operat i on can overowon machi nes l i ke Crays whi ch actual l y compute x � (1= y ) .

2. The underowthreshol d i s s i gni �cant l y smal l er than "3. Thi s i s not true i n Vax D-

f ormat, and causes f ai l ures we st i l l do not compl etel y understand i n some badl y scal ed

test cases .

However , the pr i ce pai d f or thi s portabl e correctness was hi gh, wi th penal t i es i n speed,

f unct i onal i ty, accuracy and sof tware product i vi ty. I n contrast, i f we had been abl e to

assume a uni f ormoat i ng poi nt envi ronment wi th IEEEoat i ng poi nt ar i thmeti c [ 3] , these

probl ems woul d have been avoi ded. Not al l f eatures of IEEEari thmeti c are needed to avoi d

each probl em; i n some cases any reasonabl y caref ul l y rounded ar i thmeti c woul d have done,
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We make thi s rather vague conj ecture more preci se i n the case of l i near equat i on sol vi ng:

computi ng an est i mate of k A�1k i n any normwi th any guaranteed accuracy at al l i s as

di �cul t as computi ng A�1 i t sel f . I n part i cul ar , to compute k A�1k wi th any accuracy, we

cl ear l y need to deci de whether A i s s i ngul ar , so condi t i on est i mati on i s at l east as hard

as deci di ng s i ngul ar i ty. We outl i ne a proof that deci di ng whether det(A) =0 i s as hard

as computi ng A�1 i n the f ol l owi ng very s i mpl e (and nonreal i st i c) model of computat i on:

We suppose the entr i es of A are compl ex numbers , run a strai ght- l i ne programwhi ch can

perf ormany of the f our bas i c operat i ons +, �, � and � but whi ch i s not al l owed to di vi de

by zero f or any i nput A, and compare the resul t i ng rat i onal f unct i on f (A) of the entr i es

of A to zero. The f unct i on f (A) must cl ear l y be an i nteger power k of det(A) , s i nce the

determi nant i s an i rreduci bl e pol ynomi al , and the presence of any other pol ynomi al f actor

i n f (A) woul d f or some A ei ther l ead to an i ncorrect deci s i on that A i s s i ngul ar ( i f i t appears

i n the numerator of A) , or to di vi s i on by zero ( i f i t appears i n the denomi nator) . Nownote

that by Cramer' s rul e, each entry of A�1 may be wri tten (@f (A)= @ Ai j)= (k � f (A)) . By a

resul t i n [ 10] , there exi sts a strai ght l i ne code that computes al l the @ f (A)= @ Ai j i n three

t i mes the number of nontr i vi al mul t i pl i es and di vi des needed to compute f (A) . Then al l

the (@ f (A)= @ Ai j)= (j � f (A)) can be computed i n n2+1 more steps , whi ch l ess than doubl es

the operat i on count so f ar by a f an- i n argument.

More pract i cal l y, we woul d l i ke to assess the rel i abi l i ty of a part i cul ar est i mati on scheme,

or to be abl e to compare two schemes. For exampl e, i n [ 65] the authors compare two est i -

mators f or k Ak2 f or an n - by-n symmetr i c pos i t i ve de�ni te matr i x A, where one i s permi tted

onl y to mul t i pl y A by an arbi trary vector . Thi s coul d i n pr i nci pal be used to est i mate

the smal l est s i ngul ar val ue of a general matr i x G s i nce �min(G) = k (GGT )�1k�1=2
2

, and

mul t i pl yi ng by (GGT)�1 can be done cheapl y gi ven the LU f actor i zat i on of G. The au-

thors compare k steps of the power method and k steps of Lanczos appl i ed to thi s probl em

wi th a randomstart i ng vector x0. They show that the probabi l i ty that the rel at i ve er-

ror i n the est i mate of k Ak2 exceeds e i s at most n(1 � e )k f or the power method, and

at most n exp(� e(2k � 1)) f or Lanczos . Thus, f or smal l e , Lanczos has a much l ower

probabi l i ty of i ts rel at i ve i naccuracy exceedi ng e than the power method; thi s i s another

way to express the f act that Lanczos extracts the maxi mumi nf ormati on f romthe Kryl ov

bas i s [ x0; Ax0; A2x0; . . .; Akx0] whereas the power method does not. Another probabi l i st i c

anal ys i s of the power method appears i n [ 28] .

Adi �erent probabi l i st i c approach f or compari ng methods i s as f ol l ows. I t i s moti vated

by the approach i n [ 18, 19] , where i l l - condi t i oni ng i s associ ated wi th nearness to a part i cul ar

al gebrai c var i ety, and then the chance that a randomprobl eml i es cl ose to that var i ety i s

est i mated us i ng j ust the degree and codi mens i on of the var i ety. I n the case of condi t i on

est i mati on one woul d try to showthat the est i mator worked wel l unl ess the matr i x l ay cl ose

to a part i cul ar var i ety (or perhaps semi al gebrai c set) , and then est i mate the chance that

a randomprobl eml ay cl ose to that var i ety. Thi s approach woul d not di st i ngui sh between

the power method and Lanczos , s i nce they both use the same bas i c i nf ormati on about the

matr i x ( i ts proj ect i on on a Kryl ov subspace) but mi ght be abl e to di st i ngui sh among the

pl ethora of other est i mators schemes whi ch have been proposed.

