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Abstract

In the field of number theory, the p-adic valuation is a useful device in
studying the divisibility of an integer by powers of a given prime p. This paper
centers on 2-adic valuations of quadratic polynomials in Z[z]. In particular, the
existence and properties of roots of such polynomials modulo 2!, are determined
and assessed. Polynomials of particular interest are those that yield non 2-
regular sequences in Q5. Such sequences are represented in a novel infinite tree
form, and patterns in such trees are analyzed to classify the sequences by their
structure and non 2-regular properties. Such classification is further refined

through an algebraic analysis of the polynomials at hand.

Contents

[1__Introduction|
1.1 Q,: The field of p-adic numbers . . . ... ... ... ... ... ...

(1.2 k-regular sequences| . . . . . . ... ...

[1.3  p-adic analysis of integer polynomial sequences| . . . . . . . . . .. ..

[1.4  Behavior of {v5(f(n))}nen according to parity of a and ¢ . . . . . . .

2 Tree Representation of v,(f(n)),en|

1

N U I V)



[3 Algebraic Analysis of v»(f(n)) 8

[4 Power series interpretation in (0 10
[5  Arithmetic analysis of v5(f(n)) | 13
.1  2-adic valuation of f(n) =an®+c¢,aodd, codd| . . . . ... ... .. 13
(5.2 2-adic valuation of f(n) =an”+c,aodd, ceven. . . . ... ... .. 15

6 _Additional Results and Future Goals 17
(6.1 Analysis of {va(f(n))}, f(n) =an”+c, forc=m*, meZ|. ... .. 17
[6.1.1  Modular properties of pertect squares/ . . . . . . . .. .. ... 18

[6.1.2  2-adic tree analysis for f(n) = an®+ ¢, revisited| . . . . . . .. 18

[6.2 2-adic roots of general quadratic polynomials f(n) =an®*+bn—+d .. 20

7 Acknowledgments| 20

1 Introduction

The divisibility of integers by prime powers is a fundamental and long-studied topic
in number theory. In this paper, the same study is applied to polynomials in Z[z].
Specifically, the polynomials in question are of the form f(n) = an® + c. A few

concepts central to the study are defined below.

1.1 @Q,: The field of p-adic numbers

As this paper examines polynomials with roots existing in the field of 2-adic num-
bers, Q9, the following definitions serve to introduce key properties of Q,, which will

support the later analysis.

Definition 1.1. For a given prime number p, the p-adic valuation of a non-zero

integer z, v,(z), is the greatest integer [ € N such that p' | |z].

By convention, 1,(0) = co. The p-adic valuation can also be extended to the

rational numbers by defining v, : Q = Z, v, (%) = v,(a) — v,(b).

2



Further properties of v, that are utilized in this paper are:
o vp(m-n) =wvy(m)+vy(n)
o yp(m+mn) = inf {v,(m),vp(n)}

for m,n € Z*, i.e. the ring of non-negative integers.

The p-adic valuation can now be used to define the p-adic norm.
Definition 1.2. The p-adic norm of x € Q is defined as [|z||, = p~ @ with 0[], = 0.
A few useful properties of the p-adic norm are the following:
e (Non-negativity) [[a||, > 0
e (Sub-additivity) [a +b|[, < [lal|,, + [|b]],

e (Symmetry) ||—all, = [|al],

1.2 k-regular sequences

In past number theoretical research conducted by Bell [3], Allouche and Shallit [IJ,
[2], sequences of the p-adic valuations of polynomials have been examined according
to their recurrence and periodic properties. The present study instead focuses on
sequences with unpredictable and non-regular patterns. In particular, polynomials
whose p-adic valuations give rise to non k-regular sequences will be studied. The

notion of k-regularity is given below.

Definition 1.3 (Allouche and Shallit [1], 1992). Let k£ > 2 be an integer. An integer
sequence {S(n)nen}, oy is said to be k-regular if the Z-module generated by the set of
subsequences {S(k'n + j)|i,j € N,0 < j < k' — 1} is finitely generated. In particular,
every term S(k'n + j), and by extension every term S(k(kn + j) + c), is a linear

combination of the generators of the Z-module.

For k-regular sequences, terms from the set of subsequences {S(k'(kn + j) +c)|i,j €

N,0 < j < k' —1,c € N} appear in a finite set of recurrences that define the terms
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of {S(n)}. More precisely, {S(n)} is p-regular if it can be expressed as a linear
combination of terms from the subsequence {S(p'n + j)}ijen. An example of a p-

regular sequence is provided in Section 2.

1.3 p-adic analysis of integer polynomial sequences

The polynomials f(n) € Z[z] relevant to the present study must generate non p-
regular sequences {v,(f(n))}nen. Before proceeding, it is necessary to state funda-
mental properties of polynomials f(n) which yield p-regular sequences {v,(f(n)) }nen,

so that such polynomials may be isolated from the study.

Lemma 1.1 (Bell [3], 2007). {v,(f(n))}nen is p-reqular if and only if f(z) factors
into a product of polynomials, one of which has no roots in Z, C Q, (i.e. the p-adic

ring of integers), the other which factors into linear polynomials in Q|x].

This implies that polynomials with no roots in Q, give rise to non p-regular
sequences {v,(f(n))}nen. For this reason, the studied polynomials are chosen to be

irreducible in Z[z], i.e. to have no roots in Z[z].

Lemma 1.2 (Bell [3], 2007). Let h(z) € Z,[x] be a polynomial with no roots in Q,

(i.e. mo roots modulo p' for some l > 1), then the following hold:
e The sequence {h(n)}nen is periodic.
o There exists some | > 2 such that |h(n)|, > p~" for alln € N.

In light of the previous lemma, the polynomials f(n) for the current study must
yield aperiodic sequences {va(f(n))}nen. Furthermore, for all n € N, they must
satisfy the property |f(n)|, <p~' = C, for all [ > 2. In other words, f(n) must have

a finite size in Q, for all n € N.

1.4 Behavior of {1 (f(n))},en according to parity of a and c.

One must consider the different possible parities of the coefficients of f(n) = an® + ¢

when studying the corresponding 2-adic valuations of the polynomial. The congru-
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ences of f(n) modulo 2 are summarized in the table below:

a ¢ | Number of Possible Roots | n mod 2
even | even 2 0,1
odd | odd 1 1
even | odd 0 N/A
odd | even 1 0

To study polynomials f(n) for which a and ¢ are even, it suffices to factor
f(n) = an® + cas f(n) = 2'- g(n), where 7 > 1 is the largest exponent such that 2’
divides a and ¢, and to study {va(g(n))}nen. This is because for d = ged(a,c) # 1,
one may write vo(f(n)) as va(f(n)) = va(d) + v2(g(n)), and simply observe v5(g(n)).
Here, g(n) corresponds to a polynomial for which at least one of a and ¢ is odd.
When a is even and c is odd, vy(an® + ¢) = 0. Hence, polynomials with such
coefficients have no roots modulo 2!, [ > 1. This leaves two classes of polynomials
f(n) = an® + c to consider, f(n) for which a and ¢ are odd, and f(n) for which a is

odd and c is even.

This paper describes various methods for determining the existence and properties
of 2-adic roots of f(n) = an®+c. In Section[2] the behavior and patterns of {vs(f(n))}
are represented pictorially in a 2-adic tree. The 2-adic tree will allow one to predict
the existence of 2-adic roots for f(n). Section |3 describes the 2-adic roots of f(n)
from a purely algebraic perspective. Hensel’s Lemma for p-adic roots is used to derive
a general formula for 2-adic roots of f(n). In section {4} the roots of f(n) are studied
analytically based on of their power series’ convergence properties in QQ;. The analysis
is first devoted to polynomials f(n) = an?® + ¢ for which both a and ¢ are odd and
later extended to f(n) such that a is odd and ¢ is even.

The central result of this study lies in the following theorem:

Theorem 1.1. Let f(n) = an® + ¢, such that ged(a,c) = 1. Write ¢ as ¢ = 4" - b
(1 > 0) where 410b. Then for alll € N, the roots a; = £+/—c/a, (i = 1,2), of f(n)



modulo 2! exist in Qs.

In particular, the roots «; are finite in Qg if and only if a +b = 0 mod 8.

2 Tree Representation of v,(f(n))nen

The p-adic valuations of the polynomial f(n) are represented in a p-adic tree. A
p-adic tree consists of branches, which represent the argument of f(n), and nodes,
which indicate the value of v,(f(n)) obtained from the value of the parent branch.

The p-adic tree construction algorithm is briefly outlined below:

The tree begins with an initial node n. One must then draw p branches from node
n, corresponding to the residues of n modulo p, namely 0,1,...,p — 1, respectively.
If, for instance, v,(f(n)) yields the same value ¢ > 0 for all n = 0 mod p, the branch
must be terminated by a node i. No further branches are to be drawn from node
i. In the case where v,(f(n)) yields non-identical values for n = 0 mod p, the given
branch is terminated by a node labelled with an asterisk. The same reasoning applies
forn=1modp,...,n = (p—1) mod p. Then p new branches are drawn from node
*, each corresponding as previously to input values congruent to 0,1,..., or p — 1
modulo p for the subsequence v,(f(p-n)), (v,(f(p-n+1)),...,,(f(p-n+p—1))).
The tree is now at level [ = 1. The same criterion as previously is used to evaluate

each branch, and the process continues until all nodes in the tree terminate. If the

nodes never terminate, the result is an infinite tree.

More generally, a branch at level [ of the tree will continue to level [ + 1 if v,(f(p' -

n+ g1 p 4o 4 jo - p°)), where jo, ..., 5;-1 may take on integer values between
0 and p — 1 and does not yield identical values for all n congruent to 0,1,...,p—1

modulo p. Otherwise, the branch will terminate at level [.

Example 2.1 (p-adic tree of f(n) = n?, p = 2). In the tree representation of
v2(n?) (see diagram here below), the leftmost branch, corresponding to values of the
form 271 . (2n), I > 1, continues at each level [, and thus is infinite, as f(2'"! -

(2n)) = [2"71 - (2n)]> = 0 mod 2!, for all [ > 1. Meanwhile, the rightmost branch,
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corresponding to values of the form 2!=1 . (2n + 1) at each level [ terminates. Indeed,

f25t(2n+1)) =21 (2n 4+ 1) # 0 mod 2!, for all [ > 1.

The tree patterns of v5(n?) are directly dependent on the input n to the sequence

term 15(n?) at level . The following recurrence relation ensues:

v((2n+1)%) = 0

((2n)Y) = wny(n?) +2.

For this reason, v5(n) is deemed a 2-regular sequence.

2n 2n+1
©
4dn dn + 2
l©
8n 8n+4
®
16n  16n+8

Example 2.2 (p-adic tree of f(n) = n? + 1, p = 2). For even n, f(n) is odd.
Therefore, v5(f(n)) = 0 for all n even, and thus the corresponding branch terminates
with a node of value 0. For odd n, f(n) is divisible by 2, but not by 4. Consequently,
va(f(n)) =1 for all odd n, and the right branch terminates with value 1.

2n 2n +1

og RO

Example 2.3 (p-adic tree of f(n) = n®> +7, p = 2). For even n, f(n) is odd.
Therefore, f(n) #Z 0 mod 2! for even n. Consequently, the leftmost branch, which
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corresponds to even values of n, terminates at level [ = 1. However, for odd n, the
behavior of {va(n® +7)}, oy cannot be immediately predicted. At a given level [,
one cannot ensure whether the nature of the new input value n to f(2'-n + 1) will
induce its associated branch to terminate at level [ or to proceed to the next level.
This erratic behavior, observed in the following tree, is indicative of the non 2-regular

behavior of {vs(n® +7)}, cx-

2n 2n+1
o
dn +1 dn + 3
8n+1 8n+5 8n+3 8n+7
o ®
16n +5 16n + 13 16n +3 16n + 11

AR

Instead of examining sequences {v2(f(n))}nen via this algorithmic, pictorial method,
one may analyze the sequences through a purely algebraic approach. The next section

describes this method.

3 Algebraic Analysis of v5(f(n))

By using Hensel’s lemma for roots of polynomials in Z,, it is possible to determine
which solutions to f(n) = 0mod p!, [ > 1, also give rise to solutions to f(n) =
0 mod p"*", 1 < h < I. Furthermore, a general formula can be derived for such
solutions. Birjamer, Gil, and Weiner [2] give a formula for roots of a polynomial of

degree m, stated in the following lemma:



Lemma 3.1. Let p > 0 be a prime and let f(x) = ap + a1z + -+ + a,x™ be a
polynomial in Zy|x|. Let p,r € Z be such that 0 < 2k < p. If rg € Z is such that

f(ro) =0 mod p" and v,(f'(ro)) = k,

then ro lifts to a p-adic root v of f given by

© n ( nk+1 on+1 o n+1
oyt ! Byorr(ller 2en. ) [(2)
T=To+p Z FnrD) \ nk +hk(Ller, 2ley, ) o

n=0 k=0

The coefficients ¢; = pli2e. w for j =0,1,...,m. The Bell polynomial B, 4

is of the following form:

(n+ k)! T\ (X272 Torr \
Bn+k,k(5ﬂ1w”72a"')zz"—<1') <§> S \(n+1)! ’

Jilgal. o nga!
where the sum is taken over all sequences ji,js,...,Jnr1 Of non-negative integers
satisfying
Jit+jat -t =kand j1 + 2+ -+ (n+ 1)jnyr =n + k.

Remark 1. The power series which appear in the expression of r are not to be

interpreted in R, but in Z,, as r is a p-adic root of f(z).

The general formula for the root r of any quadratic polynomial in Z[z] satisfying
the conditions stated in Lemma deriving from a root ry of the given polynomial

modulo p > 0, can therefore be reduced to the following expression:

> o\ 1
r=ro—2")» C(n) (—0> —,

where C(n) is the n'* Catalan number, C(n) = 1 (*").

n+l

Example 3.1. The root g = 1 of f(n) =n? 4+ 7 modulo 2 gives rise to the root

e}

2n |2n+1
-2
nX; (n+1)n!



4 Power series interpretation in Q,
The remainder of the paper is devoted to the proof of Theorem [1.1] restated below:

Let f(n) = an® + ¢, such that c=4"-b (i > 0), 4| b, and ged(a,c) = 1. Then for all
| € N, the roots a; = £1/—c/a, (i =1,2), of f(n) modulo 2! exist in Q.

In particular, the roots «; are finite in Qg if and only if a + b = 0 mod 8.

Theorem [1.1|specifies the conditions that the coefficients a and ¢ in f(n) = an®+c
must satisfy in order for f(n) to have a solution modulo 2!, for all [ € N.

The forward direction is proven in this section via analysis of the power series
expansion of \/% . The backward direction, reserved for the following section of the

paper, involves a modular arithmetic argument.

Remark 2. Though both directions can be proven through the power series method

alone, the arithmetic approach is included for variety purposes.

The statement of Theorem is equivalent to the claim that f(n) has a root
modulo 2! for all [ € N. Indeed, the congruence equation f(n) = 0 mod 2! has a

solution for all I € N if and only if /= € Q.. In turn, /=% € Q if and only if

The 2-adic norm of 4/ _70 is

iz

is finite.
2

= 2‘”2(\/T/“>,

Yet



Hence,
[—c
a

Therefore, to prove that H, /=<

_ i (V).

is finite, one must show that 14 (« / %) is large,
2

and thus that the power series expansion of ,/’7” converges in Qs.

Remark 3. When c is odd, i = 0 and b is odd. When c is even, one of the following
cases applies: either ¢ > 1 and b may be even or odd, or ¢ = 0 and b is divisible by at
most 2. (If b were divisible by a greater power of 2, it would be possible to factor 4
from b, thus increasing the exponent 7). However, ¢ does not come into consideration
for the power series method, which solely depends on b.

—b

Proof. The power series expression of 4/ — is written as follows:
a

b o= (3 G K (EDR)B) . (2K — 1) ()
:Z() k! :kz '

2k
0

By sub-additivity of the 2-adic norm,

—D*1)(3)...(2k —1)(a + b)* L (=DR)(3) ... (2k — D)(a + b)*
Zko( )()()Qk;kk! )( ) Zko( )()()Qka(kk;! )( )
~DF1)(3)...(2k — 1)(a + b)*

kZ:k( )(>()2ka(kkl )( )

for any ko € N. Therefore, to prove convergence of the series in Qq, it is enough
to show that the right-hand side of the inequality is bounded above by a constant.

Indeed, terms with a finite 2-adic norm converge in Q.

For &k = 0, the summand is odd. For all £ > 1, the summand is even, due to the

factor %ﬂ which is even for all such terms. Indeed, v5(a +b) > 3, from the theorem

statement. Hence, the finite sum

ko—1 24k (_4<k2m+1+1)+(2]€+1)

(2k)! 2%+ 1 )<1><1+2m>~.<<2k:— 1)-2" + 1)

k=0

is odd, and thus
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V (’“‘1 (—1)*(1)(3)... (2k — 1)(a+b)k)> 0
2 pa 2kak k! ’
which implies that
N (=DF1)(3) ... (2k — 1)(a + b)F 1
% 2kak k! , 20 L

It remains to show that

i": (—=DF(1)(3)...(2k — 1)(a + b)k

2kak k!

k=ko 9

is bounded, which is equivalent to proving that

) (i (—1)k(1)(3) ... (2k — 1)(a+b)k> .

= 2kak k!
for all N € N.
Note that
> (=DF)(3)...(2k — 1)(a + b)k . (=D)*1)(3)...(2k — 1)(a + b)*
v (Z 2kak k! > 2 inf {V2 < 2kak k! )}k>k ’
k=ko ZKo

(=D)*(1)(3)...(2k — 1)(a + b)k
2kak k!

The expression v, < ) can be reduced to

kva(a + b) + so(k) — 2k, where sy(k) is the sum of the binary coefficients of k. This
new expression follows from the properties v5(h!) = h — s3(h) (h € N) and

59(28 - k) = s9(k), for all [ € N.

Thus, for all k € N, s9(k) > 0,

inf {kve(a + ) + sa(k) — 2k}s, > inf {kva(a +b) — 2k}, o = ko - va(a + b) — 2ky.

Since a + b = 0 mod 8, vy(a + b) > 3. Hence, kova(a + b) — 2kg > 3ko — 2k = ko.

For every N € N, there exists ky € N such that 0 < N < ky. Hence, for every N € N,
(—DF1)(3)...(2k —1)(a+ b)’“) - N

there exists kg such that vy ( Skl
akk!
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Therefore, for every such pair {ky, N},

i CDFWE) ... Ck=D@at+bt|| 1 _ 1
s 2kak k! ~ 9m = 9N
o ,
where m = vy (Zzo:ko (71)k(1)(32)1§';1(1€2,I:!71)(a+b)k>.
This yields the global inequality
DRG]
Z ok gk <1+ oN"
k=0 : )
Furthermore,
= (CDAWE). k= Dty
Z 2kak k! =
k=0 ,
Then, as N — o0,
0< <1.

2kak k!

2 (=DR1)(3) ... (2k = 1)(a + b)*
;( )F()B) .- ( )(a+b)

2

]

Remark 4. This proof for the “if” direction holds the same for the roots of any

polynomial f(n) = an” + ¢ modulo 2!, > 1, where a = 1, r = 2™,m > 1, and

¢ = —1 mod 2™*2. However, analysis of polynomials of higher degree is beyond the

scope of this paper.

The following section proves the reverse direction.

5 Arithmetic analysis of v»(f(n))

The argument is first applied to polynomials f(n) = an® + ¢ for which a and c are

odd, and is later extended to polynomials for which a is odd and c is even.

5.1 2-adic valuation of f(n) = an?+ ¢, a odd, ¢ odd

When c¢ is odd, c is of the form ¢ = 4"-b = 1-b, where b is an odd integer. Therefore,

the congruence a + ¢ = 0 mod 8, which appears in the proof, is equivalent to the
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congruence a + b = 0 mod 8 in the statement of Theorem [I.I} Here begins the proof

of Theorem [I.1] for the second direction of the statement.

Proof. Consider the 2-adic expansion of a solution n for an? 4+ ¢ = 0 mod 2/,

n =102+ z2" + - + 2,271 x; € {0,1}. As n cannot be even (cf. section 1.4),
ro = 1.

To find 21, solve the congruence a(zg + 221)? + ¢ = 0 mod 2! at [ = 2. Since zg = 1,

this yields
a(l+2z,)*>+ ¢ = 0mod 2°

a+c = 0mod 22

Note that when simplifying the term (1+2z1)?, the factors 4z, and 4x? vanish modulo
22,

This results in the following conditions on a and ¢ and the possible values for x;.

amod 4 | ¢ mod 4 | Number of Solutions | z;
1 1 0 none
3 1 2 0,1
1 3 2 0,1
3 3 0 none

The subsequent step consists in studying the congruence equation for [ = 3:
a(zg + 221 + 415)? + ¢ = 0 mod 23. For this, it is necessary to consider the cases
x1 = 0 and x1 = 1 separately. Setting x; = 0 yields following congruence equation:

a(l1+2(0) +423)* + ¢ = 0mod 2?

a+c = 0mod 2%

The terms 8z, and 1623 obtained from the simplification of (1 4 4x3)? are divisible
by 8, and thus vanish modulo 23.
Setting x1 = 1 yields the following congruence equation:

a(l1+2(1) +423)* +¢ = 0mod 2°

a+c = 0mod 2>

14



Once again, the terms 24z5 and 16x3 obtained from the simplification of (3 + 4z5)?
are divisible by 8, and thus vanish modulo 23.

Therefore, for f(n) = an? + ¢, where a and ¢ are odd, v,(f(n)) > 3 only holds if
a+ c=0mod 8. [

This concludes the proof for f(n) where a and ¢ are odd. A similar proof is used

for f(n) = an® + ¢ where a is odd and c is even.

5.2 2-adic valuation of f(n) = an?+ ¢, a odd, c even

For even c, the factor b in the expression ¢ = 4° - b, i > 0, may be either even or odd.
When b is odd, ¢ = 0 mod 8 for ¢ > 2 and ¢ = 4 mod 8 for i < 2. When b is even, b
must be divisible by at most 2 (otherwise, it is possible to factor additional powers of
4 from b). In this case, ¢ = 0 mod 8 for ¢ > 1 and ¢ = 4 mod 8 for ¢ = 0. Therefore,
when c¢ is even, it must satisfy the congruences ¢ = 0 mod 8 or ¢ = 4 mod 8. This

property is consistent with the restrictions posed on ¢ in the proof below.

Proof. Starting at [ = 2, one would like to find z; such that a(xg + 21,)? + ¢ =

0 mod 22. From section 1.4, zq = 0, which yields the congruence equation:

a(2x1)* +c¢ = 0mod 2

0 mod 2.

C

The conditions on a and ¢ can be refined as follows.

amod 4 | ¢ mod 4 | Number of Solutions | z;
1 0 2 0,1
3 0 2 0,1
1 2 0 none
3 2 0 none
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The next step, where [ = 3, is finding x5 such that the congruence a(zg+211)*+c =
0 mod 22 holds. For this, it is necessary to consider the cases z; = 0 and z; = 1

separately. Setting z; = 0 yields the following congruence:

a(4x9)? +c¢ = 0mod 2°

¢ = 0mod 2%
Now, setting z; = 1 yields

a(2 +429)* + ¢ = 0mod 2°

da + ¢ 0 mod 23.

Yet, from the analysis for [ = 2, a = 1 mod 2 and ¢ = 0 mod 4. The resulting

cases ¢ = 0 mod 8 and ¢ = 4 mod 8 are considered seperately.

Case 1: ¢=0mod 8
The congruence 4a + ¢ = 0 mod 2% becomes 4a = 0 mod 23, which implies that

a = 0 mod 2. Yet, from the initial statement, a = 1 mod 2, so this is a contradiction.

Case 2: ¢ =4 mod 8
The congruence 4a + ¢ = 0 mod 23 becomes 4a + 4 = 0 mod 23, which implies that
a = 1mod 2. This is consistent with the initial statement, hence the condition

¢ = 4 mod 8 is valid.

This yields two classes of polynomials f(n) = an? + ¢ which have roots in Q:
e {f(n)|c=0mod8,a=1mod 2}

e {f(n)|4a+c=0mod 8,a =1mod 2,c=4mod 8}

A few applications of the theorem are provided below.

Example 5.1. Let f(n) =n? 4+ 7. In this case, ¢ = 7 can be written as ¢ =4°- 7. 1
and 7 satisfy 1 +7 = 0 mod 8, and ged(1,7) = 1 Therefore, n = £1/—7/1 = £/—7

exist in Qs.
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Example 5.2. Let f(n) = 3n% + 40. The coefficient ¢ = 40 can be expressed as
c=4'-10. Since 3+ 10 = 13 # 0 mod 8, f(n) has no roots in Qs.

A few noteworthy results regarding the coefficients a and ¢ arose during the study,
and have been verified for approximately fifty examples. These results derived from

the main theorem for this study, and are summarized in the following corollary:

Corollary 5.1. Let f(n) = an® + ¢, where ¢ =m?, m € Z. Then f(n) has a root in
Qs ifa=—-1mod 8 and c=0,1,4 mod 8.

6 Additional Results and Future Goals

A few additional results were discovered alongside the central research, and are stated

below. New possible

6.1 Analysis of {n(f(n))}, f(n) =an®+c, for c=m? m e Z

As an alternative method for determining which polynomials f(n) = an® + ¢ have
2-adic roots, one may seek to recover coefficients a and ¢ which satisfy the equality

2lk;—c

n = . This method is elaborated further in the proposition and proof below.

Proposition 6.1. Let | € N. If there exists an n € N such that
n) = an® + ¢ = 0 mo en there ezists a k, € N such that \/22=<¢ € N, or
f(n) 2 0 mod 2!, then th ts a ky € N such that /*5 ,

2k —c

=m?2,m € Z.
a

equivalently

Proof. Suppose f(n) = an® + ¢ has a root in Q,. Then the congruence
an? + ¢ = 0 mod 2! must hold for all . Equivalently, an? + ¢ = 2'k;, k; € N. Rear-

ranging this identity yields the following:

an’+¢ = 2k

n =

2lk;—c

Since n € N, it follows that



6.1.1 Modular properties of perfect squares

Determining a and ¢ which satisfy n = \/% such that n € N, is equivalent to

determining a and ¢ which satisfy n? = % such that n? € N. In other words, it

Uy—c -
2 ké < is a perfect square. Therefore,

is equivalent to determining a and ¢ for which
it is useful to consider congruence properties of perfect squares, which may then be
applied to % An essential congruence property of perfect squares is cited in the

following proposition:

Proposition 6.2. Let n = m? be a perfect square. For n even, n = 0 mod 4. Forn

odd, n =1 mod 4.

As f(n) is studied modulo 2, for I arbitrarily large, one may extend the congru-
ences of perfect squares to higher moduli, namely to 2' such that [ > 2.
For instance, n = m? satisfies the congruences n = 0 mod 8 or n = 4 mod 8 when

n is even. When n is odd, n = 1 mod 8.

6.1.2 2-adic tree analysis for f(n) = an® + ¢, revisited

The existence of a 2-adic root of f(n) = an® + ¢ may be visited by studying both the
identity an®+c = 2'k;, 1 > 1 and k; € N, and the 2-adic tree of f(n). In order for the

tree of an®+c to continue beyond [, there must exist a k; € N such that an®+c = 2'k;.

Example 6.1. (2-adic tree of f(n) =n?+1)
In this case, a = ¢ = 1. At level [ = 1 of the 2-adic tree of n? + 1, vp(n? +1) > 1

where the continuing branch is denoted by n; = 1 mod 2. To analyze the tree at level

QZkl —C
a

[ = 2, one may attempt to recover n, such that n3 = as follows:

2l/€l —C
a
= 2%k —1

2 _
ny =

—1 mod 4

3 mod 4.
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Since no perfect square has a residue of 3 modulo 4, f(n) yields no roots modulo
2! for [ > 1. Consequently, the branch of the tree terminates at level [ = 1, which

indicates that v5(n? +1) =1,n; = 1 mod 2.

Example 6.2. 2-adic tree of f(n) =n?+7
In this case, a = 1 and ¢ = 7. At level [ = 1 of the tree, vo(n? + 1) > 1, where the

continuing branch is denoted by n; = 1 mod 2. To analyze the tree at level [ = 2,

2k —c

one may attempt to recover ny such that n3 = 1= as follows,
2k, — ¢
2 l
n =

2 a
= 2%r—7
= —7mod4
= 1mod4.

