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Graphical Processing Units (GPUs) potentially promise wide-
spread and inexpensive high performance computation. However, 
architectural limitations (only some operations and memory ac-
cess patterns can be performed quickly, partial support for IEEE 
floating point arithmetic) make it necessary to change existing 
algorithms to attain high performance and correctness. Here we 
show how to make the bisection algorithm for eigenvalues of 
symmetric tridiagonal matrices (sstebz from LAPACK) run 
both fast and correctly on an ATI Radeon X1900 GPU. Our fast-
est algorithm takes up to 156! less time than IntelYs Math Kernel 
Library version of sstebz running on the CPU, but does so by 
doing many redundant floating point operations compared to the 
CPU version. We use an automatic tuning procedure analogous to 
ATLAS or PHiPAC to decide the optimal redundancy. Correct-
ness despite partial IEEE floating point semantics required explic-
itly adding 0 in the inner loop. The problems and solutions dis-
cussed here are of interest on other GPU architectures. 
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Modern graphics processors (GPUs) are data parallel architectures 
that can run general-purpose computations in single precision (so 
far) at high computational rates. They are capable of achieving 
110 GFLOPS in matrix-matrix multiplication [Segal and Peercy 
2006] and show 30-40x speedups compared to the recent Intel 
Xeon processors in computationally intensive applications such as 
Black-Scholes option pricing [McCool et al. 2006] and gas dy-
namics solvers [Hagen et al. 2007]. It is tempting to exploit this 
computational power in solving other common numerical prob-
lems. 

In this work we consider an implementation of another widely 
used linear algebra routine — the bisection algorithm for finding 
the eigenvalues of symmetric tridiagonal matrices. A numerically 
robust, vectoribed implementation of this algorithm in single pre-
cision is available in LAPACK’s sstebz routine [Anderson et 
al. 1999]. Our goal is to port the vectoribed segments of the code 
to the GPU. In order to increase the utilibation of the parallel re-
sources, we use the Multi-section with Multiple Eigenvalues 
method used previously by Katagiri et al. [2006]. 

For the purpose of this study we restrict our attention to find-
ing all eigenvalues of the matrix. The extension to finding a subset 
of the eigenvalues as done in LAPACK’s sstebz routine, is 
straightforward. 

B& <1e&2#se,t#*$&+.%*/#t13&

BC?& @8e/8#eD&

A detailed description of the bisection algorithm can be found in 
Demmel [1997] or Parlett [1980]. A thorough analysis of its cor-
rectness in finite-precision machine arithmetic is presented in 
Demmel et al. [1995]. In the following we summaribe the impor-
tant features of the algorithm and present two novel techniques to 
ensure correctness in an unusual floating-point semantic. 

Let T be an n ! n symmetric tridiagonal matrix with diagonals 
a1, e, an and off-diagonals b1, e, bn–1. For the convenience of 
presentation, let b0 g bn g 0. Then the algorithm Count(x) in Fig. 1 
implements LDL

T decomposition of T – xI without pivoting and 
counts the number of negative entries in the diagonal matrix D. 
According to Sylvester’s inertia theorem it gives the number of 
eigenvalues of T that are less than the real number x. 

Now, suppose we are given a set of 4-tuples (li, ui, nli, nui) for 
i g 1, e, EL so that nli g Count(li) i nui g Count(ui) and the union 
of intervals [li, ui) contains all eigenvalues. Then nui – nli gives the 
number of eigenvalues in the interval [li, ui). Computing nmi g 
Count(mi) for mi g (li j ui)k2 equal to the midpoints produces new 
tuples (li, mi, nli, nmi) and (mi, ui, nmi, nui) for half as wide inter-
vals. Intervals that contain no eigenvalues (nli g nui) are discarded 
and the process is repeated until a sufficiently small enclosing 
interval for each eigenvalue is found. The interval to start the 
iterations is constructed using Gershgorin’s theorem. 

The total work done in Count(x) to find k eigenvalues is 
O(nk). This is usually much larger than O(k) work done in the rest 
of the algorithm. This motivates the efforts in finding the more 
efficient implementation of Count(x). 

