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Motivation

Received query from Joris Van der Jeugt
(working with Stijn Lievens and Neli Stoilova)

Studying representations of the orthosymplectic Lie
superalgebra osp(1]2n) built using parabosons

Identified Fock space modules V (p) for any p € N

Constructed unitary irreducible infinite-dimensional
representations V(p) = V(p)/M(p) where M(p) isthe
maximal submodule of V(p), and found that

s for p>n irrep V(p) = V(p)
s for p<n irrep V(p) =V (p)/M(p)

Also calculated the characters of both V(p) and V(p) J
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Van der Jeugt’s conjecture

fProposition [Van der Jeugt, Lievens and Stoilova, 2007] T
Let = = (x1,29,...,2,), then

WVG) = s Y )

AL(N)<p

Conjecture [Van der Jeugt, Lievens and Stoilova, 2007]

D

AN <p H1§z§n(1 — ;) H1§j<k§n (1 — zzy)

with the sum over all partitions n which in Frobenius notation

take the form n:( e )
a1—|—pa2—|—p---ar—|—p

o |
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Macdonald’s Theorem

Joris Van der Jeugt asked if the result was known T
If so where could it be found, if not could | supply a proof?

Angele Hamel reminded me of:
Theorem [Macdonald 79]

nd g

x’l, x’l,

sx(z) =
M%@ H1§7ggn(1 — ;) H1§j<k§n(xj — xp)(1 — zj28)

Need to compare this with an immediate

_ Zn (=1) sy ()
Azz(zx;qp )= Hléién(l — i) H1§j<k§n (1 — zzy) J
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Strategy

Try to recast the numerator of Macdonald’s formula as a T

signed sum of Schur functions
Use conjugacy to recover Van der Jeugt’s formula

Try to identify the origin of the row length restriction
¢(\') < pin Macdonald’s formula

Try to identify the origin of the column length restriction
/(X)) < pin Van der Jeugt's Conjecture

First some preliminaries on

o Schur functions and Schur functions series

s Partitions, Young diagrams, Frobenius notation

» Determinantal identities and modifications
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Schur functions

Let n be a fixed positive integer T
Let z = (x1,29,...,2,) be asequence of indeterminates

Let A= (A, Ao, ) with Ay > X >--- >, >0
be a partition of weight || and length /(\) < n

Then the Schur function s, (x) is defined by:

)\j—l—n—j
ti 1<2,9<n
SA(SC) — n—j — —
Li }1§z',j§n
n—j _ o
where |z, |1§i,j§n = H1§i<j§n (z; — zj)

These Schur functions form a Z-basis of A,,, the ring of
polynomial symmetric functions of x4, ..., x,. J
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Partitions and Young diagrams

~® Young diagrams F* consists of || boxes arranged in |
¢(X\) rows of lengths \; for ¢ =1,2,...4(\)

# Conjugate partition )\ is the partition defined by the /(')
columns of F* of lengths X for j=1,2... ¢(X)

® Frobenius notation If £* has r boxes on the main
diagonal, with arm and leg lengths «, and b, for

k=1,2,....r, then A= *"77"" ) hasrank r(\) = 7
by by - b,

with ay >ay > --->a, >0 and by >by > ---> b, >0

A N, VAL I ay
o A2 — — b1 a
A3 bo as
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Special families of partitions

- N

® Let P Dbe the set of all partitions, including the zero
partition A =0 = (0,0,...,0).

#® The zero partition is the unigue partition of weight, length
and rank zero, ie. |0| =/4(0) =r(0) =0

#® Then for any integer ¢ let

ap ag - - - Gy
p— A p—
Py { (b1b2”.br)677
#® Note: The zero partition belongs to P; for all integer ¢

o |
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Modification rules

For ne N let x = (z1,29,...,2,) and x=z129--- 2,

Let kK = (K1,k2,...,kp) With k, €Z for 1+ =1,2,...,n

Ki+n—j
z

1<i,j<n

Let s.(x) =

x?_]‘lgi,jgn
Either s.(z) =0 or s.(z) = £x"s,(x) for some
partition A and some integer k

Permuting columns leads to various identities, such as
s s.(x)=—s,(x) and s,(z) = (—1)""1s,(z) with

® U= (Iil,...,/{j+1—1,lij—|—1,...,Iin)

o v=_(Kj1—J,ki+1, ... ki+1,Kjyo. .., Kp) J
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Example

- |

® If n=4and x=(0,4,0,9) then s,(z)
with A = (6,4,2,1) since

]
/
|
 —
N——

w
_I_
—
Va
/
=
N~——

3 .2 3 .2
’ZL‘i X; :1:7;1’ ’:c X :z:il‘

where just the :th row of each determinant has been
displayed

# Alternatively, one can proceed iteratively using the
previous identities

S0400(T) = — Se151(x) = + Sea21(2)
| |
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Diagrammatically

fEX: S,{(ZL’) = 80409<£C) — —56151<£I3) = —|—56421<£I3) = —|—S)\(ZL’)

45

= Dol
Do Lol

1012

32101234F%5

— O |~

w N = O
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Frobenius notation and modifications

ﬁ.o Let x; =0 unless j € {bi+1,bo+1,...,b.+1} T
® Let by >by>--- >0, >0 without loss of generality

