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Abstract

Mary sparsematriceshave a naturalblock structure for instancearisingfrom the discretisa-
tion of aphysicaldomain We give analgorithmfor findingthis block structurefrom thematrix
sparsitypattern.This algorithmcanbe usedfor instancein iterative solver librariesin cases
wherethe userdoesnot or cannot passthis block structureinformationto the software. The
block structurecanthenbe usedasa basisfor domain-decompositiobasedoreconditioners.

1 I ntroduction

Sparsematricescanoftenbedescribedishaving alimited bandwidthandalimited number
of nonzerosper row. However, this descriptiondoesnot do justiceto a structurethatis

visible to the naked eye. Many sparsematricescomefrom discretisedpartial differential
equation®naphysicaldomainin two or threespacalimensionskFromthewaythevariable
numberingtraversesthe problemdomain,in a naturalway a block structurearises.In a

plot of the matrix sparsitypattern,blockscorrespondingdo lines or planesin the domain,
or wholesubstructures;anbe easilydiscerned.

Direct matrix solvers often ignore sucha matrix structure.Indeed,succesfulsolversare
basednrenumberinghematrix, regardlessheoriginalordering ExamplesaretheCuthill-
McKeeordering[3] whichreduceghe bandwidthof thematrix, andthe multiple minimum
degreeordering[4] which moredirecty aimsto minimisefill-in. This approactsucceeds
by virtue of thefactthatsuchdirectsolversarepurelybasedn the structureof the matrix,
anddisrggardthenumericalentries.Timeto solutionis fully apropertyof thestructureand
independensdf thenumerics.

For iterative solvers suchan approachs lessdesirable.The time to solutionis strongly
dependenbn numericalproperties,and only to a lesserdegreeon structuralproperties.
This issueis only exaccerbatedy the incorporationof a preconditionerin the iterative
schemelt would thenmale sense- andwe will shov with an examplehow seriousthis
issueis — to take structureinformationinto accounin theconstructiorof a preconditioner
In particular for preconditionershatarebasedn partitioningof thedomain suchasSchur
complementmethodsand Schwarz methods,one would aim to let the domainschosen
correspondo domainsarisingnaturallyfrom the application.

In caseswvherethe userwritesthefull applicationandthe iterative solver, our storywould
now endon the above note of recommendationHowever, in practicalcasesusersmay
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rely on aniterative solver library, andbe limited to the interfaceit providesfor supplying
structuralinformationin additionto the barematrix entries.Looking at this problemfrom
thesideof thelibrary developer we cannot alwaysassumehata userhasthe opportunity
sophisticationpr time to supplysuchannotationgo the matrix.

We concludethat thereis a legitimate opportunityfor software that automaticallydeter

minesa matrix structure Suchsoftwarecould beincorporatednto existing iterative solver
libraries,whereit would retrieve informationthat,becausef afixeduserinterface simply
cannot be provided by the user Anotherapplicationfor this softwarewould be the Net-

Solve packagd?]. We have proposedsucha structuralpartitioneraspartof amoregeneral
intelligentblack-boxlinearequationsolver [1].

In the next two sectionswve describewo partitioningalgorithms,onefor regularmatrices,
and one for generalmatrices.We concludeby giving a practical example shaving the
efficagy, andindeednecessityor our partitioningapproach.

2 Regular matrix partitioner

If a matrix derivesfrom a discretizedPDE on a ‘brick’ domain,it hasa structurewhere
all blocksareof equalsize.Facilitating the analysisis the fact thatall nonzerodiagonals
areparallelto the main diagonal.For this regular casewe develop a partitionerthatfinds

all possibleblock structuresThe fact that therecanbe morethanoneblock structureis

dueto the physicalnatureof the problem:blocks cancorrespondo for instancelines or

planesin athree-dimensionalomain.Our algorithmproceed$y successiely discarding
outerdiagonalswhich would correspondo the connectiondetweerblocks,andfinding

ary block-diagonaktructuren theremainderWe alwaysstartby symmetrisinghe matrix,

sothatwe needtestonly in, say thelowertriangle.

