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Abstract

Association schemes are deeply related to codes, designs, finite geometry and
groups. We would like to classify association schemes in general, but it is too
difficult. So we restrict the cardinality of X (:=|X]). '

Association schemes of following cardinalities are already classified.

e |X| < 10 (Nomiyamal[4]) e [ X| = 11,12 (Hirasaka[6]) e |X| = 14 (Sakita[5])

We classify association schemes with 13 or 15 points in Section 2. In Section
3, we introduce a directed conference graph related to 2-designs and Hadamard
matrices. In Section 4, we introduce Johnson schemes and observe fission schemes
of theirs which are not group cases.

1 Introduction

Definition 1 (Association scheme) Let X be a finite set of cardinality n. Let R;(i =
0,...,d) be subsets of X x X. The configuration X = (X, {Ri}i=0,.a) s called an asso-

czatzon scheme if it satisfies the followzng propertzes( i), . ,(w)

(1) Bo ={(z,z)|z € X}.
(m)ROURlu URd—XxX R.NR;j=¢ ifi #3j.

(iii)R: = Ry for some i’ € {0,1,...,d} , where R::= {(y, z)|(z,y) € R;}.
(iv) Fori,j,k € {0,1,...,d the ‘number of {= € X|(a: z) € R;, (z,z) € R} is constant
whenever (z,y) € R. Thzs constant is denoted by pz

An association scheme is called commutative if it satzsﬁes the property (v) and called
symmetric zf it satisfies the property (vi) .

(U)pzj —p]z fOTVZ,],k .
(vi) Rt = R; forV i .

Let k; = pJ,. The positive integer k; is called the valency of R;.
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The i-th adjacency matrix A; of X is defined to be the matrix of degree | X | whose rows
and columns are indexed by the elements of X and whose (z, y) entries are

vy )1 if(z,y) eR;
(Ai)ay = { 0 otherwise

It is easy to see that the properties (¢), . . ., (vi) are equivalent to the following (i), .. ., (vi)’
respectively.
(8)"  Aq =1, where I is the identity matrix.
(i1) Ao+ Ay +---+ Ay = J, where J is the matrix whose entries are all 1.
(¢i2)' *A; = Ay for some i/, where *A; denotes the transpose of A;.

d
(i’U)l A,,A] = ZPZA"’ for V ’L,j .

k=0 )
(’U)' AiAj = AJAz for V Z,] .
(’Ui)’ tA.,; = A,,, forVi.

Example 1 (Cyclotomic scheme) Let g be a prime power, let d be a divisor of ¢-1 and
let g be a primitive root in Fy. Then FX=<g*>Ug<g!>U...Ug¥ ! <g?>.

X = (X,{Ri}i=o,.,d) is called a cyclotomic scheme if X =F, with relations Ry =
{(z,z)|lz € X} and R, = {(z,y)| y—z €g' < ¢?>} (1<i<d).

Definition 2 (Isomorphic) Let X = (X, {R;}o<i<d) and Y = (Y, {S:}o<i<e) be asso-
ciation schemes. We say that X is isomorphic to Y if there exists the following pair
(0,9)

o: {0,1,...,d} — {0,1,...,¢}

Y. X — Y

where 0 and ¢ are bijections such that

(p(z), 0(y)) € Soy if (2,9) €R; forV z,ye X

Definition 3 (Fusion and Fission) Let X = (X, {R;}o<i<d) be an association scheme.
Let A; (i = 0,1,...,e) be subsets of {0,1,...,d} with properties that Ay = {0} , Ag U
AMU...UA={0,1,...,d} and ;N A; = ¢ if i # j. Define Ry, to be Uges, Re forV
j€{0,1,...,e}. v

If X = (X, {Ra,}o<j<e) becomes an association scheme then we say that X is a fusion
scheme of X, and X is a fission scheme of X. We denote this by

X:{li+1la+...4 1y, ...;es+ea+...+en} of X

where A; = {iy,8a,...,im, } and m; = Ay .

Example 2 (Group case) Define a group case scheme be isomorphic to an association
scheme whose adjacency matrices are given by a regular representation of some group of
order | X|. Note that each valency of this scheme is 1. »

Definition 4 (Circulant) An association scheme X = (X, {R;}o<i<a) is called circulant
if X is isomorphic to a fusion scheme of a cyclic group case of order | X|.



2 Results
Methods

We choose admissible p

Def.1 (iv)’

First, we assume that an association scheme X has fized 'ualenczes
s (: mtersectzon numbers ) by using

AA; = prAk for Vij.

73

and decide whether we can constmct the adjacency matrices with those intersection num-

bers or not, then classify association schemes up to isomorphism.

Result 1 (In the case of | X|=13)

There are only cyclotomic schemes.