® let k(j)=ar+bp+1if j=0b,+1 sothat
k= (0", a,+b,+1, 002701 g tbat1,0 727 ay by +1)
® Then,if a; >a9 > --->a, >0,

Sﬁ(x) _ (_1)b1‘|‘b2+"‘+br S}\(x)

o a1 a9 * -+ Ay
A= <b1 by - - br)
L and r =r(\) J
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Example

For x =1(0,4,0,9) we have x =0 unless j € {2,4} T
Hence r=2 and by =3>b,=12>0

Since ky=a;+b;+1=9 and ke =as +by+1=4 we
have a; =5 >a,=2>0

. D2
Hence if we set \ = (31> = (6,4,2,1)

we have 80409(513) — (—1)3+1 S6421 (SC) as before

5 |

1

|

Nagoya - 2008 —p. 13/88



Schur function series

-

# Littlewood [1940] Foralln>1and z = (z1,22,...,%,):

Zs,\(x) — H(l_xi)_l H (1 — zjzp) ™

A 1<:<n 1<5<k<n
d s = ] @-au)!
Aeven 1<5<k<n
d s = ] @)t
A even 1<5<k<n

#® A partition is even if all its non-zero parts are even

® The infinite sums over )\ involve no restriction on
either £(\) or 4()\), but s)(xz)=0 if £(\) > n.

|
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Inverse Schur function series

Littlewood [1940] Foralln >1and x = (z1,x2,...,2,) T

S )@ = TL -2 T] (0-wm)

AEPg 1<:<n 1<5<k<n
Y (=)Ws@) = ] (@ - aym)
AEP; 1<j<k<n
Y (=)MPs@) = ] @ - aym)
AEP_1 1<j<k<n

These series are finite for all finite n

For finite n both ¢(\) and /¢()\") are restricted,
since for \ € P, these differ by ¢ o
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Determinantal identities
f.o Littlewood [1940] Foralln > 1and z = (x1, 29, ..., ,) T

n—j . ntj—1
X, CEZ | _ Z (_1)[|>\|—|—7’(>\)]/2 S)\<£C)
n—j
L | AEPo
x;jb—j . CC?H
- | = > (=DM sy(a)
Ly } AEP;
n—j n+j—2
O I SRSV ALE
n—Jj
L } AEP_1
® the determinantsareall n xn with 7,5 =1,2,....n

1 If Pis true

# and, for any proposition P, x, = {
0 If Pisfalse J

o
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General determinantal identity

f.o Lemma K[2008] Foralln>1andx = (z1,x2,...,2,) T

x?_j +qX.._, $?+t+j_1 B
I } — Z (—D)IA=rNEEDI2 r) g (1)
xi ]} ANEPy

s Where ¢ Is any integer, and ¢ is arbitrary
s and the determinants are all n x n
s Sothat?,7=1,2,....n

® The special cases:
L correspond to Littlewood’s previous formulae

|
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Algebraic proof

n—j n—+t+j—1 n—j 2)—1+t+n—j
}xi —|_qxj>—txi }_|xz —|_qxj>—t xz’ |

n—j n—j

=D D ¢ sale) = Y (F)UTIEHEDRD g7y (a)
r=0 k

AEP;

k; = 2j—1+t for j € {j1,J2,...,J-} and x; =0 otherwise
with n > j; > g0 > - > j, > 1 — xy<0t
A:<j1—1+zt Ja— 1+t .- jr—1+t> P
n—1 J2—1 - =1
r=r(\)
Al =2((h =D+ (=D +---+(p—1) +r(t+1) o
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Example withn =4 andt = 2

4—j 5+
|37z' T4 X5 0 Ty }
4—7
3 6 2 7 8 9
‘ xr; — qx; x5 —qu, Ti— q, l —qux;
3 2
’ZCi x;  x; 1

50000 — 4 (53000 + 50500 + S0070 + S0009)

+¢ (83500 + S3070 + S0570 + S3000 + S0500 + S0079)
—q° (83570 + S3500 1+ S3079 + S0579) + q* S3579

1+ q(—s3+ 841 — S511 + Se111)

+Q2 (—844 - S541 — S552 — S6411 T S6521 — 86622)

3 4
+q (5555 — Se551 T Se652 — 86663) + G Se666
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Example with n = 4 and ¢t = 2 contd.

| In Frobenius notation s, (x) ( e ). we have N

() () -()+(5)

(o ) )~ )~ )+ )-()

(o)~ (oo ) G ) = (ot )]
)

5432
+q(
| o

3210



Example withn =4 andt = —2

4—7 1+7
| Ty " TG Xjs2 Ty |
4—g
3 2 4 5
‘ X X; Ti— qT, l —qgux;

_ 2
— S0000 — ¢ (50030 + 80005) + G~ Sp035

= 1+ q(—S111 + So111) — q* 52222

DR ORI

Nagoya - 2008 —p. 21/88



Row length restricted Schur function series

- N

Theorem [Macdonald 79; Désarménien 87, Stembridge 90;
Bressoud 98, Okada 98]
Foralln>1,x = (x1,29,...,x,) and p > 0:

_ 1
;’b J _ pntpty }

>osale) =
L H1§z‘§n(1 — ;) H1§j<k§n<1 — TjT)

AL(N)<p

n—j _ n+2p+j }

X X
Z s\(t) = o Z

Ly H1§j§k§n<1 — T;Ty)

Zsk(x)zii -

n—j o
A even :£(\N)<p L | H1§j<k§n<1 ZCJSCk)

o |
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Row length restricted Schur function series

sting the Lemma for given ¢ and ¢ as indicated, we find T

Corollary Forall x = (x1,zo,...)