10



have near l y the same real part (such as a skewsymmetr i c matr i x, al l of whose ei genval ues

are pure i magi nary) , then no spl i tt i ng i s poss i bl e, and one mi ght cons i der squar i ng the

matr i x to rotate the spectrum. I f the ei genval ues l i e very cl ose together on one di mens i onal

curves , as i s the case i n many appl i cat i ons , then no shi f t i ng or squar i ng scheme wi l l l eave a

gap around the i magi nary axi s , whi ch i s needed f or f ast convergence to the s i gn f unct i on.

St i l l , the method has attract i ons , such as bei ng abl e to use bas i c bui l di ng bl ocks such as

matr i x mul t i pl i cat i ons , i nvers i on, QRdecomposi t i on (to compute U1 f romthe col umns of

s i gn(A) � I ) , and so on. I n addi t i on, the f act that i t al ways acts on the or i gi nal data by

mul t i pl i cat i on by orthogonal matr i ces means i t i s numeri cal l y stabl e, provi ded we i terate

unt i l A021 i s su�ci ent l y smal l .

The dense nonsymmetric eigenproblem{ Jacobi . Jacobi ' s method has been general -

i zed to appl y to dense nonsymmetr i c matr i ces [ 40, 41, 75, 78, 79, 83, 87, 88] . The paral l el i sm

ari ses i n the abi l i ty to appl y rotat i ons to di s j oi nt pai rs of rows or col umns i n paral l el . Some

authors [ 41, 83] cons i der onl y orthogonal (or uni tary) transf ormati ons , and try to converge

to the Schur f orm. Others [ 75, 78, 79] use nonuni tary transf ormati ons as wel l , and try to

converge to di agonal f orm, provi ded the matr i x i s di agonal i zabl e. The uni tary methods

guarantee numeri cal stabi l i ty, but appear to onl y be asymptot i cal l y l i near l y convergent.

The nonuni tary methods can be made to be asymptot i cal l y quadrat i cal l y convergent, but

cannot guarantee backward stabi l i ty. St i l l , these methods tends to move the or i gi nal matr i x

cl oser to a normal matr i x, whi ch has wel l - condi t i oned ei genval ues , and so i n pract i ce the

errors do not seemmuch worse than the condi t i on number warrants . Convergence tends

to s l ow down the f arther f romnormal the matr i x i s . Most quest i ons about thi s cl ass of

methods are open: gl obal convergence, retai ni ng real ar i thmeti c i f the or i gi nal matr i x i s

real [ 78, 87, 88] , and avoi di ng i nstabi l i ty and s i mul taneous l y s l owdown of convergence f or

hi ghl y nonnormal matr i ces .

The general i zed nonsymmetric eigenproblem. Al l of the above al gor i thms and chal -

l enges appl y even more to the general i zed regul ar ei genval ue probl emA � �B. Regul ar i ty

means A� �B i s square and has a determi nant whi ch i s not i dent i cal l y zero. Such A� �B

have n �ni te or i n�ni te ei genval ues ; f or the more general case see [ 43, 86, 25, 84] . The

standard ser i al al gor i thm[ 81] �rst reduces A to upper Hessenberg f ormand B to upper

tr i angul ar f orm; we do not even have a bl ock al gor i thmbased on matr i x- vector or matr i x-

matr i x operat i ons f or perf ormi ng thi s reduct i on. The extens i on of the other techni ques

menti oned above has not yet been attempted.

4 he ompl exi t of ondi ti on Estimati on

Fast est i mators of condi t i on numbers are ubi qui tous i n numeri cal l i near al gebra, because

they provi de i nexpens i ve error bounds, and are qui te rel i abl e [ 54, 1] . St i l l , counterexampl es

are known f or al l exi st i ng est i mators , i . e. matr i ces f or whi ch the est i mators underest i mate

the true condi t i on numbers by arbi trary amounts . Thus, research cont i nues on maki ng

est i mators yet more rel i abl e whi l e retai ni ng thei r l owcompl exi ty. Based on thi s exper i ence,

we make the f ol l owi ng

Conjecture: The compl exi ty of est i mati ng a condi t i on number wi th a guaranteed error

bound i s as l arge as sol vi ng the or i gi nal probl em.
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predi cts us i ng Eul er ' s method and corrects us i ng Newton. One woul d usual l y try a l arge

steps i ze �rst , such as goi ng al l the way to the �nal sol ut i on i n one step ( i n whi ch case thi s

method i s very s i mi l ar to the previ ous one) , and onl y taki ng smal l er steps i f necessary. Thi s

method i s al so hard to stabi l i ze, s i nce i f the curves become very cl ose very t i ny step s i zes

are needed to di st i ngui sh them, or el se stabi l i ty can be l ost [ 70] .

