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Abstract

Many sparsematriceshave a naturalblock structure,for instancearisingfrom thediscretisa-
tionof aphysicaldomain.Wegiveanalgorithmfor findingthisblockstructurefrom thematrix
sparsitypattern.This algorithmcanbeusedfor instancein iterative solver librariesin cases
wheretheuserdoesnot or cannot passthis block structureinformationto thesoftware.The
blockstructurecanthenbeusedasa basisfor domain-decompositionbasedpreconditioners.

1 Introduction

Sparsematricescanoftenbedescribedashaving alimited bandwidthandalimited number
of nonzerosper row. However, this descriptiondoesnot do justice to a structurethat is
visible to the naked eye. Many sparsematricescomefrom discretisedpartial differential
equationsonaphysicaldomainin two or threespacedimensions.Fromthewaythevariable
numberingtraversesthe problemdomain,in a naturalway a block structurearises.In a
plot of thematrix sparsitypattern,blockscorrespondingto linesor planesin thedomain,
or wholesubstructures,canbeeasilydiscerned.

Direct matrix solversoften ignoresucha matrix structure.Indeed,succesfulsolversare
basedonrenumberingthematrix,regardlesstheoriginalordering.ExamplesaretheCuthill-
McKeeordering[3] whichreducesthebandwidthof thematrix,andthemultipleminimum
degreeordering[4] which moredirecty aimsto minimisefill-in. This approachsucceeds
by virtueof thefactthatsuchdirectsolversarepurelybasedon thestructureof thematrix,
anddisregardthenumericalentries.Timeto solutionis fully apropertyof thestructureand
independentof thenumerics.

For iterative solverssuchan approachis lessdesirable.The time to solution is strongly
dependenton numericalproperties,andonly to a lesserdegreeon structuralproperties.
This issueis only exaccerbatedby the incorporationof a preconditionerin the iterative
scheme.It would thenmake sense– andwe will show with an examplehow seriousthis
issueis – to takestructureinformationinto accountin theconstructionof apreconditioner.
In particular, for preconditionersthatarebasedonpartitioningof thedomain,suchasSchur
complementmethodsand Schwarz methods,one would aim to let the domainschosen
correspondto domainsarisingnaturallyfrom theapplication.

In caseswheretheuserwritesthefull applicationandtheiterativesolver, our storywould
now endon the above noteof recommendation.However, in practicalcases,usersmay
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rely on an iterative solver library, andbe limited to the interfaceit providesfor supplying
structuralinformationin additionto thebarematrix entries.Looking at this problemfrom
thesideof thelibrary developer, wecannot alwaysassumethatauserhastheopportunity,
sophistication,or time to supplysuchannotationsto thematrix.

We concludethat thereis a legitimateopportunityfor softwarethat automaticallydeter-
minesamatrixstructure.Suchsoftwarecouldbeincorporatedinto existing iterativesolver
libraries,whereit would retrieveinformationthat,becauseof afixeduserinterface,simply
cannot be providedby the user. Anotherapplicationfor this softwarewould be the Net-
Solvepackage[2]. Wehaveproposedsuchastructuralpartitioneraspartof amoregeneral
intelligentblack-boxlinearequationsolver [1].

In thenext two sectionswe describetwo partitioningalgorithms,onefor regularmatrices,
and one for generalmatrices.We concludeby giving a practicalexampleshowing the
efficacy, andindeednecessity, or our partitioningapproach.

2 Regular matrix partitioner

If a matrix derivesfrom a discretizedPDE on a ‘brick’ domain,it hasa structurewhere
all blocksareof equalsize.Facilitating theanalysisis the fact thatall nonzerodiagonals
areparallelto themaindiagonal.For this regularcasewe developa partitionerthatfinds
all possibleblock structures.The fact that therecanbe morethanoneblock structureis
dueto the physicalnatureof the problem:blockscancorrespondto for instancelines or
planesin a three-dimensionaldomain.Our algorithmproceedsby successively discarding
outerdiagonals,which would correspondto the connectionsbetweenblocks,andfinding
any block-diagonalstructurein theremainder. Wealwaysstartby symmetrisingthematrix,
sothatwe needtestonly in, say, thelower triangle.