¢=—1Lt=p
Z (3 Zuepp (—1)ll=rm=1)1/2 5 ()
A p—
ML) <p H1§z§n(1 — ;) H1§j<k§n(1 — T;T)

g=—1,t=2p+1
S o) - S e, (—DIH=r 2 ()
() =

Aeven 4(N)<2p H1§j§k§n<1 o xjxk)

g=+1t=p—1

d  sa(z) > uePyvir(uyeven (—1)IHTTWEZ 5, ()
A
A even 4(N)<p H1§j<k§n(1 - xjxk)
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Row length restricted Schur function series

fLittIewood’s inverse Schur function series formulae then give: T
Corollary Forall z = (z1,29,...)
¢=—Lt=p

S ) - > e, (~DIHT D2 g ()
T T e, CDFEOIR (o)

A:L(N)<p

g=—1,t=2p+1
ZM€P2P+1 (_1)“#‘_7“(#)(229)]/2 S/J(x)

> @) = > vep, (“DMI2 s, (2)

Aeven 4(N)<2p

g==xl,t=p—1

Y saz) = D Py ir(pyeven (— DT s, (1)
A B _ vi/2
L A even 4 (N)<p ZVEP_1 ( 1)| / SV(x) J
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Column length restricted Schur function series

- N

# Using the involution w : sy(x) — sy (x) forall A

#® andnotingthat A e P, — X\ € P_, forall ¢, we have

Corollary Forall x = (z1,29,...)

S e, ()l E-DI2 g ()

S)\(x) - 14 r\v
AL(A)<p ZVEPO (=Dlirttrli2 s, (2)
(@) = Zuep_2p_1 (_1)[\u|—r(u)(2p)]/2 s, ()
A B _ v|/2
A even £(A)<2p ZVEP_1 ( 1)| / SV(CE)

Zuep_p+1 () even (_ 1) lil=rinel/2 Sp (CIT)

) - o
L Xeven :£(A\)<p ZVEPl (=172 s, (2) J

Nagoya - 2008 —p. 25/88



Column length restricted Schur function series

- N

Littlewood'’s inverse Schur function series formulae then give:
Corollary Forall z = (z1,29,...)

Zuep_p (—1)lpl=riw)(p=1)/2 s, ()

,\;w)s?(x) - Thcicn( = 2) Thgjapen (T — 25m0)
Zuep_%_l (_1)[\u|—r(u)(2p)]/2 Sﬂ(x)
\ even ;a,\);;(x) - H1§j<k§n<1 — TjTy)
D P ir(uyeven (—DIHITTWEZ 5 ()
A even :w)i:(x) - ngjgkgn(l - %‘ilfk)

L.o Note: The first of these was Van der Jeugt's Conjecture J
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Column length restricted Schur function series

~ Using (¢,¢) = (=1, —p), (£1,—p+1) and (=1,-2p—1)in |
our Lemma, we find

Theorem Forall n>1, x = (x1,29,...,2,) and p > 0:
S o) 7 — (—1)Px L, T
SA\T = —
AL(N)<p ZC? ]} ngign o x@) H1§j<k§n(1 - xjxk)
S ey = T X b,

Aeven :£(\)<p ? ]} ngjgkgn(l R xjxk)

2" 2p+)— 2}

_]
§ — - X.7>2p+1
- J o
"even :4( A <2p i } H1§j<k§n(1 xjxk)
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Row length restricted Schur function series

fAlternative expressions giving each restricted s.eriesT
as a product of an unrestricted series and a correction factor
forall x = (z1,25,...) take the form

Z sx(z) = ZSA(Q;) . Z(_l)[\ul—r(u)(p—l)]ﬂ s, ()

Al(N)<p A nePp

Z sx(z) = Z sa(z) - Z (— 1)l =rG@)/2 g ()
Aeven 4(N)<2p A even HEP2p41

Z sx(z) = Z sx(z) - Z (_1)[Iu|—r(u)p]/2su(x)
A even £(\N)<p A even HEPp_1:7 (1) even

o |

Nagoya - 2008 —p. 28/88



Column length restricted Schur function series

fAlternative expressions giving each restricted s.eriesT
as a product of an unrestricted series and a correction factor
forall x = (z1,25,...) take the form

ZSA(Q;) — ZSA(Q;) . Z (—1)ll=rGm =012 ¢ ()

Al(N)<p A pneP_p

Z sx(z) = ZSW’?)' Z (— 1)l =rG@)/2 g ()
A even :£(M\)<2p A even HEP _2p_1

Z sx(z) = Z sx(z) - Z (—1)lml=rGopl/2 s, (2)
Aeven £(A)<p Aeven HEP_pi1:7(p) even

o |
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Special case - row length< 1

-

Setting p = 1 we recover a very well known series:

D_s@) =) (@) Y ()2 s,(x)

-

AL(N)<1 A peEP1

— H (1— ;)" H (1 —zjmp) " - H (1 — xjzy)
1<i<n 1<5<k<n 1<5<k<n
1<i<n m=0 m=0

® where the sums over m are finite, but could be extended
to o since sim(z) =eyp(x) =0 forallm > n.