2

Since a perfect square n = m*® may satisfy the congruence n = 1 mod 4, there

exists a root for n5 = 1 mod 4.

From Proposition , it is possible to determine which polynomials f(n) = an®*+c
yield finite 2-adic trees. It is also possible to determine which polynomials of this type
yield infinite 2-adic trees which exhibit aperiodic and irregular branching patterns.

Corollaries 6.1 and 6.2 summarize these results.

Corollary 6.1. A tree will be finite and of height r if there exists an v € N such that

: . Iy Uy —
for 1 > 1, no solutions exist for n? = 25=¢_ In other words, for | > r, %lc ¢ N.

a .

Corollary 6.2. Assume there exists n; € Z, such that an} + ¢ = 0 mod 2'. If the
next level of the tree continues, there exists at least one solution
nip1 = ng + d(2Y) mod 21, d € {0,1} such that n} , = % for some ki1 € N.

Furthermore, if the tree continues infinitely, ki1 is even for all | € N.
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6.2 2-adic roots of general quadratic polynomials f(n) = an®+

bn+ c

A future topic of interest which derives from the current study is the behavior of
quadratic polynomials in Z[z], f(n) = an® + bn + ¢ where a,b, ¢ € Z, such that
f(n) = 0 mod 2! has solutions for all | € N. To explore this question, one may charac-

terize and classify the coefficients a, b, ¢ of f(n). The coefficients a, b, and ¢ are to be

— /b2 — .
(n), M, are in Q. In other words, a, b,
a

%)k X (Oé2 + 1)k
k! ’

chosen such that the general roots of f

o0

and c are chosen such that the corresponding series expansion Z (
k=0

the standard quadratic polynomial root, converges in Qs.

— Vb2 —
where o = =bEvb —dac 22 dac

Remark 5. The power series expansion of the general root can be rewritten as

io: [M X ((_bj: M)Q —|—4a2)k

11294k 3k
prd (k!)22%q

One cannot easily determine which values of a, b, and ¢ cause the series to converge
in Qy. For instance, when considering values of a € 2Z + 1 and arbitary values of b
and ¢, each term of the summand yields a 2-adic valuation > Sy(k) — 3k, but further

restricting b and ¢ may yield a convergent series.

7 Acknowledgments

This work was carried out during the 2014 Mathematical Sciences Research Insti-
tute Undergraduate Program (MSRI-UP) which is funded by the National Science
Foundation (grant No. DMS-1156499) and the National Security Agency (grant No.
H-98230-13-1-0262). We would like to thank Dr. Victor Moll, Dr. Herbert Medina,
Dr. Eric Rowland as well as Leyda Almodévar and our fellow MSRI-UP colleagues.
The first author wishes to thank Dr. Carola Wenk for helping her to attend MSRI-
UP and Dr. Christophe Vignat for introducing her to the world of undergraduate
mathematics. The second author would like to extend her gratitude to Dr. Christine

Taylor and Dr. Tasho Kaletha, who have made her participation in the MSRI-UP

20



possible. The third author would like to thank Dr. Alden Walker and Jahan Claes

for their encouragement and mathematical guidance.

References

1] J.-P. Allouche, J. Shallit. Automatic sequences. Theory, applications, general-
izations. Cambridge University Press, Cambridge, 2003. 438-441.

2] J. P. Allouche and J. Shallit. The ring of k-reqular sequences. Theoret. Comput.
Sci, 98:193-197, 1992.

3] J. Bell. p-adic valuations and k-reqular sequences. Discrete Math., 307:3070-
3075, 2007.

4] D. Birmajer, J. B. Gil, and M. D. Weiner. On Hensel’s roots and a factorization
formula in Z[[z]]. arXiv:1308.2987,2013.

21



Catalan numbers modulo 2¢

David Cervantes Nava Erica Musgrave

SUNY Potsdam Saint Mary’s College of California

Gianluca Pane

Brown University

August 2014

Abstract

Catalan numbers, defined by the explicit formula C(n) = ﬁ(?), have been studied since
the eighteenth century due to their frequent appearance in various fields from set theory
to combinatorics. For example, C'(n) counts the number of permutations of {1,2,...,n}
that avoid an three-term increasing subsequence. However, there are few results about the
properties of Catalan numbers modulo prime powers. In particular, we examine the number

of residues obtained by viewing Catalan numbers modulo powers of 2.

Introduction

We begin with an example. Modulo 4, the following residues are produced: C(0) = 1
1 mod 4, C(2) =2 = 2mod 4, and C(6) = 132 = 0 mod 4. One may continue to compute
such values, but it seems that no amount of computation will find an n such that C(n) =

3 mod 4. We use the following definitions to distinguish such residues.

Definition 0.1. A residue b mod 2% is present if there exists an n such that C'(n) = b mod

2%, A residue that is not present is called absent.
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That 3 mod 4 is absent will be proven in Section[I]in addition to other results of a slightly
different kind, for example,

C(n) # 1 mod 8 for n > 1.

Definition 0.2. An eventually absent residue is a residue b mod 2% for which there exist

only finitely many n such that C(n) = b mod 2.

Note that a residue can be both present and eventually absent.
Section (I contains a number of results for small powers of 2. Section [2 uses these results

to exhibit an upper bound on the limit

. # of present residues mod 2%
lim 5 )
a—00 a

Section [3] breaks down the search for present residues according to their parity. Section [4]
introduces a new approach, which characterizes the residues using 2-adic valuations. Section
[5.4] uses this approach to characterize completely the number of residues mod2* that are
congruent to 2 mod 8. Section [7] summarize our results and remaining conjectures, and

Section (8| discusses avenues for future progress.

The following notation is used:
1. C(n) denotes the n'® Catalan number.
2. s,(n) denotes the sum of the base-p digits of n.

3. v,(n) denotes the p-adic valuation of n, that is, the exponent of p in the prime factor-

ization of n.
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1 Results for small «

The following recurrences by Xin-Xu (2011) will be used frequently throughout this paper
[3].

Recurrence 1.1. C(2m+ 1) = C(m) + Z (22m> 2%C(m — 1)
i

i>1

Recurrence 1.2. C'(2m) = Z (

i>1
They are proved simply by induction.

Another useful result, which uses these recurrences, is the following;:

Theorem 1.3. The n'* Catalan number C(n) is odd if and only if n = 2% — 1 for some
a e N.

The proof of Theorem is based on the following result by Legendre.
Theorem 1.4. v,(n!) = n=sp(n)

n—1

Proof. 1t is not difficult to see that
vp(nl) = [n/p] + [n/p*] + [n/p°] + -

Next, write n in base p:

Qo
E—l—al%—agp—k-“

ap + a
:0—21]9+a2+a/3p_|_...
p

ap +arp+--- +appt!
oF

+ap + agp1p+ -

s RIS

Observe that by taking the floor of both sides, the first term fraction on the right-hand side
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vanishes. Then

vp(n!) = artasp + agp® + - + a,p"!

+ag+agp+ -+ ap

+az+-+ap

Or,
r—1
vp(nl) = a1+ ax(p+ 1) + as(p® +p+ 1) + -+ a, (O )
j=0
1
= ol =D+ el =)+ al’ - D+t a (1)
1 T
:p_1[a1p+a2p2+a3p3+---+arpr—;aj]
- L) =30
_p_l n ag : @
j=1
_n—s,(n)
e

Proof of Theorem[1.3. Suppose n = 2% — 1. Then, by definition we have that

w(oe 1) - (5(57)
= 2((2&“ - 2)!) — 2u2<(2a — 1)!) —12(2%)

=201 2 55(20T —2) —2(2% — 1 — 5,(2* - 1)) — «

=20 —2— 5y (2971 —2) — 29T 4+ 2425 (2° - 1) —

Thus, C'(n) is odd. Now suppose C'(n) is odd.
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Then take recurrences [[.1] and [.2l modulo 2 to obtain:
C(2m+1) = C(m) mod 2 (1)

C(2m) = 0 mod 2. (2)

If n were even, then equivalence shows that C'(n) must be even, a contradiction. There-
fore, let n = 2m + 1. In this notation, the first equivalence shows that C'(m) must also be
odd, so by the inductive hypothesis, m = 2° — 1. Thenn =2m+1 =2(2° - 1)+ 1 =
2841 1 =20 1. O

We now establish the eventually absent residues mod 4, 8, and 16.
Proposition 1.5. The n'* Catalan number C(n) # 3 mod 4 for any n.

Proof by induction. Recurrences [L.1] and [I.2 modulo 4 give the following equivalences:

C(n)=C(2m+1)=C(m) mod 4 (3)

2m — 1

C(n) = C(2m) = ( )

)-2-C(m—1)m0d4 (4)

For these recurrences, two base cases are necessary: C'(0) =1 = 1mod 3 and C(1) =1 =
1 mod 3.

In equivalence (3), C(m) # 3 mod 4 implies C(n) # 3 mod 4 by induction. In equivalence
). C(n) is even. Therefore C(n) % 3 mod 4. O

Proposition 1.6. The n'* Catalan number C(n) # 1 mod 8 for n > 2.

Proof by induction. The following base cases are sufficient for both the even and odd recur-
rences: C'(2) =2 =8mod 8, C(3) =5 =8 mod 8, and C'(4) = 14 = 6 mod 8. By Theorem
1, n must be odd in order for C'(n) to be odd. Let n = 2m+1 and use recurrence |1.1jmodulo
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8 to obtain

2m

C(2m+1)=C(m) + ( 0

>-22-C'(m—1)m0d8

=C(m)+ (4m(2m + 1)) C(m — 1) mod 8.

If m were even, then C'(2m + 1) = C(m) mod 8. By the inductive hypothesis, C(m) #
1 mod 8, and so neither is C'(n). If m is odd, then Theorem [1.3shows that C'(m —1) is even,
and again C'(2m + 1) = C(m) mod 8, so C(n) # 1 mod 8. O

Lemma 1.7. C(2¥ — 1) = 13 mod 16 for k > 3.

Proof by induction. If k = 3, then C'(23 — 1) = C(7) = 449 = 13 mod 16.

Taking recurrence (1.2l modulo 16 gives
C(2m+1) = C(m) +4m(2m — 1)C(m — 1) mod 16.
Then, substituting 2m +1 = 2% — 1,
C(2" —1) = C2F ! — 1) +4m(2m — 1)C (2" — 2) mod 16.
The inductive hypothesis gives
C(2" —1) =13 +4m(2m — 1)C(2"* — 2) mod 16.

It suffices to prove C'(2¥~1 — 2) = 0 mod 4, as then the right term would vanish and then
C(2¥ — 1) = 13 mod 16, as desired.
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Recurrence [I.1] shows this:

cn) =Y (2”7 N 1) 2%-10(m — ) mod 16

=22n—1)C(n—1)+ %1(271 —1)(2n —2)(2n — 3)C(n — 2) mod 16
and C(281 —2) = C(2(2¢2 - 1))
4

=221 - 3)0(2" %2 -2) + 5(2’H —3)(2t —4)(2"! = 5)C (2" — 3) mod 16.

Then since C'(2872 — 2) is even then 2(2%~1 — 3)C(2%2 — 2) is divisible by 4 and
F(2F1 = 3)(2F 1 — 4) (281 — 5)C(2F2 — 3) is divisible by 4. Thus C(2"! — 2) is divisible
by 4. It follows that C(2*¥ — 1) = 13 mod 16 for k > 3. O

Proposition 1.8. The n'* Catalan number C(n) # 5 mod 16 for n > 4.

Proof. Tn order for C'(n) = 5 mod 16 then n = 2¥ — 1. However, by Lemma[1.7)if £ > 3 then
C(2¥ — 1) = 13 mod 16. Thus C(n) # 5 mod 16. O

Lemma 1.9. Suppose C(m) = C(m + 1) = 2mod 4. Then, m = 2* for some k € N.

Proof. Theorem [1.3 shows that the result is equivalent to

A first-order recurrence for Catalan numbers is

2(2m + 1)

Clm+1) = m+ 2

C(m). (5)

Taking the 2-adic valuation gives

Il=w(Cm+1)) =1, (%C(m)) =15(2) + 1L(2m + 1) + 15(C(m)) — va(m + 2).

It follows that va(m + 2) = 1. Thus, m + 2 = 2a for some odd integer . Hence,

m = 2(a— 1) so m is even.
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Next, notice that from recurrence (),

2(2m + 1)(2m — 1)
(m+2)(m+1)

Cim+1) = C(m—1).

So,

yz(C(m + 1)) _— (2@7(”’;112))'(%2?1)_ Y cm — 1)) .

This implies
v <C’(m - 1)) = 1y (C(m+1)) — (2 — va(m +2)) = 0

Therefore, C'(m — 1) is odd, so m must be of the form m = 2* for some k € N. O
Lemma 1.10. Let m > 2. Then, C(2™) = 6 mod 8.

Proof. For simplicity, substitute n =m — 1. We will prove the following,
C(2") = 6 mod 8 for n > 1.

By Recursion [I.2]
C(Q(Q”)) - 2(2(2") - 1)0(2” —1).

So,

0(2(2”)> 52(2(2”) - 1)(](2” ~ 1) mod 8

2(2"+1 - 1) C(2" — 1) mod 8
=10(2""" — 1) mod 8 (as C'(2" — 1) is odd and not equivalent to 3,7 mod 8.)

2(2" — 1) mod 8.

Now, it is clear that 2"*! — 1 = 3 mod 4. This implies 2" — 1 = 3 mod 8 or 7 mod 8.
Moreover, 3-2 =6 mod 8 and 7 -2 = 6 mod 8. Thus,

C’(Z(2”)> = 6 mod 8.
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Lemma 1.11. Let k > 2. Then, C(2¥ + 1) = 6 mod 8.
Proof. Let k € N. Recursion [1.1] gives
C2"+1)=C@ Y +42"H (225 — DO —1) mod 8
= C(257") mod 8.
Then Lemma imlies C'(2¥~!) = 6 mod 8. Thus, C(2¥ + 1) = 6 mod 8. O
Proposition 1.12. The n'* Catalan number C(n) 2 10 mod 16 for n > 6.

Proof. First observe that the result holds for n = 0,1,...,6. With these base cases, the
following may be proven by induction for n > 7.

Suppose n is even (n = 2m). Recurrence modulo 16:
C(2m) = (2m —1)2C(m —1) + %(Zm —1)(2m — 2)(2m — 3)C(m — 2) mod 16.
Suppose C(n) = 10 mod 16 for some even n € N. Then
(2m —1)2C(m —1) + %(Qm —1)(2m —2)(2m — 3)C(m — 2) = 10 mod 16,

6(2m —1)C(m — 1) +4(2m — 1)(2m — 2)(2m — 3)C(m — 2) = 14 mod 16.

Suppose m is odd. Then C(m — 1) is even, so 4 | 6(2m — 1)C'(m — 1) and
41 42m — 1)(2m — 2)(2m — 3)C(m — 2). But 14 = 2mod 4. Then 0 = 2mod 4, a
contradiction.

Now suppose m is even. Then C(m — 2) is even, and so
16 | 4(2m — 1)(2m — 2)(2m — 3)C(m — 2).

Now,

6(2m — 1)C(m — 1) = 14 mod 16.
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By testing out the possible residues for (2m — 1)C'(m — 1) it is clear that this implies
(2m —1)C(m — 1) = 5 mod 8.
Since n > 7, m > 4,
(—=1)C(m — 1) = 5 mod 8§,

that is,
C(m—1) = -5 mod 8 = 3 mod 8.

But no Catalan number is equivalent to 3 mod 4, so this is a contradiction.

Now suppose n is odd (n = 2m + 1). Consider recurrence modulo 16:

C(2m+1)=C(m) +4m((2m — 1)C(m — 1) mod 16

= 10 mod 16.

Since m—1is even, C'(m—1) is even. If 4 | C'(m—1), then the second term would disappear
and C(2m + 1) = C(m) = 10 mod 16, which is not true by the inductive hypothesis.
Therefore, C(m — 1) = 2 mod 4. Then

C(m) + 8m(2m — 1) = 10 mod 16.

It is impossible for C'(m) = 10 mod 4, so C'(m)+8 = 10 mod 16, or C(m) = 2 mod 16. Thus,
C(m —1) = C(m) =2 mod 4 and by applying Lemma it can be concluded m — 1 = 2k
or m = 2% + 1, some k. But by Lemma (.11, C(2* + 1) = 6 mod 8 for k > 2, and so this is

a contradiction. This completes the proof. O

2 Obtaining an upper bound

We ultimately seek to find the proportion of present residues modulo 2% as a: goes to infinity,

that is
# of present residues mod 2¢

lim
a—00 Qo
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Using the propositions from the previous section, the following upper bound is achieved:

# of present residues mod 2%

Theorem 2.1. lim
a—00 A

1
< Z
2
Proof. First observe the following:

e Modulo 2%, there are precisely 2%2 residues congruent to 3 mod 4.
e Modulo 2%, there are 2973 residues congruent to 1 mod 8.

e Modulo 2%, there are 2 - 2°~* residues congruent to 5 or 10 mod 16.

Note that we count only the residues that have not been determined to be eventually absent

under a smaller modulus. For example, 5 mod 16 # 3 mod 4.

Definition 2.2. A new residue is an eventually absent residue b mod 2% such that for a < «,

b mod 2 is not eventually absent.

Therefore,

# of absent residues mod 2% - 2072 4 (2073 —2) + 2. (2971 — 1)
2¢ - 2¢

Letting a — oo,
ga—2 + 9a—3 +2. ga—4

1
2¢ 2
O

This bound is strengthened using Rowland’s finite automata for Catalan numbers mod

29 a=1,2,...,8 [2]. The mod 4 automaton has been reproduced below:

Figure 1: Finite automaton characterizing the residues of Catalan numbers modulo 4.

Example 2.3. One can use this to compute C'(n) mod 4 by first writing n in binary form,

then reading the digit sequence from right to left. Starting from the top node, one would
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follow the path corresponding to 0 for every 0 traversed, and the path corresponding to 1

for every 1 traversed. When all the digits are read, the final node will be the residue mod 4.

Observe that 3 does not appear on this diagram; therefore, 3 mod 4 is an absent residue.
Eventually absent residues can also be quickly identified. The mod 8 automaton has been

reproduced below.

Figure 2: Finite automaton characterizing the residues of Catalan numbers modulo 8.

Note that in this diagram there are only 2 paths to a 1: if n = 0 or if n = 1. Therefore,
1 mod 8 is an eventually absent residue.

Earlier this year, Rowland and Yassawi produced similar automata for Catalan numbers
mod 2% « = 4,5,...,8 [2]. Using this, we calculated the proportion of eventually absent
residues and obtained the upper bound 13—258 ~ .27.

Later, we conjecture that all residues congruent to 0 mod 8 are present; that is, at least

é of residues are present. We therefore place the limit somewhere between .125 and .27.
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3 Examining residues mod powers of 2

We now shift from examining absent residues to characterizing the ones that are present.

The following table gives the number of present residues modulo 2¢.

a |0(1}2(3[4]|5 6|78

Residues |12 3|6 11]19|34 |59 ]| 104

There do not appear to be any immediate patterns, so we divide the residues by parity; that

is, we examine separately the residues congruent to 1 mod 2 and those congruent to 0 mod 2.

Odd Residues

For odd residues, the pattern is clear.

o} 011]2]3]4]5]6|7]8

Residues [0 1]1(2[3|4|5|6]|7

By Theorem [I.3], the only Catalan numbers congruent to an odd residue will have the form
C(2% —1). In 2011, Lin proved the following results [1]:

Theorem 3.1 (Lin). Let o > 2, the odd congruences C'(2° — 1) (mod 2%), remain constant

forb > a —1 and are distinct forb=1,2,..., a—1.

Corollary 3.2 (Lin). The sequence of Catalan numbers {C(n)}nen when viewed modulo 2¢

has exactly o — 1 odd residues.

This characterizes exactly the number of odd present residues modulo 2¢.

Even Residues

The following table contains the number of even residues for small «.

o 0112345 |6 |78
Residues |1 [ 1|24 |8[15]29 |53 |97
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There were not any distinguishable patterns here so we proceeded by looking at the tree that

divides the number of even residues m according to the residue m mod 2°.

T

/\/\

[0mod 8] [4mod 8] [2mod8| [6mod 8]

The only node on the mod 8 level for which we have a complete characterization is 2 mod

«Q 0(1]2]3/4|5]6]|7
Residues |00 [1]1(2|3|5|6]|7

oo

We found that the sequence continues to be linear; in particular, there are o« — 1 residues of
this form modulo 2¢.

The 4 mod 8 and 6 mod 8 nodes had the least discernible patterns. Computation by
Mathematica was able to extend this tree to the mod 2° level, but was only able to provide
4 nonzero terms in the sequence. Therefore, it is difficult to make predictions at this point.

The 0 mod 8 is of interest because it appears to be the fastest growing out of the nodes

on its level.

a 0112|3456 7|8 ]|...|] «
Residues | 1 |1 |1]1]2|4|8]16|32]...]2*3

Here, it appears that every residue of this form is present, and so the following conjecture

may be produced:
Conjecture 3.3. Modulo 2% (for any «), all residues congruent to 0 mod 8 are present.

This conjecture has been tested up to a = 13. This result would be quite powerful,

because then the proportion of residues that are present must be bounded below by 2;; = %.

This conjecture may be divided into smaller conjectures, for example,
Proposition 3.4. There exists an n such that C(n) = 0 mod 2 for any o.
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Before proving this, we first introduce some new notation.

4 A new approach

In this section, we use 2-adic valuations to further classify the even residues.
Definition 4.1. For all i € N, define D(i) = {n € N| 1, (C(n)) = i}.

Applying Theorem to the explicit formula for the n'® Catalan number HLR(QS), it

follows that
D(i) ={n € N|ss(n) —va(n+1) =1}.

Proposition 4.2. For alli € N, D(i) # @.

Proof. Let © € N. Consider the integer m with the following base-2 representation:

m= 11...11 01l,.
—_—

exactly i # of 1’s

Clearly, sa(m) = ¢ + 1. But also, notice that m + 1 must be of the form 11...11105 and so,
vo(m + 1) = 1. Hence, it follows that sy(m) — ve(m + 1) = i. Thus, m € D(7). O

Note. This result implies that the collection of D(i)’s forms a partition of N.
Corollary 4.3. For alli € N, D(i) is an infinite set.

Proof. Notice that in the proof of Proposition 4.2 the argument holds if one replaces 0 with

a finite number of zeros. That is to say,

11...11 000...00 1, € D(i).

TV
exactly i # of 1’s  finitely many

]

Proof of Proposition[3.4 Let a € N. Tt is clear from the definition that every element of

D(«) possesses this property. Furthermore, if 5 > «, then so do the elements of D(5). O
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Next, it is natural to take a closer look at the residues of C'(n) mod 2%, in particular
when n is restricted to D(i)’s.

Fix ¢ € N. Consider the set of residues given by the Catalan numbers corresponding to
the elements of D(7) modulo 2%, denoted by A;(7) where j = a—i. We then get the following
table:

Residues of C(n), for n € D(i):

2" Residues of Catalan numbers:
2k k< {0}

2i+1 Aq(7)

2i+2 Ay ()

9i+3 As(i)

Now, from our results above, A;(¢) is nonempty for all ¢, 7 € N and moreover, these sets do
not contain 0. Furthermore, the elements (that is to say, the residues) of A;(7) must all be

multiples of 2¢. This raises the following two conjectures:

Conjecture 4.4. For i > 3, Ay(i) C As(i) € As(i) € ...

Conjecture 4.5. For i > 3, |A;(i)] = 2/

Observe that the latter conjecture is equivalent to Conjecture In order to prove
this, it suffices to show that every residue congruent to 85 mod 2% is present. First, notice
that according to Proposition each D(7) is nonempty. Since 0 is the only residue given
by D(«) modulo 2%, the residues 0 mod 2% are present for any a. It also follows from the
infinitude of D(a — 1) that the residue 27! mod 2% is present.

A next step would be to examine the residues of the form 292 mod 2% and 2%72 +
20~ mod 2%. The set D(« — 2) guarantees the existence of one of these residues, however it
is still necessary to prove the existence of both. It would therefore be helpful to characterize
the elements of D(i) in a way that can identify the residues modulo 2%. We begin with the

following characterization.
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Theorem 4.6. For all i € N, the elements of D(1) are precisely of the following form,

n=Ixilxz. .. 1x:0x),

where each x; represents a finite, arbitrary collection of 0’s (possibly none), and x' represents

a finite, arbitrary collection of 1’s (possibly none).

Proof. Let i € N. To show that these integers are indeed elements of D(7) is straightforward.
So, it suffices to show that every integer in D(i) must necessarily be of this form.

Let n € D(7). Suppose first that n is even. Then, it follows that v5(n 4+ 1) = 0 and so it
must be the case that sy(n) = 7. That is to say, the base-2 representation of n must contain
exactly ¢ 1’s. Since n is even, n may be expressed as above where x’ is taken to be an empty

list. Thus,
n=1Ix1lxs ... 1xi0x),.
Next, suppose n is an odd number. Then, this implies that the base-2 representation of n
terminates with finitely many 1’s, say k. However, notice also that the base-2 representation
of n cannot contain only 1’s. Indeed, for if this were the case, then n would be one less

than a power of 2; which in turn would contradict our assumption that ¢ # 0. Now, more

explicitly, n can be expressed as the following

n = (1...011...11) .
k
2

So, s2(n) = k + ¢ for some positive integer ¢. But also, by adding 1 to n, it is easy to see
that the base-2 representation of n + 1 will terminate in precisely k& number of 0’s. Hence,

va(n + 1) = k. Furthermore, as n € D(7), it must be the case that
so(n) — k = 1.

Thus,
k+/¢—k=1andsol=u.
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Hence, n must contain ¢ number of 1’s, followed by at least one 0, followed by a finite sequence

containing finitely many 0’s and precisely ¢« number of 1’s. This proves the theorem. O]

5 2 mod 8

In September 2011, Guoce Xin and Jing-Feng Xu generalized Theorem by Hsueh-Yung
Lin to include all C'(n) where n is odd [3].

Theorem 5.1. Let r > 1 and o € N with so(«) < r. Then if b > r — 1 — so(a), we have
C(2°2a+1) —1= @212 (20 + 1) — 1) (mod 2"). Moreover, the congruence classes
C(2°2a+1)—1) (mod 27), b=1,2,...,7 — 1 — so(a) are all distinct.

This theorem is used to characterize the number of residues mod 2% congruent to 2 mod

8. (see Theorem [5.4])

« 0(1]2|314(5]|6|7|8
Residues |00 |1]1(2|3|5|6]|7

Lemma 5.2. For n € N, C'(n) mod 2% has at least o — 4 residues congruent to 18 mod 32.

Proof. By Theorem , the congruence classes C'(2° -3 — 1) (mod 2"), b = 1,2,--- ,7 — 2
are distinct. However, note that for b = 1 or 2, C(2' -3 — 1) = C(4) = 14 # 18 mod 32
and C(2?-3 —1) = C(11) = 58,786 = 2 # 18 mod 32. Therefore, first consider the case
when b = 3. Then C(2%-3 — 1) = C(23) = 343,059,613,650 = 18 mod 32. Now assume
C(2v71.3 — 1) = 18 mod 32. Then consider C(2° -3 — 1). Taking recursion mod 32,

2(2-3—1)

0(2”-3—1)50(2b—1-3—1)+( 5

)40(2b—1 -3 —2)

b . J—
+ (2(2 j’ 1)) 16C(2°7* - 3 — 3) mod 32.

It follows from Theorem [1.3|that C(2° - 3 — 3) is even. Therefore the last term disappears.

To evaluate the second term, consider

vy (4C(2"71-3-2)) =241, (C(2""-3-2)).
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By Theorem [I.4] it follows that

vy (4C(2°71 -3 -2)) =2+ 55(2" 13 -2) —1p(2" -3 1)

=24 5,(271.3-2).

Note that 2°7! . 3 has binary representation 110---0, and so 2! -3 — 1 has binary
b—1
representation 101 - - - 1. Therefore s5(2°71-3—2) = b—1, and so 1,(4C(2°71-3—-2)) = b+1 > 5
b—1
since b > 4.

The second term also disappears, so
c2"-3-1)=0C(2""-3—1) mod 32.

Assuming the inductive hypothesis,

]

Lemma 5.3. Forn € N anda > 5, C(n) mod 2% has ezxactly o — 4 residues congruent to 18 mod

32.