A trivial way to speedup Count(x) given parallel resources is 
to evaluate values nmi g Count(mi) for i g 1, e, EL concurrently. 
The utilibation of parallel resources may be low unless EL is large 
enough. A well-known technique to increase the utilibation and 
cut the running time of the bisection algorithm is to subdivide 
each interval [li, ui) with multiple points mi5 g li j 5(ui – li) k (ML j 
1) for 5 g 1, e, ML [Lo et al. 1987l Simon 1989l Katagiri et al. 
2006]. In this case Count(x) is evaluated at EL!ML points concur-
rently achieving better utilibation of the parallel resources. ML g 1 
corresponds to the bisection algorithm and ML ! 2 is called mul-
tisection. ML is chosen to balance the gain from achieving higher 
utilibation and the loss from introducing arithmetic redundancy by 
using multiple points (ML g 1 minimibes the operation count). 

There are known alternative designs that were not considered 
in the present work. Newton’s or Zeroin algorithm may improve 
convergence of intervals that are found to contain only one eigen-
value. A vectoribable alternative to Count(x) such as considered 
by Lo et al. [1987] may allow achieving high utilibation with 
lower arithmetic redundancy. Versions of Count(x) using nparal-
lel-prefixn to parallelibe evaluations for a single x were analybed 
by Ren [1996] and Mathias [1995] and found to be numerically 
unstable, and will not be further considered here. 

 
    function Count(x) 
         Count g 0 
         d g 1 
         for i g 1 to n 
              d g ai – x – b2

i–1kd 
(!)         if (d i 0) then Count g Count j 1 
         endfor 

 

Figure 1: The kernel of bisection algorithm. Function Count(x) 
may be evaluated for an array of arguments concurrently. 
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3 The GPU Architecture 

JG;" 478g;4" #l74Fo8&" Fo8" oB8"WDV" $&#l;&;'474$o'" $:" 4G;" k7>;o'"
l1S.."lJ"4G74"H7:"8;l;7:;>"?@"LJ5"$'"m7'B78@"!..\I"5'"4G$:":;=P
4$o'"H;"?8$;Fl@"8;%$;H"$4:"78=G$4;=4B87l"F;74B8;:" 4G74"78;" $&#o847'4"
Fo8" B'>;8:47'>$'g" 4G;" WDV" #;8Fo8&7'=;I" AB84G;8" >;47$l:" =7'" ?;"
FoB'>"$'"%;'>o8n:"4;=G'$=7l"#B?l$=74$o':" QLJ5"!..Z7["LJ5"!..Z?["
LJ5"!..Z=["k$gB;8"!..\["1;g7l"7'>"D;;8=@"!..\["LoY"!..\UI"

3.1 Processing Units 

JG;"WDV" G7:" 7'" 7887@" oF" #8o=;::o8:" 4G74" 78;" o#;874;>" $'" 15oY"
lo=R:4;#" &o>;I" oBl4$4G8;7>$'g" $:" B:;>" 4o" G$>;" &;&o8@" 7==;::"
l74;'=@I"JG;"?7:$=">747" Fo8&74" $:"7" FoB8P=o&#o';'4"%;=4o8"oF"j!P
?$4" 5666" Flo74$'g" #o$'4" 'B&?;8:I" JG;8;" 78;" 4G8;;" 4@#;:" oF" B'$4:"
4G74" 78;" o#;874$'g" $'" #787ll;l" 74" \!Z"oiX" =lo=R" 874;" p" LKV:,"
&;&o8@"F;4=G"B'$4:"7'>"FloH"=o'48ol"B'$4:I"