For
�������	�
���
if thesubblock
�� �������	�����������

is zero,
mark

�
asasplit point

Figure1: Findstartingpointsof block-diagonalblocks(algorithmoutline)

Findingwhetheramatrixsubblockis zerois acomputationallyexpensiveroutine;theprac-
tical implementationwould testconsecutive rows andabortoncea zeroelementhasbeen
found.

For
�������	�
���
testall row segments
���� �	�����������

for � ��� �
�	���
in succession,

if any is nonzero,
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is not asplit point;
continuewith thenext (outer)

�
iteration

if all segmentsarezero,mark
�

asa split point

Figure2: Findstartingpointsof block-diagonalblocks(practicalimplementation)

Thealgorithmfor findingtheblockstructurespitpointsis thenenclosedin aloopthatfinds
all values! suchthat the ! -th diagonalof 
 is nonzeroandthe !#" �

-st is zero.For such
values,we applyalgorithm1 to the

� !$" �
bandpartof 
 .

Matlabcodeimplementingthewholealgorithmcanbefoundin appendixA.
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3 General matrix partitioner

The algorithmabove relied on the fact that the nonzerooff-diagonalsareparallel to the
maindiagonalto discardtheconnectionsbetweenblocks.For matricesfrom irreguardo-
mains,or regulardomainsthathave alreadybeensubjectedto a Cuthill-McKeeordering,
we canmake no suchassumption.What is more,theconnectingblockscanbearbitrarily
closeto themaindiagonal,sincethediagonalblockscanbeof any size,especiallywith the
Cuthill-McKeeordering,thereareguaranteedto bebothlargeandsmallblocks.

Thuswe needa differenttestfor whethera point
�

canbethestartof a block.Thetestwe
usedis thefollowing:

If
�

is the start of a block, then �&% �
is the start of a block, if 
('*),+�.-

,

('*)0/21 �3-

, 
4'5/617)0/618+��-
and 
4'5/617) ��-

.

We startoff thealgorithmby declaringthat
�

is thestartof a block.

Thissimpletestformalisesthecommonsensecriteriumthatsubsequentblockscorrespond
to subsequentslicesout of thedomain,andthattheir respectivebeginningsareconnected,
asaretheirendings,andnobeginningof oneblockcanbeconnectedto theendof another.
Occasionallythis testwill betoo stringent,sowe keeptrackseparatelyof thosepointsfor
whichonly theconditionson 
 '9) and 
 '*)0/21 aresatisfied;wecanusethosepointsto restart
theprocessif needed.If thereareseveralchoicesof possiblenext split points,we choose
onethatgivesa block not too differentin sizefrom whatwe have encounteredso far; we
usedeviation from theaveragesizeasameasure.

As a first refinementof this test,we observe that testingon singlematrix elementsmay
oftennot give the right results.Insteadwe teston whethera small subblockis zero.The
subblockshavetheindicatedmatrixelementsasacornerpoint.Wehaveto choosethesize
of thesubblock;right now we use ��� �:���<;=�>-

asa crudeheuristic,but moresophisticated
estimatesarepossible.

The above processwill occasionallygive blocksof disparatesizes;in a post-processing
stepwe mergesmallblockswith adjoininglargeblocks.

Matlabcodeimplementingthewholealgorithmcanbefoundin appendixB.

4 Practical application and further research

As apracticalapplicationweusedtheBi-ConjugateGradientalgorithmwith analternating
Schwarzpreconditioneronatwo-materialproblemwith largedifferencesin materialcoeffi-
cients;figure3.Theis almostregularin structure,but thelastdiagonalblockis smallerthan
the rest,so an even distribution will not cut the block boundaries.Additionally, because
of the way boundaryconditionsbetweenthe materialsare discretised,the off-diagonal
nonzerostructurehasgapsanda few outlying diagonals.