Fori=2...n
if thesubblockA(i : n,1:i — 1) is zero,
marks asasplit point

Figurel: Find startingpointsof block-diagonablocks(algorithmoutline)

Findingwhetheramatrix subblockis zerois acomputationallyexpensveroutine;theprac-
tical implementatiorwould testconsecutie rows andabortoncea zeroelementhasbeen
found.

Fori=2...n
testall row segmentsA(j,1:4 — 1) for j = ¢...n in succession,
if any is nonzeroj is notasplit point;
continuewith the next (outer): iteration
if all sgmentsarezero,marki asa split point

Figure2: Find startingpointsof block-diagonablocks(practicalimplementation)
Thealgorithmfor findingtheblock structurespit pointsis thenenclosedn aloop thatfinds

all valuesp suchthatthe p-th diagonalof A is nonzeroandthep + 1-stis zero.For such
valueswe applyalgorithm1tothe2p + 1 bandparof A.

Matlab codeimplementingthe whole algorithmcanbefoundin appendixA.



3  General matrix partitioner

The algorithm above relied on the fact that the nonzerooff-diagonalsare parallel to the
main diagonalto discardthe connectionsdetweerblocks. For matricesfrom irreguardo-
mains,or regulardomainsthat have alreadybeensubjectedo a Cuthill-McKeeordering,
we canmalke no suchassumptionWhatis more,the connectingolockscanbe arbitrarily
closeto the maindiagonal sincethediagonablockscanbeof ary size,especiallywith the
Cuthill-McKeeordering,thereareguaranteedo be bothlargeandsmallblocks.

Thuswe needa differenttestfor whethera pointi canbethe startof a block. The testwe
usedis thefollowing:

If ¢ is the startof a block, thenj > i is the startof a block, if A;; # 0,
Aij1=0,4; 1;1 #0and4; ;; = 0.

We startoff thealgorithmby declaringthat1 is the startof a block.

Thissimpletestformaliseshe commonsensecriteriumthatsubsequertilockscorrespond
to subsequerglicesout of thedomain,andthattheir respectie beginningsareconnected,
asaretheirendings andno beginningof oneblock canbe connectedo the endof another
Occasionallythis testwill betoo stringent,sowe keeptrack separatelyf thosepointsfor
whichonly theconditionson 4;; and A4;;_; aresatisfiedwe canusethosepointsto restart
the processf neededlf thereareseveral choicesof possiblenext split points,we choose
onethatgivesa block not too differentin sizefrom whatwe have encounteredofar; we
usedeviation from the averagesizeasameasure.

As afirst refinementof this test,we obsene that testingon single matrix elementsmay
often not give the right results.Insteadwe teston whethera small subblockis zero.The
subblockshave theindicatedmatrix elementsasa cornerpoint. We have to choosehessize
of the subblock;right now we use(j — 4)/10 asa crudeheuristic,but moresophisticated
estimatesarepossible.

The above processwill occasionallygive blocks of disparatesizes;in a post-processing
stepwe mergesmallblockswith adjoininglarge blocks.

Matlab codeimplementingghewhole algorithmcanbefoundin appendixB.

4  Practical application and further research

As apracticalapplicationwe usedthe Bi-ConjugateGradientalgorithmwith analternating
Schwarzpreconditionepnatwo-materiaproblemwith largedifferencesn materialcoefi-
cients;figure3. Theis almostregularin structure put thelastdiagonablockis smallerthan
the rest,so an even distribution will not cut the block boundariesAdditionally, because
of the way boundaryconditionsbetweenthe materialsare discretised the off-diagonal
nonzerostructurehasgapsanda few outlying diagonals.

We do not plot the resultsof the regular splitting algorithm of section2, sinceit gives
preciselythe structureas desiredand expected.We give two plots of the output of the
generabkplit algorithm(section3): oncewith all splitsfoundindicated(figure4), andonce
afterconsolidatiorof thesmallblocks(figure5). We seethatthe generahlgorithmfindsall
thelargeblocks,andis only minimally confusedy the gapsin the off-diagonalsparsity