JG;8;"78;"]_"LKV:I"67=G"LKV"=o':$:4:"oF"7"%;=4o8"7'>"7":=7P
l78"B'$4"4G74"78;"#8og87&&;>":;#7874;l@I"JG;"%;=4o8"B'$4";9;=B4;:"
:$&#l;" $':48B=4$o':"o'" 4G;" F$8:4" 4G8;;"=o&#o';'4:"oF" 4G;" 8;g$:4;8:I"
JG;:;"$':48B=4$o':"$'=lB>;"&Bl4$#l@"7'>"7>>"(oLY),">o4"#8o>B=4:,"
&$'$&B&"o8"&79$&B&"oF" 4Ho"%7lB;:," 47R$'g"F87=4$o'7l"#784:"7'>"
=o'>$4$o'7l" 7::$g'&;'4:I" JG;" :=7l78" B'$4" &7@" ;9;=B4;" 4G;" :7&;"
$':48B=4$o':" ;9=;#4" 4G;" >o4" #8o>B=4:" o'" 4G;" FoB84G" =o&#o';'4" oF"
4G;"8;g$:4;8:I"5'"7>>$4$o'"$4"=7'"=o&#B4;";9#o';'4,"log78$4G&,":$';,"
=o:$';,"1"c"0"(kMD)"7'>"1"c""0"o#;874$o':I"67=G"78$4G&;4$="$':48B=P
4$o'"&7@"G7%;"7'"$'#B4"7'>"7'"oB4#B4"&o>$F$;8I"JG;"$'#B4"&o>$F$;8"
=7'"?;""-0," )0)"7'>"-)0)I" 5'"7>>$4$o',"o';"oF"4G;"$'#B4:"=7'"?;"7" 8;P
:Bl4"oF" 7" :$&#l;"o#;874$o'"o%;8" 4Ho"o4G;8" $'#B4:" (=7ll;>"q#8;:B?P
487=4r)I"JG$:"o#;874$o'"=7'"?;"0"/"3,"0"-"3,"1"-"0"7'>"1"-"!0I"JG;"
FoB8"=o&#o';'4:"oF" 4G;" $'#B4" 8;g$:4;8:" =7'"?;" 78?$4878$l@" :GBFFl;>"
7'>":H$XXl;>I"JG;"oB4#B4"&o>$F$;8"7lloH:"&Bl4$#l@$'g"4G;"8;:Bl4"oF"



3 
 

the operation by factors of 22 42 42 1622 164 and 164. Also2 the out<
put value may be clamped to the range @A2 1B. Cach unit can eDe<
cute one instruction every clocE cycle. The estimates of the theo<
retical peaE performance based on this data are given in Table 1. 

There are 1G memory fetch units2 i.e. one per three AHUs. 
GPULench @LucE et al. 2AA4B2 which is a popular benchmarEing 
utility2 shows that the cost of fetching a four<component vector is 
12 AHU cycles if the data is in the cache2 i.e. it taEes one cycle for 
a unit to fetch one 32<bit floating point number. Nt accounts to 4A 
GL6s. Oetch<4 eDtension allows Puadrupling this rate to 1GA GL6s. 
Memory fetches that miss the cache are more eDpensive. 

Olow control units allow implementing if<else statements by 
eDecuting both branches and masEing off the non<participating 
processors. Also they support loops that are repeated a constant 
number of times. The constant is limited to the range @A2 2RRB and 
can be changed only when a program is not running. A larger 
number of iterations may be achieved using nested loops. 

3.2 Floating Point Arithmetic 

The ATN CTM guide @AMD 2AAGB gives the most detailed specifi<
cation of the GPU floating point arithmetic that we Enow. Utill2 it 
is not eDhaustive and even disagrees with our tests done in 
DirectV W.A. 

Most arithmetic operations are Xaccurate to within one bit on 
each inputY transcendental functions have larger tolerancesZ2 but 
rounding rules are not specified. Hence2 it is unclear if the arith<
metic is monotonic or not. \e were able to determine that ]CP 
operation is monotonic by eDecuting it for every possible input. 
This is possible since it taEes only one 32<bit argument2 i.e. there 
are fewer than 232 different inputs. Addition and multiplication are 
liEely to be monotonic as their most straightforward implementa<
tions are. Nn our tests we observed rounding towards ^ero in MAD 
operation2 which is monotonic. 

The special values2 such as !!2 !A and _a_ are supported. 
Though the ATN CTM guide claims that they are treated according 
to the NCCC `R4 standard in many operations including MAD and 
]CP2 we found that on the GPU Aa! b A and Aa_a_ b A2 which 
deviates from the standard. According to our eDperience handling 
of the special NCCC values does not incur a performance penalty. 
Denormali^ed numbers are accepted but are always flushed to 
^ero with the sign preserved. That means that underflow in addi<
tion may produce cA that was verified by our tests. This behavior 
also disagrees with the NCCC standard @NCCC 1W4`2 Ch. G.3B. 