The dense nonsymmetric eigenproblem{ divide and conquer. I nstead of i ni t i al l y

reduci ng the dense matr i x A to a condensed f orml i ke Hessenberg or tr i di agonal , one can

i nstead work di rect l y on A [ 71] . These approaches try to di vi de and conquer the probl em

by computi ng an orthogonal matr i x U =[ U1; U2] where the col umns of U1 (approxi matel y)

span an i nvar i ant subspace of A, so that

UTAU =

"
UT
1 AU1 UT

1 AU2
UT
2 AU1 UT

2 AU2

#
�

"
A011 A012
A021 A022

#

i s near l y bl ock upper tr i angul ar , i . e. A0

21 i s near l y zero. I f A0

21 i s smal l enough, one can

j ust �nd the ei genval ues of A011 and A 0

22, perhaps recurs i vel y. So howmi ght one �nd such

an orthogonal U ? The i dea i s to �nd a s i mpl e rat i onal map f whi ch maps one subset S
of the compl ex pl ane to (or near) one poi nt s, and (the i nter i or of ) i ts compl ement S0 to

another poi nt s0. Then f (A) wi l l (approxi matel y) have two ei genval ues s and s0, and so

f (A) � s0I wi l l have ei genval ues s � s0 and 0. Then, provi ded there are no 2- by- 2 or l arger

Jordan bl ocks associ ated wi th ei genval ue 0, the col umns of f (A)�s0I wi l l span the i nvar i ant

subspace associ ated wi th al l ei genval ues i ns i de regi on S .
One choi ce of f i s the si gn f unct i on: s i gn(z) =1 i f <z > 0, s i gn(z ) =0 i f <z =0, and

s i gn(z ) =�1 i f <z < 0. Thi s may be extended to a f unct i on of matr i ces i n the usual way,

provi ded there are no pure i magi nary ei genval ues . Thus i f

A =[X1; X2]

"
J11 0

0 J22

#
[ Y1; Y2]

T

i s the Jordan canoni cal f ormof A, where [ Y1; Y2]T =[X1; X2]�1, the ei genval ues of J11 are

i n the open l ef t hal f pl ane and the ei genval ues of J22 i n the open r i ght hal f pl ane, then

s i gn(A) =[X1; X2]

"
�I 0
0 I

#
[ Y1; Y2]

T :

Thus s i gn(A) � I =�2X1Y T
1 , and i ts col umn space spans the i nvar i ant subspace of A

associ ated wi th ei genval ues i n the l ef t hal f pl ane.

I t turns out that there i s a very s i mpl e gl obal l y convergent and asymptot i cal l y quadrat-

i cal l y convergent i terat i on f or computi ng s i gn(A) : Ai +1 = : 5(Ai +A
�1
i ) . Once Ai i s cl ose

enough to i ts l i mi t the f ol l owi ng scheme i s al so quadrat i cal l y convergent, and avoi ds i nver-

s i on: Ai +1 =: 5Ai(3I �A2i ) . Other hi gher order schemes are known too, but they are more

expens i ve to eval uate, and round o� tends to obscure the smal l ei genval ues of powers of a

matr i x, so i t i s not cl ear that these schemes hel p.

There are certai nl y open probl ems associ ated wi th thi s scheme. I n order to di vi de the

spectrumnear l y i n hal f each t i me, one mi ght try to choose a shi f t � so cl ose to hal f the

spectrumof A� � I i s i n the l ef t hal f pl ane and hal f i n the r i ght . I f most of the ei genval ues
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The al gor i thms current l y under i nvest i gat i on i l l ustrate the paradi gmof the i ntroduct i on:

s i nce they can be unstabl e, thei r use requi res the abi l i ty to qui ckl y determi ne thei r stabi l i ty,

perhaps a poster i or i , and to recompute the answer stabl y i f requi red.

The nonsymmetric tridiagonal eigenvalue problem. Here the approach i s to reduce

a dense nonsymmetr i c matr i x to tr i di agonal f ormvi a nonorthogonal transf ormati ons , and

then sol ve the resul t i ng nonsymmetr i c tr i di agonal ei genprobl em[ 34, 45, 46, 47] . The mai n

di �cul ty i s that the s i mi l ar i ty whi ch reduces a matr i x to tr i di agonal f ormcan be arbi trar i l y

i l l - condi t i oned, and i n f act one need not exi st at al l . The advantage i s that i t i s cheaper to

�nd the ei genval ues of a nonsymmetr i c tr i di agonal matr i x than a Hessenberg one.

The essenbergeigenvalue problem. As stated above, there are good bl ock al gor i thms

f or reduci ng a dense nonsymmetr i c matr i x to upper Hessenberg f orm, and several al gor i thms

begi n wi th thi s f orm. The standard ser i al al gor i thmf or thi s probl emi s the Franci s QR

al gor i thm[ 51] , whi ch produces a sequence Hi of orthogonal l y s i mi l ar Hessenberg matr i ces

whi ch converge to Schur f orm. To compute Hi +1 f romHi, one perf orms rowand col umn

operat i ons start i ng f romone end of the matr i x and worki ng towards the other . Thi s process

i s cal l ed \chas i ng the bul ge" s i nce at any i ntermedi ate poi nt there i s a bul ge, or tr i angl e of

nonzero entr i es l yi ng bel owthe subdi agonal of Hi and spoi l i ng i ts Hessenberg structure. By

i ncreas i ng the s i ze of thi s bul ge, one can perf ormmatr i x- vector (Level 2 BLAS) operat i ons

i nstead of vector- vector operat i ons (Level 1 BLAS) but the speed up avai l abl e i s modest

[ 6, 39] .