We do not plot the resultsof the regular splitting algorithm of section2, sinceit gives
preciselythe structureas desiredand expected.We give two plots of the output of the
generalsplit algorithm(section3): oncewith all splitsfoundindicated(figure4), andonce
afterconsolidationof thesmallblocks(figure5).Weseethatthegeneralalgorithmfindsall
thelargeblocks,andis only minimally confusedby thegapsin theoff-diagonalsparsity.

We testedtwo matricesof the samesparsitydomain,onesmall of size1641,andoneof
mediumsize5655;wesimulated8 processorsthroughout.In thefirst case(table1) we see
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Figure3: Matrix of a two-materialproblem

that the generalsplit algorithmgivesthe samenumberof iterationsasthe optimal split,
generatedby the regularalgorithm.The penaltyfor usingan even splitting is a factorof
almost4 in iterations.By comparison,we give the numberof iterationsfor the Jacobi
method.In the caseof the largermatrix we seethat throughfortuitouscircumstancesthe
generalsplitting performsmarginally betterthanthe ‘optimal’ one.Again thereis a large
penaltyfor choosingincorrectblocksastheevensplittingdoes.

optimalsplitting 73
generalsplitting 73
evensplitting 261
jacobipreconditioner 494

Table1: Iterationcountsfor differently split Schwarz preconditionerson a small matrix
problem

optimalsplitting 145
generalsplitting 138
evensplitting 465
jacobipreconditioner 1044

Table2: Iterationcountsfor differently split Schwarz preconditionerson a mediumsize
matrixproblem

Therearesomeopportunitiesfor refinementof the algorithmsdevelopedhere.In our al-
gorithmswe usedthe ‘f act’ that theupperright cornerof a block in theuppertriangleof
a matrix is zero.This factdoesnot hold if thedifferentialequationhasperiodicboundary
conditions.We aim to developheuristicsthatcandetectthiscase.
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Figure4: Samematrixasfigure3, with all split pointsfoundindicated
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A Software: Regular matrix partitioner
function [sinfo,structs] = blockstructures(A)
% function [sinfo,structs] = blockstructures(A)
%
% compute all possible block structures of a matrix
% sinfo(i,:) is i’th band and length of corresponding splits array;
% (number of blocks is one less than length of splits)
% structs(i,:) is i’th splits, padded with zeros.

b = bands(A);

sinfo = []; structs = []; ol = 0;
for i=1:size(b,2),
splits = blockstructure(bandpart(A,b(i)));
if size(splits,2)==2,
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Figure5: Samematrixasfigure4, afterconsolidationof smallblocks

fprintf(’no useful partition for b=%d\n’,b(i)); break; end;
l = size(splits,2); [m,n] = size(structs);
if l==ol,

if ol>0, new = setdiff(splits,osplits);
if size(new,1)>0,
fprintf(’ERROR non-nested splits at band %d of %d\n’,i,b(i)); break;

end; end;
fprintf(’band %d of %d supersedes previous.\n’,i,b(i));
sinfo(m,:) = [b(i),l]; structs(m,:) = [splits,zeros(1,n-l)];

else,
fprintf(’band %d of %d gives %d blocks.\n’,i,b(i),l-1);
sinfo = [sinfo’,[b(i),l]’]’; structs(m+1,1:l) = splits;

end;
ol = l; osplits = splits;

end;

fprintf(’Number of partitions found: %d\n’,size(structs,1));

function [splits] = blockstructure(A);
% function [splits] = blockstructure(A)
%
% make vector of splits points of the block structure
% last split is n+1.
%

[m,n]=size(A);
splits = [1];
for i=2:m,
J = find(A(i,1:i-1));
if size(J,2)==0,

[I,J]=find(A(i:m,1:i-1));
if size(I,2)==0,

splits = [splits, i];
end;

end;
end;
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splits = [splits, m+1];

function [right,left] = bands(A)
% function [right,left] = bands(A)
%
% find all outer bands in the matrix, that is, diagonals
% such that the diagonal beyond it is entirely zero.
%
% right,left are arrays of positive numbers, sorted up.
% if only one output is request, the union of left & right is returned.