The convention (cA) f A b fA held in our tests. 
Nt is unclear if the adder in the presubtract units implements 

the same or different floating point semantics. Nt cannot be pro<

grammed eDplicitly in the high<level languages such as DirectVgs 
HHUH. 

The sign of ^ero may be lost when copying data between reg<
isters. The reason is the lacE of a separate MOi operation2 so that 
another arithmetic operation must be used instead. Nf the assign<
ment is done using MAD2 i.e. as ! b A a A f " or ! b 1 a " f A2 the 
sign of ^ero is lost in the addition. A safer solution is ! b MAV("2 
"). However the choice might not be under control when pro<
gramming in a high<level language. 

To summari^e2 underflow in addition may result in cA on this 
particular GPU so that NCCC version of #$%&'(") may give incor<
rect values in corner cases. NCCCA and pivmin versions are eD<
pected to be correct. Arithmetic is liEely to be monotonic2 but we 
cannot say it is for sure. 

4 Implementation 

Our implementation is done in Cff following the OO]T]A_ 
codes of the sstebz routine in HAPACj version 3.1 that is 
available in the public domain. Nt was compiled using the Nntel 
Cff compiler version W.1 with all optimi^ations for speed turned 
on eDcept the floating point arithmetic options. Nn order to ensure 
sufficient NCCC compliance we used /fp:source and 
/fp:except- compiler options. 

The function #$%&'(") is implemented both on the CPU and 
the GPU. Nn each iteration of the algorithm one of them is chosen 
using a performance model as elaborated in Uection 4.G. The re<
turn values of #$%&'(") are adkusted to handle non<monotonicity 
following Uection 2.3. There are two sources of non<
monotonicityl potentially non<monotonic GPU arithmetic and 
miDing the results of #$%&'(") computed on the CPU and the 
GPU. 

4.1 The GPU Program 

The GPU is programmed using DirectV W.A. Three different ver<
sions of #$%&'(") are programmed in HHUH as shown in Oig. 3. 
The HHUH program solves for four different values of " at once to 
fit better to the GPU architecture. 

The negative pivots in the GPU program are counted using 
floating point numbers. This limits the counter and hence the di<
mension of the input matriD to 224 ! 1G2AAA2AAA. Nt is a sufficiently 
large number m it may taEe a few weeEs to solve a problem of 
such a si^e on a Pentium 4 processor. 

The loop is naturally unrolled four times as the matriD entries 
are fetched in four<component vectors. Unrolled four times more 
it yields a perceivable speedup. Nn order to handle arbitrary matriD 
dimensions2 the matriD si^e is rounded up to the nearest multiple 
of four introducing dummy entries at the tail. They are set to f! 
for the diagonal and to A for the off<diagonal entries. That could 
produce an error if run in NCCC<compliant arithmetic as it gives 
()

26* b A6A b _a_ for * b A2 but is correct on this GPU since it 
implements Aa! b A. The dummy entries produce * b f! so that 
#$%&' is not incremented+,An analogous techniPue would worE on 
an NCCC<compliant platform.,

The matriD is laid out into two 2D arrays (XteDturesZ) and is 
transferred to the GPU memory once per sstebz call. The itera<
tion through the entries is implemented in two nested loops2 each 
iterating through a hori^ontal or a vertical dimension of the arrays. 
Oetch<4 eDtension is not enabled for these matriD structures2 since 
the program is computation<bound anyway (see Uection 4.3). 

4.2 Transferring Data and Running the Job 

As the input and output data for each parallel run of #$%&'(") is 
produced and processed in the main memory2 we need to transfer 
it to the GPU memory and bacE for each call to the routine. 