There are two other techni ques to reduce the Hessenberg probl emto a ser i es of s i mpl er

probl ems: tear i ng and homotopy. Tear i ng [ 37] i nvol ves sett i ng a subdi agonal entry of H near

the mi ddl e to zero, thus f ormi ng two i ndependent upper Hessenberg ei genprobl ems whi ch

can be sol ved i n paral l el . Gi ven the sol ut i ons to these probl ems, they must be merged to

yi el d the sol ut i on of the ent i re matr i x; cl ear l y thi s approach may be appl i ed recurs i vel y to

the smal l er subprobl ems encountered. Thi s approach has been appl i ed wi th great success to

the symmetr i c tr i di agonal ei genprobl em, where the mergi ng process yi el ds a scal ar secul ar

equat i on to sol ve, a s i mpl e rat i onal f unct i on whose roots are the ei genval ues , and f or whi ch

monotoni cal l y and gl obal l y quadrat i cal l y convergent Newton based i terat i ve methods exi st

[ 14, 38, 82] . The method even provi des di s j oi nt i nterval s i n whi ch the f unct i on whose zero

we des i re i s monotoni c and guaranteed to have a s i ngl e uni que sol ut i on.

The Hessenberg probl emi s s i gni �cant l y harder . Fi rst , the ei genval ues are compl ex, and

there i s no guaranteed convergent i terat i on or even a s i mpl e way to l ocal i ze the des i red

roots . The ei genvectors as wel l as the ei genval ues must be computed, and al l these may

be very i l l - condi t i oned, and someti mes not even exi st . Even i f the i ni t i al probl emhas wel l -

condi t i oned ei genval ues and ei genvectors , smal l er i ntermedi ate probl ems may be very badl y

condi t i oned. I f two or more di �erent Newton i terat i ons seemto converge to the same root ,

i t i s hard to tel l i f the root i s real l y mul t i pl e or i f another root i s not bei ng f ound [ 59] .

The homotopy method can be though of as var i ant of the above scheme, where one

(or more) subdi agonal s are set to zero, the resul t i ng s i mpl er subprobl ems sol ved (perhaps

recurs i vel y) , and then the sol ut i ons merged by gradual l y i ncreas i ng the zero subdi agonal s to

thei r or i gi nal val ues and f ol l owi ng the curves of ei genval ues (and poss i bl y ei genvectors) f rom

thei r or i gi nal val ues as ei genval ues of subprobl ems to ei genval ues of the or i gi nal probl em.

Thi s curve f ol l owi ng can be done i n many ways, such as predi ctor corrector where one
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magni tude. One can show that a normwi se perturbat i on i n H of s i ze � 1 can cause

rel at i ve changes i n the ei genval ues of at most about � �(H) , but that a componentwi se

rel at i ve perturbat i on i n H of s i ze � can cause rel at i ve changes i n the ei genval ues of at most

� � (A) , whi ch can be much smal l er . Furthermore, one step of Jacobi can al so onl y change

the ei genval ues by a rel at i ve amount of s i ze � � (A) , so that the errors i ntroduced by one

st ep of Jacobi are no worse than t i ny componentwi se rel at i ve error i n the or i gi nal data.

Of course, Jacobi does not converge i n one step. Let H =H0 = 0A0 0 be the i ni t i al

matr i x and i ts f actor i zat i on as above. Let Hi be the matr i x af ter the i- th Jacobi rotat i on,

and l et Hi = iAi i be i ts anal ogous f actor i zat i on. Eventual l y Hi approaches a di agonal

matr i x � of ei genval ues , i approaches �1=2 and A i approaches the i dent i ty matr i x I . The

rel at i ve error i n the ei genval ues cause by the i - th Jacobi step i s bounded by O(" )� (Ai) ,

so the overal l error of the al gor i thmi s bounded by O(" ) maxi � (Ai) . Si nce the mi ni mum

poss i bl e error bound, due to smal l rel at i ve changes i n the i ni t i al data, i s O(" )� (A0) , the

ul t i mate accuracy of Jacobi depends on howmuch l arger maxi � (Ai) can be than � (A0) .

Note that s i nce Ai eventual l y approachs I , � (Ai) approaches 1, and so i t i s the trans i ent

rather than the asymptot i c behavi or of � (Ai) that i s of i nterest .

I n many thousands of numeri cal exper i ments on randommatr i ces , the rat i o

max i � (Ai)= � (A0) never exceeded 1. 82. Thi s means the error bound attai ned by Jacobi i s

near l y as good as the best poss i bl e one. Further work by Mascarenhas [ 73] f ound a f ami l y

of exampl es where maxi � (Ai)= � (A0) can be as l arge as n = 2, but thi s i s not bad s i nce there

are f actors of n or more i n the O(" ) f actor anyway. Al so i n [ 21] we showed that tr i di ag-

onal QR i terat i on can f ai l to compute ei genval ues to hi gh rel at i ve accuracy because there

are cases where maxi � (Ai)= � (A0) i s as l arge as 1= " . Thus, the f actor maxi � (Ai)= � (A0)

pl ays a central rol e i n predi ct i ng the accuracy wi th whi ch we can compute ei genval ues and

understandi ng when i t i s smal l i s of i nterest .