There is a one to one correspondence between

factors of 12 (=|X|-1) and association schemes which have these factor classes. But in

general case (for example | X|=19, 23) counter-examples exist. (E.Spence/7])

d=12

=N WO

[ 1]
[ 2]
[ 3]
[ 4]
[ 5]
[ 6]

Remark 1
A translation association scheme with a prime points is a cyclotomic scheme. ([2] p.66)

cyclic group case (Z13)

{1+12,2+11,3+10,4+9,5+8,6+7} of Z13

{1+3+9,2+5+6,4+10+12,7+8+11}
{1+5+8+12,2+3+10+11,4+6+7+9}
{1+3+4+9+10+12,2+5+6+7+8+11}
Trivial scheme

Result 2 (In the case of | X|=15)
We obtain 25 non-isomorphic association schemes.
e 21 Circulant schemes

e Only one conference graph type scheme(see 22) — Section 3

o Three other type schemes(see 10,18,21) < Section 4

d=14
9

8
7
6

[ W e W e W e W e e W e W |
0O ~N O O W N =
) e e e L

cyclic group case (Z15)

{3,6,9,12,5+10,8+13,1+11,14+4,2+7} of Z15

{5,10,3+12,6+9,1+4,11+14,2+8,7+13}
{1+14,2+13,3+12,4+11,5+10,6+9,7+8}
{3,6,9,12,2+5+8+11+14,1+4+7+10+13}
{5,10,3+8+13, 1+6+11,4+9+14,2+7+12}
{3,6,9,12,1+2+4+5+7+8+10+11+13+14}
{5,10,3+6+9+12,2+8+11+14,1+4+7+13}
{5+10,3+8+13,1+6+11,4+9+14,2+7+12}
{5+10,3+12,6+9,1+4+11+14,2+7+8+13}
Non circulant scheme

{3+12,6+9,2+5+8+11+14,1+4+7+10+13}
{5,10,2+3+7+8+12+13, 1+4+6+9+11+14}
{5+10,3+6+9+12, 1+2+4+8,7+11+13+14}
{3+12,6+9, 1+2+4+5+7+8+10+11+13+14}



[14] {5,10,1+2+3+4+6+7+8+9+11+12+13+14}
[15] {5+10,3+6+9+12,1+2+4+7+8+11+13+14}
[16] {5+10,2+3+7+8+12+13,1+4+6+9+11+14}
[17] {3+6+9+12,2+5+8+11+14,1+4+7+10+13}
[18] Fusion scheme {1+2,3+4,5} of[10]

2 [19] {3+6+9+12,1+2+4+5+7T+8+10+11+13+14}
[20] {5+10,1+2+3+4+6+7+8+9+11+12+13+14}
[21] Fusion scheme {1+2+5,3+4} of[10]
[22] Conference graph type

1 [23] Trivial scheme

e Note that left out [A] and [B] schemes ,on symposium in Kyoto.

Definition 5 (Relation matrix) Let {A;}iz,..a be adjacency matrices of X
d
> kAy is called the relation matriz of X.

k=0

The relation matrices are the following.
[1] Z, cyclic group cases (for n=13,15)

Relation matrix is Yrak CF where (Cp)ij = { (1) i)ftfleiji:;e 1 (mod n)
[10] Non circulant type

0125435435435 4 3]
201435435435 4335
12035435435 43354
5430125434335 354
4 352014353545 433
354120354543 4335
5435 430123544335
4354352015 43335 4
3543541204355 433
5434353540125 43
4 3535 45432014335
3545 434351203354
5 4335443554301 2
4 3554335 4435201
[ 3544355433541 20 ]
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Result 3 (Hesse diagrams)

We show the Hesse diagrams for fusion (fission) schemes. Let X and Y be association

schemes. If Y is a fusion scheme of X, then we denote this as follows.

Y

X

Hesse diagram (| X| =13)

[1]1 213

=12

(2]

[3)
/ \
[4]

/[5]

[6] Trivial



Hesse diagram (|X| =15)

=14
9 (5]
8
7 ////////////
6 [5]
5 7]
| [m><
| [m\[j3]
2 [22] [19]
1

(2]

[16]

[23]Trivial

[20]

[15]
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[21]
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3 Directed conference graphs

Definition 6 (Directed conference graphs) I' = (V, E) is called a directed conference
graph if it satisfies the following properties: ~

(0) (z,y) €E <= (y,2) ¢ E forV z,y(z#y) € V.

(i) The number of {2€V|(z, 2)EE} is constant(= k).

(ii) The number of {z € V|(z,2) € E, (2,y) € E}

_{ A if(z,y) € E
\# ey ¢E

Let X be a non-symmetric association scheme with class 2 and A; be the adjacency
matrices for R;. Then a graph which has an adjacency matrix A; (or Af ) becomes a
directed conference graph. Conversely let A be an adjacency matrix of dir.conf.graph,

then a set {I, A, A’} becomes the adjacency matrices of a non—symmetrlc association
scheme. Note that | X| must be 3 (mod 4).

Remark 2
A is an adjacency matriz of a directed conference graph with |V|=4m 4 3
— (0 A+A'=J-1I
(i)’ AA* = (m + 1) +mJ.
(ii)’ AJ = JA = (2m + 1)J.

This means that A is an incidence matriz of 2-(4m+3,2m+1,m)design, moreover A is
skew. So we find skew incidence matrices of this design.