Operation Type How Nmplemented 
Theoretical 
PeaE ]ate 

16A ]CP 3A Gflop6s 

A6L 
]CP in the scalar pipe2 
MAD in the vector pipe 

3A  Gflop6s 

AaL MAD 12A  Gflop6s 

AfL MAD and presubtract 24A  Gflop6s 

AaLfC MAD 24A  Gflop6s 

(AfL)aCfC MAD and presubtract 3GA  Gflop6s 

(1c2aA)aLfC MAD and presubtract 44A  Gflop6s 

((1c2aA)aLfC)64 
MAD2 presubtract and 

output modifier 
GAA  Gflop6s 

Table 1l Theoretical peaEs for various arithmetic operations on 
the ]adeon V1WAA VT (single precision only). 
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     a = tex2D( matrix_a, pos ); 
     bb = tex2D( matrix_bb, pos ); 
     pos.x += increment; 
(1)  d = a.R – x – bb.R / d; 
(4)  Count += (d < 0) ? 1 : 0; 
     d = a.G – x – bb.G / d; 
     Count += (d < 0) ? 1 : 0; 
     d = a.B – x – bb.B / d; 
     Count += (d < 0) ? 1 : 0; 
     d = a.A – x – bb.A / d; 
     Count += (d < 0) ? 1 : 0; 

"
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(2) d = (|d| < pivmin) ? –pivmin : d; 
(3) d = d + 0; 

"
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 (1) RCP r0.R, r0.R 
 (1) RCP r0.G, r0.G 
 (1) RCP r0.B, r0.B 
 (1) RCP r0.A, r0.A 
 (1) ADD r1, r3.R, -r2 
 (1) MAD r0, r4.R, -r0, r1 

 (2) ADD r1, r0_abs, -c0 
 (2) CMP r0, r1, r0, -c0 

 (3) ADD r0, r0, c1.R 

 (4) CMP r1, r0, c1.R, c1.G 
 (4) ADD r5, r5, r1 
"

"
"
 r0: d 
 r1: temp 
 r2: x 
 r3: a 
 r4: bb 
 r5: Count 
 
 c0: pivmin 
 c1: (0,1,0,0) 
"
"
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#igure )* Computational rates (5flops7s) ac:ie;e< => <ifferent 

;ersions of !!t#$% an< a mi? of matrices. 
 

 
#igure A* Bpee<up gaine< in t:e 5PUEalone ;ersion => using  

multisection ;s. =isection. 

 
#igure FG* T:e comparison of t:e runtimes for t:e case of  

(IFJKJIF) matri?. 
 

 
#igure L* Bpee<up of our CPU ;ersion of !!t#$% relati;e to t:e 

;ersion in Intel NOP A.G. 

! geometric* ai Q (R!)(iIF)7(nIF)J bi Q aiSF7RT 
! (IFJKJIF)* ai Q KJ bi Q IFT 
! glue<* (IFJKJIF) matri? Uit: bk Q R! U:en k Q G (mo< K5)J n 

is a multiple of K5T 
! practical* a su=set of matrices from WarUellEXoeingJ Uni;erE

sit> of #lori<a an< 5eorge #ann collections re<uce< to tri<iE
agonal formF. 

Uniform an< geometric matrices appro?imate uniform an< geoE
metric <istri=ution of eigen;alues respecti;el>. T:e glue< matri? 
:as eigen;alues strongl> clustere< aroun< t:e eigen;alues of t:e 
(IFJKJIF) matri? Uit: n Q K5. 

YffE<iagonals of t:e test matrices Uere alUa>s large enoug: 
t:at t:e PZPZCO !!t#$% routine <oes not =rea[ t:e pro=lem 
into smaller onesJ U:ic: is not currentl> implemente< in our ;erE
sion. \e also ensure< t:at ot:er algorit:ms use< (suc: as <]<s) <o 
not e?:i=it unusuall> fast con;ergence t:at :appens U:en t:e 
matri? is ;er> close to <iagonal. T:is e?plains t:e c:oice of enE
tries suc: as R! a=o;e. 

#irst Ue anal>^e t:e =e:a;ior of t:e CPU co<es alone. #ig. L 
s:oUs t:e spee<up ac:ie;e< in our CPU co<e relati;e to t:e NOP 
;ersion. It ranges from 4.K to L.) for n ` 5G. T:e CPZPZCO ;erE
sion Uas from 5a faster to K5a sloUer t:an NOP ;ersion. 