Proof. Suppose C(n) = 18 mod 32. Then 1,(C(n)) = 1 since v5(18 + 2°j) = 1 for any j.
Thus, n € D(1) and therefore has binary expansion 1y;0x’, where x; is an arbitrary number
of zeroes and )’ is an arbitrary number of ones.

If n were even, then x’ must consist of no ones so n is a power of 2. But it follows from

Lemma (.11} C'(2") = 6 mod 8 for n > 2. Observe the following:
o ((2°) =1 # 18 mod 32
e ((2') =2 18 mod 32.

n cannot be a power of 2 and thus n cannot be even.

Thus n is odd and can be expressed as n = 2° - m — 1, where m is odd. The goal is to
prove C(2°-m — 1) = 18 mod 32 = m = 3. This would show that in Theorem , the
r — 4 residues produced for o = 1 are all that can be produced; that is, no other o produces

additional residues congruent to 18 mod 32.
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Recall that 2° - m — 1 has binary expansion 1y;0Y’. Note that the binary representation
of 2° - m is precisely the binary representation of m followed by b zeroes. Then the binary
representation of 2° - m — 1 is precisely the binary representation of m — 1 followed by b
ones. Thus, in order for 2° - m — 1 to satisfy the form of elements of D(1), it must be that
so(m — 1) = 1. Thus m is one more than a power of two: m = 2% + 1.

Writing C'(n) as C(2°(2% + 1) — 1, it suffices to prove
C2'@*+1) -1 =002 +2"-1)=18mod 32 = a = 1.

Now proceed by induction on b.
First consider the case when b = 3 and @ = 2. Then C'(2*™3 +23 - 1) =(C(32+8—1) =
C'(39) = 6 mod 32. Thus, a # 2. Now consider the cases for a > 3, and assume

C(2°7 +2% — 1) = C(2*" + 7) = 18 mod 32.

Then by recurrence [1.1

a+3 a+2 2(272 + 3)\ o v pat2 ,
CR™+T)=CQ2 T +3)+ ) 0 2%C(2°%2 + 3 — i) mod 32.
i
i>1
Note that only the terms in the sum corresponding to ¢ = 1,2,3 need to be considered

because any term corresponding to a higher ¢ will vanish. Therefore, first consider the term

where ¢ = 2. Note the following:
(2102 + 1)) =4+ 52T +1) — 1(2°7? +2) =4 +2 -1 =5.

Thus, the term corresponding to ¢ = 2 is congruent to 0 mod 32. Next consider when ¢ = 3.
Then,
15(2°0(2°%%)) = 6 + 59(2°7?) — 1 (2" + 1) =6+ 1=T.

Therefore, the term corresponding to ¢ = 3 is also congruent to 0 mod 32, so only the first
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term of the sum does not vanish.

2(2a+2 + 3)

CR™P+7)=C2+3)+ ) ( o

i>1

)22@‘0(2“+2 +3—1)
= CO(2°7 +3) + 4(2(2°7* + 3) — 1)C(2*"? + 2) mod 32.
Now consider C'(2%*2 + 3) using recurrence

a+2 a+1 2a+1 + ]' 21 a+1
C(2°"2 +3) = C(2 D+ 2% (294! + 1 — i) mod 32.

i>1

Once again it is only necessary to consider the terms corresponding to ¢ = 1,2,3. First

consider when 7 = 2 and notice:

vy ((2(2‘1+; + 1)) 240(2a+1 . 1)) — 1, <§(2a+1 4 1)<2(2a+1 4 1) . 1)(2(2a+1 + 1) . 2)
(221 +1) = 3)C(2*"" - 1))
— o (3 DE 4 D@ - poe - 1)

=24+a+2=4+4+a>5.
Therefore, this term vanishes. Now consider when i = 3 and note:
1o(2°C(2772 — 1)) =6+ 5(2°T2 — 1) — (2" =6+a+2—a—2=6.
Thus, only the first term of the sum is left:
C(2°72 +3) = C(2*™ + 1) +2(2(2*™ + 1) — 1)C(2°™) mod 32.

By Lemma and Lemma (.11} C'(2"') = 6 mod 8 and C'(2°*! +1) = 6 mod 8 for a > 1.
Thus,
C(2°"2 +3) =6+ 4(2™ +1)(2(2°"' +1) - 1)6 =6 + 0 = 6 mod 8.
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Now,

C(2°7 +7) = 6 +4(22""* +3) = 1)0(2"" + 2) mod 8.

Since

vo(C(2°72 + 2)) = 592912 + 2) +1,(2°72 + 3) = 2,

it follows that C(2°72 4 2) = 0 mod 4 so C'(2*"? + 2) = 0 mod 8 or 6 mod 8. Consider both
cases:

Let C'(2°7 4+ 2) = 0 mod 8 then
C(2° +7) =6+ 4(2(2"7 +3) = 1)C(2*™ +2) =6 + 0 mod 8

which can not be congruent to 18 mod 32.

Then let C'(2¢72 + 2) = 6 mod 8 then
C™P+7)=6+4(22+3) - 1)C(2°" +2)=6+6 =12 =4 mod 8.

which can not be congruent to 18 mod 32. Thus when a > 2, C(2°"3 4+ 7) # 18 mod 32.
Thus a must be 1 in order for C'(2°*3 + 7) = 18 mod 32.

Now assume that if C'(2°¥2~1 4+ 20=1 — 1) = 18 mod 32 then ¢ = 1. Now consider
C(2bTe + 2% — 1) using recurrence :

2b+a + 2b -9

b+a b__ — b+a—1 b—1__
C(20e42—1) = ¢ (201 42 1)+Z( o

i>1

)22i0(2b+“—1+2”—1—1—¢) mod 32.

Once again it is only necessary to consider the terms of the sum corresponding to ¢ = 1,2, 3.

First consider ¢« = 1, then note:
V2(220<2b+a—1 +2b—1 _ 2)) —9 + 32(2b+a_1 + 21)—1 - 2) _ V2(2b+a_1 +2b—1 o 1) — 2+b_ 1= b
By assumption, b > 3, so this term vanishes. Now consider when i = 2.

o (210 (20707 4207 3)) = 445y (20TOT 420 3) —py (20T 4 20T 2) = 44 b—1—1 = b2
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Therefore, this term also vanishes. Finally consider when ¢ = 3.
o (20C(2070 7 4207 4)) = 24 sy (20T 20T ) (20T 4 20T 8) = 6402 = b+ 4.
Thus every term of the sum vanishes. Therefore,

C@2Mte 420 — 1) = o2t 42071 — 1) = 18 mod 32

which means a = 1. Therefore, if C(2°% + 2° — 1) = 18 mod 32 then a = 1 for b > 3. O

Theorem 5.4. The number of residues modulo 2% congruent to 2 mod 8 is given by the

formula

Proof. Let f(b,m,a) be the number of residues modulo 2% that are congruent to b mod m.

It follows from Lemma [5.3] that
f(18,32,a) = max(0, v — 4)

since for v < 5, there cannot be any residues congruent to 18 mod 2°.
Rowland and Yassawi’s finite automaton for Catalan numbers mod 32 [2] shows that the

only n such that C'(n) = 2 mod 32 are:
e 2. when C(2) =2 =2 mod 32 = 2 mod 64, and
e 11, when C(11) = 58,786 = 34 mod 64.

Thus for 2 > a > 5, 2 is the only residue congruent to 2 mod 32. And for a > 6, the only
such residues are caused by these two Catalan numbers, and we know they must be distinct,

since they have different values mod 64. Therefore,

0 0<a<
f(2,32,0)=4¢ 1 2<a<
2 o



Adding these functions, we obtain

0 0<a<l1

1 2<a<3
f(2,16,a) =
a—1 4<a<h

a—2 a > 6.

\

However, it follows from Proposition [1.12] and that C'(n) = 10 mod 16 only for n = 5,
that

Adding these functions, we obtain

max (0,a—1) 0<a<2,a>6
f(a):f(2,8,a) =

a—2 2<a<bh

as desired.

6 0 mod 8

At this point, we revisit Conjecture [3.3}
Conjecture. Modulo 2% (for any «), all residues congruent to 0 mod 8 are present.

We seek to characterize the binary representations of n € D(«—1) in terms of the residue
obtained when viewing C'(n) mod 2%. For n € D(a — 1), C(n) = 2°7! mod 2% so there is
nothing to characterize. We therefore begin with n € D(a — 2), where either C'(n) = 2472

or C(n) = 3-2*2?mod 2*. We then use this characterization to prove some results about

D(a —2).
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D(a—2)

The elements of D(« — 2) are either congruent to 272 or 3272 modulo 2%. They are able

to be characterized simply by the following conjecture:
Conjecture 6.1. Where n = 1yilys- - 1xa—20X" (Theorem 4.6), n € D(a — 2) satisfies

C(n) =2*2 mod 2 if and only if Y~ d(xy) is even, where

0 ifz=0
1 ifx#0

i(z) =

This characterization (and those that follow) are based purely on Mathematica obser-
vations. While these characterizations are not proven, they will help to generate useful
conjectures. For example, if n satisfies > d(xx) = 0 and x’ = 1, then by the conjecture,
C(n) = 2°72mod 2%. This y representation corresponds to n = 2% — 3. So we have the

following proposition:
Proposition 6.2. For a > 2, C(2* — 3) = 22 mod 2%,

If instead x1 = 1, 35;5,0(xx) = 0 and x' = 1, then C(n) = 3-2%?mod 2*. This is

equivalent to the following:

Proposition 6.3. For a > 2, C(3-2% —3) = 3-2“2 mod 2°.
We will prove Proposition [6.2} the proof for is similar.

Lemma 6.4. Fori >3, 34 s3(i) 4+ s2(i + 1) + o(i) < 2i.

Proof. The worst case for ss(i) is when i = 2% — 1, for some a, in which case s3(i) = a
log,(1 +i). The worst case for v5(i) is when i = 2°, for some b, in which case 15(i) = b =

log, (7). Therefore,
34+ 82(1) + s2(i + 1) + 10(i) < 3+ 1logy(i) + logy(i + 1) + logy (i + 2).

Note that if i = 3, the inequality 3 + log, (i) + logy (i + 1) + log, (i + 2) < 2i holds because 2i
grows faster than the left-hand side. This completes the proof. n
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Lemma 6.5. For a > 2, C(2* —3) = C(2*! — 2) mod 2%.

Proof. Consider C'(2* — 3) mod 2%. Note, C'(2* — 3) = C(2(2*' — 2) + 1). Then by using

recurrence L1t

CR2T -2+ 1)=C2""=2)+ ) (Q(QCH a 2))22i0(2a1 — 2 —4) mod 2.

, 21
i>1
Consider:

(2%C(2°71 =2 —14)) = 2i + 1 (C (27 — 2 —14))

=20+ 5(2°7 =2 — i) +1p(2°7 =1 —4).

Note that the terms where ¢ > [§] vanish because then 2 = 0 mod 2. Since i < [§], it

follows that:
1. y2(2a‘1 —1—1) =1y(1+14)
2. 32(2‘1*1 —2—1)= 52(20‘*1 —1-—(144d)=a—1—s(1+1)

The first result is straightforward; the last equality is based on the observation that the
binary representation of 2! — 1 consists of exactly a — 1 1’s, so that by subtracting a
number j (in this case j = 1 4 ¢) in base 2 of smaller length, the result is achieved by

replacing every 1 that appears in j with a 0. For example,

111111111
— 10110
111101001

Observe that the effect this has on the digit sum is to just subtract the number of ones in j.
The second fact follows from this point.

This becomes

vy (220127 =2 —i)) =2i+a—1—s(i+ 1) —wa(i+1).
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By Lemma [6.4]

20 > 3+ s9(i) + s2(i + 1) + (1 + 1)
>3+ s(i+1)+1a(i+1)

> 1+ s9(i+1) +a(i+1).
Now, finally,

vy (220127 —2—1i) =2i+a—1—s(i+ 1) —wa(i+1)

< a.

Since ¢ > 3, all but the first two terms of the summation vanish. Now examine the first two
terms separately.

The first term of the sum is 2(2% — 4)C'(2*~! — 2 — 1). Note:
(22 —4)0(2* ' =2 1)) =142+ 52" = 3) + 12 -3)=3+a-3=a.

Thus the first term is congruent to 0 mod 2.

<2(2a; B 2)) 220 (2071 — 4).

The second term is:

It is sufficient to prove 15 (21C(2°71 — 4)) > .

n(2'C(2°71 —4)) =4+ 527 —4) + (227 = 3)
=4+ a—1-s9(3)

=1+ .

Thus all of the terms in the summation are congruent to 0 mod 2% and the following can be
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concluded:

C2*=3)=C2 " -2+ ) (2 2; 4) 2%C(2*7 1 —2 — i) mod 2% = C(2*~! — 2) mod 2.

i>1

]

Proof of Proposition[6.3. Clearly, C(14) = 8 mod 32.

Assume that for all values k < a, C'(2¥—3) = 2¥72 mod 2*. Now consider C'(2*—3). Note
1 (C(29=3)) = 53(2°=3) =15 (2°=2) =a—1—1= a—2. Thus C(2%—3) = b-2%2? mod 2“
where b is a constant and 2 1 b.

Either b = 1 or 3 because if b = 5 then 5(2%72) = 4(2%) + 2% = 2% mod 2%. Thus when
b =5 it is the same as when b = 1. It can be similarly shown that any other higher powers
of b are congruent to either b =1 or b = 3.

Now for the sake of contradiction assume b = 3 so C'(2* — 3) = 3(2*7?) mod 2*. Note
that C(2* — 3) = C(2°7! — 2) = C(2(2°% — 1)). Then use recursion [1.2}

C277-1) = Y (2(2a_2 — - 1) 24710 (2272 — 1) — i) mod 2°

, 2t — 1
i>1
20471 -3 )
= 227102972 — 1 — ).
2 ( 2 — 1 ) e i)
i>1

Now note that 1,(2271C(2°72 — 1 —4)) = 20 — 1 + (22 — 1 —4) — 1p(22 —4) =
2i — 14 a—2— s9(i) — (7).

Then by Lemma [6.4] it follows that 2i > 3 4 s5(i) — va(i) for i > 3s02i — 1+ —2 —
S9(1) — 12(i) > « for @ > 3. Thus all of the terms except the first two in the summation are

congruent to 0 mod 2%. Therefore,

CR2-1) = ) (2a_1 B 3) 2%-1C(2°7% — 1 — i) mod 2¢

: 2i — 1
i>1

= 2271 =3)C(2*7% - 2)

+ %(2‘*—1 —3)(2 ' —4)(2*t - 5)C(2* 2 — 3) mod 2.
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Now note

Vs (g(?’—l —3)2* -4 (2>t - 502>t — 3)) = 2424 1(C2* ' -3))
= 4455277 = 3) — 12271 = 3)
= 44+a—-4

= .
Thus the second term also is congruent to 0 mod 2%. Therefore, we have

C(22°2 =1)) =2(2*1 = 3)0(2*7% - 2).

Now by induction, C'(2*7% — 2) = 2* 3 mod 2! so C(2*72 — 2) = 2*3 mod 2* or
C(2972 — 2) = 5(2°73) mod 2%. Thus let us consider both cases.

First consider the case where C'(2°72 — 2) = 23 mod 2%. Then since it is also assumed

above that C(2% — 3) = 3(2%7?) mod 2% then

C(22*2-1)) = 22 -3)C(2**—2) mod 2*

3(207%)

2(2°71 — 3)2°7% mod 2“

2072(271 — 3) mod 2“

2072(271) — 3(2°7?) mod 2°

—3(2°7?) mod 2“.

Since 3(2%7%) # —3(2°72) mod 2%, this is a contradiction. Thus, C'(2*72—2) # 273 mod 2°.
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Then let us consider the other case when C'(2°72 — 2) = 5(2%7%) mod 2*. Then

C(22*72-1)) = 22*'-3)C(2*? —2) mod 2%

3(2472) 2(2°71 — 3)5(2*7%) mod 2

(
(

5273 (2> — 3) mod 2
(

5(2°72)(2%71) — 15(2°7?) mod 2*

—15(2*7%) mod 2

2972 mod 2°.

Since 3(2°72) # 272 mod 2%, this is a contradiction. Thus, C'(2°7% — 2) # 5(27%) mod 2°.
However, this means neither case is true which is a contradiction. Thus, C(2* — 3) #

3(2°72?) mod 2. Therefore, C'(2% — 3) = 2*~2 mod 2. O

The proof that 3 - 2972 mod 2% is present for every « is similar.

D(a—3)

The characterization for D(a — 3) is more complicated, mainly because it is affected by the
position of the nonzero values among the ;. For example, if the nonzero values consist of
a 1 and a 2, which yx, takes on each of these values affects the resulting residue, whereas
D(a — 2) it did not matter.

Let n € D(a — 3). Arbitrary let x' = 0 so that n = 1x;1xa...1xa—30. Consider the
values {x1, X2, -, Xa—3}. We examine separately the cases > xx = j.

First let j = 0. Then, each x; must be 0, and so n = 11...10,, in which case C'(n) =
2973 mod 2.

Now suppose > x, = 1. Then there is exactly one x; = 1. Now, if y; = 1 then
C(n) =7-2°3mod 2% If xy; = 0 and any other y; = 1 then C(n) = 3-2%% mod 2*. This

can be represented by the following automaton.

o2



/\

Note: in this automaton (and those that follow), the x values are read from left to right.
Next, suppose > x, = 2. This means that either there are distinct indices 7,5 with
Xi = 1 and x; = 1, or there exists an ¢ with x; = 2. If there is a x; = 1 and x; = 1, then
there are two options. If y; = 1 and any other x; = 1 then C'(n) = 273 mod 2°. If x; = 0,
X2 = 0, and any other y; = 1 then C'(n) = 5- 2% mod 2*. There are also other similar

conditions that can then be represented by the following automaton.

) /\1
O</ \
1\>\ | | C
Jd
The structure of this same automaton seems to reappear, so let it be denoted as Ay(1,5)
where the 2 indicates there is one integer that appears twice in {x1, X2, .-, Xa—3}-

Now if > v, = 2 and there exists a x; = 2, then the following automaton represents the

residues attained.
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Lastly, consider the case when ) x; = 3. Then, it is clear that there are the following

three possibilities:
1. there exist distinct ¢, j, k with x;, x;, xx = 1,
2. there exist distinct 7, j with x; = 1 and x; = 2,
3. there exists ¢ with y; = 3.

The first case is characterized by the following automaton, A3(7,3).
C @

Note that A(7,3) and As(3,7) have similar structure to As(1,5) described above.

The following automaton characterize case 2.
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ATy
£ W0 b oo
9 g0

This automaton will be notated as A;1(5,1) where the 1,1 indicates there are two distinct
integers appearing {x1, X2, - - -, Xa—3} With each appearing only once.

Finally, consider the automaton for case 3.

0 1
This process can then be continued for higher and higher sums; however, a pattern begins

to appear. In order to state this pattern let A,(a,b) refer to the following automaton where

x indicates that one distinct integer appears = times in {x1, X2, - - -, Xa—3}-

H
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Then let A, 4,(a,b) refer to the following auotmaton where xy,zo indicates there are two
distince integers in {x1, X2, .-, Xa—3} With one integer appearing z; times and the other

appearing xo times.

Axl—l, X (a' b)

Axl_l’)(2(b,a) Axl,Xzfl(b'a)

Therefore, it can be concluded that A,, ., (a,b) can represent the general automaton in

D(a — 3):

x| ,x2,...,xn—1(a’b)

A b,a
Ax1 =10 e 3y (D:2) Axp =12, (D) X152y =1 (02)

By analyzing the above automata and using the § function used to characterize D(a — 2),
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D(a — 3) can be characterized as follows:

2073 5.2073 5™ §(xx) even,

D(a—3) =
3-2073 72073 %" 6(xx) odd.

This means that each automaton that corresponds to an even > () produces the residues
2073 5. 2273, Similarly, each automaton that corresponds to an odd > d(x) produces the
residues 3 - 2973, 7 . 2973,

It is then logical to generalize this characterization to D(a — ).

(1+45) - 227" 320(x) even,

D(a—1i) = . y
(3+4j) 27" 326(xk) odd

which leads to the following conjecture:

Conjecture 6.6. For D(aw — i) and n = 1x31... 1x,—30, if > 6(xx) is even then there
exists a C'(n) = (1 +45)2° " mod 2% for j = 0,1,...,i — 2. If > d(xx) is odd then C(n) =
(3+45)2°  mod 2% for j = 0,1,...,i — 2.

This conjecture has been tested for a = 11,12,13 using n = 1,2, ..., 500, 000. Conjecture
[3.3] would follow from this result.

7 Summary

In this paper, we provide some insight into the nature of even residues of Catalan numbers
mod 2%. In particular, we first prove initial results that explicitly characterize some of the

absent or eventually absent residues. Together, each of these results regarding the eventually

35

absent residues demonstrates that the number of present residues is bounded above by (3.

We then took a different approach to this problem and were able to characterize the Catalan
numbers based on their 2-adic valuations. We were able to completely characterize present
residues of the form 2 + 87. In addition, these characterizations based on 2-adic valuations
provided some insight for a possible approach that describes present residues of the form

87. This led to a conjecture that has not yet been proven, but it does indicate the number
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of present residues is bounded below by %. Therefore, it seems the proportion of present

residues falls between .125 and .27.

8 Future work

Conjecture , which would produce a lower bound of %, remains to be proven. The most

promising path to attempt this proof may be to continue the work in Section [6] This would
consist of characterizing the binary representations of elements of D(« — i) and proving that
at least one n such that C'(n) .

Additionally, the 4 mod 8 and 6 mod 8 nodes have yet to be characterized. This can
likely be done by using the same methods we have shown; that is, extending the tree until
we can classify each leaf as either constant (in the case of an eventually absent residue),

linear (e.g. 18 mod 32), or exponential (e.g. 0 mod 8).
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Abstract

The work discussed here develops methods to evaluate certain infinite products in
closed-form. These are finite products of values of the gamma function. Presented here
are infinite products of rational functions R(n) raised to the power of some sequence
M,,. The sequences satisfy certain regularity conditions as either a f-periodic or k-
automatic. Of particular interest is the regular paperfolding sequence considered by J.
P. Allouche. Also included are some results on the p-adic valuation of partial products

of these types, which also contain some patterns of interest.

1 Introduction

The evaluation of infinite sums and products is a topic of great interest in mathematics.
Mathematical constants arising in these evaluations are sometimes unexpected and interest-
ing. For example, the earliest evaluation of an infinite product was produced by J. Wallis in

1655

et (2n)(2n) .
U (2n—1)2n+1) 2 (1.1)
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The history of this discovery appears in [9]. A variety of infinite product evaluations

including

ﬁ(1+ ! >:%andﬁ(1+ ! ):3—@ (1.2)

i Fonyq Loniq
were given by J. Sondow [10]. Here, F,, and L, are the Fibonacci and Lucas numbers,
respectively, defined by the recurrence z,,1 = x,, + z,_1 with the initial conditions z, =
1, xy =1 and xy = 2, x; = 1, respectively. The golden ratio ¢ = %(\/5 + 1) is the limit of
F.1/F, asn — 0.
The value of infinite products usually involves classical concepts of analysis. For instance

P. Borwein [3] evaluates the function

(—1)k+1k
JU) (1.3)

as a generalization of the values

00 9 (=1)nt+in T 0 9 (=1)™n 6
H< +n> 2" g( +n> e (1.4)

n=1

established by Z.A. Melzak [0]. Some exact evaluations are given in terms of the constant

1 o0 g8 s s s
A = S 1-242 1.
! eXp{4 /0 5 { > 12 65—1:|d8} (1.5)
and
= (=1
G = 1.6
Z (2n+1)2 (16)
n=0
For instance
AS 1 21/, /m A3
D)= —1 andD(-) =2V 1.6/ 1.
)= gz @ D (3) = S e 0

The question considered here deals with the evaluation of products of the form
[T 2w ™. (1.8)
n=0

Here R is a rational function and s is a sequence with regularity properties (as stated by
J.P. Allouche in [1]). Examples of such sequences include periodic and automatic sequences
taking values in the alphabet {+1, —1}: a sequence {s, : n > 0} is k-automatic if the set of
subsequences {4y : n > 0} with j > 0,1 € [0,k — 1] is finite. More information about

automatic sequences appears in [2].
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The arithmetic properties of these products are analyzed in their p-adic valuations. The
p-adic number field has been leveraged heavily to further our understanding of the rational
numbers. The p-adic valuation of a number is denoted by v,(n) for a fixed prime p and is

equal to the exponent of the highest power of p that divides n.

2 Convergence criterion for infinite products

An infinite sum is said to be convergent if the limit of its partial sums exists and is finite; it is
said to be divergent if its partial sums are unbounded. In the case of infinite products there
are two different types of divergence. If the limit of the partial products exists and is finite,
the product is said to converge; if it grows unbounded, the product is said to be divergent;
also, if the product is identically zero it is said to diverge to zero rather that converge to
zero. This reasoning become clear in lemma . A strong result about the convergence (or
divergence) of infinite products of rational functions is provided in this section. This result
implies that if an infinite product converges then it can be evaluated in terms of the gamma
function.

First, a well known result, that provides a criterion for divergence of infinite products, is

introduced:

Lemma 2.1. Let u: R — R. If H u(n) converges then lim wu(n) = 1.

n—o0
n=1

(0.)
Proof. Assume that the product H u(n) converges to some real number L, then the quan-

n=1

tity log L = logHu(n) = Zlog u(n) is finite and well defined; that is to say, the sum
n=1

n=1

> logu(n) converges. Since Y logu(n) converges we know that lim,, ., logu(n) = 0 but
n=1 n=1

since log is an injective function we conclude that lim u(n) = 1. O
n—oo

If an infinite product goes to zero, taking its logarithm makes it a divergent infinite sum
and thus the terminology “diverging to zero”.
Next, the proof of a classical result due to Weierstrass is provided. This result will be

constantly used to evaluate infinite products, for the classical formulation refer to [I1]:
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Lemma 2.2. Let u: R — R be a rational function. If

(n+a)(n+a) - (n+aq)

u(n) = (£ b0)(n+ b2) - (n  ba) where a;,b; ¢ {0,—1,—-2,-3...}
and
d d
22
then )
M ulm) = T L)
,1:[0 () = E I'(ay)

Proof. To prove this equality first recall Euler’s definition of the gamma function

(k + 1)7k!

I'(z) =1 2.1
then we have
F(bl)F(bd) d b —as F n—|—CLj TL+CL1 n—i—ad)
= lim ki = 2.2
F(CLl)"'F(CLd) k~>ooj 1 gn—i—bj 1:[ Tl-'-bl n—i—bd) ( )
where the last equality comes from the fact that since a1 +---+aq—b;1 —---— by = 0, then
the products of k%% for 1 < j < d equals k® = 1. n

This condition on the sum of the roots and poles seems very restrictive, however if an

infinite product of rational functions cannot be evaluated in this way then it diverges:

Theorem 2.1. Let u: R — R be a rational function with no roots or poles in the nonneg-

ative integers and such that lim,,_,o u(n) = 1. Then H u(n) converges if, and only if,

(n+b1)(n+b2)---(n+bd

u(n) = (ntay)(n+az)--(n+a where Z a; = Z b;. (2.3)

(n+a1)(n +ag) - (n + ag) :
Proof. First note that if u(n) = T bl)( n b2) T bd where Z a; = Z bj, lemma
n 1 n ) - n d —

2.2/ not only asserts that H u(n) converges, but it also provides a method of evaluating it
n=1
in terms of the gamma function.

[e.e]

Hence, the converse (convergence of H u(n) implies (2.3))) is proven as follows:

n=1
Assume that the product does not diverge. If this product converges to some finite value,

63



then by lemma u(n) — 1 as n — oo. Hence, if u(n) is some rational function, it is

P(n)

necessarily of the form u(n) = o) where deg(P) = deg(Q), and the leading coefficients of
n

P and @ are equal. As these polynomials have finite degree, they may be written as products

of linear factors over C, i.e.