We testedtwo matricesof the samesparsitydomain,one small of size1641,andone of
mediumsize5655;we simulatedd processorghroughoutln thefirst case(tablel) we see
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Figure3: Matrix of atwo-materialproblem

thatthe generalsplit algorithm givesthe samenumberof iterationsasthe optimal split,
generatedy the regular algorithm. The penaltyfor usingan even splitting is a factor of
almost4 in iterations.By comparisonwe give the numberof iterationsfor the Jacobi
method.In the caseof the larger matrix we seethatthroughfortuitous circumstanceshe
generalsplitting performsmaminally betterthanthe ‘optimal’ one.Again thereis a large
penaltyfor choosingincorrectblocksasthe evensplitting does.

optimalsplitting 73
generakplitting 73
evensplitting 261

jacobipreconditioner 494

Table 1: Iteration countsfor differently split Schwarz preconditioneron a small matrix
problem

optimalsplitting 145
generakplitting 138
evensplitting 465

jacobipreconditioner 1044

Table 2: Iteration countsfor differently split Schwarz preconditionerson a mediumsize
matrix problem

Thereare someopportunitiesfor refinementof the algorithmsdevelopedhere.In our al-
gorithmswe usedthe ‘fact’ thatthe upperright cornerof a block in the uppertriangle of
amatrix is zero.This factdoesnot hold if the differentialequationhasperiodicboundary
conditions We aim to developheuristicshatcandetectthis case.



AN 1
‘ N\ |||||||||||| il
I
. ||

600 -

800

1000

1200

1600

0 200 400 600 1000 1200 14 1600

nz = 159596

Figure4: Samematrix asfigure 3, with all split pointsfoundindicated

References

[1] D. C. Arnold, S. Blackford, J. Dongarra,V. Eijkhout,andT. Xu. Seamlessccesgo
adaptve solver algorithms. In M. Bubak, J. Moscinski,and M. Noga, editors, SG/
Users’Conferencepages23—30.AcademicComputerCenterCYFRONET, October
2000.

[2] H CasanwaandJ.Dongarra.NetSohe: A Network Senerfor SolvingComputational
ScienceProblems.Thelnternationallournalof SupercomputeApplicationsandHigh
Performance&omputing 1997.

[3] E. Cuthill andJ. McKee. Reducingthe bandwidthof sparsesymmetricmatrices. In
ACM proceeding®f the 24th NationalConferencel 969.

[4] 1.S.Duff, A.M. ErismanandJ.K. Reid. Direct Methodsfor SparséMatices Clarendon
PressOxford, 1986.

A Software: Regular matrix partitioner

function [sinfo,structs] = bl ockstructures(A)

% function [sinfo,structs] = bl ockstructures(A)

%

% conpute all possible block structures of a matrix

%sinfo(i,:) is i’'th band and |l ength of corresponding splits array;
% (nunmber of blocks is one less than length of splits)

% structs(i,:) is i'th splits, padded with zeros.

b = bands(A);

sinfo = []; structs =[]; ol = 0;

for i=1:size(b,?2),
splits = bl ockstructure(bandpart (A b(i)));
if size(splits,2)==2,
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Figure5: Samematrix asfigure 4, afterconsolidatiorof smallblocks

fprintf(’'no useful partition for b=%\n’,b(i)); break; end;
| = size(splits,2); [mn] = size(structs);
if |==ol,
if ol >0, new = setdiff(splits,osplits);
if size(new, 1)>0,

fprintf(’ ERROR non-nested splits at band % of %\n',i,b(i));

end; end;
fprintf(’'band % of %l supersedes previous.\n',i,b(i));
sinfo(m:) = [b(i),l]; structs(m:) = [splits,zeros(1l,n-1)];
el se,
fprintf(’band % of % gives % blocks.\n",i,b(i),l-1);
sinfo = [sinfo' ,[b(i),I]"]"; structs(m+l,1:1) = splits;
end;
ol =1; osplits = splits;
end;

fprintf(’ Nunber of partitions found: %l\n’,size(structs,1));

function [splits] = blockstructure(A);

% function [splits] = blockstructure(A)

%

% make vector of splits points of the block structure
%l ast split is n+l.

%

[mn]=size(A;
splits = [1];
for i=2:m
J = find(A(i,1:i-1));
if size(J,2)==0,
[1,3]=find(A(i:m1l:i-1));
if size(l,2)==0,
splits = [splits, i];
end;
end;
end;

br eak;



splits = [splits, mtl];

function [right,left] = bands(A)

% function [right,left] = bands(A)

%

%find all outer bands in the matrix, that is, diagonals

% such that the diagonal beyond it is entirely zero.