[m,n] = size(A);

right = []; bp = n;
for b=n-1:-1:1,
d = diag(A,b); [I,J] = find(d);
if size(I,1)>0,

if b==bp-1, right = [b,right]; end;
else, bp = b; end;

end;

left = []; bp = n;
for b=n-1:-1:1,
d = diag(A,-b); [I,J] = find(d);
if size(I,1)>0,

if b==bp-1, left = [b,left]; end;
else, bp = b; end;

end;

if nargout==1, right = union(right,left); end;

function [M] = bandpart(A,n);
% function [M] = bandpart(A,n)
%
% n scalar: take the 2n+1 inner bands of A.
% n vector: take part inside split points.
% see: block_make
%

if size(n,2)==1,
if n>size(A,1)-1,

M = A;
else,

M=triu(A,-n)-triu(A,n+1);
end;

else,
M = block_make(A,n);

end;

B Software: General matrix partitioner
function [pp,ppt] = find_cm(A);
% function [pp,ppt] = find_cm(A);

trace = 1;

%
% initially, get all points on the first
% sub/super diagonal that allows a split
%
A = A+A’;
splits = blockstructure(bandpart(A,1));
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if trace>0, fprintf(’a priori block structure: %s\n’,vec2str(splits)); end;

%
% Find all blocks
%
[pp,rr] = all_blocks(A,splits);

%
% Now find a string of blocks that looks like CM;
% set limits on growth
%
pp = string_of_blocks(pp,rr,splits,trace);
fprintf(’block structure prelim: %s\n’,vec2str(pp));

%
% post-processing to eliminate small blocks
%
ppt = pp; pp = compact_blocks(pp,0);
fprintf(’block structure final: %s\n’,vec2str(pp));

%%
%% end of main function
%%

%
% main function 1: all_blocks
%
function [pp,rr] = all_blocks(A,splits);

[m,n] = size(A);
nsplits = size(splits,2);
pp = sparse(nsplits,nsplits); rr = pp;

% Loop over all split points, and assume that they are the start of a block;
% find all points that can be the end of that block.
%
for first=1:nsplits-1,
this_split = splits(first);
% init; this also covers the case of the last block, for which the
% following loop is not executed
p = [first]; r = [first];
for next=first+1:nsplits-1,

next_split = splits(next); test_size = next_split-this_split;
add = 0; d = floor(test_size/10);
% first_split is first point of block of current block
% next_split is tentative first point of next block.
% Now test whether connected:
% 1/ first point not to last point
% 2/ first point to next first point
% 3/ previous last point to next last point
% 4/ previous last point not to next first point
t1 = empty_corner(A,this_split,next_split-1,d,-d);
t2 = empty_corner(A,this_split,next_split,d,d);
t3 = empty_corner(A,this_split-1,next_split-1,-d,-d);
t4 = empty_corner(A,this_split-1,next_split,-d,d);
if t1==0 & t2>0,

if this_split==1 | (t3>0 & t4==0), p = [p,next];
% if only conditions 1 and 2 are met, mark this as a restart point
else r = [r, next]; end; end;

end;
fprintf(’%d: blocks from %d: %s, restarts: %s\n’,...

first,this_split,vec2str(splits(p)),vec2str(splits(r)));
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pp(first,1:size(p,2)) = p; rr(first,1:size(r,2)) = r;
end;

[I,J] = find(pp);
pp = full(pp(1:max(max(I)),1:max(max(J))));
[I,J] = find(rr);
rr = full(rr(1:max(max(I)),1:max(max(J))));