#ig. ) s:oUs t:e computational rates in CPZPZCOJ CPUE
alone an< CPUE5PU ;ersions. Ynl> t:e floating point operations 
in Count(x) algorit:m Uere ta[en into account in t:is <ata. 
CPZPZCO performs at L6IF)K Nflop7s an< our CPUEalone ;erE
sion is at KLGI)GG Nflop7s. CPUE5PU ;ersion s:oUs up to 4G 
5flop7sJ U:ic: is up to 5G b KKG times :ig:er t:an t:e pea[ rates 
in t:e CPUEalone b CPZPZCO ;ersions respecti;el>. WoUe;erJ 
t:e CPUE5PU ;ersion <i< up to L.6! more flops t:an t:e =isection 
algorit:m in CPZPZCO an< ML use< Uas up to )5. #or compariE
sonJ t:e largest optimal ML use< in t:e CPUEonl> an< 5PUEonl> 
;ersions Uas ) an< FGK4 respecti;el>. 

To un<erstan< t:e importance of using multisection ;s. =isecE
tionJ Ue performe< runs forcing ML Q F. #ig. A s:oUs t:at 5PUE
alone ;ersion is spe< up => t:e factors of 5 to 6.6 for n c FGG => 
using multisection. Bpee<ups at large n are su=stantial onl> if t:e 
eigen;alues are clustere< b t:e spee<up Uas a=out 4.K! for t:e 
glue< matrices. Bpee<up s:oul< also =e su=stantial U:en fin<ing 
onl> a small su=set of all eigen;aluesJ U:ic: is currentl> not imE
plemente<. Bpee<up is less noticea=le in t:e 5PUECPU ;ersion as 
it runs on t:e CPU U:ene;er t:e 5PU multisection is too sloU b 
t:e spee<up Uas onl> up to K.G!. 

#ig. FG compares t:e runtimes of CPUEonl>J 5PUEonl> an< 
CPUE5PU ;ersions for t:e (IFJKJIF) matri?. T:e runtime of t:e 

                                                                    
F a;aila=le at :ttp*77cr<.l=l.go;7dosni7Co<es7stetester7 

CPUE5PU ;ersion is nearl> t:e minimum of t:e runtimes of t:e 
ot:er tUo ;ersions. T:e crosso;er =etUeen CPUEalone an< 5PUE
alone ;ersions is at n ! FRG. #or n Q FGGG t:e 5PUEalone ;ersion 
is ! A.G! faster t:an t:e CPUEalone ;ersion. 

#ig. FF s:oUs t:e percentage of time spent in Count(x) on t:e 
CPU an< on t:e 5PU in t:e CPUE5PU ;ersion for (IFJKJIF) maE
tri?. Zt n Q FKF t:e time spent in t:e 5PU co<e eumps from Ga to 
6La an< time spent in t:e CPU co<e falls from AGa to KFa. AGa 
an< AAa of t:e time spent in t:e 5PU co<es are reac:e< at n ! 
F4GG an< n ! 6KGGG respecti;el>. 
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#lso' we showe+ that a hi/her +e/ree o1 2333 756 compliance 
coul+ win an a++itional <5= assumin/ no per1ormance penalt> 1or 
/reater compliance? @rivial improvement woul+ raise the 1uncB
tionalit> o1 our implementation to the 1ull 1unctionalit> o1 
C#P#CFGs sstebz' such as 1in+in/ onl> a suHset o1 ei/envalues 
an+ splittin/ the matriI into Hlocks 1or Hetter per1ormance when 
o11B+ia/onal elements are small? Kuture work inclu+es portin/ a 
tri+ia/onal ei/envector solver' such as the LMMM al/orithm 
NOhillon an+ Parlett PQQRS or the inverse iteration al/orithm? TsB
in/ the UPT in the re+uction to tri+ia/onal 1orm promises 
spee+up in the +ense s>mmetric ei/enproHlems V these al/oB
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Figure 15: Glued matrices: runtimes of different implementations and their slowdowns relative to the CPU-GPU version. The benefits of 

using the GPU are small due to small inherent parallelism in the problem. Bisection algorithms run in linear time due to strongly clustered 
eigenvalues. 

 