o |

Nagoya - 2008 —p. 30/88



Special case - column lengthk< 1

-

ngain setting p = 1 we recover another very well known
series:

Sosle) =D s@) - 3 ()M

Al(N)<1 A pEP_1
= ] a-=)" J] Q-za)™ - ] 1—am)
1<:<n 1<5<k<n 1<5<k<n

|
—
—
|
3
)
|
(V)

3
S
|
WK

>
3
S

® where the sums over m are infinite since foralln > 1 we

\_ have s,,(z) = h,,(z) # 0 forany m > 0. J
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So far

We have recast the numerator of Macdonald’s formula as T
a signed sum of Schur functions

We have then used conjugacy to prove Van der Jeugt’s
conjecture

We have obtained three determinantal formulae on
column length restricted partitions analogous to those for
row length restricted partitions

We have not explained why the various determinants lead
to row or column length restrictions

To do this we need to exploit the fact that they define
characters of particular representations of classical
groups, as emphasized by Okada J
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Classical groups and their characters

fl_et Tr = (SEl,ZCQ,...,ZCn) and 7 = (fl,fg,...,fn)

with T; = €% and xT; = CITZ_

o

Ch VC;\L(n)

ch VS>\O(2n+1)

Ch VS%\p(Qn)

ch VSAO(zn)

L—e™@ for i=1,2,....n
Aji+n—j
r
Eind
Njtn—j+z TAj+n—j+%
i 1
n—j—l—% _n—j—|—%
i Bt
)\j+n—j+1 o T)\j—l—n—j—l—l
i 1
n—j7+1 —n—7+1
= — |
Ai+n—j _Ai+n—j Ai+n—j _Ai+n—j
Z'J J_|_£CZ'J J _I_ ZCZJ J_ZCZ-] J
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Row length restricted series and characters

- N

Theorem [Macdonald, Stembridge, Okada]

=i _ =l

_ ? l } _ DP/2 (p/2)" —
E sy(z) = T :C?H_j_l} = x"" ch V50011 (2, T, 1)
AL(N)<p i i
:13? J x’;ﬁ p+J p
sa(z) = . — =x"ch Vg, (z,T)
o x?jbﬂ}
Aeven £(N)<2p t t
- 5 - 5
RN ik A bl e S
S\ T = . .
n— n+7—2
v, +x |

A even :£(N)<p

200,
oy (2, )

2 (p
= xP/ ch Ve,

where x = zx9---1, = ChVéz(n(Qf)

o |
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Proof of formulae in terms of characters

f.ﬂ Start from the original determinantal formulae T

® In each determinant permute columns under
J—n—7+1
# Extract factors (—1)™ by changing signs

of all terms of the form  x¢ — x?

1 1

® Extract factors

1, p 1
n—s+45 n—xs
s x, > ? and z, °?
s 2P and a7
n—1+2& _
s z, ° and 2!

from each row of numerator and denominator

L determinants J
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Howe dual pairs of groups

fDefinition [Howe 85] T
® Letgroups G and H acton alinear vector space V
® Let their actions mutually commute

® As arepresentation of G x H, let
V = Grer Vo @ V4P

s k varies over some index set K
® V(;\(’“) and Vﬁ(’“) are irreps of G and H
s V2™ and VA" vary without repetition

® In such acase we say that G and H form a (Howe)
L dual pair with respectto V. J
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Howe dual pairs of classical groups

f.ﬂ In some cases V isanirrepofagroup F' D G x H T

#® On restriction to the subgroup G x H

ch Vi = ch Vg™ ch vi®

ke K

Ex: [Howe 89, Hasegawa 89] For V the spin irrep of an
othogonal group with character ch V2, dual pairs are defined
through each of the following restrictions:

SO(2n) x O(2p)

SO(2n + 1) x O(2p)

SO(2n) x O(2p+1)
SO2n+1)x O(2p+1)

Sp(2n) x Sp(2p) J
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Notation for p"-complements

For any partition A C n? we have )\ C p»
Insuchacase, let \T=(p—X,....p—=X,,p— X))

Then ) is also a partition
Ex: If p=4, n=5 and XA = (4,3,1)
then X = (3,2,2,1) and \" = (4,3,2,2,1)

P = A=

* * *
* * * *

Note: 0T =p™ = (p,p,...,p)

Nagoya - 2008
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The spin module and Howe dual pairs

fTheorem [Morris 58,60; Hasegawa 89; Terada 93; Bump T
and Gamburd 05] On restriction to the appropriate subgroup:

Ch VO 4np — Z Ch VSO 2n Ch VO)\(2p)
ACnP
A
ch VOA(4np—|—2p) — Z ch VSO (2n+1) ch VO(Qp)
ACnP
AGAT
ch V()A(4np_|_2n) — Z ch V O(2n Ch VC;\(QP—I—D
ACnP
A AT A
ch VO(4np—|—2n—|—2p—|—1) — Z ch VSO(Qn—i—l) ch VO(Qp—i—l)
ACnP
ch VO (dnp) = Z ch VSp on) Ch VS)\p

\— vt (2p) J
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Exploitation of Howe duality

- N

® lLet (G,H) beaHowe dual pairwith "D G x H such
that ch V2, = S, x ch V™ ch vA®

® The character ch V2 is just the coefficient of ch V"
in any formula we can devise for ch V7,