eneral StructuredBackwardError. The real goal of a user of a numeri cal al gor i thm

may not so much be t i ny componentwi se rel at i ve backward error i n the sol ut i on of the

numeri cal model , but rather t i ny backward error i n the or i gi nal phys i cal probl em. For

exampl e, one mi ght want to sol ve a di �erent i al equat i on wi th t i ny backward error , and

thi s may or may not be i mpl i ed by sol vi ng the correspondi ng di scret i zed probl emwi th t i ny

backward error . Dependi ng on howthe parameters of the phys i cal probl emappear i n the

di screte model , i t may be qui te hard to even compute the backward error . I f there are

more output parameters than i nput parameters , i t wi l l general l y be i mposs i bl e to achi eve

t i ny backward error f or di mens i onal reasons. Even the s i mpl e probl emof sol vi ng Ax =b ,

A =A T , wi th t i ny componentwi se rel at i ve symmet ri c backward error turns i nto a hi gh

di mens i onal sparse underdetermi ned l east squares (or l east l1) probl em, wi th no apparent l y

s i mpl e sol ut i on [ 53, 9] .

Paral l el l gori thms

I n thi s sect i on we l i st probl ems where we st i l l need good paral l el al gor i thms, even ones stabl e

i n the convent i onal normwi se sense. There i s of course a tremendous amount of act i vi ty

i n thi s area, so we wi l l l i mi t oursel ves to probl ems that have ar i sen i n the course of work

on LAPACK. I n part i cul ar , we wi l l l i mi t oursel ves to di rect al gor i thms f or dense probl ems.
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� A, where j � Ai jj � � j Ai jj . Then to �rst order the perturbat i on � � i n � i s gi ven by [ 48]

j � � j

j � j
�
j yT� Ax j

j � yTx j
=
j yT� Ax j

j yTAx j
� � �

j yT j � j Aj � j x j

j yTAx j
;

a quant i ty we eas i l y to see be at l east � , and exceedi ng � to the extent we have cancel l at i on

i n the eval uat i on of yTAx . Thus thi s provi des a condi t i on number wi th whi ch we can

compute rel at i ve error bounds f or computed ei genval ues .

Stabi l i ty of Paral lel Pre�x Operation. Suppose x 1; . . .; xn are data i tems, and �
i s an associ at i ve operator act i ng on them. We wi sh to compute y1; . . .; yn where yi =

x1 � � � �� xi. I t turns out al l the yi can be computed on O( l og2 n ) t i me us i ng a s i ngl e

tree of processors ; thi s operat i on i s cal l ed paral l el pre�x [ 68, 22, 11, 13] . Al arge number of

i mportant computat i ons can be ref ormul ated as paral l el pre�x operat i ons , and i n f act Kung

has shown that al l rat i onal scal ar recurrences (xi +1 =f i(xi) where fi i s a rat i onal f unct i on of

the scal ar xi) whi ch can be paral l el i zed at al l us i ng rat i onal operat i ons can be paral l el i zed

us i ng paral l el pre�x where the associ at i ve operat i on i s 2- by- 2 matr i x mul t i pl i cat i on [ 67] .

For exampl e, the ei genval ues of a symmetr i c tr i di agonal matr i x T wi th di agonal entr i es

a1; . . .; an and o�di agonal entr i es b1; . . .; bn�1 can be f ound usi ng the Sturmsequence

di =(a i � � )di �1� b2i �1di �2

where di i s the determi nant of the l eadi ng i - by- i pri nci pal submatr i x of T �� I . By Syl vester ' s

theoremthe number of s i gn changes i n the sequence of di' s i s the number of ei genval ues of

T l ess than � . Thi s can be used to count the number of ei genval ues i n any i nterval [ �1; �2]

and so �nd al l the ei genval ues of T by bi sect i on [ 51] . Thi s scheme i s very stabl e numeri cal l y

i f eval uated ser i al l y i n O(n ) t i me. I t can be eval uated i n O( l og2 n ) us i ng paral l el pre�x by

rewri t i ng i t as"
di
di �1

#
=

"
ai � � �b2i �1
1 0

#
�

"
di �1
di �2

#
�Mi

"
di �1
di �2

#
=M i � Mi �1� � �M1 �

"
d0
d�1

#

Thi s techni que, or ones l i ke i t , have been suggested i n [ 64, 85] , where good numeri cal

resul ts have been attai ned. But so f ar no one has succeeded i n provi ng i t i s stabl e, and

i t appears di �cul t to do so. Al so, the paradi gmwe proposed ear l i er f or us i ng poss i bl y

unstabl e al gor i thms, checki ng qui ckl y f or i nstabi l i ty and recomputi ng i f necessary, i s hard

to appl y because we knowof no f aster way to con�rmthe accuracy of an ei genval ue than

runni ng thi s paral l el pre�x operat i on. So studyi ng the numeri cal stabi l i ty of paral l el pre�x

i s an i mportant open probl em.

ccuracyof Jacobi 's ethod. I n [ 27 ] i t was shown that Jacobi ' s method (wi th a sui tabl e

stoppi ng condi t i on) f or �ndi ng the ei genval ues of a symmetr i c pos i t i ve de�ni te matr i x coul d

be much more accurate than other methods based on tr i di agonal i zat i on f ol l owed by sol vi ng

the tr i di agonal ei genprobl em; s i mi l ar resul ts were obtai ned f or the SVD. The reason f or thi s

i s as f ol l ows: Let H be the symmetr i c pos i t i ve de�ni te matr i x whose ei genval ues we des i re.