P(n)  (n+ay)---(n+ag)

u(n) = =
for some aq,--- ,aq4,b1, -+ ,bg € C. This yields
b\ L b\ L
u(n):<1+@>---<1+%>(1+—1> ...(1+_d)
n n n n
a+...+a _b__b 1
=14 e 140 (—2>
n n
0 a a1+...+ad_b1_..._bd 1
[ =1 (1 z +0(5s))
and since the harmonic series Z —, appearing when the product is expanded diverges, the
n
n=1
linear term must equal zero for the product to converge, hence a; +---+ag—by — -+ — by =
0. O

With this criterion one can evaluate infinite products of rational functions. Moreover,
given a periodic sequence M,, with elements in {1, —1}, one can characterize rational func-

tions R(n) for which [] R(n)M» converges. Note that for a sequence M,, € {+1, —1} and
n=1

any constant ¢ # 1, lim ¢ # 1. Therefore []c* is not defined. Hence throughout this
n—oo

paper it is assumed, unless otherwise indicated, that every rational function has leading
(n+a1)---(n+ad)
(n+by)--(n+b.)

coefficient 1; that is, R(n) =

3 Sequences of period 2

To motivate the general results, begin by letting R be a rational function, M, = (—1)"

and considering HR(n)M". What conditions on R are sufficient and necessary for the
n=1
convergence of this product? The characterization of all such functions is given in the

following
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Theorem 3.1. Let R be a rational function with no roots or poles on the positive integers,

then H R(n)Y" converges if, and only if nh—>nolo R(n) =1.

Proof. First note the restriction that none of the roots and poles of R are positive integers
integers rules out the possibility of products being identically zero or blowing up for some

finite index. As for the claim, this can be proven by considering the partial products of

R(n)Mn:

N 15 L%J R(2n)
-n" _ (2 B S
}_[O HR "H 2n+ L Ren sy

Taking limits of both sides as N — oo gives us equality of the products H R(n)(_l)n
n=0
and Hn , R(27’2Li)1 By theorem , the infinite product on the right-hand side converges if,
and only if,
R(2n) n+ay)(n+ag) - (n+ =
= satlsﬁes s ;.
R2n+1) (n+pB1)(n+Bs)-- (”‘f'Bm Z o jzlﬁj

(n+ai)(n+az) - (n+aq)
(n+b1)(n+bg) - (n+b)

R(2n)  (2n+4a)2n+az)---(2n+aq) 2n+1+01)2n+14by)---(2n+1+0b,)
R2n+1) (©n+b)2n—+b)---2n+b) 2n+1+a)2n+1+as) - 2n+1+ay)

Now R has the form R(n) = , so that

So, H R2 +1 converges if, and only if,

T d r d
1 1
—E al E 1+b]):52 b]+22 1+Cll E E 1.
_] 1 7=1 =1 7=1 =1
This is true if, and only if, d = r, but since

_ (nta)(n+a)- - (n+ag)
Bn) = ) s b))

it can be concluded that d = r if, and only if, R(n) — 1 as n — oc.

]

In what follows, a closed-form formula for the evaluation of these products, is derived.

First recall that

o0

s e R(2n)
EOR(”)( "= EO R2n+ 1)
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Therefore the evaluation of this product is given by

< () ()
R(n)V" = 22 (3.1)
11 iy

where d is the degree of both the numerator and denominator of R. To simplify this expres-

sion, use the duplication formula for the gamma function to obtain

i+ 1 Vl(a;)
T (CL ) = (3.2)
2 2071 (%)
that yields
o ai—1p2 (i
T (ai2+1) Val(a;) .
Hence, ; ) b
FGTEY) el G) ) (3.4)
TEET(E) ° EET6)
Therefore,
d a d
Lresre " L Peare)

where S(a,b) = Z(bi — a;).

Note that there is a total of 22 = 4 different 2-periodic sequences in the symbols —1 and
1. Two of them are trivial, one was discussed above, and the last one is —(—1)" = (—1)"1.

Hence the previous results generalizes to this sequence by just considering reciprocals.

i —
n+1

(=nr
Example 3.1. The product H ( ) can be evaluated noting that R(n) =

n+1
1 as n — oo.

Apply the result to get

() -1 [0 - b -

n=1 n=0

where the second to last equality follows from lemma [2.2] and the last one follows from

properties of the gamma function.
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4 Sequences of period 3
Attention is now turned to a sequence of period 3. Define the sequence [,, as
1 if n =0 mod 3;

—1 otherwise.

Next consider products of the form H R(n)™.

n=1

Theorem 4.1. Let [, denote the above described sequence, and

(n+ay) - (n+ay)
(i b))

R(n) =

[e.9]

be a rational function with no roots or poles in the positive integers. Then H R(n)" con-
n=1
verges if, and only if,

(1) lim, o R(n) =1
(ii) Z?:l a; = 22:1 b;.

Note that condition (i) implies that » = d. These conditions combined imply that no
quotient of monomials (excluding trivial case p(n)/p(n)) yields convergence of the product

in question.

Proof. Taking the same approach as before:

v LT T . W R(3n)
H Rn) = }_[1 R(3n) 71_[0 RGBn+1) }_[0 RB3n+2)  RLRE) 1L RBa+ DREu+2)

By taking limit of both sides as N — oo we get the equality of the products H R(n)"

n=1

1 = 2
and ROEQ) 71_[1 R0n —1—]%1()1221()371 oy so that the convergence of one is equivalent to the

convergence of the other.

67



Once again, since R is a rational function with leading coefficient 1, one can factor both
the numerator and denominator to write it in the form

R(n) =

(n+ay)(n+asg) - (n+ag)
(n+b)(n+by)---(n+0b,)’

so that
R(3n)
R(3n+ 1)R(3n + 2)
_ (Bnta)---Bntag) Bn+14b)---Bn+14+0b) Bn+2+0b1)---(3n+2+0b,)
S Bnb)-Bnab) Bndl4ta)--Bntlta) Bn+2+a) - Bn+24ay)

By lemma it is needed lim f2(3n)

n—oo R(3n + 1)R(3n + 2)
2r +d <= d = r; this gives us condition (7). Now, by theorem [2.1]it is also needed that

= 1, therefore it must be that 2d 4+ r =

d d
%Z Z 1+;) 2(2%) _ %2(1“@%2 2+ a) + Zb
i= J = i
r d
= ) bj+3r=> a+3d,
j=1 i=1
r d
but since d = r this equality holds if, and only if, ij = Zai which explicitly gives us
j=1 i=1

condition (i7). It is clear from this argument that if conditions (¢) and (ii) are satisfied then

H R(n)" converges. This completes the proof. O

n=1

The product H R(n)™ reduces to evaluating
n=0

00 l bi+1
- B(3n + 1) R( 3n+2 = n+bT+1)( + bit2
The value of this product is given in terms of the gamma function as

T (T (ST (5
Hrerenres

=1 3 3 3

(4.1)

where d is the degree of the numerator (and denominator) of R. This expression can be
simplified using the triplication formula for the gamma function to obtain:

() () - e
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which yields

a - 1 ! (4.3)
'(3) 37732 (%)
Therefore ) - o -
DT () T () T »
F(3) (5T (55%) 2 (%) I(b)
h
so that d b_ az-i-l) T (a2+2) d 2 (Z) F(CL)
H 2’ ey = 3 [ (15
1:1 ? )F( 3 ) i=1 I (?) F(bz

i=1
the closed-form formula

d
Here S(a,b) = > (b; — a;) but condition (i) on theorem forces S(a,b) = 0. Hence

I? (%) I(a;)

HR "= H 2 (3 ) T'(b) (4.6)

is obtained. Once again, note that there are 2° = 8 distinct periodic sequences of period

3 in the symbols —1 and 1, however 2 of them are trivial and of the remaining six, three
are the negatives of the other three; for example { 1,1,1} = —I,. Thus, in other to make

a general statement on 3-periodic sequences it is only necessary to consider the sequences

ln, sn ={-1,1,—1}, t, = {—1,—1,1}. The problem of characterizing rational functions R
o0

for which H R(n)" was completely solved, so attention is turned to the same question for

the Seque;(::e()s s, and t,. Characterization of rational functions yielding converging infinite

products when raised to these sequences is the same as the characterization of rational

functions for the sequence [,,. This can be seen using the same argument as before, after

noting that

it 3n +1)
R
ICOR Pl
and
= R(3n + 2)
R
E (n) H R(3n)R(3n+1)
Applying the same method yields the respective closed-form formulas
R | ke (@.7)
T 1+ ’
n=0 t=1 [ (bn)T%( 3%)



and
d 2 2+b t)

E)R( = H bt F2 oy (4.8)

t=1

Thus, theorem actually gives a characterization of all rational functions for which

H R(n)M" converges, where M, is any 3-periodic sequence in {1, —1}.
n=0

3+4n+n*  (n+1)(n+3)

4+4n+n2  (n+2)?
the roots or poles of R are positive integers, and the conditions of theorem are satisfied,

. None of

Example 4.1. Let [, be as above and put R(n) =

hence:

ﬁ ((n—l— 1)(n + 3))1” _TY2/3)r3)ra)  32rt
vt (n 4+ 2)? [2(1/3)r2(1)r2(2) 9re(1/3)
This section closes with the following remark. Note that in the proofs of theorems
and [£.1] issues of convergence were addressed by considering partial products and then
taking limits. In general, this argument applies to all proofs of this type. Therefore, in
the rest of this paper, the splitting of infinite products is done without addressing issues of

convergence; however, the reader should keep in mind the argument on the partial products

used previously.

5 Sequences of period 4, a hint to the general case

Sufficient and necessary conditions for convergence of infinite products have been established
for sequences of period 2 and 3. These conditions seem to impose some restriction on the
rational functions for which the infinite product can be evaluated. However, this pattern

does not entirely persist.
Consider the 4-periodic sequence {1, —1,—1,1} given by

1 if n =0 or 3 mod 4;

—1 ifn=1or2mod 4.
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(n+a1)~-(n+ad)
(n+b) - (n+0b)

Once again, let R(n) =

| | B R(n)Mn

with a;,b; ¢ —N and consider the product

) v, 17 R(@An)R(4n+3)
H R(n)™ = go R(4n + 2)R(4n + 3)

_H H (An+a;)(4n + 3+ a;)(4n + 14 b;)(4n + 2 + b;)
(4n+b;)(An +3+b))(4n + 1+ a;)(4n+ 2 + a;)

n=0 1< <d
1<5<r
. it M R(4n)R(4n+3)
Hence it is known that }_[(]R(n) converges if, and only if nh%r{olo Rn DR+ 2
and
d d r r r r d d
> ai+Y (ai+3)+> (bi+D+> (b+2) =D bi+Y (h+3)+ > (m+1)+> (a;+2).
i=1 i=1 j=1 j=1 j=1 j=1 i=1 i=1

The first condition is clearly satisfied and the second condition simplifies yielding
d r r d
2) a;+2) bj+3d+3r=2) b +2) a;+3r+3d.
=1 J=1 j=1 i=1

The latter is always true; that is to say H R(n)M" converges for every such rational function.
n=0

However, considering the sequence

1 if n =0 or 1 mod 4;
M, =

—1 if n=2 or 3 mod 4,

it is obtained that

" M. 17 R@An)R(4n+1)
U k)™ = }_IO R(4n + 2)R(4n + 3)

_H H (An+a;))(4n+1+a;)(4n+ 2+ b;)(4n + 3 + b;)
(4n+b))(4An +1+b)(4n +2+a;)(dn+ 3+ a;)

n=0 1<z<d
1<5<r

4 dn+1
This converges if, and only if 7}1_)1{)10 RZ; Z)QR;(RZL;L— +)3)

d d r T r r d d

S i+ (a+1) 4> (bi+2)+) (h+3) =D b+ (bi+D)+Y (ai+2)+ ) (a;+3).

i=1 i=1 j=1 j=1 j=1 j=1 i=1 i=1

=1 and
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Once again the first condition is clearly satisfied and the second one simplifies:

d r r d
QZai+Qij+d+5r:Qij+22ai+r+5d — r=d.
i=1 j=1 j=1 i=1

So that | | R(n)™~ converges if, and only if lim R(n) = 1.
n—oo
n=0

In the following section these results are generalized and proven for any periodic sequence.

6 Periodic sequences, the general case

o

In this section, a characterization of rational functions R for which H R(n) converges,

n=0
where M, is a periodic sequence of period ¢ for some ¢ € N, is established.

Theorem 6.1. Let R(n) = (&121; e EZ _—:: Zd))
- i

1<s<d, 1<t<r, andlet M, be a periodic sequence of period ¢ in {1,—1}. Define
Mt={i: Mi=1and0<i<{l—1}and M~ ={j : Mj=—1and0<j<{(—1}.

be a rational function with as, by ¢ —N for

Case 1: If |M*| # |M~|, then H R(n)M" converges if, and only if

n=0

(i) lim R(n) =1

n—00
d r
(i) > am =Y bn.
m=1 m=1

Case 2: If IMT| = |M~| but Z i # Z j, then HR(n)M” converges if, and only if
ieMt jEM— n=0

lim R(n) = 1.

n—oo

Case 3: |M*| = |M~|, and Z P = Z J, then HR(n)M" converges for every such ra-
tEM+ jEM— n=0
tional function R.

Note that if ¢ is odd then Case 1 always applies and Case 3 is only attainable when ¢ = 4r

for some r € N.
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Proof.

R(¢ ) R(C ;
Assume |MT| # |M~|, and let Ry(n) = (én + 1) (In + ji+))

R(fﬂ + i1> s R(ﬁn + Z'|M—‘)

[T20)" =] Rin)

where j,, i, € {0,1,---¢ — 1}. Without lost of generality assume |M~| < |[M™|, then

R(fﬂ—}—jl)R(fTL—}—ﬂM ‘) R(€n+jM+)
R(€n+i1) R(€n~|—z|M ‘)

By Lemma , it is necessary to have lim R;(n) = 1 but since

such that

R1 (n) =

n—oo
m R(ETL +j1) s R(fﬂ +j\M*|)
n—o0 R(f?’b + il) s R(ﬁn + i|M—|)
it is needed that

= 1 for any rational function R,

lim R({n + Jjm- |+1) -R(fn +j|M+|) =1,

n—oo

but this true if, and only if, lim R(n) =1 which gives condition () on Case 1. Note that
n—oo

this also implies that d = r. Now, the evaluation of this product reduces to

0 =1 €n+]1+bt (€n+j|M+|+bt>(€n+Z1+at)(€n+Z|M—‘—{—at)’

which, by Theorem [2.1] we know converges if, and only if

ZZ(at‘i‘jS)""ZZ(bt"i‘iS) :ZZ(bt+js)+ZZ a + 1)

s=1 t=1 s=1 t=1 s=1 t=1 s=1 t=1
which simplifies to

| Mt | M| | M| | M|

MﬂzatﬂM |th+d2js+d223— M*\thﬂM |Zat+d225+d215
d
= (|M"|-|M7]) Z (IMT]—=[M)) th = Zat th,
i—1 t=1

which is precisely condition (i) on Case 1. This completes the proof of the first case.

R(ln+j1)--- R(ln+ jm)

Next, if it is assumed that |[M | = |[M~| = m, then Ry(n) = R(tn+ i) R(n+ i)
n Zl oo n Zm

so that lim,_,, R1(n) = 1 for any rational function R.

Now, the evaluation of this product also reduces to

HR Mn_HH (In+j14+ap) - (In+ o+ a)(ln + i1 + bs) -+ (bn + iy, + by)
n=01<t<d (n + g1 +bs) - -+ (bn + Jim + bs)(kn + i1 + ap) -+ (kn + iy + ap)’
1<s<r

73



which converges if, and only if

r 7 m

SN a3 s+ in) = DD e+ k) + DD (ar + i),

k=1 t=1 k=1 s=1 k=1 s=1 k=1 t=1

which simplifies to

d r m m r d m m
mZat+mst+d2jk+TZik:mZbS+mZat+7’ij+dZik
t=1 s=1 k=1 k=1 s=1 t=1 k=1 k=1
! !
d—r)ij:(d—r)Zik. (6.1)
l
Note that ij Z j and sz— Z i, so that if Z Jj # Z zthen is true if,

k=1 jeM+ iEM— jeM+ €M~
and only if d = r which is true 1f, and only if, lim R(n) = 1. This proves case 2.
n—o0

On the other hand, if Z j= Z 1, then 1} is always true. This proves case 3 and
O

jeEM+ ieM-
completes the proof.

In the interest of completeness, a closed-form evaluation for these products is provided

in the following

(n+ay)- - (n+aq)
(n+by)-(n+b)

! d >
sequence, M* = {j|M; =1, 0 <j<{—1}, S(a,b)=> b:— > as, and assume HR(n)M
t=1 s=1 —

Theorem 6.2. Let R(n) =

be such that as, by ¢ —N, M, a {-periodic

converges; then

00 2 [ btJ
T Rn)™ = 50 (2m) 0D T] [(as) 1 M 62)
n=0 1<s<d L'(b) e 1 (“74)

Proof. Splitting the product by its residues modulo k we can rewrite the product first as

. €n+j
L -1 TT i
o

by noting that the terms with residues in M~ are being raised to the power of negative one,

and become inverted. Using lemma [2.2], we can re-express this infinite product as a product
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of values of the gamma function.

[T I 2

n=0ijeM+
JjeEM™
H H a1+i)"°(n+ad2—i) (n+b12‘j) (n—l—b?])
= - - — o (6.3)
L P R [ R R R
JjeEM™
g D r (s e () o
i T () oD ()T (22) o1 (22)
jeM~

Now, using the Gauss Multiplication formula

(2m) T (/2T (02) = T'(2)T (z + %) r <z + %) .T (z + 6_71) (6.5)

a b
with z = Es or z = Et the above simplifies to

(2m) 5 (1240 (g) = T <a7> . (a; 1) r (asz2) .7 <#)

B as + i1 as + 19 CZS+Z'|M+‘ as + J1 Gs+j\M—|
sr(tr () (e r () o (e

where the last equality follows because |[M*| + |[M~| = ¢, and every residue mod ¢ appears

on the right hand side exactly once. Dividing both sides by the terms containing ¢ € M

yields )
. 2) 1 (1/2—as)F .
HP(‘LS”):( ™)zt — (a,) forall s = 1, ....d (6.6)
ar N [T T (%)
I< ieM+
and similarly
: 91) 5 p(1/2=b)
I]r (btzj) _(2m) =t — B) or a1 = 1,..,r. (6.7)
[T ()

jeM—
J €M+
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Substituting and (6.7)) into (6.4) for every s and ¢ yields

(2m) (T g(1/2-ar—az—as) H ['(as) H 2 <bt+j)

(277)(’Z*Tl)rg@/z—bl—bg—-.-—br)

1<s<d (k) jeM+
1<i<r

2
~ @m0 T g(@ ] L

1<s<d (br) jeM+
1<t<r

7 Infinite products and the paper folding sequence

Recall that the regular paper folding sequence can be defined by the recurrence t;, =

(—1)" topt1 = t, and to = 1. In [1], J.P. Allouche gives a closed-form evaluation of the

2n +1
sult to a wider class of rational functions. Here, the results from previous sections are used

on \™
product H < > in terms of the gamma function. Moreover, he generalizes his re-
n=1

(specifically the closed-form formula obtained in section |3|) to take a different approach to
an+b

n to reproduce the result of [I]. It is known that
cn

the product H R(n)"™ where R(n) =
n=1

a = ¢ # 0 is a necessary condition for the convergence of the product in question, hence let

R be as above with a = ¢ and t,, be the regular paper folding sequence, then

H an+b t"_H 2an + b (_1)nH on + (a+0b)\"
S \en+d _n>0 2en +d So\2n+(c+d)

e o PAHT() <2n—|—(a+b)>t"
P2(2)0(5) g \2n + (c+d)
_ 25((32)1“2(44‘[0)“%) (4an + (a+ ) (=" H <4an + 3a + b)t"
IRICDINES 2o \ An+ (c+d) 20 den 4+ 3c+d
_ gt DG ey PEOT () <46m 30+ b)t" .
PETE T PEDNED L o3t d

-5y LN r2(L - oyl 4 bay = oy N o
¢ 2 4 c2k 2 ' a2kt 2%an 4+ a2V —1)+0b
2 > ”FQ(i ||< - > . (7))

i
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Without lost of generality one may assume that ¢ > 0. It is claimed that

 (2Van + a2V — 1)+ b t"_l
2¥cn +c(2V —1) +d/)

(7.2)

lim
N—o0
n=0
2Man +a(2N — 1)+ b
2Nen +c(2VN — 1) +d

To show this, it suffices to prove that — 1 uniformly as N — oo, to

be able to obtain

> oN ON _ 1)+ b\ < /oN N _ 1)+ b\
1:H lim an + a( )+ — lim an + a( )+
N—oo 2Nen + ¢(2V — 1) +d T \2Nen 4+ c(2¥ = 1) +d

n=0
But this result is almost immediate. Let ¢ > 0 be given. Then 3 K € N such that for all
r > K we have

2"an+a(2"—1)+b .
2ren+c(2r —1)+d

b—d b—d
= < <e
2ren+c(2r—1)+d| ~ 2r+d—1 "

for all n.

Hence, as we let N — oo we have the equality

o . 2L — d=oyp(l 4 ba
fifes) i
cn + I ( Qk )F(i + )

n=0 c2k-1

Here, a closed-form expression for the value of this product is not known, however, in some
particular cases this product can be computed in closed-form. In particular, if 2ad = ¢(b+a)
a telescoping product is obtained, and the product can be evaluated in closed-form. Now,
since a = ¢ without lost of generality one may assume a priori with that R has the form
Z—_—::Z; in which case 2ad = c(b+a) <= d = b% This is precisely the class of functions

for which Allouche gave a closed-form expression for the evaluation of their infinite products.

1+0b
+ n 1) expanding partial product and taking the

Indeed, setting a =c=1 and d =
limit, Allouche’s closed-form expresion

=~ [ nab \" L T2(1/AT(b/2
I (5%) -+

n=0

is obtained.

In the particular case of the product H (;Z 1 ;) )
ﬁ(2n+1) \/_H (I _2%) (7.5)
115,75 LT2(1 - Ar() |
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Now, noting that

00 1 1 o0 1 1
o T2 ) = TE)
and using Knar’s formula [4]
F(1+z):222ﬁ7rlf‘ 1+i (7.7)
2 2k ) .
k=1
with z = —1/2, yields
1
_k

> (L
1:[ 2F = 2/T. (7.8)

Therefore

T(5 — 5r) (3)
fHF2 2 ) 2\/_HF2_ . (7.9)

1 2k+1) ( - W)
What follows was an attempted approach to evaluate the previous product.
In addition to this simplification, it is known that by definition of the infinite product, the
right-hand side of is equivalent to

o Prd -4
vatim = 710

Note that in equation ([7.10)) the sum of arguments of the gammas on the numerator equals
the sum of the arguments of the gammas in the denominator. This hints to where this finite

products of gammas might be coming from. Making use of lemma [2.2] we get

N 2/1 1 1 \2
(T — ) (n + 1)
\/5 lim 4 P \/_ lim AR
N%ok[{ 2(; — )T (5) N%OHOUQ n+i- %)
(7.11)

Now, the product H
k=2
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converges. It is not hard to see, by comparison test, that this series converges. Moreover

N+1 N
I (n+%)<n+zi—2k%)2_H(n+%)<n+i—2¢1)2 o)
Lt )t —g) s (F DAt g)
N
Cprr ()t —g=)? | (43 (n+ - )’
—H 1\2 1 1 1\2 1 1 —1 , (713)
s ()Pt 5 —5) [\(n+3)?(n+ 35— ov)

as N — oo the factor on the right goes to zero independently of n whereas the product over

k converges. Hence, by Cauchy criterion, this product converges uniformly, obtaining the

equality
TUEEIA SIS I . SURSIIRS
+2) ~ VAT - Ar ) (n+ P+ — 5
=0 P VAR n=0k—z V¢ )Ty ok
(7.14)
Note that the function

< (z4+ (@ + 31— 21)?
Pp(w) :=H( 21)(2 N 2’”1>, (7.15)

o (ZC—|—Z) (1"|‘§—2—k)

2n+1

associated to the rational function R(n) = has infinitely many zeros accumulating

nt2
to x = —1/4 which is a pole of ®g. On the other hand, it also has infinitely many poles

accumulating to —1/2 which is a zero of ®z. However, for z > 0 this function is well-behaved,

in fact lim ®r(x) = 1. Nevertheless, this complicated function might explain some of the

Tr—r0o0
= /on+1 tn

derlying difficulti th luati f )
underlying difficulties on the evaluation o g(2”+2>

8 A special class of automatic sequences

A generalization of the result in [I] is provided in this section. A closed-form formula for
evaluation of infinite products of certain rational functions raised to the power of certain

class of automatic sequence is also given at the end of this section.

79



b
Theorem 8.1. Let R(n) = % where b,d € RT and let M, be a k-automatic sequence
n

satisfying the following recurrence

"

Mkn = qo (n)

Myni1 = q1(n)
(8.1)

Mipnik—2 = Qr—2 (n)

L Mkn—l—k—l - Mn;

where each q;(n) is a (2L)“ -periodic sequence, for some L € Z* and some power a; € N

corresponding to q;(n). Additionally, assume that |q| = |q;| for all 0 < i < k—2. Then
[152, R(n)Mr converges. Moreover, if d = b++ the product can be evaluated in closed-
form given by
i N I <(2ZL+>izk Tl j)“i)
HR =]l en T =2 1 , , (8.2)
i=0 (%) jegr I ((Qgiik + (25)%)

Note that the paperfolding sequence is one such sequence, with k& = 2, go(n) = (—1)",

b
n +b s} and (8.2 . simplifies to the result of Allouche,

2

L =1and ag = 1. In this case, R(n) =

)

Proof. The argument proceeds by splitting R(n) into the first k£ — 2 terms and raising these
to their respective periodic powers ¢;(n). Then,

oo k—2 [e'S)

ﬁR(n)M":HHR(knJri)qi(")HR(lm—i—k—1)M"
n=0 n=0 i=0 n=0
ST (ki 0\ S5 oo
,H)g(knﬂw) }_[OHR n k(1) - 1) }_[OR (k*n + k* — 1)M
oo k-2 k + —I—b (n) oo k— k‘2 —}-k )—]__|_b 0
Uo(kZJerrd) Holl(k?ZJrk )—1+d> U()R(kzmrkz—l)M"
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and after NV iterations this becomes

B ﬁﬁ’i—f Ko+ k51 (i+1) =140 "““ﬁ WV 4+ kN =140\
B _BMO k:ﬂn+kn1 +1)—1+d S ENn RN — 1+ d

[ J/

F(N,n)
It can be easily check (as done in (7.2)) that F(N,n) goes to 1 as N — oo. So that the
preceding triple product contributes entirely to this equality. Letting N — oo, this simplifies

to

00 oo oo k—2 i(n)
kfn + kP 1 —14+0b\*
Mo = () - o9

Isolating the infinite product

ﬁ’i—f P+ kP14 1) — 1+ b\ 4™ 54)
VLI "eonpi i+ 1) 1+ 4 ’ '

and noting that finite and infinite products can be interchanged, yields

’i—fﬁ B+ P14+ 1) — 14+ b\ %" &5
kPnkP-1(i+1)—14d ‘ ‘

=0 n=0

For each fixed i in (8.5)), theorem can be applied to
ﬁ Kon 4+ kP14 1) — 14+ b\ %™ 56)
Lo \kn+ k(i + 1) —1+d ' ‘

P+ EP1i4+1)—1+0

kfn 4+ kP-1(i+1)—1+d’
b+ kPl +1) -1 d+ k16 +1) -1

Here the function in consideration is

which has a single root

at 17 and a single pole at 17 The sequence in play is
¢;(n) which is (2L)%-periodic. Note also that in this case the degrees in the numerator and
: d—>b :
denominator are both 1, and S(b,d) = o Therefore, using ([6.2]), reduces to
B=1(i11)— d+kP 71 (i41) —145k°
L) i F(Wﬂ#) H r2( (2(£)ai)kﬂ L g
F(d+kﬂ—1(i+1)—1) Fg(b+kﬂ—1(i+1)—1+jkﬁ)’ (8.7)
kP jeq; (2L)~ikP
so that (8.4) reduces to
-2 b+kP1(i+1)—1 2 ( d+k’ " (i41) 14 k7
(2L) b F( k(ﬂZ ) ) H I ( (2L)%i kP ) 8.8
F(d+k5—1(z’+1)—1) Fg(b+k5_1(i+1)—l+jk5) (8.8)
i=0 kB jeqt (2L)%i kP
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Hence, the product in question becomes

% o k-2 kP (i+1)—1 2 d+k" (i41) 145k
[ s = TTTT [enr it L) e =
T d+kP—1(i+1)—1 2 b+kA—1(i+1)—14jkP
n=0 B=1 i=0 kB )jeq,j' ( (QL)%kB )
(8.9)
Once again, interchanging finite and infinite products yields
- b+kP 1 (i+1)—1 2 (d+kP T (i41)~1+jk7
[T re0* =TT oo M T
o T d+kP=1(i+1)—1 2 b+kA—1(i+1)—14jkP
n=0 1=0 =1 ( kB )jeqj ( (2L)*i kP )
(8.10)
Now, H (20)" QL)C"”c 1 so that (8-10) becomes
k2 % b+kP—1(i+1)—1 Fz(d+kﬁ "(i+1)— 1+jk")
 d—b N 2L)Yi kP
T[T |2 eI 1)
F(d+kB 1(Z—|—1)—1) FQ(b+kB 1(Z—|—1)—1+jk5)
i=0 5=1 — ) jeq QL) kP

The goal is now to find sufficient conditions for the closed-form evaluation of the infinite

product on . A simple way in which this product can be evaluated in closed-form is
d+kMNi+1)—1 b+kE(i+1)—1

if it is a telescopmg product. Note that if 17 = ] it would
d+Kk°-1i+1) =1+ 43k b+ K(i+1)—1+ K+
also be true that + ((;2_)0‘1)1{:5 tan 0 (Z(;—[,)o)mkﬁﬂ—'—] , and the product

would indeed be a telescoping product. Now,

d+k7Hi+1)—1 b+ k(i+1)—1

k5B N kA +1
b+kP(i+1)—1
— d="7 (Z]: ) — kK i+1) -1
b+k—1
— d:%.