# In the case of the spin character identities all that is
needed are:
s dual Cauchy formula

» expressions for classical group characters in terms of
Schur functions [Littlewood 1940]

» some modification rules [Newell 1951]

o |
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Spin characters and their decomposition

ﬁn terms of appropriate parameters T
n 1 n
chVOan:c Hx +x;, %) = 1H 1+ ;)
1=1 1=1

ch VO (4np) (xya «Tg, Eya $_y)

11 1
2

P T NS SR
y: +x; 2y 0 ) (xly; o Pyl

|
E'ﬁ

~
|
—_
S
I

=1

|
E’B

~
I
—_
.
I
S -

p

— x P H H (I +zy;) (1 +2y;) =x77 Z sc(x) s¢(y,7)
B .
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Application to Howe dual pair contd.

Ii =x P Z S¢r (x) Sg(y,g) =x 7 Z Sg/(fl?) ch VGCL(n)(y,?)

an2p CCn2p

=x 7 Z ser(x) Z ChVSCngp (y,v)

CCn?2p B:68even

=x P Z WQp( S\ 85’(:5)) ch Vgp@p)(y’y)
B:3'even

S o)
S WQP(Z s () 35(2) ) h Vi, (07)

nCn%’

= ch Vo (2, T) ch Vi, (y,7) dual pair Theorem

ACnP
where W,, restricts any sum of Schur functions s,(z) to

Lthose having v, = {4(V') < 2p J
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Character formula

ﬁt follows that T
ch VSp o) (2, T) = X7 Z En, W2p< Z Sy () 55(5’7)>

nCn?pP J even

where the modification rules for Sp(2p) characters are such
that

{ +1 if chVy o (y,7) = £ch Vg o (y,7)
Enx —
! 0 otherW|se

In the special case \ =0, sothat \' = p" this gives

ch Vp (T, T) = xPW ( s (:1:)) = x P ss(x)
L N 5;71 5 5even;(5’)§2p 5 J
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L.o

The spin module and Howe dual pairs

Thus we have recovered the Stembridge formula for the T
symplectic group characters as a sum of row length
restricted Schur functions specified by even partitions

The formulae of Macdonald and Okada may be recovered
In the same way from the Howe dual pairs listed earlier

In each case the row length restriction owes its origin to
the bijective correspondence between irreps of the dual
groups specified by AT and )

We would like to identify other Howe dual pairs that might
lead to characters expressible as our sums of column
length restricted Schur functions

Such characters are necessarily infinite dimensional
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The metaplectic module and Howe dual pairs

f.ﬂ We need an infinite-dimensional analogue of the spin T
representation of the orthogonal group

#® This is provided by the metaplectic representation of the
symplectic group

Ex: [Howe 89] For V' the metaplectic irrep of a symplectic
group with character ch V2, dual pairs are defined through
each of the following restrictions:

Sp(dnp) D Sp(2n) x O(2p)
Sp(dnp+2p) 2O Sp(2n) x O(2p + 1)
Sp(dnp) O SO(2n) x Sp(2p)

o |
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Metaplectic dual pair character formula

-

Theorem [Moshinsky and Quesne 71, Kashiwara and Vergne
/8, Howe 85, K and Wybourne 85]
On restriction to the appropriate subgroup:

-

A

h V) = > ch V2! (gn) ch V3 o)

A+ <2p, A <n
A p+3(N) A
ch VSp(4np—|—2n) — Z ch VSp(QQn) ch VO(Zp—i—l)
AN A, <2p+1, A <n
_ (A) A
ch vsp np) = » Vi oy €0 Vo)

A:A| <min(p,n)

o |
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Metaplectic characters and their decomposition

ﬁn terms of appropriate parameters T

n
= X || 1 —x;)”
1=1

l\DI)—\
l\')ll—\

ch VSp o) (,7) ﬁ

1=1

ch VSp (4np) (ij, Y, Ty, fy)

1

A L1 Lo
2 10 D KRR e OO e

=X HH riy;) (1 —2g;)"
=x* > sc(@) se(y,7)

l\.’JI}—l
l\DI)—\
H

<.
|

—
Q.
I

—
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Application to Howe dual pair contd.

- N

=x" Y sela) se(y. )
¢:4(¢)<min(n,2p)
= x’ > sc(x) ch Vi (4, 7)

¢:4(¢)<min(n,2p)

— xP Z sc(x) Z ch VC/ (y m

¢:4(¢)<min(n,2p) ) even

X’y | £2p( > sy(x) 55(:1;)) ch V52 (4, 9)

n:4(n)<min(n,2p ) even

- > ch Vgé?z)n)(%f) ch Vo, (y,7) dual pair

AN A, <2p, N <n

where L,, restricts any sum of Schur functions s,(z) to

Lthose having v| = {(v) < 2p J
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Character formula

~ Itfollows that o
ch Vg}gz\gn)(x,f) = x’ Z EnA [,gp( Z Sp(x) 35(x))

n:£(¢)<min(n,2p) d even

where the modification rules for O(2p) characters are such
that

{ +1  f ChV7 (y y) = j:ChV/\ (y v)
En )\ —
! 0 otherW|se

In the special case A =0 this gives

ch Vp (2, T) = xP [,Qp(Z 35(:13)) = x? Z ss(x)
) even 0 even:£(5)<2p J

Nagoya - 2008 —p. 49/88
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The metaplectic module and Howe dual pairs
f.’ Thus we have obtained a formula for a particular T

symplectic group character as a sum of column length
restricted Schur functions specified by even partitions