Wri te H = A , where =di ag (H
1=2
11 ; . . .; H

1=2
nn ) , and Ai i=1. One can showthat thi s

di agonal scal i ng of H resul ts i n A havi ng a condi t i on number � (A) � k Ak2 � k A�1k2 never
much l arger than � (H) and potent i al l y much smal l er , especi al l y i f the Hi i vary great l y i n
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I nstead of boundi ng � H by i ts normk � Hk , one may i nstead use the measure re lH(� H) �
max i jj � Hi jj = j Hi jj , the l argest rel at i ve change i n any entry (we use the notat i on r e lH to

i ndi cate the dependence on H) . Thi s measure respects spars i ty, s i nce � Hi jmust be zero i f

Hi j i s zero, and al so gradi ng, s i nce every entry i s perturbed by an amount smal l compared

to i ts magni tude. For exampl e, i n the case of di agonal l i near equat i on sol vi ng, one can

eas i l y see that a perturbat i on � H of s i ze r e lH(� H) i n the matr i x can onl y change the

sol ut i on rel at i vel y by r e lH(� H) i n each component, and that the al gor i thmi s backward

stabl e wi th r e lH(� H) � " . Thus, the new perturbat i on theory and error anal ys i s wi th

respect to r e lH(� H) accuratel y predi ct that each component of the sol ut i on i s computed to

f ul l rel at i ve accuracy.

We have success f ul l y devel oped newperturbat i on theory, al gor i thms, and error anal ys i s

f or the measure r e lH(� H) f or much of numeri cal l i near al gebra. We cannot al ways guar-

antee to sol ve probl ems as though we had a smal l r e lH(� H) , but the al gor i thms can i n al l

cases moni tor thei r accuracy and produce usef ul error bounds. The al gor i thms are usual l y

smal l var i at i ons on conventi onal al gor i thms, perhaps wi th a s l i ght l y di �erent stoppi ng cr i -

ter i on, al though the bi di agonal SVDal gor i thmhas a qui te newcomponent. I n al l cases the

al gor i thms run approxi matel y as f ast as thei r convent i onal counterparts , somet i mes a l i tt l e

s l ower and someti mes a l i tt l e f aster . Si nce they are based on the conventi onal al gor i thms,

al l the techni ques us i ng the Level 3 BLAS appl y to them.

Thi s approach has been appl i ed to l i near equat i on sol vi ng [ 4] , l i near l east- squares prob-

l ems [ 5, 24, 58] , the bi di agonal SVD[ 26, 16] , the tr i di agonal symmetr i c ei genprobl em[ 61, 8] ,

the dense symmetr i c pos i t i ve de�ni te ei genprobl em[ 27] , and the dense de�ni te general i zed

ei genprobl em[ 8, 27] . We have s i mi l ar but s l i ght l y weaker resul ts f or the dense SVDand

general i zed SVD[ 27] . These al gor i thms ei ther wi l l be i ncl uded di rect l y i n LAPACKor can

be eas i l y constructed by us i ng LAPACKsubrout i nes as \bui l di ng bl ocks . "

Nowwe di scuss var i ous open probl ems that remai n to be sol ved, al ong wi th some i ndi -

cat i on of howhard we thi nk they are.

igh accuracy eigenvalues of essenberg matrices. The nonsymmetr i c ei genprob-

l emhas proven to be one of the more di �cul t probl ems to ei ther paral l el i ze success f ul l y,

or sol ve to hi gh accuracy. Here we out l i ne the bui l di ng bl ocks that coul d be assembl ed

i nto an al gor i thmthat computes the ei genval ues of an upper Hessenberg matr i x wi th t i ny

componentwi se rel at i ve backward error . Hessenberg matr i ces are of i nterest because one

can reduce a dense matr i x to Hessenberg f ormqui te e�ect i vel y us i ng matr i x mul t i pl y and

other BLAS [ 42, 36] .

The �rst tool i s a way to eval uate the determi nant of an upper Hessenberg matr i x H

wi th t i ny componentwi se rel at i ve backward error . The method i s due to Hyman, and i s

di scussed i n [ 90, p. 427] , [ 89] . Thi s method coul d be used i n a Newton- based i terat i ve

re�nement scheme to i mprove ei genval ues computed another way [ 37] , or i t coul d be used

as the bas i s of a scheme i tsel f [ 70] . To eval uate the accuracy of a computed ei genval ue

or ei genvector pai r , one can use an a poster i or i est i mate of the componentwi se backward

error ; a s i mpl e express i on f or thi s error i n gi ven i n [ 15] , whi ch i s a s i mpl e general i zat i on

of a resul t of Oett l i and Prager [ 74] . Fi nal l y, one needs a condi t i on number. The s i mpl est

such express i on i s gi ven as f ol l ows. Let � be an ei genval ue of A wi th uni t r i ght ei genvector