%
% auxiliary function empty_corner
%
% test whether a corner of matrix (coordinate plus i/j offset) is empty
% positive result: elements nonzero, zero result: empty
%
function res = empty_corner(A,i,j,di,dj)
[m,n] = size(A);
if i<1 | i>m, res = 0;
else,
if di<0, i0=max(1,i+di); i1=i; else, i0=i; i1=min(m,i+di); end;
if dj<0, j0=max(1,j+dj); j1=j; else, j0=j; j1=min(n,j+dj); end;
res = norm(A(i0:i1,j0:j1),inf);

end;

%
% main function 2 string_of_blocks
%
function pp = string_of_blocks(pp,rr,splits,trace);

% control parameters
growth = 1.5;
% setup
nsplits = size(splits,2);
start = 1; p = [start]; big_block = 0;

% we loop maximally to the number of splits, in practice much less,
% see the break command at the end of the loop
for seq=1:nsplits-1,
% look at all possible blocks from this point
[I,J] = find(pp(start,:)); last_p = max(max(J));
[I,J] = find(rr(start,:)); last_r = max(max(J));
ps = pp(start,2:last_p); rs = rr(start,2:last_r);
if trace>0, fprintf(’@%d => %d : choices are %s %s\n’,...

start,splits(start),vec2str(splits(ps)),vec2str(splits(rs))); end;

% tough case: there is no continuation;
% use a restart block, which satisfies a less stringent test
if last_p==1,

% first see if we can restart the process
if last_r>1,

if trace>0, fprintf(’.. stuck; restarting\n’); end;
% find a block that doesn’t grow too fast
next = decent_block(rs,start,splits,growth,big_block,trace);

% if we cannot even restart the process, just take the next block
else, next = start+1;

if trace>0, fprintf(’.. really stuck; taking the next block\n’); end;end;

% in the regular case, look at all possibilities for the end point;

% if we are only starting the process, just take the biggest jump
elseif big_block==0, next = pp(start,last_p);

if trace>0, fprintf(’.. starting out; just take the biggest.\n’); end;
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% otherwise, limit growth
else,

next = decent_block(ps,start,splits,growth,big_block,trace);
end;

% update parameters
p = [p,next]; this_size = splits(next)-splits(start);
big_block = max(big_block,this_size);

% if we have exhausted the matrix, quit.
if next>=nsplits, break; else, start = next; end;

end;

pp = splits(p); % convert to real numbering.

%
% auxiliary function decent_block
%
% find continuation canditate that doesn’t grow too fast
% result next is index in array nexts
%
function next = decent_block(nexts,start,splits,growth,big_block,trace)
last = size(nexts,2);
for pos=last:-1:1,
next = nexts(pos);
next_size = splits(next)-splits(start);
if next_size<=growth*big_block,

if trace>0,
fprintf(’.. based on growth taking %d=#%d out of %d\n’,...

next,pos,last); end;
break; end;

end;

%
% main function 3 compact_blocks
%
function pp = compact_blocks(pp,trace);

ppt = pp; np = size(ppt,2); pp = []; last_size = 0; avg_size = 0; nb = 0;
for p=1:np-1,

this_size = ppt(1,p+1)-ppt(1,p);
if p>1, % general block: test whether too small

if this_size<avg_size/6, % if it’s small, accumulate it
if r>0, % if we are already accumulating,
if p==np-1, add = r; % if last block, flush
else, % in general, add and flush if big enough

cum = cum+this_size;
if cum>5*avg_size/6; add = r; else, add = 0; end; end;

else, % if we are not accumulating, start doing it now
if p==np-1, add = p; % if last block, flush
% in general, remember where we started
else add = 0; r = p; cum = this_size; end;

end;
else, add = p; end; % if the block is not too small, just accept

else, % first block: add
add = 1; end;

if add>0,
if trace>0, fprintf(’accepting block %d: %d\n’,p,ppt(1,p)); end;
last_size = this_size; avg_size = nb*avg_size+this_size;
pp = [pp, ppt(1,add)]; nb = nb+1; avg_size = avg_size/nb;
r = 0;

else, if trace>0, fprintf(’merging block %d: %d\n’,p,ppt(1,p)); end;
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end;
end;

pp = [pp, ppt(1,np)];
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