® Our other column length restricted Schur function formula
may be also be identifed with characters in the same way

® In each case the column length restriction owes its origin
to the bijective correspondence between irreps of the
dual groups specified by p(A) and A

o |
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Generalisation to Lie supergroups

- N

#® Howe’s original work on dual pairs encompassed
supergroups, such as GL(m/n) and OSp(m/n)

#® All our identities can be extended to orthosymplectic
versions [Cheng and Zhang 04]

# In particular, one can recover our starting point:

Proposition [Van der Jeugt, Lievens and Stoilova, 2007/]
Let x = (x1,29,...,2,), then for each positive integer
p theirrep V(p) of OSp(1|2n) has character

chV(p) = (z125- - xn)p/2 Z sx(x)
AL(N)<p

|
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Cauchy formula and its inverse

Let m,n be positive integers T
Thenforall z = (z1,22,...,2,) and y = (y1,v2,---,Yn)
dYos@ s = 1110 -2y
A i=1 j=1
Y ()M si@)sw(y) = J]I1 0 =)

1 1

A 1

<.
I

The first sum over )\ Is infinite with non-zero terms
arising for all /() < min{m,n}, and no restriction on /(')

The second sum over X is finite, with A C n™, since
sx(x) =0 1if £(A) >m and sy(y) =0 if /(\)>n J
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Determinantal identity

® Forall = (z1,29,...,

n_

b‘.

7—1
yn+1 1

m+n—)
Li n

Tm) and y = (y1,v2,...,Yn) T

— I]:[I Zmya

where the m+n x m+n determinant in the numerator is
partitioned after the nth row, and the determinants in the

denominator are m x m and n x n

Proof: Use the fact that the three determinants are
Vandermonde determinants in the m variables z;, the n
Lvariables y, and the m-+n variables x; and 7, with gy, = 3! J
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Nature of key determinant

f.p Ex: m=3, n=4, setting 7, =y, for a =1,2,3,4 T

1y,
1 ys
1y
1w
T
Ty
Ty T3

Ya
Y3
Yo
IH

Ya
Ys
Yo
I
1
1
1

Yi Yi Yy Yy Yy Yy
Y3 Y3 Ys U3 Y3 Us
Yo Y2 Yz Y2 Y2 Yo
~ T T T U T

O G G 'y

® Factors (z; —xj), (Yo —Ys)s (1 — %) ~ (Yo — Ti)

® Leadingterm oyl ysy; 2% x5
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Corollary

f.o Forall x = (z1,29,...,2,) and vy = (y1,y2, ..., Yn) T
—1
. yquﬂ—z'
ACn™ i } Yi } Lmtn—g

1—n

#® where the m-+n x m+n determinant in the numerator is
partitioned after the nth row, and the determinants in the
denominator are m x m and n x n

Note: This may also be proved directly through using the
Laplace expansion of the determinant

o |
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Row length restricted Cauchy formula

fTheorem Let = (x1,29,...,2,) @Nd ¥ = (Y1, Y2, .-, Yn) T
with m,n > 1. Thenforall p > 0 we have

Z sx(x) sx(y)

AL(N)<p
yn—l—l—i
1
— m_j n_b m n . ' . e o o
xi } ‘ya ‘ Hz':l Ha,:l (1 xzya) m—l—n—j—|—Xj<np
€. -
1—N

® Since sy(x) =01if4(N) >m and s\(y) =0if {(N) > n
the sum is restricted to A C p? with ¢ = min{m,n}

#® If p =0 then both sides are just 1, as confirmed by the
L Inverse Cauchy determinantal identity J
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Proof of row length restricted Cauchy formula

- -

j_1+xj>np —m~+n—7j+p : —m-+n—j
yn+1—i yn+1—z . yn+1—z

m~+n—1+p
Hy

mtn—j+p m+n—j
:t%—n Li_n . Li_n
—m+n—j
yn+1—z
_ m+n—1+p
T ]i[@@, SP (ya )
a=1 m4+n—j
Li_n
71—1
n yn+1 —1
_ P
= 1[4 s (@ 2)
a=1 m4+n—j

o o |
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Proof contd.

spn (Y, T) = Z sx(r Sp”/A H?/a Z sx(z) sa(y)

ACpn a=1 ACpn
so that

Ynt1—i yn—l—l —q

/ — sx () sx(y)
m+n—j+xj<np ; Al(A)<

7. < xm—i—n—j

1—n —n

with

7—1
yn—i—l 1

] Jya ™ HH ZiYa)

m4n—j 1=1 a=1




Extended dual Cauchy formula

fLemma K, 2008] T

® Let v = (z1,...,7) and y = (y1,...,Yn)

#® Then for each pair of integers p and ¢ we have

Yn+1—i © Xijsn—q Yn+i1—i
1
m—j| |, n—j|
m+n—j+p . xm+n—3
Xj§n+p 1—n - 1—n

= > (=)l s, (2) 5. (y)

¢Cnm

L.o where o = ((+p") and 7= (' +¢") with r = r(() J
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Extended dual Cauchy formula