Making this substitution, the product in question becomes

k=2 o0 kA1 (i+1)—1 12 (k2 )14k

a;(1-b) F(k—g) ( (2L)%i kP+I )
H(QL) * H T b+kP(i+1)—1 H 9 (b+kP—1(i4+1)—1+jkP (8.12)
o | DGRy L e G L

It is now easily seen that the infinite product telescopes. In fact

(b+kﬁ L(i+1)— 1) Fz(b+kﬂ(z+1) 1+Jk’6+1)

o0

(2L)~ ikB+1
H b-l—kf@ H—l) 1) H FQ(b—i—kﬂ (Z+1)—1+]/€IB)
: kB+1 jeqj’ (QL)O%]{;B
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‘ d+ENL(+1)—1+5EN
= lim F(%) H i (2(2)"%)/4N —)
- d+kN-1(i41)—1 b+i+jk
N=ee I( kf(vl =) et Nenet)
b+ 2(_ i+l
_F(k)HF(( )lk+2az) 813
— P(i) S (8.13)
k yeq (2L)%ik 2%
Substituting this last expression into (8.12)) yields and completes the proof. O

Remarks on theorem 8.2l

e The condition that each ¢;(n) has even period, at first sight, seems unnecessary. How-

ever, If some ¢;(n) had odd period then it would fall in case (i) of theorem SO
Kon+ kP (i+1)— 140

that H n+E 7 i+1) -1+
kSn+kA-1(i+1)—1+d

conclusmn would be false.

‘h n)
) converges if, and only if, b = d. Hence the

(n+a1)-~~(n—|—ad)

e This result can be generalized to any rational function of the form R(n) = (n+D1) - (n+ba)
n 1) (n d

where a;,b; ¢ —N. In this case, the condition would be that to each a; corresponds a
k

can be rearranged in such a way that R(n) =

. Without lost of generality, the denominator of R
(n+a1)-~~(n—|—ad)
<n+w)...(n+w)

[e’e} My,
closed-forms formula is obtained by means of H R(n)Mr = H H < nra ) .

unique b; such that b; =

. Then, the

az—i—k 1
n=0 m=1n=0 n+

9 Preliminaries on p-adic valuations

The introduction briefly described what a p-adic valuation is, here, this topic is explored

further.

Definition 9.1. The p-adic valuation of a number is denoted by v,(n) for a fixed prime p
and is equal to the exponent of the highest power of prime p that n is divisible by.

Example 9.1. The 3-adic valuation of 45 is equal to the highest power of 3 that 45 is
divisble by. The number 45 expressed as a list of it’s prime factors produces {3,3,5}. Since

there are two 3’s the 3-adic valuation of 45 is 2,

vy (45) = 2 (9.1)
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In relation to the purpose of this report, the p-adic valuations of the partial products of
the previously discussed infinite products, may reveal some unknowns. For example, when

evaluating the 2-adic valuation of

m(5) 0

it was reasonable to infer that the partial products are never integers when N > 2. When
looking at the 2-adic valuations as N got larger the outputs were either negative or 0 thus

implying rational numbers.
Proposition 9.1. The partial products of Equation (9.2)) are never integers when N > 2.

Proof. Suppose N > 2 and consider the finite product

ﬁ[l (n i 1)(1)n . (9.3)

Case 1: When n € 2k, a, = %

: _ 2k+2
Case 2: When n € 2k + 1, a, = 577

In both cases the denominators of a, is odd whereas the numerator is even thus Equation

is equal to 2 where p € 2Z and ¢ ¢ 2Z. Hence £ ¢ Z. O

Discoveries of these sort aid the thorough comprehension of partial products of rational
functions raised to certain sequences. The nature of the alternating sequence is an elementary

case therefore this report will analyze the characteristics related to the paperfolding sequence.

10 p-adic valuations of paper folding partial products

oo on 4 1\"

The difficulties with [] ( n ) , where t,, is the paperfolding sequence, were discussed
n=1

tn

00 2n
in Section |7| in comparison to the simpler evaluation of [] 1 as seen in [I]. In
n=1 n

addition to studying the behavior of the ®x function (Section , it is worthwhile to investi-

N on \™
gate the p-adic properties of the two aformentioned products’ partials, [] (2 n 1) and
n=1 n
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N op 41\
I <m) , as the p-adic metric is an extension of rational number qualities. These
n=1 n

properties were studied using Mathematica 9.0.1 Software.
Preliminarily the two products’ p-adic valuations were evaluated along with statistical
measures on the data points. Prod and Prodl represent the partial products, respectively.

The resulting grid appeared as such for the first two p-adic valuations:

2 Prime Prod Prodl 3 Prime Prod Prodl
Mean 999.105 -38.3401 Mean -2.0225 7.29607
Median 997. -38. Median -2. 7.
{ Variance 333109. 160.167 |’ Variance 41.4279 37.6562 }
Skewness -0.0018055210.014431 Skewness -0.157954 |-0.084667
StandardDev 577.156 577.156 StandardDev | 6.43645 6.43645

An initial observation shows how the means and medians for each product are extremely
close in value. Even though the variances are different between the products, the standard

deviations are equal. Next we see tables for different primes, together with their respective

plots,
2 Prime Prod Prodl 2000
Mean 999.105 -38.3401 | 1500
Median 997. -38. 1000
Variance 3331009. 160.167
Skewness [-0.00180552]0.014431] %
StandardDev 577.156 577.156 . . . .
1000 2000 3000 4000 1000 2000 3000 4000
3 Prime Prod Prodl
Mean -2.0225 7.29607
Median -2. 7.
Variance 41.4279 37.6562
Skewness -0.157954|-0.084667 1000 00 3 000
StandardDev 6.43645 6.43645
5 Prime Prod Prodl ) ) ) )
Mean -1.69225 |-15.1318 1000 2000 3000 4000
Median -2. -15.
Variance 25.2789 23.9669
Skewness 0.0337012)10.170986
StandardDev | 5.02781 5.02781

The initial obervations from the primes 2 and 3 hold for the primes 5, 7, 11, and 13 as

well. A pattern is more apparent now with the given plots. The left plots represent

4000 m
“r E <2n 1

85

ln
) for all prime p.
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The data clusters stagger about the z-axis continuously, excluding prime 2. Prime 2 exhibits
different qualities because the numerator will always be an even value therefore the 2-adic
valuation will always be positive. In contrast the right plots, representing

000 1o 1N\
Vp (H (Qn n 2) > for all prime p, (10.2)

n=1

display inconsistent trends among the shown primes. In particular, primes 2, 5, and 13 have
most of their data points below the z-axis. There seems to be a pattern among certain primes
that evaluate mostly negative p-adic valuations. When the plots are extended to the first 20
prime numbers the prime values 29, 37, 53, and 61 exhibit the same p-adic trait as 2, 5, and
13. Querying the sequence {2,5,13,29,37,53,61} in The On-line Encyclopedia of Integer
Sequences revealed that this is a sequence of prime numbers congruent to {2,5} mod 8 [g].

It was then necessary to evaluate certain primes in the sequence on Equation [10.2]
Example 10.1. 877 = 5 mod 8 since 877 — 5 = 872 and 872 is a multiple of 8. The plot of

4000 ¢
2n4+1\"
vg77 <H <2n+2> > (10.3)

n=1

is shown below:

1

Now that there is a list of primes exhibiting a notable effect onto Equation the

As expected the 877-adic values are less than 0.

concept of “mostly negative” has to be quantified. Meaning the p-adic valuations of these
special primes on the function produced values that were “mostly” less than 0. This paper
will define “mostly” as a percentage cutoff. Next, a table of several primes congruent to
5 modulo 8, together with the respective percentage of values of N for which the p-adic
valuation of the products is negative.

p <5ﬁ0 (ZZ i ;)t> (10.4)

n=1

This was evaluated for
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for the first 79 primes, p, where p = {2,5} mod 8.

p

%o

p

%

p

%

%

2

100

373

99

853

42

1453

96

5

100

389

98

877

93

1493

89

13

100

397

99

941

98

1549

93

29

100

421

97

997

91

1597

98

37

100

461

91

1013

95

1613

84

53

96

509

100

1021

99

1621

89

61

100

541

95

1061

99

1637

99

101

100

557

99

1069

98

1669

90

109

100

613

99

1093

87

1693

99

149

100

653

95

1109

44

1709

95

157

100

661

95

1117

99

1733

80

173

99

677

98

1181

99

1741

83

181

96

701

100

1213

99

1789

99

197

87

709

78

1229

80

1861

80

229

94

733

100

1237

51

1877

89

269

98

757

99

1277

99

1901

95

277

84

773

89

1301

71

1933

91

293

100

797

97

1373

99

1949

99

317

98

821

80

1381

89

1973

79

349

100

829

97

1429

95

There are only three prime values yielding a percentage less than 70%, which are 853,

1109, and 1237, with percentages of 42, 44, and 51, respectively. Beyond those exceptions,

the other 76 primes resulted in percentages greater than 70%.
2n+1

N
valuations of H (
n=1

2n +

2
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Conclusively, the p-adic

tn
) are characterized when p is congruent to {2,5} mod 8.



11 Closing remarks

The main result, theorem has allowed the closed form evaluation of many new types
of k-automatic products. However these results hold only when the periods of the periodic
components of these sequences are powers of a fixed even number. It is conjectured that
this method of proof cannot be generalized to periods which are powers of an odd number.
The conclusion of theorem [6.1] imposes the condition that the sum of the roots and the sum
of the poles are equal. With this restrictive condition it is reasonable to believe that thess
infinite products cannot telescope in any case other than the trivial.

In the attempt to develop closed form expressions for k-automatic products, the algorithm
developed in theorem is suited for k-automatic sequences which decompose into periodic
components. Other automatic sequences, such as the Rudin-Shapiro sequence, [7], have no

periodic subsequence and will require new approaches.

2 1
In section [7| there is an equivalent representation of the product H <2n i 2) where
n

t, is the regular paper folding sequence. The representation

= (on+1\" = /4
H()(%j:z) 2\/_H—F2(_ ) (11.1)

- 2k+1)

is closely related to the product

MI»—A
[}
\_/ R‘lH

ﬁ N (11.2)

which was evaluated using Knar’s formula [4]. It remains an open question to evaluate this
product in closed form. It is suspected that if there is a solution to this question, it will rely
on the generalized Knar’s formula given by J. Logsdon in [5].

2n+1

2n +2
It was seen that for primes of the form p = 5 mod 8, the Valuatlons of these partial products

In section [10| the p-adic valuations of the partial products H ( ) were studied.

were mostly negative. It is conjecture that for p = 5 mod 8 there exist an integer M such

N o 1\t
that, for all N > M <o.
aLoral = ’Vp<£[0<2n+2) )‘
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Abstract
We study the p-adic valuations of generalized Fibonacci sequences, focusing on the
particular sequence given by S, = F, + 2L,, where F,, and L, are the Fibonacci
and Lucas sequences, respectively. Analyzing this sequence, we create a closed form
formula for certain p, as well as formulate conjectures regarding sequences appearing

from studying 1,(Sy).

1 Introduction

The Fibonacci and Lucas numbers are well-known sequences given by a second order recur-
rence that share many identities. Only the initial conditions differ. The Fibonacci numbers,
F,, start with (0,1) and the Lucas numbers, L,, with (2,1). These two initial conditions

form a basis for Z2.

Definition 1.1. Linear combinations of these two sequences, that is, the sequences of the
form f, = aF, + bL,, are called here generalized Fibonacci sequences, denoted by f,. These

satisfy f, = fu_1 + fn_o with the initial conditions (fy, fi) = a(0,1) + b(2,1).

In order to properly study the powers of primes that divide these generalized Fibonacci
numbers and the properties that arise from them, we make extensive use of the p-adic

valuation.
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Definition 1.2. The p-adic valuation of an integer n, denoted by 1,(n), is the highest power
of p that divides n.
The p-adic metric, denoted | - |,, of a number z is defined such that | z [,= p~™*@). In

particular, define | 0 |,= 0 for all primes p.
Proposition 1.3 (Properties of v,(n)). For a prime p and integers a,b
vp(ab) = vy(a) + vp(b).
If vp(a) # vp(b),
vy(a+b) = min(v,(a), v,(b)).
Wall [7] shows that the Fibonacci sequence is periodic modulo m for all m € N. Further-
more, he shows that any natural number is a factor of some Fibonacci number.
Theorem 1.4 (Wall). For every m € N, F,, mod m forms a periodic sequence.

Theorem 1.5 (Wall). For every m € N, there exists an index n such that F,, = 0 mod m.

The p-adic valuations of the Fibonacci and Lucas numbers are well understood. The next

result appears in Lengyel [6].

Theorem 1.6 (Lengyel). Let
a(p) = the smallest n such that F,, = 0 mod p,
7(p) = the period length of F,, modulo p,and

n(p) = vp(Fag))-
Then, for p# 2 or 5,

vp(n) +n(p) n=0mod ap)

vp(Fy) = ,
0 otherwise,
and
v (L) = vp(n) +n(p) w(p) #4a(p) and n = 22 mod a(p)
0 otherwise.
Forp=2,

0 n=1,2mod 3 0 n=1,2mod 3
n(F,) =< 1 n = 3 mod 6 and  v(L,) =4¢ 2 n=3mod6

vs(n) +2 n=0mod 6, 1 n=0mod 6.
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Finally, for p =15,
vs(F,) = vs(n) and vs(Ly,) = 0.

Bloom [I] provides a characterization of the period length of generalized Fibonacci se-

quences modulo m.

Theorem 1.7 (Bloom). If a generalized Fibonacci sequence f, has a term fn such that

m | fn, then the period of f, mod m is equal to the period of F,, mod m.

However, little is known about the p-adic valuations of the generalized Fibonacci numbers.
Given that any generalized Fibonacci sequence can be expressed as f,, = aF,,+bL,, we expect
there to be similar results regarding their p-adic valuation. In the next section, we apply

identities for F}, and L, and Proposition in order to explicitly calculate v,(aF,, + bLy,).

2 Formulas for generalized Fibonacci sequences

Using the identity L,, = Fj,_1 + F,1, the following is true:

Theorem 2.1.
2aF, 14 ifa=1"b
aF, +bL, = (2a+k)Fn+1 + kF,_4 ZfCL <b
(2b)Fy1 + LF, if a > b.

where k =b—a andl =a —b.

Proof. Case 1: If a = b, then

akF, +bL, =aF, + al,
= G/Fn + CLFn,1 + aFnJrl
- aFn—i—l + aFn+1

- 2@Fn+1,

as needed.
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Case 2: If a < b, then b = a + k for some k € Z and

aF, + 0L, =akF,+ (a+k)L,
=aF,+ (a+k)F,_1+ (a+k)F,1
(a)Fp1 + (@) Fryr + k1 + kF
=aF, 1+ (a)Fh + kF1 + kF
= 2aF, 1 + kFp_1 + kFyiy
= 2a+k)F1 +kF,_1,

=akF, +

as needed.
Case 3: If a > b, then a = b+ [ for some [ € Z and
ab, +bL, =((b+1)F,+bL,
=bF, +bF,_1 +bF, 1 + I,
=b0F, 41 +bF, 1 + F,
=2bF, 1 + IF,,
as needed. O

Example 2.2. If a =0 =1, then
F.+L, =F,+L,

=F,+ Fo1+ Fop

= Fop1 + Foa

=2F, 1.
Example 2.3. If a = 2 and b = 1, it follows that

20+ L, =F,+F,_1+F, 1+ L,
=Fu+ .o+ F,=2F.1+F,.
(Note that for this particular example, it follows that 2F,, 1 + F,, = Fyi 0+ Fri1 = Fli3).
Making this observation, it is possible to represent the p-adic valuations of generalized

Fibonacci sequences using the well-known p-adic valuation of the Fibonacci sequences.

Corollary 2.4.

Vp(2aF,41) ifa=10>
vp(aFn+bL,) = { min(v,((2a + k) Fi), vp(kFy_1)) if a < b and v,((2a + k) Fy1) # vp(kFy 1)
min(v,((20) F41), vp(LF,)) if a > b and v,((20)F11) # v, (LF,).
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where k =b—a and | = a —b.
Note that this representation only provides clear insight in very few cases, i.e. a = b.

Example 2.5. If a = b, then

vo(aF, + bLy,) = 1a(2aF, 1) = ve(alF,11) + 1.

3 Reduction Modulo Powers of Primes

Proving formulas for p-adic valuations for generalized Fibonacci sequences required a tech-
nique called Reduction Modulo Powers of Primes. Taking a sequence modulo powers of p for
some prime p, is enough to determine the p-adic valuation of the sequence. This technique

relied on 3 principles:
Proposition 3.1. The Fibonacci second order recurrence holds under modular arithmetic.

Proposition 3.2. All generalized Fibonacci sequences are periodic modulo m, for all natural

numbers m.

Proposition 3.3. For an integer x and a prime p, v = 0 mod p" and x # 0 mod p™™! imply

vp(x) = n.

Consider {f,} modulo p. If there are indices n where f,, # 0 mod p, then v,(f,) = 0.
Similarly, {f,} is reduced modulo p* and indices where p? does not divide f,, but p divides
[ are found, and consequently, v,(f,) = 1. This process is repeated until f, # 0 mod p* for
all n € N. From Proposition and Proposition [3.2] it can be concluded that this process
will hold for all indices n. An illustration of this technique is provided in the proof of the

following theorem.
Theorem 3.4. Let S,, = F,, + 2L,

0 n=1,2mod 3
vy (Sy) = 1 n=3mod6
2 n =0mod 6.
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Proof. By Proposition the recursion formula S,, = S,,_1 + S,_2 holds modulo m, for all

m € N. Now consider S,, mod 2¢.

n 012 3 4 5 6 7 8 9 10 11 12 13

Sh, 4 3 7 10 17 27 44 71 115 186 301 487 788 1275
Sp,mod2 |0 1 1 0 1 1 0 1 1 0 1 1 0 1
S,mod?2?/0 3 3 2 1 3 0 3 3 2 1 3 0 3
S,mod2¥|4 3 7 2 1 3 4 7 3 2 5 7 4 3

When o = 1 notice that if n = 1 or 2 mod 3, then S,, # 0 mod 2, and by Proposition [3.3]
v9(S,) = 0. For a = 2, notice that if n = 3 mod 6, 1»(.S,) = 1 by Proposition Finally,
when o = 3, it is clear that 15(S,) = 2 for n = 0 mod 6 since 23 does not divide any term of
Sh-

Now, because the recursion formula is maintained, it is clear that there is periodicity,
and so the sequence will repeat modulo m if any two terms repeat consecutively. For S,

modulo 2 the period is 3, modulo 22 the period is 6, and modulo 23 the period is 12. O

4 2-adic Valuations

Based off of Theorem [1.6] the 2-adic valuations of Fibonacci and Lucas numbers are special
cases in which an explicit formula for v5(F,,) and v»(L,,) can be determined. This is shown in
the fact that v,(L,) is 0,1, or 2 depending on n. In order to determine vy(aF),, + bL,), a and
b must be known to apply Theorem to get a formula for vy(aF,, + bL,,). In the following
theorem’s we present specific cases of a and b where an explicit formula for vy(aF;, + bL,,)
could be determined. Note that in all of these theorems, we relate vo(ak), + bL,,) to va(Ly,).
For other values of a and b, vs(aF,, + bL,) is unknown.

In choosing arbitrary values for a, b, v5(aF,, +bL,) was calculated and the following pairs
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of (a,b) gave explicit formulas similar to vo(L,):

(1,2) (3,2) (4,1) (5,1)
(1,3) (3,5 (4,3) (5,2
(1,6) (3,6) (4,5) (5,3)
(L,7) (3,7 (4,7) (5,6)
(1,9) (3,9) (4,9 (5,10)

For the column where a = 4 and b odd, the following theorem was developed.

Theorem 4.1. For odd, positive integer b and k > 2

0 n=1,2mod 3
vo(28F, +bL,) = va(L,) =< 2 1 =3mod 6
1 n=0mod 6.

Proof. Consider {2*F,, + bL,,} modulo powers of 2.

n 0123456789 10 11
2F,mod2 [0 000O00O0O0O0O0 0 0
bL, mod 2 0110110110 1 1

2*F, +bL,mod2/0 1 1 0110110 1 1

Since 2*F,, is a multiple of 2, 2¥F,, = 0 mod 2. Also, b = 1 mod 2 so bL,, mod 2 has the same
periodic structure as L,, mod 2. Therefore, for n = 1,2 mod 2, 15(2*F,, +bL,) = 0. For this

section choose b = 3 mod 4. When b = 1 mod 4, the coming results follow similarly.

n 01234567289 10 11
2%F,mod4 [0 000000000 0 0
L, mod 4 2130332130 3 3
bL, mod 4 23101123101 1

*F, +bL,mod4|2 3 1 0112310 1 1

Since 2FF,, is a multiple of 4, 2*F,, = 0 mod 4. From the table for n = 0 mod 6,
v9(28F, + bL,) = 1. Now all that is left to check is 2*F,, + bL,, mod 8 for n = 3 mod 6.
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For this section choose b = 3 mod 8. When b = 1,5,7 mod 8, the following results follow
similarly. Also, if k& > 3, then 2¥F, = 0 mod 8 and the result would follow trivially, so

assume k£ = 2.

n 0123456789 1011

F, mod 8 0112350552 7 1
2FF, mod 8 0 440440440 4 4
L, mod 8 21347320574 3 7
bL, mod 8 6 314516754 1 5
2FF, +bL, mod8|6 7 5 4 1 5 6 3 1 4 5 1

Again, the concern is only for n = 3 mod 6. Here it is observable that 2¥F, + bL,, is not
equivalent to 0 mod 8. So v,(2*F,, +bL,) < 2 for all n. Thus the formula for v5(2*F, + bL,,)
holds.

Theorem 4.2. For a € Z,

vo(Ly) +1 a=0mod 8
2(Ln+3)
Vo(Lpt1) +2  a =10 mod 32
Vo(bLyyo) +2 a = 14 mod 32
Vo(Lny4) a = 18 mod 32

2
| »2 Lni5)+2 a=22mod 32.

a=1mod 2

X

vo(aF, +2L,) =

_'_
_|_
Note that for a = 2,4,6,12, 20,24, 26,28, or 30 mod 32, vy(aF, +2L,) is indeterminate, and

must be evaluated on a case-by-case basis.

Example 4.3. Taking a = 3, it follows that v, (3F,, + 2L,) = va(L,13).
Example 4.4. Taking a = 10, it follows that v5(10F, + 2L,,) = v2(4L,41).
Example 4.5. Taking a = 2, it follows from Corollary that

VQ(GFn + 2Ln) = V2(2Fn + 2Ln) = V2(4Fn+1) = VQ(Fn+1) + 2.
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Theorem 4.6. For b € 7Z,

Vo(Lpy3) b=2mod 4
Vo(Ln—1)+1 b=3mod 16
Vo(Fo +0Ly) = ¢ 15(Ly_s) +1 b= 9 mod 16
Vo(Lpt2) +1 b= T7mod 16
Vo(Lpt1) +1 b= 13 mod 16.

\

This theorem partially characterizes the 2-adic valuations of generalized Fibonacci se-
quences of the form F), 4+ bL,. These particular values for b were chosen because they reveal
an explicit formula. All of these formulas are related to v5(L,,). We suspect that the other
values of b mod 16 will have explicit formulas related to v5(F,,) but it could not be determined

in general.

5 3-adic Valuations

Some results from the specific case S,, = F,, + 2L,, have been simple to extend to all gener-

alized Fibonacci sequences f,, and are presented as such.

Theorem 5.1. There does not ezist a generalized Fibonacci sequence f,, such that vs(f,) =0

for all n.

Proof. We begin by reducing f,, = aF,, + bL,, modulo 3.

Note Ly = 3, so if a = 0 mod 3, the proof is complete.

If b = 0 mod 3, then the proof is complete, as it is well-known that every natural number
is a factor of some Fibonacci number.

We are now left with 4 cases, in particular (a,b) = (1,1),(1,2),(2,1), and (2,2).

(1,1) and (2,1) : F3+ Ly =2+ 4 = 6.

(1,2) and (2,1): Fy + 2L, =142 = 3.

99



Given Lengyel’s formulas for v,(F,) and v,(L,,), similar behavior is expected from the
sequence v,(S,,), and so we look at it in relation to v,(n). Curiously, there are too many

zero terms between the non-zero terms, and so remove remove them as follows.

Definition 5.2. For simplicity, we define {;;(5))} = {v,(5,) | v,(S,) # 0}. Similarly,
{0} = {wp(n) [ vp(n) # 0}

Example 5.3. The case for p = 3: 1v3(S,) # 0 for n = 1 mod 4, which can be see by
examining the period modulo 4 and noticing that the only zero terms in v3(S,) mod 4 are
when n = 1 mod 4, and so the sequence {v;(5;)} consists of every term in {v3(S,)} where

the index is congruent to 1 modulo 4.

Comparing the graphs of v(S;) and v;(l) it becomes evident that the latter is a shifted
version of the former, up to some degree of accuracy.

5-

w »
—
w
—

N
—
N
T

L Il L L L L Il L L L L Il L L L L Il L L L L L L L L L Il L L L L Il L L L L Il L L L L Il L L L L Il
10 20 30 40 50 0 10 20 30 40 50

Figure 1: On the left, the first 50 terms of the sequence {v;(S;)}. On the right, the first 50
terms of the sequence {v;(l + 23)}.

Notice that both of the preceding graphs are precisely equal, except for the 47" term,
which is off by 1. More factors can be found that yield increasingly higher accuracy, the
first few of which, ignoring multiplicity, are 23, 1805, 174578, 351725. Interestingly, 351725

is accurate up to at least the first 2 million terms in the sequence.

Conjecture 5.4. Fix a prime p # 2 such that v,(S,) # 0. Then, for all m € N, there exists
some K, such that v;(S;) = v, (Il + K,,) for all | < m.
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The base-3 expansions of those first terms mentioned are as follows:

23 = 212,
1805 = 2110212,
174578 = 222121102124
351725 = 1222121102125,

These seem to be converging to some 3-adic number.

Now considering shifting factors that return the same accuracy, it can be seen that the
numbers 23, 104, and 266 all share an accuracy of 46 non-zero terms. Considering all shifting
factors that return an accuracy of at least 46 non-zero terms, we see that there appears to

be trend in how accurate a particular shifting factor is.

Accuracy

800 -

600 [~

400 -

bbb hhsbtnbhnblshibdhhdhbihdsbhsbhsbhabbibddhbdhbittsbisblnblnbbibddhibshinib]
| ’ ! | \ . h | L ! | 1 . h | . K(m)
ok 5000 10000 15000 20000

Figure 2: Here we mark the z-axis with the shifting factors of the generalized Fibonacci

sequence F,, + 2L, while the y-axis denotes the accuracy of the shift.