%

%right,left are arrays of positive nunbers, sorted up.

%if only one output is request, the union of left & right is returned.

[mn] = size(A);

right =[]; bp = n;
for b=n-1:-1:1,
d = diag(Ab); [I,J] = find(d);
if size(l,1)>0,
if b==bp-1, right = [b,right]; end;
el se, bp = b; end,
end;

left =[]; bp =n;
for b=n-1:-1:1,
d = diag(A -b); [I,J] = find(d);
if size(l,1)>0,
if b==bp-1, left = [b,left]; end;
el se, bp = b; end;
end;

if nargout==1, right = union(right,left); end,
function [M = bandpart (A n);

% function [M = bandpart (A n)

%

%n scalar: take the 2n+1 inner bands of A
% n vector: take part inside split points.

% see: bl ock_nake

%

if size(n,2)==1,
if n>size(A 1)-1,

M= A
el se,
Metriu(A -n)-triu(A n+l);
end;
el se,
M = bl ock_nake(A, n);

end;

B Software: General matrix partitioner

function [pp,ppt] = find_cmA);
% function [pp,ppt] = find_cm(A);

trace = 1;

%

%initially, get all points on the first
% sub/ super diagonal that allows a split
%

A = AtA’;

splits = bl ockstructure(bandpart(A 1));



if trace>0, fprintf('a priori block structure: %\n’,vec2str(splits)); end;

%

% Find all blocks

%

[pp,rr] = all_bl ocks(A splits);

%

% Now find a string of blocks that |ooks |ike CM
%set limts on growth

%

pp = string_of _blocks(pp,rr,splits,trace);
fprintf(’'block structure prelim %\n’,vec2str(pp));

%

% post - processing to elimnate snmall bl ocks

%

ppt = pp; pp = conpact _bl ocks(pp, 0);
fprintf(’block structure final: %\n’,vec2str(pp));

L2%)
%% end of main function
L2%)

%

% main function 1: all_bl ocks

%

function [pp,rr] = all_blocks(A splits);

[mn] = size(A);
nsplits = size(splits,2);
pp = sparse(nsplits,nsplits); rr = pp;

% Loop over all split points, and assume that they are the start of a bl ock;
%find all points that can be the end of that bl ock.
%
for first=1l:nsplits-1,
this_split = splits(first);
%init; this also covers the case of the last block, for which the
% follow ng |loop is not executed
p=([first]; r = [first];
for next=first+1l:nsplits-1,
next _split = splits(next); test_size = next_split-this_split;
add = 0; d = floor(test_size/10);
%first_split is first point of block of current block
% next_split is tentative first point of next block.
% Now t est whet her connected:
% 1/ first point not to last point
% 2/ first point to next first point
% 3/ previous last point to next |ast point
% 4/ previous |ast point not to next first point

tl = enpty_corner(A this_split,next_split-1,d,-d);

t2 = enpty_corner (A this_split,next_split,d,d);

t3 = enpty_corner (A this_split-1,next_split-1,-d,-d);
t4 = enpty_corner(A this_split-1,next_split,-d,d);

if t1==0 & t2>0,
if this_split==1] (t3>0 & t4==0), p = [p, next];
%if only conditions 1 and 2 are net, mark this as a restart point
elser =[r, next]; end; end,
end;
fprintf('%: blocks from%d: %, restarts: %\n',...
first,this_split,vec2str(splits(p)),vec2str(splits(r)));



pp(first,l:size(p,2)) =p; rr(first,1l:size(r,2)) =
end;

[1.J] = find(pp);
pp = full (pp(1: max(mex(1)), 1: max(max(J))));
[1,3] = find(rr);
rro= full (rr(21: max(mex(1)), 1: max(max(J))));

%
% auxi |l iary function enpty_corner
%

% test whether a corner of nmatrix (coordinate plus i/j
% positive result: elenments nonzero, zero result: enpty