ﬁ.o where the determinantis (m + n) x (m + n), and is T
partitioned after the nth row and nth column

s andif§:<a1 2o ar) c (n™)
by by - b

® with a; <n, by <m and r =r(({), then

(a1+p as+p - ar+p>

» 0 =

by by b,
(bl+q bat+q --- br—"Q)

» T =

s with a, > max{0,—p} and b, > max{0, —q}

|
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Examples of key determinant

f.’ m=3 n=4, p=2, ¢g=1 T

L V7O T/ S 1 SR 1 S G T
I w3 y3 ¥3 Y3 YS Y3
Loy ¥ Y% Y ¥s Ys
L R VT 7 G T B G T

8 7.6 5 2
r] x1 Xy X ry; x1 1
8 7T .6 5 2
T5 Ty Ty T x5 Ty 1
8 7 .6 5 2
x5 Ty T3 T3 x5 x3 1

o |
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Examples of key determinant

f.. m=3, n=4, p=-2, ¢q= T

L V7O T/ S 1 SR 1 S G T
L - A - S T B VS
Loy ¥ Y% Y ¥s Ys
L T V- SR TN S T
vy o — = vy w1
:1:3 :1:‘3 - — :1:3 To 1
rs Ty — = rs w3 1

o |
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Examples of key determinant

f.’ m=3 n=4, p=2, ¢q=—1 T

L V7O V7 S ') SR T/ B 1)
Iy ¥5 ¥ — Y3 U
Ly ¥ % o o~ Y Ys
L T T T S
s S LA A o vy w1
:1:3 :cg xg xg :1:3 To 1
R T S S R |

o |
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Examples of key determinant

f.’ m=3, n=4, p=-2, ¢q=—1 T

Loy yi oyl 0 — Yoy
Loys y3 ¥ 0 — Y35 U3
L - . S > S 1
T A R U
vy o — = vy w1
:1:3 :1:‘3 - = :1:3 To 1
rs T3 — = R |

o |
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fEx. T = (

—_ = =

Y4
Y3
Y2
Y1

EX1l. m=3, n=4,p=2,q=1

1234567)
2 3 5 7 1 46

Nagoya - 2008
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EX1l. m=3, n=4,p=2,q=1

ﬁzx. W:(l 2345 6 7) (1) — (1) — 1 o

2 3 5 71 46

3 0
<:<4,2,1>=( )
20
* | * 3+2 0+ 2 5 2
w | % g = — :(674,1)
2 0 2 0
20)
3 0
2+1 041 31
* . ( ):( ):(4,3,1,1)
3 0 3 0

- |
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ExX2:. m=3, n=4, p=-2, ¢g=—1

fEX.W:<1234567> T

34 6 7 1 2 5

Loys yd vi i o— i
1y3y§y35—y§y§ y42yiyiyi 4 3 9
_ L1 L1 Xy
1oy v2 3t — vyl Y3 Y3 Y3 Y3 4.3 0
. ~  — ‘ .CE2CE2£U2
Loy vf o 0 — yp oy ys Y5 Us Ys 43 0
Ly L3 Lg
2 3 .4 .5
Yi Y1 Y1
a:‘ll:c:f— — x% r1 1
-
v rd — — Pata, 1| = = s2n(y) a =" - soma() [77]
rs s — — @ oxi 73 1
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ExX2: m=3, n=4, p=-2, q=—1

fEx. w:<1 2900 7) (—1)" = (=1l = +1 T

34 6 7 1 2 5

=03

¢=@322= ()

ull 3—2 2—2 10
B2 ( )
2 1 2 1

3 2

-

R R RHEE
|
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Row length restricted Cauchy formula

f.o We can combine our Theorem for » > 0 with our LemmaT
for p=q¢>0

s Y u@

AL(N)<p

1

o | et TTE Tl (1 — 23a)

m+n—j+p
X j<ntp Li—n

Nagoya - 2008

Ynt+1—i

1—n

Jj—1+q
Xj>n qyn—|—1 1

m+n—)
1—n

mAn—j+X P

||
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Row length restricted Cauchy formula

f’ Forall x = (zq,29,...), ¥y = (y1,¥2,...) and p >0 T

Z sx(z) sa(y)
AL(A)<p
- | JE Hn11(1 — TiYa) Z(_l)m Scapr (T) Sy ()

= 2_ 5@ ) - 3 (D) scir (2) scripr (9)

A q

#® This expresses the row length restricted series as a
product of the unrestricted series times a correction factor

o |
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Column length restricted Cauchy formula

f.o Using the involutions w, : sx(z) — sy (z) and T
wy : Sx(y) — sy (y) forall A, either separately or
together, we obtain three more restricted formula.