In the figure above, it becomes clear that all shifting factors between 0 and 20,000 repeat the
same accuracies, namely 46, 127, and 870. Note that beyond 20,000, these numbers continue
to show a similar pattern (differing only by a slow growth), but become increasingly more
difficult to compute. Though the idea has not undergone much testing, this trend contributes

to the belief that the values of K, can be determined using a closed-form formula.
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Conjecture 5.5. Consider the sequence {K,,}. If p = 3, then K,, — ¢, where ¢ is some

3-adic number, as m — oc.
This begs the question: why is 3 special? This leads into the next conjecture.

Conjecture 5.6. (1) Existence of n;

For all natural numbers i, there exists an n; such that 3 | S,,,.

(2) Convergence under 3-adic Metric
n; — vy as ¢ — oo for some 3-adic number 7.
Attempted proofs for Conjecture [5.6| are as follows.
[5.6l.1 Binet’s formulas for F),, and L,:

Binet’s formulas are as follows:

1+
2

1S

and L, = ¢" + (—¢ "), where ¢ =

We show that v/5 ¢ Qs.

First, if v/5 was in Zs, then 22 = 5 = 2 mod 3. Consideration of z = 0,1, 2 mod 3 shows
that there are no solutions. So, V5 ¢ Zs.

Now, if it were an element of Q3, then one would see v3(z?) = 23(x) < 0. However,
notice that v3(z?) = v3(5) = 0, thus providing a contradiction.

As such, Binet’s formulas could not be used since there was no ability to discuss %5

[5.6/2 Periods of F,, and L, Modulo 3':

It is known that F,, and L,, are periodic modulo m for any integer m. The goal was to find an
index n; such that F,, + 2L, = 0 mod 3’ for any 7, which is equivalent to saying {n;} exists.
However, the index where the linear combination yielded a zero modulo powers of 3 could

not be determined. Therefore it was not definitive that there exists zeros of F}, +2L,, mod 3.
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[5.6/.3 The Identity L, = F, + 2F,_:

Using the well-known formula above, we have
Sp, = F,+2L,

=F,+2(F 1+ Fu1)

=F,+2(F,+ Foq + Fyy)

=3, +4F, .
Taking the 3-adic valuation of both sides yields

v3(Sy) = v3(3F, + 4F,_1)
= min(v3(F,) + 1,v3(F,1)) if v5(F,) + 1 # v3(F,_1).

It is well-known that any 3 consecutive Fibonacci numbers are pairwise coprime, and so it

is clear that if 3 | F),, then 3 { 4F,,_;, and thus one can only show that there exist indices
such that v5(.S,) = 0.

Theorem 5.7. If the sequence {n;} exists and converges to some 3-adic number ~, then

S, = 0 in the 3-adics.
Proof. By definition, S, is infinitely divisible by 3, which is precisely 0 in the 3-adics. [

Theorem 5.8. Suppose that sequences {n;} and {ny} exist where n; is the first index such
that 37 | Sy, and ny, is the first index such that v5(S,,) > k. Both of these sequences converge

to the same limit as {n;}, some 3-adic number ~.

Proof. Tt is clear that in the limiting case, both S,,; and S,,, are infinitely divisible by 3. Thus,
in the 3-adics, they are equivalent to 0, and thus it is clear that they must also converge to

- [

Theorem 5.9. Suppose that one can always find a shifting factor K,, for p = 3, then the

sequence n; exists and converges to 7.

Proof. 1t is clear that v(n) can be made arbitrarily large by considering powers of 3. So,
by considering terms n = 3/ — K, notice that 3(S,) = j for some arbitrary j. However,
v3(S,) is just the removal of the zero terms from v3(S,), and so v3(S,) can clearly be made

arbitrarily large, and thus, by Theorem [5.8] the proof is complete. O
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6 Prime Characterizations

It is well-known that no Lucas number is divisible by 5, and so v5(L,) = 0. Primes that
return a p-adic valuation for the sequence S,, = F,, + 2L,, can also be found, and a partial

list is as follows.
Theorem 6.1. Ifp € {13,19,29,37,41,47,53,61,89,97,107}, then v,(S,) = 0.

Proof. For all p € {13,19,29,37,41,47,53,61,89,97,107}, S,, mod p is periodic with period

according to the following table.

p [13119(29 |37 41|47 | 53 |61 |89 | 97 | 107
m(p) | 28|18 |14 | 76|40 | 32| 108 |60 |44 | 196 | 72

Calculating v,(S,) up to n = 7(p) shows that because none of the terms are 0, v,(.S,) < 0,

and thus v,(S,) = 0.

What remains curious are the primes that always return a p-adic valuation of 0. Checking
first few terms in the On-Line Encyclopedia of Integer Sequences (OEIS) [0], it became clear
that those primes had a particularly interesting property: either 5%p + 6 was prime for some
q, or p = 59pg £ 6 for some ¢ and some other prime py.

However, it became clear that this seemed to be true for any prime p, which leads to the

following conjecture.

Conjecture 6.2. If p > 5 is prime, then at least one of the following holds for some ¢ € N.
1. At least one of 5p? 4+ 6 is prime, or
2. pis of the form p = 5pf £ 6 for some other prime py.

This has been tested for the first 10 million primes. Curiously, most of the exponents
q are quite small, indeed less than 10. Only few, comparatively, require exponents much
higher.

It appears as though this can be extended to the following:
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Conjecture 6.3. Given primes py and p such that p = 1 and py are relatively prime, so

(p£1,po) = 1, then there exists some integer ¢ > 0 such that
plpo+ (p£1)

is prime. Furthermore, every prime can be expressed in this form for some py and p.

7 Completeness of Lucas Numbers

Are there any natural numbers which cannot be expressed in terms of Lucas numbers? If
we were to allow multiplicity, then the statement is trivial, as 1 is a Lucas number. What
happens if this is disallowed? Brown [2] provides information on sequences which can be

used to express every natural number in a non-trivial manner.

Definition 7.1. A sequence {b,} is complete if every natural number can be expressed by

summing the terms of a subsequence {b,,}. That is,

1=0

where §; =0 or 1.

Theorem 7.2 (Brown). Without loss of generality, assumed the sequence {a,} is nonde-

creasing. {a,} is complete if, and only if, the following criteria are met:
1. ag = 1
2. The partial sums s,_1 > ap. + 1 for all k > 1, where k € N

Corollary 7.3 (Brown). If ag = 1 and 2a,, > a,.1 for alln > 1, where n € N, then the

sequence {a,} is complete.
Theorem 7.4. The Lucas numbers, L, , are complete.

Proof. Let {L!} be the set of Lucas numbers arranged in nondecreasing order. In this case,

we can define L), = L! | + L/ _, for all natural numbers n > 4.
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The first requirement of Corollary[7.3|is clearly true, and so the only trouble is the second
requirement. The first cases where the recurrence does not hold follow as such:
2L, =2=1]
2L =4 >3 =L,
2L, =6>4=Lj.

Now, given any natural number k > 4, it is clear that L) > L) . It follows that

Ly > Ly
2Ly > L1 + Ly,
2L > Lyy1.

This, together with the first cases where the recurrence does not hold, proves that the second
requirement is satisfied. Now, this shows that {L/ } is complete. However, the ordering on

the set does not affect the completeness, and thus it follows that {L,} is complete. O

We have shown that every natural number can be represented by the Lucas numbers,
but is there anything interesting about those representations? For the Fibonacci numbers,
Zeckendorf [8] was able to provide a characterization of the representations for the Fibonacci

sequence.

Theorem 7.5 (Zeckendorf). Any natural number has a unique representation of the form

[o¢]
n = E ek,
i=0
where e; =0 or 1, and €;6,41 = 0.

It was later shown by Daykin [4] that the Zeckendorf represenation was also a character-

ization of the Fibonacci sequence.

Theorem 7.6 (Daykin). If {a,} is a sequence with unique Zeckendorf representations, then

{a,} is strictly increasing and {a,} = {F,}.

What has yet to be seen is whether or not there is a Zeckendorf representation in the
Lucas numbers. The proof that these representations do exist follows similarly to the proof

of Zeckendorf’s Theorem given in [3].
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Theorem 7.7. Fvery natural number n has a Zeckendorf representation in the Lucas num-

bers.

Proof. We proceed by induction. If n = 1,2, 3, or 4, then the representation is clear, as those

are all Lucas Numbers. Now, take £k = 5. Then we have

Suppose that every natural number n < k has a Zeckendorf representation.

Now, for n = k + 1, we have two possibilities.

Case 1: If k 4+ 1 is a Lucas number, then the proof is complete.

Case 2: 1f k41 is not a Lucas number, then there exists some j such that Ly < k+1 <
Ljii. Consider a = k+1 — L;. Because a < k, a has a Zeckendorf representation in the
Lucas numbers.

Li+a=Fk+1
Li+a<Lj+ L
a < Lj_;.
From this, it is clear that the Zeckendorf representation of a in the Lucas numbers does not
contain L;_;. As such, the Zeckendorf representation of k 4 1 is the representation of a in
the Lucas numbers plus L;. Thus, every natural number has a Zeckendorf represenation in

the Lucas numbers. O

It is clear from Theorem [7.6)that despite the fact that there is a Zeckendorf representation
in the Lucas numbers, it won’t be unique. For example, we could take 12 = Ly + L5 =
Lo+ Lo+ Ly.

Furthermore, there is no Zeckendorf representation for generalized Fibonacci sequences

as we could take (fy, f1) = (1,3), and thus there is no representation of 2.
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Abstract

Methods for determining p-adic convergence of sequences which are expressible in
terms of products of factorials are established. The Catalan sequence is investigated,
using these methods, for p-adically convergent subsequences. An infinite class of con-
vergent subsequences of Catalan numbers is found for every prime, and the limits of

these subsequences are evaluated.

1 Introduction

1.1 The p-adic numbers

A student familiar with introductory analysis will be familiar with the construction of R as a
completion of Q. In this construction of R, its elements are defined as equivalence classes of
sequences in Q which are Cauchy convergent with respect to the familiar Euclidean distance
metric.

The p-adic field, denoted Q,, is a second completion of Q. Instead of the familiar Eu-

clidean metric, it uses a metric induced by the p-adic norm.

Definition 1.1. The p-adic valuation of an integer n, denoted 1,(n), is defined to be the
greatest power of p that divides n. For a rational number z = ¢, define v,(z) = v,(|a|) —

v,(|b]). The p-adic norm of z is defined as |z|, = p~*»®).
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Example 1.2. 15(35) = 1, because only one power of 5 divides 35, and [35]5 = 57569 =

571 =1 15(25) =2,50 [25]5 =57 =572 = L.

The p-adic metric is defined as the p-adic norm of the difference of two numbers in Q,.
As noted, the completion of Q under the p-adic metric yields Q,. A detailed account of the
completion of Q to Q, can be found in [FG].

1.2 Convergence in 7Z,

The definition of p-adic convergence is analogous to that of convergence with respect to the

Euclidean metric.

Definition 1.3 (p-adic Convergence). Given a sequence {a,} € Q,, we say that {a,} con-

verges p-adically if for all k > 1, there exists an N € N such that for all m, n > N,
|am - an’p S pik'

Example 1.4. In Q,, lim p™ = 0. This is because as n increases, v,(p") = n increases, and
thus |p"|, = p~" tends to 0.
The sequence {p™ + 1}, however, tends to 1. This is because v,(p" + 1) = 0 for all n, and

thus for all n, [p" + 1|, = p° = 1.

Because elements of combinatorial sequences are natural numbers, to investigate the con-
vergence of the sequences it is superfluous to work in Q,. Instead, one need only work in
the completion of Z under the p-adic metric; this is a subset of Q, called the p-adic integers
(denoted Z,). It is well-known that Z, is a compact subset of Q,, which is itself a metric
space. Thus, every combinatorial sequence has convergent subsequences in Z,,.
Investigating the convergence of these subsequences with respect to the p-adic metric has
a few important advantages. The most important of these is that the p-adic metric satisfies

a strong-triangle inequality.

Proposition 1.5 (Strong Triangle Inequality). For all x, y € Q,,

|z — y|p < max{|x|p, |y|p}'
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Using the strong triangle inequality, it can be shown that a sequence converges p-adically if

and only if its difference sequence converges.

Proposition 1.6 (Convergence Criterion). In Q,, a sequence {a,} converges if and only if

the sequence {a,+1 — a,} converges.

For proofs of Proposition [1.5| and Proposition see [FG] or [SK].

Finally, we note an equivalent statement of the definition of p-adic convergence.

Proposition 1.7 (Equivalent Definition of p-adic Convergence). In Q,, a sequence {a,}
converges if and only if for all k > 1, it is eventually constant modulo p*. Furthermore, {a,}

converges to a limit L if and only if for all k > 1, it is eventually constant to L modulo p*.
Proof. Given k > 1 and sufficiently large m and n,
()= f(m)l, <p™* ifand only if v,(f(n) — f(m) > k

if and only if f(n) — f(m)=0 (mod p")
if and only if f(n) = f(m) (mod p*),

proving the first statement of Proposition [1.7} The proof of the second statement is almost

identical. O

Note that it is easy to see that p™ — 0 using Proposition [I.7} Given k > 1, for all n > k,
p" =0 (mod p*).

1.3 Catalan Numbers

This paper finds p-adic limits of subsequences of the Catalan numbers, C(n). The Catalan
numbers are a famous sequence of natural numbers with numerous combinatorial interpre-
tations. For example, they count the number of ways to balance n pairs of parentheses (i.e.,
such that each open parathesis is closed and each closed parenthesis is opened). For example,

3 pairs of paretheses can be arranged in the following ways.
((0)), 000, (O, O), (OO)-
Thus, C'(3) = 5.
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The Catalan numbers have a convenient closed form in terms of the central binomial

C(m:nil(?)‘

We can use this formula to check that C(3) is indeed 5.

coefficients:

1/2-3 6! 5-6
C<3>—z< 3 )‘W‘T_E"

Finally, the closed form can be used to derive a recurrence for consecutive Catalan numbers.

2(2 + 1)

Clx+1)= P

C(x).

2 Finding the p-adic Limit of C(ap")

In this section,

i, C(ap")

n—oo

is determined for all a € N[

Example 2.1. Data generated in Mathematica suggest that {C(2")} converges. The fol-
lowing graphic shows the binary expansion of C'(2") for n = 1,2, ...,25. The i** row and ;"
column gives the coefficient on 2771 of C(2). Coefficients with value 1 are represented by a

black dot, those with value 0 by a white dot.

Figure 1: Binary expansions of the first 25 terms of the sequence C'(2"); the power of 2

increases from left to right.

For example, the first row shows the binary representation of C'(1) = 1. In binary, 1 =

1+0-2+0-22+---. The coefficient 1 on 2° is represented by the black dot in the first

! This limit is a p-adic limit, as are all other limits stated in this paper.
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column, and the 0 coefficients on the remaining powers of 2 are represented by white dots
in the remaining columns.

It is perhaps easiest to see why Figure [1| suggests that {C'(2")} converges by appealing to
Proposition . The binary expansion of C'(2") — C'(2"!) can be obtained by subtracting
the n — 1% row from the n'® row. The resulting binary expansion has a 0 coefficient for all
powers of 2 for which the coefficient of C'(2") agrees with that of C'(2"7!). As n increases,
Figure [1| indicates that the binary expansion of C'(2") — C'(2"~!) has a 0 coefficient for an
increasingly long string of powers of 2 (starting with 2°). This indicates that the 2-adic
valuation of C(2") —C'(2"71) is increasing with n, and thus that |C'(2") — C'(2"!)| is tending
to 0.

For general a and p, to find the limit of {C'(ap™)} it suffices to find the limit of {(2;15’”)}

This is demonstrated by the following lemma.
Lemma 2.2. In Z,, lim C(ap") = lim (gapn).

P’ n—oo n—oo \ ap™

Proof. Let k > 1 be arbitrary. Given n > k, note that
1 2ap™ 2ap™ 1 2ap™ 2ap™
I < p ¥ if and only if v, B I > k,
ap™ + 1\ ap™ ap™ ) |, ap™ 4+ 1\ ap™ ap™
so it suffices to show the latter. We have
1 2ap™ 2ap" 1 2ap™
Vp — = -1
ap™+ 1\ ap™ ap™ ap™ + 1 ap”
B ap” 2ap™
- (ap” + 1) I K ap” ﬂ

> n>k,

as desired. O

Thus, the problem of finding the limit of {C'(ap™)} can be reduced to that of finding the
limit of the sequence of central binomial coefficients {(iif:)} The elements of this latter
sequence can be expressed in terms of the well-known gamma function. On Z, the gamma

function is defined to be

113



We can thus write

(D(apm + 1))

But since we are concerned with convergence in Z,, it will be more useful to write (apn) in

<2ap”) I'(2ap” + 1)

ap™ -

terms of a p-adic analog to the gamma function.

Definition 2.3 (p-adic Gamma Function). Let p be prime, and = € Z,. The p-adic gamma
function, T'y(x), is defined to be the unique continuous p-adic interpolation of the function

taking the following values over N.

n—1
Tp(n) = (=1)" [ % ,and T,(0) = 1.
k=1
plk
For a detailed exposition of the p-adic gamma function, including a proof of its existence

and uniqueness, see [FG]. The following proposition can be used to prove Lemma , which

2ap™

. n) in terms of the p-adic gamma function.
p

expresses (

Proposition 2.4. For all primes p and all n € N,
nl = H T, (n + 1)(~1)"pls].
p

Proof. We have

_(qynet _ (=DM )!  (=1) (n)!
Tyn+1) = ()" ][ k= = -

n—1 n n
k=1
plk
Solving for n! gives the result. m

Lemma 2.5. For all primes p and all a € N,

2ap™\  (2a ﬁ L', (2ap?)

ap™ - \a/- Fp(api)Q ‘
Proof. We first use Proposition to express (ap™)! which gives

n—1

(ap™)! = (ap" )Ty (ap™ + 1)(=1)" T'p™» (2.1)
This is a first-order recursion on n. It can be used to show via induction that
n
(ap™)! = alp 71 (=1)Xizap'+1 [T (ap’ +1). (2.2)

=1
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For the base case (n = 0), we have (ap°)! = a! = a!p°.

For the inductive step, assume that Equation holds when n = k. Then

a k+1 a k
(ap" ) = (ap™)IT,(ap**t 4 1) (— 1) Hper

k
apkfa i .
_ [a'p 25 (S o ] T (g + 1) Tylaph™ + 1)(— 1) 1o
=1
apktl_ k41

—alp™ T (- f+f“P“Hr (ap' + 1),

completing the induction and proving that Equation holds for all n. It can thus be shown

that
2ap™\ (2ap™)! B (2a)!(=1)" ﬁ [p(2ap' + 1) _ (2a ﬁ I',(2ap")
ap" (ap)!? (a)? 23 Tplap’ +1)> \a/) 3 Tplap’)®
the desired result. O

Lemma and Lemma imply that

et () > ()G &

if the latter converges. To show this, one more lemma is needed.
Lemma 2.6. Let p be prime and let a € N. In Z,, m T')(ap™) = 1.
Given Lemma [2.6], Equation [2.3] stated here as a theorem, can be proven.

Theorem 2.7 (Limits of Catalan Subsequences). For all primes p and all a € Z, the p-adic
limit of C(ap™) exists and is given by
. 2a\ ¢ I'p(2ap")
h_{llC'ap"—()”p—..
n—00 ( ) a P Fp(apz)Q

Note: An elementary proof that {C(ap™)} converges (not that it approaches the stated

limit) is given in an Appendix (Section 6).

Proof of Theorem[2.77 By Lemma [2.2] and Lemma [2.5] it suffices to show that
ﬁ Tp(2ap’)
-1 Dylap')?
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converges.

To do so, fix k > 1, and let n > k be arbitrary. Then

2ap - [p(2ap’)| n L'p(2ap?) Iy(2ap™)
T, (@ II T2| (H&uww>(nwmv )

- ap’)?
p p
_ ot L', (2ap?) | Tp(2ap™)

i=1 Fp<a’pi)2 Fp(apn)2 p
I'y(2ap™

1. p(—ap2) —1] =0,
I'p(ap™) p

where lim (% — 1) = 0 because by Lemma , I,(2ap™) — 1 and ['y(ap™) — 1. O

We conclude this section by proving Lemma [2.6]

Proof of Lemma[2.6. By Proposition [I.7] to prove Lemma [2.6] it thus suffices to prove that
for all £ > 1 and all sufficiently large n,

[,(ap™) =1 (mod p). (2.4)

To verfiy this, taking n > k will suffice. For such nf

(1) e (=1
D) = (<1 (p" + 1) e (2pt = 1)
((a=1)p"+1) -+ (ap" —1)
= (_1)ap” (1) (p"—1))" (mod pk) )
(1) (p* =1
(pk +1) o (Zpk - 1)
= DT D) e (mod ")
(P + 1) c (PP PP 1)
(pr—=pF+1) - (p" —1)

2The arrays here are not matricies. Each row is a product, and the rows are being multiplied together.
They are displayed in this way because it makes it easier to see what the terms of I'y(ap™) are equivalent to

modulo pF.
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(=1 (1) (= 1) (mod p*)

n—k

(1) (P = )7 = ()P (=) = ()T =1 (mod pP).

The second to last equivalence is due to the fact that the factors of the product (1) - - - (p¥—
1) are precisely the elements of the multiplication group (Z/p*Z)*. After multiplying in-
verses, p* — 1, which is its own inverse, remains. The last equivalence follows because either
ap"* or 1 + p* is even. This proves Equation .

As was noted at the beginning of the proof, Equation implies that for arbitrary k£ and

alln > k,
Tp(ap") —1=0 (mod p"),
so that
vp(lp(ap™) — 1) 2 k,
and finally

|Fp(ap”) - ”p < pik- O

Example 2.8. This example demonstrates Lemma [2.6] for the case where a = 1 and p = 2.

For an arbitrary £ > 1 and n > k,
[,(2") = (=1)*"(1)(3)--- (2" = 3)(2" — 1),

The power of (-1) clearly evaluates to 1. The remainder of the expression can be further

expanded by writing

A A A
~ N la N

r,(2") 221)(3) PP DR 3@ ) @2 DT 4 3) (2 - ).

As the braces indicate, the product can be divided into sections containing % = 2k terms.
There are 2¢ = 2"* such sections. The first is (1)(3)--- (2¥ — 1), and the rest are all of the
form

2L+ D2 +3) - (27— 1),

where [ runs from k to n — 1. Thus each section is equivalent to

(1)(3)-++ (2= 1) (mod 2°),
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and we have that
2n—k

LY = ()E)-- 25~ 1)* (mod pb).

As noted in the proof of Lemma the product (1)(3)--- (2% — 1) contains precisely the
elements of (Z/2*Z)*. Now

()E)--- (2" =1))" =1 (mod p*),

because when one copy of (1)(3)--- (2% — 1) is multiplied by a second copy, every element of
the group is multipled by its inverse, yielding 1. Thus, since in the expression for I',(2") the
product (1)(3)---(2F — 1) is raised to a multiple of 2, we get that ',(2") = 1 (mod p*) for
all k > 1 and all n > k. By Proposition , this implies that I',(2") — 1.

The next section uses the fact that lm C'(ap™) is known to find lm C'(ap™ + r) for all

r e /.

3 Finding the Limit of C(ap” + )

Given that lim C'(ap™) is known, it is not hard to find im C'(ap™ + r) for all r € Z. The
latter limit is thus presented as a corollary to Theorem [2.7]

Corollary 3.1. Let r € Z and let L = lim C'(ap™). Then

C(r)y-L ifr>0

2 Clap” +r) =9 1L ifr=—1andp#2

0 if r < —1.

Proof. Each case will be proven using induction and the recurrence

22z + 1)

Clx+1) = p—

C(),

with the base case C'(0) = 1. Begin with the r > 0 case. For the base case (r = 1), we have

2(2ap™ + 1) 2
1)y = 2T "N S 2L =001)- L
Clap™ + 1) P C’(ap)—>2 c)-L,

as desired.
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For the inductive step, suppose that C'(ap™ + r) — C(r) - L. Then

2(2(ap™ 1 2(2 1
Q" +7) £ 1) o 22D
ap™ +r 42 r—+2

Clap"+r+1) = C(r)-L=C(r+1)-L,

proving the r > 0 case.

For the cases for which r < 0, rewrite the recurrence as

(r+2)
= — 1).
C(x) 2(2x+1)0($+)
If r = —1, then
ap” — 1+ 2 ap” +1 1
Clap" —1) = Clap™) = C(ap" ——-L
(" =) = S5 )+ 0 W) = g ¢ @) > =5 b
as desired.
For the base case of the r < —1 case, we have
ap"” — 242 ap” 0 -1
Clap" —2) = Clap" —1) = ——C(ap" — 1 — - —-L=0.
(@ =2 = s — W~V = gl @~ = 5

Now suppose that C'(ap™ — r) = 0. Then for the inductive step,

ap” —r—14+2 ap” —r+1 r—1
(@' =r=1) = St = = )W) = gy gl @ ) 2 g 0 =0,
completing the » < —1 case and proving the theorem. O

We note two interesting consequences of Corollary . First, since nh_)rgo Céa(i Z;{; ) — C(r)
even when r < 0, it suggests a definition of C'(n) for n < 0. Such a defintion would, for
example, give C'(—1) = —1/2.

Secondly, Corollary implies that C'(n) does not converge p-adically. This is because

for a fixed a we can choose distinct values of r that yield convergent subsequences with

different limits.
Proposition 3.2. For any prime p, {C(n)} does not converge p-adically.

Proof. Given a prime p, suppose that {C(n)} converges p-adically. Then every infinite

subsequence of {C(n)} converges to the same limit. But consider the two subsequences

{C(p™ + 1)} and {C(p" + 2)}. By Corollary 3.1}

i (CPHDY_C) 1,
n—oo \ C'(p™ + 2) c2) 2
contradicting that all subsequences of {C'(n)} approach the same limit. O
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4 An Alternative Way of Stating the Limit of C'(ap”)

Theorem 2.7 showed that
2a\ v I'»(2ap’
lim C'(ap™) = ( > HM (4.1)

n—00 a p Fp(apl)Q

The goal of this section is to find a more illuminating expression of these limits. Hence, we

arrive at the following proposition.

Proposition 4.1. The limits in (4.1)) can be written as

<2a> H ;2 | log, (i/a) | — |log(i/2a)] .
a

ip:ﬁl
The proof of Proposition requires a lemma similar to Lemma [2.6]
Lemma 4.2. Let p be prime and let a € N. In Z,,
i (T (ap))" = 1.
Proof. The proof of Lemma [2.6| showed that for all £ > 1,
T(ap™) = (=D ((1)---(p* = 1)*" " =1 (mod p).
Thus (Ip(ap™))” = 1" =1 (mod p¥), so (I'y(2ap™)™ — 1, proving Lemma . O
Proposition can now be proven.

Proof of Proposition[{.1 The goal is to prove that

H Fp(2apl) _ H ;2| 108, (i/a) |~ log, (i/20)]
=1 Tp(ap')? i=1

i
We have
Typ(2ap') _ (1---(2ap—1))"((2ap+1)--- (2ap* —1))" 1 -+ ((2ap" ' + 1) -+ (2ap™ — 1))
-1 Tp(2ap?)? (L (ap—1))"((ap+ 1)+ (ap* = D))"+ ((ap" ' + 1) -+ - (ap™ — 1))]?

Factoring out a copy of each factor raised to n, we thus have

(Fp(2ap"))" (1---(2ap — 1))°((2ap + 1) -+ (2ap* = 1)) 7" - ((2ap"* + 1) - -~ (2ap™ — 1))""!
Cplapm)? ) [(1---(ap = 1))°((ap + 1) -+~ (ap? = 1)) 7L~ ((ap"~t + 1) - - (ap™ — 1))"~1]2
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The factor on the right has a nice form as the product of coprime numbers raised to

logarithmically increasing powers. The whole expression is written as follows.

n

Bty bt b
(rp@apn))" i _ (Fp<2apn> ) "
2aﬁ71 < . Llogp(i/2a)J > Fp(a'pn)2

2ap™—1

Iy(apm)? . 11 (Z Llogp(i/Qa)J>
’Lp:“’ll i:agg-i-l
ap™—1
H (7,2 Llogp (z/a)J — Llogp(i/2a)J )
n 1=ap+1
_ (Fp(Zap”) Pfi
o T (apn)2 2ap™—1 .
' I ()
i=ap™+1
pfi
ny\ 7 n n—1 ap"—1
_ (Fp(Qap )) (Fp(ap ) ) H <Z~2L10gp(i/a)J—Llogp(i/Qa)J)
) \ewy) 1l
pli
T (2an" ap™—1
_ ( P( ap ) ) H (Z-QLlogp(i/a)J—Llogp(i/Qa)J>
n\n+1 ’
Lp(apm)t i—ap+1
pli
The result follows from Lemma 2] and Lemma 2.6 O

Using Proposition , lim (2") (see Example can be expressed nicely as a product

numbers coprime to 2 raised to logarithmically increasing powers.