x (so Ax =� x ) and uni t l ef t ei genvector yT (so yTA =� yT ) . Suppose we perturb A by
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hi gh speed of LAPACKi s not portabl e wi thout f ast i mpl ementat i ons of these kernel s . But

we str i ved very hard to make sure the computed answers are correct no matter how f ast

they are computed. As devel opers of putat i vel y portabl e numeri cal sof tware know, thi s

i s a hard probl embecause of the di �erence i n oat i ng poi nt ar i thmeti cs provi ded on di f -

f erent machi nes , wi th di �erent compi l ers , and wi th di �erent bas i c mathemati cal f unct i on

l i brar i es . Fortunatel y, there i s an opportuni ty to change thi s di �cul t s i tuat i on, because of

the wi despread acceptance of IEEE oat i ng poi nt standard ar i thmeti c [ 3] . There are nu-

merous al gor i thms whi ch woul d be much shorter and someti mes much f aster i f we were abl e

to use certai n f eatures of IEEE ari thmeti c, especi al l y the good roundi ng and the \st i cky"

except i on ags. I n sect i on 5 we descr i be some of these al gor i thms.

i gh- cc rac i near l ge ra l gori thms

We begi n by descr i bi ng the approach used to des i gn and anal yze the hi gh accuracy al go-

r i thms al ready des i gned f or LAPACK, and then di scuss open probl ems.

We l et H denote the probl emf or whi ch we seek a sol ut i on f or some probl em; we denote

the sol ut i on by f (H) . For exampl e, f (H) may denote the ei genval ues , ei genvectors , s i ngul ar

val ues , or s i ngul ar vectors of the matr i x H. I f H denotes the pai r (A; b ) , then f (H) may

denote the sol ut i on of the l i near systemAx = b , perhaps i n a l east- squares sense i f A

i s s i ngul ar or not square. I n general , f (H) cannot be computed exact l y and hence i s

approxi mated by an al gor i thmwhose output we denote f̂(H) . We al so l et " denote the

machi ne preci s i on.

Anal yzi ng the accuracy of an al gor i thm̂f f or f cons i sts of two parts . Fi rst , we use

perturbat i on theory, where we bound the di �erence f (H+� H) �f (H) i n terms of � H. Thi s

part depends onl y on f and not the al gor i thmthat approxi mates i t . Second, we use error

anal ysi s, whi ch attempts to showthat the computed sol ut i on̂f(H) i s cl ose to f (H +� H)

f or some bounded � H. Showi ng thatf̂(H) =f (H +� H) f or some bounded � H i s cal l ed

backward error anal ysi s, but i s by no means the onl y way to proceed.

There i s a great deal of choi ce i n the measures we choose to bound errors and measure

di stances . I n convent i onal error anal ys i s as devel oped by Wi l ki nson, we bound k f (H +

� H) � f (H)k i n terms of k � Hk , and showf̂(H) = f (H +� H) where k � Hk � O(" )k Hk .
Here, k � k denotes a norm, l i ke the one- normor Frobeni us norm. Typi cal l y one proves a

f ormul a of the f ormk f (H +� H) � f (H)k � � (f ; H) � k � Hk +O(k � Hk2) , where � (H) i s

cal l ed the condi t i on number of H wi th respect t o f . I n thi s f ormul at i on, i t i s easy to see

that � (f ; H) i s s i mpl y the normof the gradi ent of f at H: k f (H)k ; other scal i ngs are

poss i bl e. Thus, combi ni ng the perturbat i on theory and error anal ys i s , one can wri te

k f (H+� H) � f (H)k � O(" )� (f ; H) � k Hk +O("2)

provi ded the al gor i thmi s backward stabl e.

The drawback of thi s approach i s that i t does not respect the structure of the or i gi nal

data. I n part i cul ar , i f the or i gi nal data i s sparse or graded ( l arge i n some entr i es , smal l i n

others) , boundi ng � H onl y by normcan gi ve very pess i mi st i c resul ts . Atr i vi al exampl e i s

sol vi ng a di agonal systemof equat i ons . Each component of the sol ut i on i s computed to f ul l

accuracy by a s i ngl e di vi de operat i on, but the conventi onal condi t i on number i s the rat i o

of the l argest to smal l est di agonal entr i es and may be arbi trar i l y l arge.
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I n the course of the proj ect , i t was al so di scovered that many standard probl ems coul d

al so be sol ved much more accuratel y than bef ore. Thi s was done by di scover i ng al go-

r i thms whose backward error was s i gni �cant l y smal l er than that of convent i onal al gor i thms

[ 4, 26, 16, 8, 27] . Thi s permi tted us, f or exampl e to compute s i ngul ar val ues of bi di agonal

matr i ces to hi gh rel at i ve accuracy no matter howti ny they are [ 26] ; i n contrast , the stan-

dard al gor i thm[ 50] may compute the t i ny s i ngul ar val ues wi thout any rel at i ve accuracy at

al l .

As a resul t of these successes , our vi s i on of what l i near al gebra sof tware shoul d provi de

has changed cons i derabl y: our expectat i ons of accuracy have r i sen. I n addi t i on, there are

a great many newprobl ems to sol ve (and newtechni ques to try) i n order to expand these

resul ts to more al gor i thms. We wi l l di scuss these open probl ems i n sect i on 2 bel ow.