® Using w,w, we find that for all z, y and forall p >0

AL <p

= D sa@) say) - Y (D) sicapry (@) sicrapry ()
A ¢

- Z sx(z) sa(y) - Z(_l)m' Sn—p (T) Sy —pr (Y)

where the sum over n Is restricted to those n such that
L both n —p" and n' — p" are partitions J
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Column length restricted Cauchy formula

ﬁ.o Using our Lemma with both p and ¢ set equal to —p, with T
p > 0 gives

Theorem Let z = (z1,22,...,2,) and y = (y1,Y2,---,Yn)
with m,n > 1. Thenforall p > 0 we have

1
| el I Tlamy (1 = i)

Z sx(z) saly) =

AL(N)<p

J—1 : j—1—p
Yn+1—i © Xjsntp In+1—i

m+n—j—p . =g

ngn—p Lin - 1—n

Nagoya - 2008 —p. 72/88




Qutients by infinite series

-

So far we have discussed infinite series of Schur
functions, including their expression in determinantal form

These have been used to provide generalisations of
formulae of both Littlewood and Cauchy

Characters of the orthogonal and symplectic groups may
be expressed as quotients of given Schur functions by
Infinite series of Schur functions in P, fort = 0, &1

Each of these characters has a simple determinantal
form, given by Weyl’s character formula

It IS natural to ask If the same is true if ¢ Is extended to
other positive and negative integer values. J
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Bressoud-Wel identities

-

#® Bressoud and Wei [1992] For all integers t > —1:

22 by i) + (D) D2y () |

— Z Jlol+r@H=D1/2 g (1)

o Py

# Hamel and K [2008] For all integers ¢ and all g:

\ h)\i—z'—l—j(x) + G Xj>—t hAi—z'—jH—t(CE) \

— Z (—1)llol=r@n12 gro) o (1)

oE€Pt

o |
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-

Algebraic proof

| Py, —ivg (T ) + G Xj>—t P —imjy1-4(T) | -
= Z Z q i—itj—K; (z) }
_ Z )=+ =)= itj—o, (T) }
t J
o€ Py

® rk;=2j—1+t for j € {j1,J2,...,7-} and k; = 0 otherwise
® with n>j1>jo>->j. 21— X0t
(j1—1+t Ja—1+1t - jr—1+t>
0 — . . . Ept
J1—1 jgp—1 - g1

® r=r(0)

|
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Cauchy-type extension

fTheorem [Hamel and K, 2008] T
® let x=(z1,...,2,) and y= (y1,...,Yn)
® Let A\ and p havelengths /(A\) <m and /(u) <n

® Then for each pair of integers p and ¢ we have

h:un—l—l—z'"_i_j (y) : Xj>n—q h,un—I—l—z'"_i_j_q(y)

= > (D) sr 00 (@) supm0 (v)
| e N
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Cauchy-type extension

ﬁ.o where the determinantis (m + n) x (m + n), and is T
partitioned after the nth row and nth column

s andif§:<a1 2o ar) c (n™)
by by -+ b

® with a; <n, by <m and r =r(({), then

atp aytp - atp
e o0 =¢p = )
by by - b,
bi+q batq --- brtg
’T(C)ZC’+qT=( )
a1 a9 a,

s with a, > max{0,—p} and b, > max{0, —q}

|
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Example

f: m=3, n=4,p=-2,¢g=-1 X=(5232), p= (4,3,2,2)T
® Let {k} =hi(x) and {k} = hy(y) for all integers &

{2r {1 {0y - - - -
B3y {2 {1y {0} = - - -
oy {4y {33 {2+ = - {1} {0}
{7y {6y {5 {4t = — {3} {2
B3 {4 - — - {5r {6y {7}
0y {1 - = {2y 8y {4

| - — —  — A0} {1} {2} »



Typical term in Laplace expansion

, 7T:<1 2345 6 7) (_1)7T:<_1)0+1+1+2:_|_1—‘

1 346 2 5 7

1Z 0 (U S

4} {5} {7

By o - 4 5 175

® SRR 3
1 By {23 1

- 10y {2}
73 15F 4y 3

< (C7,7, 7777 C{‘Claagm):
(1-1,3-2,4-3,6—4|5-2,6-57—7) = (0,1,1,2]3,1,0)

o720 =()- e

s () =1 N



Determination of o(¢) and 7(()
- -
,g:(?)lo):(i) -

— o0 = C+p7 = (310) — (200) = (110) = ()

. g':(2110):(;>

— 7(¢) = ¢ +¢" = (2110) — (1000) = (1110) = ( (2) )
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|dentification of constituent determinants

- N

® Recallthat A\ = (532) and p = (4322)
# while ¢(¢) = (110) and 7(¢) = (1110)

4y 15) {7}
o | {1} {2} {4} | = ssaz/m0(2)
- {0} {2}

{2t {0y - -
9 B A0y - = 84322/111()(9)

1) 3F 121 L
17) 151 {4} 13)




Conclusions

- N

#® Both the classical Schur function series of Littlewood and
the Cauchy identity may be restricted with respect to row
lengths or column lengths through determinantal formulae

® In each case the correction factors to the original
multiplicative formulae may be expressed as a signed
sum of Schur functions or pairs of Schur functions
specified by partitions having a particularly simple form in
Frobenius notation

#® Each row or column restricted Schur function series is
nothing other than the character of some (rather simple)
finite or infinite-dimensional irrep of a classical group

o |
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f.o

Conclusions

To evaluate these characters (and thereby derive the
restricted Schur function series) use may be made of
Howe dual pairs with respect to spin and metaplectic
representations of (the covering groups) of the orthogonal
and symplectic groups

All the Schur function identities may be extended to the
case of supersymmetric Schur functions

At present a dual pair approach has not been given for
the row or column restricted Cauchy identities

The dual pair approach enables many other characters to
be evaluated, although in doing so it is usually necessary
to invoke classical group modification rules

Nagoya - 2008
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