Example 4.3. In Z,, im C(2") =2-3-(5-7)?-(9-11-13-15)%--. . This is an infinite

n—oo

product consisting of blocks of 2" consecutive odd numbers raised to the n + 1% power.

5 Conclusion

Combinatorial sequences, while they may not have limits, are integer sequences, and as such
they have convergent subsequences by compactness of the p-adic integers. Sometimes the
form of these limits can be difficult to characterize explicitly. In the case of the Catalan
numbers, the sequence does not converge p-adically. However, we have an infinite class of

increasing subsequences which have limits.
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The limits of these subsequences appear to resist evaluation by any standard means (such
as power series expansions, or continuity). However, we have evaluated the p-adic limit of
the subsequence C(ap™), and even more generally C'(ap™ + r), where a is a constant and
r € Z. The limits of these sequences can be written as an infinite product of numbers which

don’t divide p, raised to powers increasing logarithmically.

5.1 Open Problems

It remains an open problem to characterize all convergent subsequences of Catalan numbers
as well as to find the limits of these subsequences. The methods used to answer these ques-
tions will no doubt present their utility in a similar analysis of other combinatorial sequences.
Furthermore, it is unknown whether or not the limits established here are transcendental

over the rational numbers.

6 Appendix: An Elementary Proof that {C(ap")} Con-
verges

Proposition states that to show that a sequence {f(n)} converges p-adically, it suffices
to show that its elements are eventually constant modulo arbitrarily large powers of p. This
equivalent definition of p-adic convergence is useful because there are existing results on
factorials, binomial coefficients, and Catalan numbers modulo powers of primes. One such

result is used to prove
Theorem 6.1. For all primes p and all a € N, {C(ap™) }n>0 converges p-adically.
The proof of Theorem relies on a 1997 result due to Granville.

Theorem 6.2 (Granville 1997). Let n be an integer, and write n = o + yip + - -+ + Yap?
in base p. For j > 0 and p* a power of p, define n; to be the least positive residue of LI%J
(mod p*) (so that n; = v; + vj1p + -+ + Vjrk—10"""). Define (n;!), to be the product of
numbers < n; that are coprime with p. Then

nl = p*™(§(p, k)" ™ H (n;!), (mod p*),

j=>0
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1 ifp=2and k>3
where §(p, k) =

—1  otherwise.

Since C'(n) = n(Z")! applying Theorem 6.2 to C'(n) yields

I(n+1)1°
’Pj(ll)
: ~o((2n)))!
C(n) = 8%+ () pra(Cn) Hz0(@n),)ly (mod p*). (6.1)

szo(nj)!p szo((” + 1))k
Theorem |6.1] uses the case n = ap™. To show that {C(ap™)} is eventually constant modulo
p¥, it thus suffices to show that all three components of the right-hand side of (Equation

(the power of §, the power of p, and P(n)) are eventually constant modulo pF.

Proof of Theorem[0.1]. Fix k > 1. Write a = g+ a1p+ - -+ + ap,,p™ in base p (a; # 0 for all
i), so that ap™ = agp™ + - - - 4+ p™ ™ in base p. To show that §“»*C@P") and p»(©@™) are

eventually constant modulo p¥, it is clearly sufficient to show that 1,.(C(ap™)) is constant

n—s(n)

pa where

for all n. This is an easy application of Legendre’s 1808 result that v,(n!) =
s(n) is the sum of the base-p coefficients of n. We have

Ve (Cap™)) = vy <%) = vpe((2ap™)!) — 2uk(n!)

2ap" — 5(2ap") _ap" = s(ap”)

p—1 p—1
_ 2ap™ —s5(2ap™  2ap" — 2s(ap™)
N p—1  p-1
_ 2s(ap”) — s(2ap")
= o :

which does not vary with n.
Thus, all that remains to show is that P(ap™) is eventually constant. This expression
can be simplified considerably by showing that
., apy +1 ifj7=0
ap§ if 7#40
and that
(2ap™); = 2(ap}) for all j. (6.3)
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To verify Equation [6.2] note that the base-p expansion of ap™ + 1 differs from that of ap™
only in that its p° coefficient is 1, whereas the p° coefficient of the base-p expansion ap™ is 0.
The p° coefficient is included in ap}} = a;p? + a;1p’™ +- - 4 aj4,—1p’ ™" only when j = 0;
thus, (ap™ +1)o = apy + 1 for j = 0 and (ap" + 1); = ap} otherwise.

To verify Equation [6.3] simply note that for all j

2 7 . n
o) (mod p) =20 (mod ) = 2= 7] (mod ) = 2.

(2ap™); = |

Applying Equation and Equation to P(ap™) gives
P’ (ap™)
——
szo(@apn)j)!p 2 (2@9?)!10

Plap”) = [1s0(@p))p [1;50((ap™ + 1)), - apg + 1 ']21 ((ap})lp)?

Clearly, this is eventually constant modulo p* if apl and P’(ap™) are. It is easy to check that
the former is constant for all n > k. P'(ap™) varies with n only if the set {ap]};>1 does.
Define
apy = {apj}j>1.

Then P’(ap™) is eventually constant modulo p* if ap” is constant for all sufficiently large n.

To prove this, it suffices to take n > k. Given such an n, write ap™ = a,p" + an1p" ! +
coo At U™, where apy; = «; for i € {0,...,m}. For j e N\ {n—k+1,....,n+m},
ap} = 0, since none of a,, through @, ,, (the non-zero coefficients of the base-p expansion of
ap™) appears as a coefficient of ap} for any such j. Thus there are n+m — (n —k) =m+k
values of j for which ap’ is non-zero (crucially, this number does not depend on n). Running
j from n—k+1to n+m, we get that ap” = {aop" 1, app* 2+ a1p* 1, ... Q1+ D, O }-

None of the elements of this set depends on n, as desired. O

Retracing the steps of the proof, showing that ap’j is eventually constant modulo an arbi-
trary power of p (say p*) was sufficient to show that P’(ap"), and thus P(ap™), is eventually
constant modulo p*. This was was needed to prove our original objective, that Equation
is eventually constant modulo p*. Furthermore, recall that this is sufficient to show

convergence because for all k£ and sufficiently large m and n,

|f(n) — f(m)|, < p ¥ if and only if f(n) = f(m) (mod p).
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Showing that ap™ is eventually constant modulo p* is thus crucial step of the proof. It is
also its most difficult step. The following example is meant to give the reader a better sense

of ap’j, and of why it is eventually constant, by way of the sequence {C(p")}.

Example 6.3. Suppose that a = 1, so that ap™ = p™. Fix k = 3. For a given n > 3, the
base-p expansion of p" = a,p™ = 1 - p” has only one non-zero coefficient, so for all 7 > 1,
P} =a;+ajp+ a;jop® will have at most one non-zero term. If none of j, j+ 1, or j +2 is
n, then p'=0; thus, pj = 0 for all j € N\ {n —2,n —1,n}. For the remaining values of j,
we have tht p'_, = p?, p'_; = p, and p" = 1, so that p? = {1, p,p?}. The cardinality of this
set, 3 =043 = m + k, does not depend on n, and neither do its elements.

Notice that taking n > k = 3 is necessary because if n = 2, for instance, p? = p, p3 = 1,

and p7 = 0 for all j > 2. Thus p% = {1,p}; p* is excluded from p3 because there are no j for

which a;,9 is non-zero.
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Abstract

The Franel numbers are the sums of the cubes of binomial coefficients. This se-
quence is of great interest. They are the first power for which the sums are not defined
by a closed form formula. Primes may be partitioned with respect to the p-adic valu-
ations of Franel numbers: those whose valuation is always 0, those whose valuation is
equal to the number of occurrences of a particular digit in base-p, and those which fall
into neither category. Furthermore, the 2-adic valuations of the Franel numbers have
interesting properties. The goal of this paper is to investigate the properties of these

numbers.
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1 Introduction

The sums of the first and second powers of the binomial coefficients are

() w200 (0)

respectively. The Franel numbers are the sums of the third powers.

Definition 1.1. Let n € N[ The nt* Franel number, denoted Fra,, is

n

D

k=0

#

)3.

153
154
157

157
158

159

161

The Franel numbers are the first sum of powers of binomial coefficients that do not have

a closed form expression. In [PWZ], Petkovsek, Wilf and Zeilberger show that the Franel

numbers do not have a closed form as a finite sum of hypergeometric functions. However,

!Throughout, N denotes the set of natural numbers, {0,1,...}, while Z* denotes the set of positive

integers, {1,2,..

Y
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Franel, after whom the numbers are named, derives a second order recurrence formula and

proof for the Franel numbers in [Ex].
Theorem 1.2. Let n > 2 be a natural number. Then
n? Fra,, = (7n2 —Tn+ 2) Fra, 1 +8(n — 1)2 Fra,,_o
with Frag = 1 and Fra; = 2.
Example illustrates the second order recurrence of the Franel numbers.

Example 1.3. A few of the first Franel numbers are

5 5 3
Fras = » (k) = 2252,

k=0
4 4 3
Fraj = » (k) = 346,
k=0
3 3 3
Frag = » (k) = 56.
k=0

Then, the values are replaced in the recurrence equation and the following is the result:
52(2252) = 56300 = (142)(346) + 128(56) = (7 %52 — 75+ 2)(346) +8(5 — 1)2(56).

It is not clear that the Franel recurrence yields an integer sequence. Section [ investigates
which initial conditions of the Franel recurrence yield integer sequences. Additionally, the

divisibility of the Franel numbers will be discussed.

Definition 1.4. Let p be a prime. Let n € N. The p-adic valuation of n, denoted v,(n),
is the highest power of p that divides n.

Example 1.5.

1. The 3-adic valuation of 24, 13(24) = 1, since 3' | 24 but 32 1 24.

2. The 2-adic valuation of any odd number is 0, since no odd number is divisible by 2.

If v,(Fra,,) = 0 for some prime p for all n € N, then no Franel number is divisible by p.
These primes, which will be referred to as type I, will be discussed in Section [2]
Using the Mathematica code below, the p-adic valuations for Frag, Fray, ..., Fra,... were

evaluated.
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Table[IntegerExponent [Franel[n],5],{n,0,nmax}]
where
Franel[n ] :=Sum[Binomial[n,k]"3,{k,0,n}]

After much experimentation, it was found that for some primes, which will be referred to as
type 11, the p-adic valuation of the n'" Franel number is given by the number of occurrences
of a particular digit in the base-p representation of n. This is discussed in Section [2]
During experimentation with the above code, it was seen that 2-adic valuations of the
Franel numbers seem to have a different structure than valuations with other primes. A
thorough treatment of the topic is given in Section [3
A few results tangential to the main study are presented in Section 4| and potential

directions for future research are given in Section [5]

2 Prime types

Based on the valuations of the Franel numbers, a natural partition of the primes into types
arises. Prior to this paper, this partition does not seem to exist within the literature. The

goal of this section is to classify the primes are of each type.
Definition 2.1.
(a) A prime p is type I if p does not divide any Franel number.

(b) A prime p is type II if v,(Fra,) = C,(n,2%1) for all n € N, where Cy(n, k) is the

number of k’s in the base-p representation of n.

(c) A prime p is type III if p is neither type I nor type II.

2.1 The prime 3

Fermat’s little Theorem will be applied in Proposition 2.2} As this is a well known result,

the proof is omitted.
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Fermat’s Little Theorem (FLT). Let p be a prime. Let a € Z. Then
a’* =a (mod p).
Using this, the modular residues of the Franel numbers are determined.

Proposition 2.2. Let n € N. Then

(mod 3) if n is even

1
Fra, =
2 (mod 3) ifn is odd.

Proof. Observe

n

Fra, = (k) LS (1) moas)

k=0 k=0

=2"=(-1)" (mod 3)

_ 1 if nis even _ 1 (mod 3) if nis even -
—1 ifnis odd 2 (mod 3) if nis odd.
The type of the prime 3 is now determined.
Theorem 2.3. The prime 3 s type I.
Proof. This follows immediately from Proposition [2.2] ]

2.2 Divisibility using modular arithmetic and valuations

One may recover several results regarding the divisibility of Franel numbers using modular
arithmetic and p-adic valuations. The goal of this subsection is to explore these applications.
2.2.1 Preliminaries

Functions for the sum of the digits of a number are introduced, as they will appear in the

discussion.

Definition 2.4. For any prime p and any n € N, define S,(n) to be the sum of base-p digits

of n.
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Example 2.5. Consider the prime 2 and the number 346. The base-2 representation of 346
is 101011010,. Thus,

$y(346) =1+ 0+1+0+1+14+0+140=5.
Lemma and its proof were given by Legendre in [Le].

Lemma 2.6. Let p be a prime. Let n € N. Then

From this, the p-adic valuations of the binomial coefficients are obtained.

Corollary 2.7. Let p be a prime. Let n,k € N. Then

( (n>) Syp(n = k) + Sy(k) = Sy(n)

Vp

k - p—1
Proof. The proof follows directly from Lemma [2.6 [

Additionally, note the following relation regarding the sums of digits of base-p represen-

tations of a number, given in [JLE].

Lemma 2.8. Let p be a prime number. Let ny,ns,...,n, € N. Then
Sp(n1) + Sp(na) + -+ -+ Sp(nk) > Sp(ny +ng + -+ - +ny)
with equality iof and only if there are no carries in the base-p sum of ni,no, ..., and nkE|

Proof. The lemma is proven for k=2 and the general result follows by induction. Each carry
in the base-p sum of 2 numbers subtracts p from the two digits being added, and adds 1 to
the sum of the next two digits. That is, each carry reduces the digit sum by p — 1. Since p
is prime, p > 2. That is, p — 1 > 1. The result follows due to the fact that the number of

carries is nonnegative. O

Theorem [2.9|is given by Strehl in [S]. The proof is reproduced here as well.

2For example, there are 2 carries in the base-10 sum 279 + 541 = 820.
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Theorem 2.9. Let n € N. Then

=3 (1) ()

Proof. The n'® Franel number can be rewritten as:

-3 (i)

I
[
A/ -/~ 3
>~ 3
N NG~

Motivated by Theorem [2.9] the function g is defined as follows.

Definition 2.10. For any n, k € N, define
2
n 2k
k) = )
g(n, k) (k) ( n)

Fra, = Zg(n, k)
k=0

Note. For any n € N,

by Theorem [2.9]

The divisibility of g(n, k) by p can be determined as in the lemma below. As the sums

in the lemma will be often used, they are labeled for future referencing.

Lemma 2.11. Let p be a prime. Let n,k € N. Then g(n, k) is not divisible by p if and only
if the sums

k+k=2k and (n—k)+(n—Fk)+(2k—n)=n (2.1)
have no carries in the base-p representations.
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Proof. Observe

wlatn ) =20 ))*(( )>

_ 2(5 L(n k) ) Sp(2k —n) + Sy(n) — S,(2k)
p—1
(Corollary
_25,(k) = S,(2k) +2Sp(n — k) + S,(2k —n) — Sp(n)
= ]
_ v(n, k) + d(n, k)
p—1 ’
where
Y(n, k) = Sp(k) + Sp(k) — Sp(2k)
and

d(n, k) = Sy(n —k)+ Sp(n — k) + S,(2k —n) — S,(n).
By Lemma (where ny = k,ny = k for v and ny =n —k, no =n —k, and ng = 2k —n for
d), v and 0 are nonnegative. Thus, v,(g(n, k)) = 0 if and only if v(n, k) = 0 and 6(n, k) = 0.
Therefore, by Lemma [2.8] E vp(g(n, k)) = 0 if and only if (2.1) has no carries in the base-p

sums. 2
Theorem and its proof were given by Lucas in [Lul.

Theorem 2.12. Let p be a prime. Let n = ngng_1---ng and k = kgkqs_1 - - - ko be natural

numbers with their associated base-p representations, allowing for leading zeroes in the latter.

Then .
() =11(5) ot

J

With an additional condition, a similar congruence holds for the function g.

Corollary 2.13. Notation as in Theorem . If n and k are such that (2.1)) has no carries

in the base-p sums, then
d

g(n, k) = Hg(nj, k;) (mod p).

Jj=0
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Proof. Suppose n, k are such that (2.1 has no carries in the base-p sums. Then k; < £ for
each digit k; of k. Thus, (2k); = 2k; for each digit (2k); of 2k. Therefore,

_ f[ (Zﬂ)>2ﬁ ((Q:)J‘) (mod p) (Theorem

j=0 N j=0
d 2 d
_ ”j) (2’%) _
jHO (’fj n }1 "

2.2.2 The prime 3 (revisited)

An alternate proof that 3 is type I is presented. This proof, based on the proof of Theorem

2 in |JLE], starts with a lemma.

Lemma 2.14. Let n,k € N. Then (2.1 has no carries in the base-3 sums if and only if for

each digit n* in the base-3 representation of n, the following correspondence holds:
n=0<k=0
n=1k=1
n"=2+ k=1

where k* is the digit of the base-3 representation of k corresponding to n*.

Proof.

(=) Suppose the sums have no carries. Let n* be a digit in the base-p representation of n.
Note that by the first sum, k* < % = 1, else there is a carry. Suppose n* = (0. Then
by the second sum, k* = 0, else (n — k)" = 2, and there is a carry. The cases of n* =1,

n* =2, n* =3, and n* = 4 are similar.
(<) Suppose the correspondence holds. Then clearly there are no carries in the sums. [

Example 2.15. Let n = 142 = 120213 (120213, for example, denotes 142 in base-3). Then
k =130 = 111113 is such that (2.1)) has carries in the base-3 sums. In particular, the second

sum has a carry in the third least significant digit.

135



Example 2.16. Let n = 142 = 120213. Then k = 112 = 110113 is the unique k such that
(2.1)) has no carries in the base-3 sums. This & is obtained by replacing each 2 in the base-3

representation of n by 1, each 1 by 1, and each 0 by 0. Uniqueness is given by Lemma [2.14

Corollary 2.17. Let n,k € N. Then g(n, k) is not divisible by 3 if and only if the corre-
spondence from Lemma holds.

Proof. The proof follows directly from Lemma [2.11] O

Example 2.18. Let n = 15 = 1203 and & = 14 = 1123. Then ¢(15,11) is divisible by
3, since n and k do not follow the correspondence of Lemma [2.14] This may be checked

numerically by observing that ¢g(15,14) = 8424486000 = 0 (mod 3).

Example 2.19. Let n = 15 = 1203 and &k = 12 = 1103. Then ¢(15,12) is not divisible
by 3, since each digit of n and k follows the correspondence of Lemma This may be
checked numerically by observing that ¢(15,12) = 270686015600 = 2 (mod 3). Additional
numerical checks verify that £ = 12 is the unique & such that g(15, k) is not divisible by 3.

A new proof of Theorem [2.3], restated here, is presented.
Theorem 2.3. The prime 3 s type I.

Proof. Let n,k € N. By Corollary , g(n, k) is not divisible by 3 if and only if the
correspondence of digits from Lemma holds. Thus, there exists a unique kg, given by
the correspondence of digits with n, such that g(n, k) is not divisible by 3. Thus,

Fra, = ig(n, k) =g(n,ky) Z0 (mod 3). O
k=0

2.2.3 The prime 5

Next, the prime 5 is discussed, beginning with a lemma.

Lemma 2.20. Let n,k € N. Then (2.1) has no carries in the base-5 sums if and only if for

each digit n* in the base-b representation of n, the following correspondence holds:
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n"=0<k"=0
n=1<k=1
n"=2<k"=1or2
n*=3+ k=2

n* =4+ k" =2,
where k* is the digit of the base-b representation of k corresponding to n*.

Proof. The proof is similar to the proof of Lemma [2.14] and so is omitted. ]

Example 2.21. Let n = 606836 = 1234043215, then

k; = 1122022115 = 506556
ky = 1122022215 = 506561
ks = 1222022115 = 584681

ky = 1222022215 = 584686

are the unique £’s such that has no carries in the base-5 sums. These k’s are found by
replacing each 4 in the base-5 representation of n by 2, each 3 by 2, each 1 by 1, and each 0
by 0. Then, for each 2 in the base-5 representation of n, there are two corresponding values
of that digit of k£ such that has no carries in the base-5 sums, producing 22 = 4 k’s
with no carries. By Lemma [2.20] these k’s are the only such k.

Corollary 2.22. Let n,k € N. Then g(n, k) is not divisible by 5 if and only if the corre-
spondence from Lemma holds.

Proof. The proof follows directly from Lemma [2.11] O

Corollary 2.23. Let n = ngng_1---ng and k = kqkqa_1 - - - ko be natural numbers with their
associated base-5 representations, allowing for leading zeroes in the latter. If n and k are
such that the correspondence of digits from Lemma holds, then

g(n, k) = Hg(nj,kj) (mod 5).

J=0
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Proof. The proof follows directly from Corollary (with p = 5). O

Hellof

Theorem 2.24. Let n € N. Then Fra,, is divisible by 5 if and only if n contains at least

one 2 in its base-5 representation.
Proof.

(=) Suppose n does not contain a 2 in its base-5 representation. By Corollary [2.22} g(n, k)
is not divisible by 5 if and only if the correspondence of digits from Lemma holds.
Since there is no 2 in the base-5 representation of n, there exists a unique ky, given by

the correspondence of digits with n, such that g(n, ko) is not divisible by 5. Therefore,
Fra, = Zg(n, k) =g(n,ky) Z0 (mod 5).
k=0

(<) Suppose n contains a 2 in its base-5 representation. Let n = ngng_1 - - - ng be the base-5
representation of n. Proceed by induction on the number of digits of n that are 2 in

the base-5 representation.

Case 1. Suppose n has ¢ = 1 digit that is 2 in its base-5 representation. Let « be the
index of the digit of n that is 2. Define

ko= kSEY kD and ks = KPED -k

by using the correspondence of Lemma [2.20] for all digits of k1, k2, so ]f](l) = /4:](-2)

for j # « with LY =1 and £ = 2. Since there is exactly one digit of n that is
2 in the base-5 representation, by Corollary [2.22] ki, ko are the only values of k
such that g(n, k) is not divisible by 5. By Corollary (with p =5, n = n, and

k =k, ke), )
g(n, ki) = Hg(nj, k;](l)) (mod 5)
=0
and .
g(n, ko) = Hg(nj, k‘]@)) (mod 5).
=0



Then

Fra, = Zg(n, k) = g(n, k1) + g(n, ko) (mod 5)

k=0
d d
= Hg(nj, kj(»1)> + Hg(nj,kj@)) (mod 5)
7=0 J=0
- II g(nj,kj(-l)) (9(10, kD) + g(na, kP)) (S ={0,1,...,d})
jes\{a}
=0 (mod 5),

since
9(na, EV) + g(na, k) = 9(2,1) + 9(2,2) =10=0 (mod 5).

Case II. Suppose n has ¢ > 1 digits that are equal to 2 in its base-5 representation.
Note that there are 27 values of k corresponding to n such that g(n,k) # 0
(mod 5). Observe that these k may be paired so that the elements of each pair
differ in only one digit. The base step demonstrates that for each of these 297!

pairs, the factor ¢(2,1) + ¢g(2,2) = 10 appears. Therefore, Fra,, =0 (mod 5). O

2.2.4 Lucas’ theorem for the Franel numbers

A general formulation of the congruence (mod p) of the n'® Franel number follows. This is

analogous to Theorem [2.12]

Theorem 2.25. Let p be a prime. Let n = ngng_1---ng be a natural number with its

associated base-p representation. Then,
d
Fra, = H F,, (mod p).
j=0

Proof. For each natural number k < p®*!, let k = kqkq_1ko be the base-p representation
of k, allowing for leading zeroes. Notice that for all natural numbers k;, if k; > n;, then

g(nj, k;) = 0. Thus,



By Lemma 2.11] g(n, k) # 0 (mod p) if and only if the sums of (2.1 have no carries in the
base-p representations. Thus, by Corollary [2.13]

piHi_1 P11 g
Z Z Hg nj, k;) (mod p).
k=0

k=0 j=0

Observe that n = ngp’ +nipt+---+ngp? < (p— )p°+(p — Dp' +---+(p — 1)p?
Additionally, p@+!

1 > p® — 1 with equality if and only if d = 0. Therefore
n pdtl—1

Fn:Zg(n>k): Z Z Hgn]7 mOdp)

k=0

— pd+1 —1.

pitl-1 4

k=0 j5=0
p—1 p—1 d p—1 p—1
=) > ZHQ% )= Z (n0, ko)g(na, ) - g(na, ki)
ko=0k1=0 kqa=0 7=0 ko=0 k1=0 kq=0
p—1 p—1
ko—o kd,lfo
lg(no, ko) - - - g(na—1, ka—1)g(na, 0) + g(no, ko) - - - g(na—1, ka—1)g(na, 1) +-- -+
g(no, k‘o) o 'g(nd—la kd—l)g Ng, P — 1)]
p—1 p—1 d-1 d p-—1
=) g(ni k) [T D a(ng, ky)
k():O kd,1:0 =0 j:d k]:()
p—1 p—1
k():O kd,2:0

[lg(no, ko) - - - g(na—1,0)g(ng,0) + -

-+ g(no, ko) - - - g(ng—1,0)g(nag,p — 1)] +
[g(nOakO)"'g(nd—hl)g(ndao) + - +g(n07k0) (nd 171)g(nd7p_ 1)] +oeet
[9(no, ko) - - - g(na—1,p — 1)g(n4,0) + - + g(no, ko) - - - g(na—1,p — 1)g(na,p — 1)]]
p—1 p—1 d—2 d p—1
= g9(ni, k;) H 9(nj, k;)
k0=0 kd,2=0 =0 j=d71 ijO
p—1 0 d p—1 d p—1 d
= Lot k) [TD 9tni k) =TI D 9(nj k) = [[ Fo, (mod p). O
ko=0 i=0 =1 k;=0 =0 k;=0 ;

By applying Theorem it is possible to verify if a prime is type I

Corollary 2.26. A prime number p is type I if and only if p does not divide any of
{ Frag, Fra,, ..., Fra,  }.
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Proof. By Theorem [2.25| for all n € N, Fra,, # 0 (mod p) if and only if

Fra,, Fra,, , ---Fra,, # 0 (mod p), where n = ngng_, - - - ng is the base-p representation of
n. Since p is prime, for all n € N, p { Fra,, if and only if p 1 Fra,,, Fra,, ,,...Fra,,. The
result follows by observing { n* : n* is a digit of n for some n e N} ={0,1,...,p—1}. O

Corollary easily recovers Theorems [2.3] 2.24] and [2.41] and provides a list of type I

primes.

Proposition 2.27. The primes 3, 11, 17, 19, 453, 83, 89, 97, 113, 137, 139, 163, 193, 211,
233, 241, 283, 307, 313, 331, 347, 353, 379, 401, 409, 419, 433, 443, 491, 499, 523, 547,
569, 587, 601, 617, 619, 641, 643, 673, 811, 827, 859, 881, 929, 947, 953, and 977 are the
only primes less than 1000 that are type 1.

Proof. For each prime p < 1000, numerically check if p divides any of { Frag, Fra,, ..., Fra, ; },
and the result follows by Corollary O

Additionally, Theorem [2.25 may be used to extend Theorem

Theorem 2.28. Let n € N. For the primes p = 5, 7, 13, 23, 31, 37, 47, 53, 71, 101,

103, 167, 181, 191, 197, 199, 223, 229, 263, 271, 293, 317, 349, 383, 397, 431, 439, 461,

479, 503, 509, 541, 557, 599, 607, 613, 647, 653, 677, 709, 719, 727, 133, 743, 751, 757,

797, 821, 823, 839, 877, 887, 911, 919, 991, and 997, Fra, is divisible by p if and only if n
-

. 1 - . .
contains at least one - oats base-p representation.

Proof. For each prime p listed, numerical checks verify that of { Frag, Fray, ..., Fra, ; }, only
Fra,_ is divisible by p and the result follows by Theorem W O

Example 2.29. By Theorem [2.28| for each n € N, Fra,, is divisible by the prime 13 if and
only if n contains at least one 6 in its base-13 representation. For example, 13 | Fra;g since
19 = 16,3 has a 6 in its base-13 representation, while 13 1 Fragy since 20 = 1773 has no 6 in

its base-13 representation.
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2.2.5 A congruence for prime multiples of indices

The goal of this subsection is to find a congruence relation between Fra,,,- and Fra,,-1. The
proof begins by reformulating Lemma to give an exact relation between the sum of the

sum of digits of numbers and the sum of the digits of the sum of numbers.