On the other hand, there remai n some probl ems f or whi ch no hi ghl y paral l el al gor i thms

exi st that are numeri cal l y stabl e even i n the convent i onal sense. For some probl ems i ns i st i ng

onmaxi mal paral l el i smmeans no numeri cal l y stabl e al gor i thmi s known at al l ; i n other cases

there i s a \smoother" tradeo� of paral l el i zabi l i ty and stabi l i ty. I n these cases we propose

the f ol l owi ng paradi gmf or us i ng unstabl e but f ast al gor i thms saf el y:

1. Sol ve the probl em(qui ckl y) .

2. Test f or i nstabi l i ty.

3. I f the answer i s unsat i s f actory, recompute the answer us i ng a s l ower but more stabl e

al gor i thm.

Thi s paradi gmwi l l be success f ul i f the f ast al gor i thmi n the �rst step i s onl y rarel y unstabl e,

and i f the i nstabi l i ty test i n the second step i s cheap. Anumber of probl ems can be sol ved

thi s way, and are di scussed i n sect i on 3.

I n LAPACKas wel l as i n many other packages we est i mate condi t i on numbers us i ng

f ast approxi mati on al gor i thms rather than attempti ng to compute themexact l y. We do

thi s because error bounds are approxi mati ons anyway, and hi gh accuracy i s general l y not

needed. Al so, a user more i nterested i n speed may not be wi l l i ng to take much more

t i me to compute an error bound on top of sol vi ng the or i gi nal probl em. However , the

pr i ce of us i ng est i mators i s that al l of them i nvented so f ar have counterexampl es, i . e.

probl ems whose condi t i on numbers are arbi trar i l y mi sest i mated (usual l y underest i mated).

Fortunatel y, these counterexampl es appear to be extremel y rare. Thi s l eads us to the

f ol l owi ng conj ecture:

The compl exi ty of computi ng a condi t i on number wi th a certai n guaranteed

accuracy i s at l east as l arge as the compl exi ty of the or i gi nal probl em.

I n part i cul ar , thi s woul d i mpl y that any f ast est i mator woul d necessar i l y have a coun-

terexampl e. We wi l l sketch a proof of thi s i n a very s i mpl e (and nonreal i st i c) model of

computat i on i n sect i on 4, and di scuss an approach f or anal yzi ng howrare counterexampl es

are.

One of the goal s of LAPACKwas portabi l i t y of correctness. Our need f or machi ne

speci �c vers i ons of kernel s l i ke matr i x-matr i x mul t i pl i cat i on (the Basi c Li near Al gebra Sub-

rout i nes , or BLAS [ 33, 32, 31, 30] ) i n order to get hi gh perf ormance means that the potent i al
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nt r od ct i on

Th e Un i v e r s i t y o f Te n n e s s e e , t h e Co u r a n t I n s t i t u t e f o r Ma t h e ma t i c a l S c i e

i c a l Al g o r i t hms Gr o u p , Lt d . , Ri c e Un i v e r s i t y , Ar g o n n e Na t i o n a l La b o r a

Na t i o n a l La b o r a t o r y , a n d t h e Un i v e r s i t y o f Ca l i f o r n i a a t Be r k e l e y h a v e d

p o r t a b l e l i n e a r a l g e b r a l i b r a r y i n Fo r t r a n 7 7 . Th e l i b r a r y i s i n t e n d e d t

s e t o f s u b r o u t i n e s t o s o l v e t h e mo s t c o mmo n l i n e a r a l g e b r a p r o b l e ms a n d t

o n a wi d e r a n g e o f h i g h - p e r f o r ma n c e c o mp u t e r s .

Th e LAPACK l i b r a r y ( s h o r t h a n d f o r Li n e a r Al g e b r a Pa c k a g e ) p r o v i d e s r

s o l v i n g s y s t e ms o f s i mu l t a n e o u s l i n e a r e q u a t i o n s , l e a s t - s q u a r e s s o l u t i

s y s t e ms o f e q u a t i o n s , a n d e i g e n v a l u e p r o b l e ms . Th e a s s o c i a t e d ma t r i x f a

Ch o l e s k y , QR, SVD, S c h u r ) a r e a l s o p r o v i d e d , a s we l l a s r e l a t e d c o mp u t

r e o r d e r i n g o f t h e f a c t o r i z a t i o n s . De n s e a n d b a n d e d ma t r i c e s a r e p r o v i

g e n e r a l s p a r s e ma t r i c e s . I n a l l a r e a s , s i mi l a r f u n c t i o n a l i t y i s p r o v i d e

ma t r i c e s . Th e s o f t wa r e i s i n t h e p u b l i c d o ma i n a n d i s a va i l a b l e f r o mn e t l] . Fo r a mo r e

c o mp l e t e s u r v e y o f LAPACK, s e e [ 2, 1] .

Th e o r i g i n a l g o a l o f LAPACKwa s s i mp l y t o b e f a s t e r t h a n i t s p r e d e c e s s o r s,

4 4] a n d LI NPACK [ 2 9] , wh i c h r u n i n e �c i e n t l y o n ma c h i n e s wi t h h i e r a r c h i c a l m

-
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