In this case (m=38), we have 2 non-(design)isomorphic 2-(15,7, 3)skewdeszgns and we
have 2 non-(graph)isomorphic directed conference graphs of |V |=15. -

Let A be an adjacency matriz of a dir.conf.graph, then A 2. At (i.e. A and At are
representative matrices.) But we have the only one association scheme which has an ad-
jacency matriz A, up to isomorphism of association schemes.

Remark 3
We construct Hadamard matrices of order 16 similar to Paley’s constructions. Define
1 [1---1
-1
H = . P :’LUhB’I’C P=2Ap+2I—J
-1 |

7A1" :the adjacency matriz of a dir.conf.graph
I :the identity matric
J :the all 1 matriz of order 15

Then H becomes a skew Hadamard matriz of order'16; Now let Ar be a representative
matriz of dir.conf.graph, then we have 2 non-(H-matriz)isomorphic Hadamard matrices.
They belong to IV type and V type respectively in Hall’s classification.[8]
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4 Other type and Johnson schemes

Definition 7 (Johnson schemes) Let V be a set of cardinality v and let k be a positive
integer (k < v/2). Let X be the collection of k-element subsets of V.

Relations {R;}i=o,....a are defined by (z,y) € R; (z,y € X) if and only if |zNy| =k —1.
It is easy to see X = (X, {R;}o<i<k) 18 a symmetric association scheme of class k. X is
called the Johnson scheme and denoted by J(v, k).

We observe the fission schemes of J(6,2). In the Hesse diagram of | X|=15, we can see
that three other type schemes 10,18,21 and one conference graph type scheme 22 are not
fusion schemes of any group case, and 10 is the only one non-commutative scheme with
| X |=15.

In the case of | X|=10, we can observe similar facts. There is a fission scheme of J(5, 2)
(denoted by 10n; (Nomiyamal4])), and this scheme is non-commutative. Moreover J (5, 2)
and 10n; are not fusion schemes of any group case.

Remark 4
Note that J(v,2) with v >5, v £ mod8) does not have commutative fission schemes
of class 8 .(By Sung Y.Song [9])

Problem 1 Find and observe fission schemes of J(v,2) (v > 7).

Problem 2 Find mazimal fission schemes except group cases in general.
(We say that X is mazimal if fission schemes of X do not ezist.)

5 Appendix (|X]|=14)

Sakita classified association schemes with 14 points in [5]. But there are some mistakes.
Especially he forgot 1+ 1+ 3 + 3 + 3 + 3 (valencies) cases. We correct his classification
and obtain following.

d=14 [ 11  cyclic group case (Z14)
[ 2] dihedral group case (D7)
7 [ 3] {2,12,4,10,6,8,7+9+11+13+1+3+5} of Z14
[ 4] {7,1+13,2+12,3+11,4+10,5+9,6+8}
[ 6] {7,1+8,6+13,2+9,5+12,3+10,4+11}
5 [ A] {7,2+4+8,6+10+12,9+11+1,13+3+5}
[ B] Non circulant:{1+2+4,3+5+6,7,8+9+11,10+12+13} of D7
4 [ 71 {7,1+8+6+13,2+9+5+12,3+10+4+11} of Z14
[ 8] {2+12,4+10,6+8,7+9+11+13+1+3+5}
3 [ 9] {7,2+4+6+8+10+12,9+11+13+1+3+5}
[10] {2+4+8,6+10+12,7+9+11+13+1+3+5}
[ €] {7,2+4+8+9+11+1,6+10+12+13+3+5}
[ D] Non circulant:{1+2+3+4+5+6,7+8+9+11,10+12+13} of D7
2 [11] {7,1+2+3+4+5+6+8+9+10+11+12+13} of Z14
[12] {2+4+6+8+10+12,7+9+11+13+1+3+5}
1 [13] Trivial scheme
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where the relation matrix of [2] is the following.

0 1 2 3 4 5 6 7 13 12 11 10 9 8 ]
6 0 1 2 3 4 5 8 7 13 12 11 10 9
5 6 0 1 2. 3 4 9 8 7 13 12 11 10
4 5 6 0 1 2 3 10 9 8 7 13 12 11
3 4 5 6 0 1 2 11 10 9 8 7 13 12
2 3 4 5 6 0 1 12 11 100 9 8 7 13
1 2 3 4 5 6 0 13 12 11 100 9 8 7
7 8 9 10 11 12 13 0 6 5 4 3 2 1
13 7 8 9 10 1 12 1 0 6 5 4 3 2
12 13 7 8 9 10 1 2 1 O 6 5 4 3
1 12 13 7 8 9 10 3 2 1 0 6 &5 4
10 11 12 13 7 8 9 4 3 2 1 0 6 5
9 10 11 12 13 7 8 5 4 3 2 1 O 6

| 8 9 10 11 12 13 7 6 5 4 3 2 1 0 |

Hesse diagram (| X| =14)

d=13 [112Z14 [2]D7

7 [3]
5 [B]
4 [8]
3 [c] [9] [10] [D]
2 (11] [12]

1 [13]Trivial
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