%

function res = enpty_corner(Ai,j,di,dj)
[mn] = size(A;

if i<l | i>m res = 0;

el se,

offset) is enpty

if di<0, iO=nmex(1,i+di); il=i; else, i0=i; il=min(mi+di); end;
if dj<0, jOo=rmax(1,j+dj); j1=j; else, jO=j; jl=min(n,j+dj); end,

res = nornm(A(i0:i1,j0:j1),inf);
end;

%

% mai n function 2 string_of_bl ocks

%

function pp = string_of bl ocks(pp,rr,splits,trace);

% control paraneters

growth = 1.5;

% set up

nsplits = size(splits,2);

start = 1; p = [start]; big_block = 0;

% we | oop maxinally to the nunber of splits, in practice nuch |ess,

% see the break command at the end of the | oop

for seq=l:nsplits-1,
% | ook at all possible blocks fromthis point
[1,J] = find(pp(start,:)); last_p = nmax(max(J));
[1,3] = find(rr(start,:)); last_r = max(max(J));
ps = pp(start,2:last_p); rs = rr(start,2:last_r);

if trace>0, fprintf(' @d => % : choices are % %\n',...
start,splits(start),vec2str(splits(ps)),vec2str(splits(rs)));

% t ough case: there is no continuation;

% use a restart block, which satisfies a |l ess stringent test

if last_p==1,
%first see if we can restart the process
if last_r>1,
if trace>0, fprintf('.. stuck; restarting\n’);
%find a block that doesn't grow too fast

end;

next = decent_block(rs,start,splits, growth,big_bl ock, trace);

%if we cannot even restart the process, just take

el se, next = start+1;

if trace>0, fprintf('.. really stuck; taking the
% in the regular case, look at all possibilities for

%if we are only starting the process, just take the

el seif big_bl ock==0, next = pp(start,last_p);

the next bl ock
next block\n');

the end point;

bi ggest junp

if trace>0, fprintf('.. starting out; just take the biggest.\n");

end;

end; end;

end;



% otherwi se, limt growth
el se,

next = decent_bl ock(ps, start,splits,growth,big_block,trace);
end;

% updat e paraneters
p = [p,next]; this_size = splits(next)-splits(start);
bi g_bl ock = nmax(bi g_bl ock, thi s_si ze);

%if we have exhausted the matrix, quit.
if next>=nsplits, break; else, start = next; end;
end;

pp = splits(p); %convert to real nunbering.

%
% auxiliary function decent_bl ock
%
% find continuation canditate that doesn’t grow too fast
%result next is index in array nexts
%
function next = decent_bl ock(nexts,start,splits,growh, big_bl ock,trace)
| ast = size(nexts, 2);
for pos=last:-1:1,
next = nexts(pos);
next _size = splits(next)-splits(start);
i f next_size<=grow h*bi g_bl ock,
if trace>0,
fprintf('.. based on growth taking %=#% out of %\n’,...
next, pos, | ast); end;
break; end;
end;

%

% mai n function 3 conpact _bl ocks

%

function pp = conpact_bl ocks(pp,trace);

ppt = pp; np = size(ppt,2); pp =[]; last_size = 0; avg_size = 0; nb = 0;

for p=1:np-1,
this_size = ppt(1, p+l)-ppt(1,p);
if p>1, %general block: test whether too snall
if this_size<avg_size/6, %if it's snall, accunulate it
if r>0, %if we are already accunul ati ng,
if p==np-1, add =r; %if last block, flush
else, %in general, add and flush if big enough
cum = cumtt hi s_si ze;
if cunp5*avg_size/6; add = r; else, add = 0; end; end;
else, %if we are not accunulating, start doing it now
if p==np-1, add = p; %if last block, flush
% in general, renenber where we started
else add = 0; r = p; cum= this_size; end,

end;
else, add = p; end; %if the block is not too small, just accept
else, %first block: add
add = 1; end;
i f add>0,

if trace>0, fprintf(’accepting block %d: %\n’,p,ppt(1,p)); end;
| ast _size = this_size; avg_size = nb*avg_size+thi s_si ze;
pp = [pp, ppt(1,add)]; nb = nb+l; avg_size = avg_si ze/nb;
r =0;
else, if trace>0, fprintf(’'nerging block %d: %\n',p,ppt(1,p)); end,
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end;
end;

pp = [pp,

ppt (1, np)];
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