Lemma 2.30. Let p be a prime. Let ny,no,...,n; € N. Then
Sp(nl) + Sp(n2> +e 4+ Sp(nk) - Sp(nl +ng+ -+ nk) = (p - 1>C(n17 na, ... ank)7
where ¢(ny,ng, ..., ng) denotes the number of carries in the base-p sum ny + ng + -+ - ny.

Proof. When k = 2 the lemma follows from the proof of Lemma [2.8, The general result
follows by induction on k. O

With Lemma [2.30] an inequality between the valuations of g(n, k) and n is foundf]

Lemma 2.31. Let p be a prime. Let n,k € N. If p1tk, then

vp(g(n, k) = vp(n).

Proof. From the proof of Lemma [2.11

Sp(k) 4+ Sp(k) — Sp(2k) + Sp(n — k) + Sp(n — k) + S,(2k —n) — S,(n)
p—1 '

vp(g(n, k)) =

By Lemma [2.30]
Vp(g(n7 k)) = C(ka k) + C(’I’L - kv n— ka 2k — n)a

where c(k, k) and ¢(n — k,n — k,2k — n) denote the number of carries in the base-p sums
k+k=2k and (n—k)+ (n—Fk)+ (2k—n)=n,

respectively.

Define r = v,(n).

Case I. Suppose r = 0. Then the result holds trivially.

3Recall that g(n, k) = (2)2(%)'

n
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Case II. Suppose r > 0. It is clear that the r least significant base-p digits of n are 0. Since
p 1k, the least significant base-p digit of k is non-zero. Thus, the least significant base-
p digit of n — k is non-zero. Thus, the base-p sum (n — k) + (n — k) + 2k —n) = n
has carries in the r least significant base-p digits. That is, ¢(n — k,n — k, 2k —n) > r.

Therefore,

vo(g(n, k) > vy(n). s
A similar method of proof shows the following.

Lemma 2.32. Let p be a prime. Let n,k,r,s € N such that r > s. If ptk, then

T—S

P [ g(np", kp®).
Proof. As seen in the proof of Lemma [2.31],
vplg(np", kp®)) = c(kp®, kp®) + c(np” — kp®,np" — kp®, 2kp® — np"),

where c(kp®, kp®) and c(np” — kp®, np" — kp®, 2kp® — np") denote the number of carries in the

base-p sums
kp® + kp® = 2kp® and (np” — kp®) + (np" — kp®) + (2kp® —np") =np",
respectively.

Case 1. Suppose r = s. Then the result holds trivially.

Case II. Suppose r > s. It is clear that the r least significant base-p digits of np" are 0.
Since p { k, the s least significant base-p digits of kp® are 0, and the (s + 1) least
significant base-p digit of kp® is nonzero. Thus, since r > s, the s least significant base-
p digits of np” — kp® are 0, and the (s + 1) least significant base-p digit of np” — kp?
is nonzero. Thus, the base-p sum (np" — kp®) + (np” — kp®) + (2kp® —np”) = np”
has carries in the (s +1)%® (s +2)M ... r'h least significant base-p digits. That is,

c(np” — kp®,np" — kp®,2kp® —np”) > r — s. Therefore,

vp(g(np”, kp®)) > r — s. O
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Letting s = 0, the following result ensues.

Corollary 2.33. Let p be a prime. Let n,k,r € N. If p1k, then

p" | g(np", k),
that s,
g(np", k) =0 (mod p").
Proof. The proof follows directly from Lemma (with s = 0). O

To proceed, Corollaries and are necessary. Corollary and its proof were
given by Jarvis and Verrill in [JV] as Corollary 5.2.

Corollary 2.34. Let p be an odd prime. Let r € Z*. Let n = ngng_1---ng be a natural
number with its associated base-p representation. Let N; be the residue of L%J modulo p”
(that is, Nj = n; +n;ap' + -+ +njopap" %) for each j =0,1,...,d. Let k = kakq_1 -+ ko
and | = lgly_1 - - - ly be natural numbers with their associated base-p representations such that

n =k + 1. Make corresponding definitions for K;, L; based on N;. Let eq be the number of

indices i such that k; + l; > p, that is, the number of carries in the base-p sum of k and .

Then
()= (((Pf(<0<ﬁ§:(()2220)!)p) (i) moan

Additionally, Corollary [2.35 and its proof were given in [JV] as Corollary 5.3. Note

that a slightly different set of hypotheses are given here: rather than the stricter condition
r>s>gq,only r > g and s > ¢ are imposed here. That is to say, no specific ordering

between r and s is required. An analysis of the proof shows that this is valid.

Corollary 2.35. Let p be an odd prime. Let n,k,q,r,s € Z. Let ey < yp((’]zz:)). Ifr > q
1 (np" 1 [nprt
— = — d p?).
peo (kps> peo (kpsl) (HlO p )

np” n r—1
(2)=() mar

The key to the proof of Theorem is now shown.

and s > q, then

That is,
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Lemma 2.36. Let p be an odd prime. Letr € Z". Let n,k € N. Then
g(np" kp) = g(np"~" k) (mod p")
Proof. Write k = jp®, where p{ j.

Case I. Suppose s +1 > r. By Corollary 2.3, (with p=p,n=n, k=3, q=r,r=r,
s=s+1,and ¢y = 0),

Similarly,

Therefore,

:gnprlk)

Case II. Suppose s + 1 < r. By Lemma (withp=p,n=n,k=j,r=rr—1, and
s=s5+1,8),p " | g(np", jp*™") and p"=*~" | g(np"~", jp*). By Corollary (with
p=p,n=np L k=j,q=s+1,r=r,s=s+1,andey=7r—s—1),

1 npr _ 1 npr _ 1 ps+1 (nprfsfl)
pr—s—l kp - pr—s—l jps-‘rl - pr—s—l jps—‘rl

L) o

pr—s—l ]ps

B 1 (npr—l) _ 1 (npr—l)
prfsfl jps prfsfl k ’

1 (2kp\ 1 2k ™
pr—s—l <np7‘) = pr—s—l (npr—1> <m0d p " )
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1 .
= pr_s_l) g(np"™",jp").
Thus,
prlsl cg(np", jp°t') = prlsl ~g(np™',jp*)  (mod p**t)
Therefore,
g(np”, jp*™) = g(np™,jp°®)  (mod p").

Theorem 2.37. Let p be an odd prime. Let r € Z+. Let n € N. Then
Fra,,- = Fra,,~» (mod p").

Proof. Notice

np”

Fra,, = Zg(np’", k)

k=0

np”
= Zg(in, k) (mod p") (Corollary 2.33)
k=0

plk
r—1

np

=Y g(np’, jp)

Il
Q
—~
S
i)
3
L
<
~—
=
o
o,
i)
3
~—r

(Lemma [2.36)

Note. It is believed that Theorem [2.37|is the key to proving that particular primes are type

IT. However, no such proof has yet been found. While an inductive proof was previously

attempted, that attempt was made before Theorem [2.37| was available.
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2.3 Divisibility using finite automata

In addition to previously discussed methods, primes may be categorized using finite au-
tomata, which, in this context, are directed graphs used for finding specific values of a

sequence. This subsection is dedicated to the use of this method.

2.3.1 Preliminaries

The following definition and theorem give the basis of this subsection.

Definition 2.38. A directed graph is a finite automaton if there exists k € Z* such that
each vertex is labeled with an output value and has k edges labeled 0,1, ...,k — 1 and there

exists a unique vertex that is the initial state.

Theorem 2.39. Let p" be a prime power. The residues of the Franel numbers, mod p", are

given by a finite automaton.

Proof. In [E], it is shown that the Franel numbers are the diagonal terms of a generating
function for a rational function. By a result from [RY], this proves that a finite automaton

generates the residues. ]
Note. The finite automata referenced in Theorem may be found by the Integer Se-
quences package of Mathematica provided by Dr. E. Rowland.

2.3.2 Type I primes

By Proposition [2.27, 11 is the next prime after 3 that is type I. A new proof of this fact is

presented using the finite automaton of the mod 11 residues of the Franel numbers.

Lemma 2.40. The following is the finite automaton for determining the residues mod 11 of

the Franel numbers.
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Figure 1: The mod 11 automaton

Proof. Apply Theorem [2.39 [
Lemma [2.40| recovers Proposition for the prime 11.
Theorem 2.41. The prime 11 is type 1.

Proof. In Figure [I] 0 does not appear as a state. Therefore, by Lemma [2.40] Fra, # 0
(mod 11) for all n € N. O

Using Theorem [2.39] any prime may be checked for the type I property in the same
manner as Theorem [2.41] However, it is seen that generating the finite automata for residues
is significantly more computationally difficult than using Corollary However, additional

applications of finite automata are explored in Subsubsection [2.3.3

2.3.3 Type II and type III primes

Through computer experimentation, it was found that for some primes, which will be re-

ferred to as type II, the p-adic valuation of the n'" Franel number is related to the base-p
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representation of n. This conjecture was confirmed in some cases using finite automata. This

discussion starts with the prime 5.

Lemma 2.42. The following is the finite automaton for determining the residues mod 5 of

m/@i\

N

Figure 2: The mod 5 automaton

the Franel numbers.

Proof. The proof follows directly from Theorem [2.39] O

Example 2.43. Consider the number 113 = 423;. To determine Fra,;3 (mod 5), begin at
the initial state, indicated by the unlabeled edge in Figure |2l Then, read the digits of 113 in
base-5 starting with the least significant digit. In this case, begin with 3 and remain at the
initial vertex. Then, move to the vertex labeled 0 since the next most significant digit is 2.
Finally, remain at the vertex labeled 0 since the most significant digit is 4. By this process,

it is seen that Fraj;3 = 0 (mod 5). Numerical checks confirm this congruence.
Lemma [2.42] recovers Theorem [2.24]

Theorem 2.24. Let n € N. Then Fra, is diwvisible by 5 if and only if n contains at least

one 2 in its base-5 representation.
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Proof. Let ngng_1---ng be the base-5 representation of n.

(=) Suppose n does not contain a 2 in its base-5 representation. Then by Lemma
as the digits ng,n,...,nq are read into the mod 5 automaton, the residue 0 never

appears. Therefore, Fra,, is not divisible by 5.

(<) Suppose n contains a 2 in its base-5 representation. Let o be an index of a digit of n
that is 2 in base-5. By Lemma [2.42] regardless of which state has been reached prior
to reading n,,, the state of 0 will be reached after reading n,. Then, since any future
digits return to 0, it is seen that Fra, = 0 (mod 5). Therefore, Fra, is divisible by
5. O

A similar analysis yields the following.

Theorem 2.44. Let n € N. Then Fra,, is diwvisible by 25 if and only if n contains at least

two 2’s in its base-5 representation.

Proof. Theorem yields the finite automaton for the residues (mod 25) of the Franel
numbers. just as in the proof of Theorem [2.24] by analyzing the automaton, it is seen that 0
(mod 25) is reached if and only if there are two 2’s in the base-5 representation of n. Then,
once two 2’s have been read in the base-5 representation of n, any future digits return to 0.

That is, Fra, = 0 (mod 25) if and only if n contains two 2’s in its base-5 representation. [J
Theorems and motivate the following definition.

Definition 2.45. For any prime p and any n,k € N, define C,(n, k) to be the number of

k's in the base-p representation of p.

Continuing in the spirit of Theorem [2.44] Theorems [2.46] [2.48] [2.50] arise. The proofs are
similar to those of Theorems and and thus are omitted.

Theorem 2.46. Let n € N. Then Fra, is divisible by 125 if and only if n contains at least

three 2’s in its base-b representation.

Using Theorems [2.24] [2.44] and [2.46] Corollary arises. The proofs of Corollaries
and are similar, and so are omitted.

150



Corollary 2.47. Let n € N. Then

> 2 if Cs(n,2) > 2

vs(Fra,,)

Proof.
Case I. Suppose Cs(n,2) = 0. By Theorem [2.24] 5t Fra,,. Therefore, v5(Fra,) = 0.

Case II. Suppose Cs(n,2) = 1. By Theorem 5 | Fra,. By Theorem 25 1 Fra,.
Therefore, vs(Fra,) = 1.

Case III. Suppose C5(n,2) = 2. By Theorem 25 | Fra,. By Theorem 125 1 Fra,,.
Therefore, vs(Fra,) = 2.

Case IV. Suppose C5(n,3) > 2. By Theorem 125 | Fra,,. Therefore, vs(Fra,) > 3. O

Theorem 2.48. Letn € N. Then Fra,, is divisible by 7 if and only if n contains at least one
3 in its base-7 representation. Additionally, Fra, is divisible by 49 if and only if n contains

at least two 3’s in its base-7 representation.

Corollary 2.49. Let n € N. If C7(n,3) < 2, then v;(Fra,) > Cr(n,3). In particular, if
C7(n,3) =1, then v;(Fra,) = Cy(n, 3).

Theorem 2.50. Let n € N. Then Fra,, is divisible by 13 if and only if n contains at least
one 6 in its base-13 representation. Additionally, Fra, is divisible by 169 if and only if n

contains at least two 6’s in its base-13 representation.

Corollary 2.51. Let n € N. If Ci5(n,6) < 2, then vi3(Fra,) > Ci3(n,6). In particular, if
Ci3(n,6) = 1, then vi3(Fra,) = Ci3(n,6).

Recall the definition for type II primes, again stated here. Corollaries [2.47] and
2.51) motivated Definition [2.52] Due to this definition, Corollaries [2.47] [2.49] and [2.51| will

be collectively referred to as the small prime type II corollaries.

Definition 2.52. A prime p is type II if v,(Fra,) = C,(n, p%l) for all n € N.
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Example 2.53. Observe the following.

n 012345 |6 | 7|89 |10|11]12]13|14
n(base-5) [0 12341011 ]12| 13|14 |20 |21 |22|23 |24
vs(Fra,) |0O(O0O|1]|0(0O| OO 1O 01|12 1|1

n 15|16 | 17 | 18 | 19|20 | 21|22 | 23 | 24
n (base-5) | 30 | 31 [ 32| 33|34 |40 |41 |42 | 43| 44
vs(Fra,) | 0| 0|1 /0][0]0]|0]|1|0]0

It is apparent that vs(Fra,) = C5(n,2) for the first 25 natural numbers n. This observation
has been verified computationally for the first million natural numbers. This, with Corollary
2.47|show that it is reasonable to believe that the prime 5 is type II. Similarly, it is reasonable
to believe that the primes 7 and 13 are type II. However, these statements are still conjectures

and have not been proven.
An additional condition to be a type II prime is given.

Theorem 2.54. If a prime is type 11, then it is congruent to 5 or 7 (mod 8).

2
Corollary 2.5 of [JV], p=5 (mod 8) or p =7 (mod 8). O

Proof. Let p be a type II prime. Then p | Frap%l, since v, (Fra%> = C'p(p;l, ’%1) =1. By

From the small prime type II corollaries, Theorems and [2.54], the following conjecture

arises.

Conjecture 2.55. The primes 5, 7, 13, 23, 31, 37, 47, 53, 71, 101, 103, 167, 181, 191, 197,
199, 223, 229, 263, 271, 293, 317, 349, 383, 397, 431, 439, 461, 479, 503, 509, 541, 557, 599,
607, 613, 647, 653, 677, 709, 719, 727, 733, 743, 751, 757, 797, 821, 823, 839, 877, 887, 911,
019, 991, 997 are type IL.

Note. The small prime type II corollaries only apply to the primes 5, 7, and 13. That
is, analogous statements have not been proven for the other primes. This means that the
evidence is stronger that the primes 5, 7, and 13 are type II. However, Theorem applies

to all of the primes and of course, each prime given is congruent to 5 or 7 mod 5.
The final type of prime is again defined.
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Definition 2.56. A prime p is type III if p is neither type I nor type II.

Example 2.57. Consider the prime 29. It is seen that veg(Frajs) = 149(2046924400) = 1
and there are zero 14’s (21 = 14) in the base-29 representation of 12. That is, Ca(12, 14) =
0 # 1. Thus, 29 is not type IL.

Since vog(Frajs) = 1, Fray, is divisible by 29. Thus, 29 is not type I. Therefore, 29 is type
I1I.

While currently only conjectures may be made regarding type II primes, proving that a
prime p is type III may be achieved by finding a counterexample, that is, a natural number

n such that v,(Fra,) # Cy(n, ’%1), as shown in Example [2.57]

Proposition 2.58. The primes 2, 29, 41, 59, 61, 67, 73, 79, 107, 109, 127, 151, 149, 151,
157, 173, 179, 227, 239, 251, 257, 269, 277, 281, 811, 537, 359, 367, 373, 389, 421, 449,
457, 463, 467, 487, 521, 563, 571, 577, 593, 631, 659, 661, 683, 691, 701, 739, 761, 769,
773, 187, 809, 829, 853, 857, 863, 883, 907, 937, 941, 967, 971, 983 are type III.

Proof. Numerical examples show that these primes are neither type I nor type II. O

Note. The primes listed in Conjectures and do not appear in [OEIS].

3 Exploring 2-adic valuations

The 2-adic valuations of the Franel numbers produce interesting patterns. The outcomes
may be used to produce the following tree which describes the 2-adic valuations of various
Franel numbers of the index n up to 10000. The nodes of the tree below indicate the index
of the Franel number whose 2-adic valuation is being considered. The nodes of the tree that
have circles around them indicate the existence of a recurrence relation with other nodes.
Let m € N, then the tree is created as follows.

It should be noted that this tree is created for n up to 10,000. When n is increased to
350000, at the 3' level, where the level refers to the number of parent nodes a node has,
there no longer exists a consistent recurrence for any node. However, very few n do not

satisfy the recurrence relation, while the rest of the values of n do. It is seen that the 2-adic
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valuations of the Franel numbers provide certain recursions with a few exceptions, which

appear to be categorizable.

/ | \ 2m+1

4m+2 4m+1 4n)+3

8m+4 ‘ 8m+6 ‘ 8m+5 ‘ 8m+7

l6m+12 16m+6 16m+14 \ 6m+13 16m+7 16m+15

32m+12 ‘ 32m+-22 32m+-14 @ 32m+413 @ 32m+4-7 @ 32m+-15 @
@ 64m+-44 64m+-54 @ 64m+-46 64m+45 64m+7 64m+47

128m+44 @ 128m+118 128m+46 128m+45 128m+71 128m+47

Figure 3: The 2-adic tree

3.1 Observations of the 3™ level of the tree

The following statements apply for n up to 7.7 million.
The relationship between the index n and the nodes of the form am + b is that the node

only applies to the n values that satisfy the form of a particular node, where a = 2°b < a
and a,b,c € N. For the node of 8m, the exceptions to the previously supposed recurrence

occur at n = 349528, 1398104, 2446680, 3495256, and 4543832.
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Example 3.1. The Franel number with index 349528 is of the form 8m, where a = 8, b = 0,
and m = 43691. The Franel number with index n = 87385 is of the form 8m + 1, where
a=28,b=1and m = 10923.

The following table is the list of indices that have exceptions to the recurrence found for

n = 8m, the corresponding base-2 representation, and its index in the table, denoted by <.

~.

n base-2 of n

349528 | 000/010101010101010110004
1398104 | 001/01010101010101011000
2446680 | 010/010101010101010110009
3495256 | 011/010101010101010110004
4543832 | 100/010101010101010110004
5592408 | 101/010101010101010110004
6640984 | 110/010101010101010110004
7689560 | 111]01010101010101011000

N O Ot = W N = O

Table 1: 8m exceptions

Note that the exceptions of n can be categorized. The last 20 digits on the right of the
base-2 representation are the same for all, but the digits on the left ascend in increasing

order from 0 to 7 in binary corresponding to the index.

Conjecture 3.2. The n terms of the form 8m can be expressed as:
349528 + i x 220,

where i is the corresponding index in the table. This has been verified for n up to 7.7 million.

This result is remarkable because it repeats for other nodes. In particular, the same
pattern is observed for the 8m + 1, 8m + 2 and 8m + 3 nodes.

By observing the exceptions for the 8m + 1 recurrence, it is observed that the last 18
digits on the right of the base-2 representation are the same for all, but the digits on the left

ascend in increasing order starting from 0 in binary corresponding to the index.
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Conjecture 3.3. The n terms of the form 8m + 1 can be expressed as:
87385 + i x 218,

where ¢ is the corresponding index to the exception. This has been verified for n up to 7.7

million.

The last 19 digits on the right of the base-2 representation are the same for all, but the
digits on the left ascend in increasing order starting from 0 in binary corresponding to the

index.

Conjecture 3.4. The n terms in the form 8m + 2 can be expressed as:
349530 + i x 27,

where ¢ is the corresponding index to the exception. This has been verified for n up to 7.7

million.

The last 19 digits on the right of the base-2 representation are the same for all, but the
digits on the left ascend in increasing order from starting from 0 in binary corresponding to

the index.

Conjecture 3.5. The n terms in the form 8m + 3 can be expressed as:
349531 4 i x 21,

where 7 is the corresponding index to the exception. This has been verified for n up to 7.7

million.

It seems that the exceptions can be categorized by formulas given a node. Therefore
8m,8m + 1,8m + 2, and 8m + 3 are almost recurrences with certain exceptions of n. Some
areas of concern are that there may be exceptions for other recurrences for greater values
of n. That is, for levels beyond 3 it is believed that there may be certain exceptions to the
supposed recurrences. However, due to computational limitations, this claim has not been

verified.
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3.2 Observations of other levels

The following conjectures have been formulated to describe some of the behavior in the tree.

Conjecture 3.6. For a fixed m, the following relations hold:
(i) va(Frajgmsa) + 1 = va(Frajgmys)-
(ii) vo(Fragymos) + 2 = vo(Fragamio0) + 1 = vo(Frasem30).-
(iil) vo(Fragumi12)+6 = va(Fragumi13)+5 = va(Fragimi14) = vo(Fragumroo)+4 = va(Fragimiis)-

(iv) vo(Fraiosm+10s) + 6 = va(Frajogme109) + 5 = va(Frajogm+110) + 4 = vo(Frajosm4111)-
These conjectures have been verified for n up to 100000.

Upon further investigation of the recurrences listed above, almost every one of these
recurrences is related by the existence of shifts with recurrences in earlier levels, with the
one exception of the node 32m + 31. Though it is unclear if such a recurrence exists for this
particular node among other nodes, this portion of the tree is under investigation so it can
be compared to other recurrences within the tree. It has been proved that there exists an
exception to the known recurrence of the node 32m + 31 at n = 5592415. By observing the
base-2 representation of this number, it can be observed that it is 7 digits away from a shift
by a power of 2 of the earlier exceptions for the nodes of level 3. It is unclear why the first
exception occurs at this position, but in order to investigate more, a much greater amount

of data is required.

4 Other results

A few results unrelated to the main topics of discussion are presented here. For example,

almost every Franel number is even.
Proposition 4.1. Every Franel number except Frag is even.

Proof. Frag =1 is not even. Let n > 1 € N. Then

i(g)szi@) —9"=0 (mod 2)

Therefore, Fra,, is even. [

157



4.1 Initial conditions of the Franel occurrence

While the Franel numbers are given explicitly by a finite sum, a recurrence also gives their

values. The recurrence for the Franel numbers is given again here.

Theorem 1.2. Let n > 2 be a natural number. Then
n?Fra, = (7n2 — T+ 2) Fra, 1 +8(n — 1)2 Fra,,_o
with Frag = 1 and Fra; = 2.

When the initial conditions of the Franel recurrence are of the form ¢ and 2i, integer

sequences result.

Proposition 4.2. Let (Fra, ;). denote the sequence generated by the Franel recurrence
with initial conditions Frag = 1y and Fra; =4,. Let 1 € Z*. Let n € N. Then
Fra, ;2 = iFra, 9. That is, the sequence generated by the Franel recurrence with initial

conditions v and 2t is simply the sequence of Franel numbers multiplied by 7.
Proof. Proceed by induction on n. Let 1 € Z™.

Base step. Clearly

Fraoﬂ"% =1 = Z'Fra()’l’g and Fral,i’zl- =21 = iFraong .

Inductive step. Suppose Fra,_;;9; = iFra,_1 12 and Fra,_5;9; = i Fra,_912. Then

n? Fra, ;00 = (Tn® — Tn + 2) Fra, 10 +8(n — 1)* Fra, o, 5
= (7n2 —Tn+ 2)2' Fra, 112 +8(n — 1)2z’ Fra, 515 (inductive hypothesis)
= i((7n2 —n+ 2) Fra, 112 +8(n — 1)2 Fran—2,1,2)

= in2 Fl"amljg .

Therefore, Fra,, ;2; =i Fra, 12 for all n € N. O

Corollary 4.3. Notation as in Proposition [{.2 For all positive integers i, the sequence

(Fra, ;2:) is an integer sequence.
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Proof. Apply Proposition and the fact that the Franel numbers are integers. ]

Example 4.4. The Franel numbers have the initial conditions of Frag = 1 and Fra; = 2.
The first 10 elements of the Franel numbers are 1, 2, 10, 56, 346, 2252, 15184, 104960,
739162, and 5280932.

Let Frapss = 3 and Fra; 36 = 6. Then the first 10 elements of the sequence are 3, 6,
30, 168, 1038, 6756, 45552, 314880, 2217486, and 15842796, as expected, since the initial
conditions of Frag 3 ¢ = 3 are 3 times that of the Franel numbers and the elements of Fra,, 36 =
3 are also 3 times the corresponding Franel numbers.

If the initial conditions of the Franel recurrence are not of the form ¢ and 2¢, then it is
conjectured that non-integer sequences are produced. For example, consider the sequence
(Fra, 34). The first 10 elements of the sequence are 3, 4, 22, 121.78, 753.56, 4903.70, 33063.75,
228553.78, 1.61 x 10°, and 1.15 x 107 (rounded to two decimal places). It is apparent that

not all of these elements are integers.

The following conjectures arise from Proposition [4.2] Currently, proofs are not available
for these statements, however, Conjecture has been verified computationally for iy up to

500, for ¢; up to 1000, among n up to 5000.

Conjecture 4.5. Notation as in Proposition {.2l The sequence Fra, ;,;, is an integer se-

quence if and only if ¢y = ¢ and 4; = 27 for some i € Z™T.

5 Further work

It is clear that more questions can be explored regarding the Franel numbers and similar
sequences. Specifically, a deeper understanding of which primes are which types as well as
of the 2-adic valuations are desired. It also seems that for some type III primes, the p-adic
valuations are bounded below by the amount of occurrences of particular digits (putting em-
phasis on the fact that there are more than one) in the base-p representations. Additionally,
as the Franel numbers are the sums of the cubes of the binomial coefficients, it is natural to

look at the sums of powers of binomial coefficients for higher powers.
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Definition 5.1. Let a € Z*. Let n € N. The n** a-SPB number denoted SPB,, , is
> (1)
K
k=0

Example 5.2. The 3-SPB numbers are the Franel numbers.

Example 5.3. The 5-SPB numbers are given by »_ (2)5
k=0

0
1. The 0% 5-SPB number is SPBys = > (¢)"=1.
k=0
1
2. The 1% 5-SPB number is SPBy5 = > (1)°=2.
k=0
10
3. The 10™ 5-SPB number is SPBygs = > (1) = 1883210876284.
k=0
The following conjecture has been verified computationally for a up to 100 checking the

first 250 primes for divisibility among n up to 2500.

Conjecture 5.4. For each a € Z*, there exists a prime which does not divide any element

of the sequence (SPB,,,) -, if and only if a is odd. That is to say, there exists a type I prime

with regards to the sequence (SPB,,,) if and only if a is odd.
Note that Proposition may be generalized.
Proposition 5.5. Let a € Z*t. Every a-SPB number except SPBy, is even.
Proof. The proof is similar to that of Proposition [4.1} O

The following conjecture arises from Proposition[5.5] It has been verified computationally
for a up to 250 and for n up to 2500.

Conjecture 5.6. For each positive integer a > 2 and each n € ZT, %SPBWI is odd if and

only if n is a power of 2

4Note that SPB is used since the numbers are the Sums of Powers of Binomial coefficients. The “C” is

omitted for brevity.
5By Proposition % SPB,, , is even for all a > 2 and all n € 7+,
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