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Abstract

Wire delayandpower consumptionareprimary obstaclesto the continuedscalingof micro-
processorperformance.Fundamentally, bothissuesareaddressedby theemergingbreedof single-
chip, tiled microarchitecturesincluding Raw [1], Trips [2], Scale[3], Wavescalar[4], andSyn-
chroscalar[5], that replicateprogrammableprocessingelementswith small amountsof memory
andcommunicatevia on-chipnetworks characterizedby extremelylow latenciesandhigh band-
width. Our goal is to show that tiled microarchitecturespermitenergy-efficienthigh-performance
computationswhenalgorithmsaremappedproperly. To thatend,we proposea decoupledsystolic
architecture asa canonicaltiled microarchitecturethat supportsthe resourcerequirementsof de-
coupledsystolicalgorithmsdesignedspecificallyfor this architecture.We develop an analytical
framework for reasoningaboutthe efficiency andperformanceof decoupledsystolicalgorithms.
In particular, we definestreamalgorithmsasa classof decoupledsystolicalgorithmsthatachieve�������

computationalefficiency asymptoticallyfor large numbersof processors.We focus our
attentionon the classof regularly structuredcomputationsthat form the foundationof scientific
computinganddigital signalprocessing.

1. Intr oduction

As we approachthephysicallimits of microtechnology, signalpropagationdelaysandpower con-
sumptionemerge as the primary focus of engineeringtrade-offs. Tiled microarchitecturescope
with large signal propagationdelaysacrosslarge chip areasby using short wires and exposing
theschedulingof wire resourcesto software[1]. While tiling providesa pathto increasingclock
frequency asaprimaryguarantorof performancegrowth, powerconsumptionis becomingthedom-
inantconstraint.Thecontinuationof establishedVLSI designpracticeswouldproducesiliconchips
thatgeneratemoreheatthanpackagingtechnologycandissipate.In thissituation,energy efficiency
is becomingaprimarydesignaspectfor microarchitectures.Ourapproachis to increaseenergy effi-
ciency by boostingcomputationalefficiency. Thekey liesin findingagoodmatchof algorithmsand
microarchitecture.In this paper, we show how we canachieve maximalcomputationalefficiency
for regularapplicationsonaprogrammabletiled microarchitecture.

Energy efficiency is a direct consequenceof hardwareutilization measuredin operationsper
timeunit [6]. Wenotethatapplicationsthatutilize theunderlyinghardwareresourcesto �����
	 with
usefulcomputationarenot only the highestperformingbut alsothe mostenergy efficient. Hard-
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wareutilization dependson thestatisticaldistribution of executedinstructiontypes,theinstruction
schedule,and,of course,thedatawhich determinehow often voltagestoggleon datawires. Pre-
viousstudieshave shown that in RISCprocessors[7] or in tiled microarchitectureslike Raw [8] at
most ���
	 of theenergy is consumedby thefunctionalunitsperformingusefulwork. Themajority
of theenergy is dissipatedby theclock network andon-chipmemories.

To show that tiled microarchitecturescanperformenergy-efficient computations,we proposea
decoupledsystolicarchitecture (DSA) asa canonicaltiled microarchitecturefor executingdecou-
pledsystolicalgorithms. A DSA consistsof anarrayof computetiles,peripheralmemorytiles,and
anoff-chip memorysystem.As thenamesuggests,decoupledsystolicalgorithmsdecouplememory
accessesfrom computation[9] andexecutein asystolicfashion[10]. Wedefinestreamalgorithms
asthe classof decoupledsystolicalgorithmsthat achieve �����
	 computationalefficiency on the
DSA asymptoticallyfor largenumbersof processors.For comparison,many existing systolicalgo-
rithmsmissthisefficiency target[10, 11,12, 13]. Thecrux behindstreamalgorithmsis a reduction
of powerconsumptionby memorymodulessoasto beasymptoticallyinsignificantcomparedto the
power consumedby usefulcomputation.Thisarticlemakesthefollowing contributions:

1. We demonstrateby constructionthat thereexist formulationsof many regularalgorithmsas
streamalgorithms,which by definition achieve �����
	 computationalefficiency asymptoti-
cally for largenumbersof processorson aDSA.

2. We presenta designmethodologyto guidethedesignof streamalgorithmsasa well defined
entity. The resultingrigorousapproachimprovesour understandingof tiled microarchitec-
turesasa microarchitecturaldesignpoint, enablesa systematicrestructuringof algorithms,
andcommunicatesourperspective on theinteractionbetweenalgorithmsandarchitecture.

3. Ourefficiency analysisallows usto identify machinesasdecoupledsystolicarchitectures,by
explicitly incorporatingthe areacostof per-tile local memories,andpenalizingthe useof
unboundedlocal memories.This is particularlyimportantin thecontext of emerging single-
chip tiled microarchitectureswhichuseindividual tileswith smallsilicon footprints.

4. We have identifiedtheDSA asa canonicaltiled microarchitecture,which resemblessystolic
machinesfor streamingapplicationsandachieves �����
	 asymptoticenergy efficiency on an
importantclassof algorithms.We believe our insight transformsa well-known constraintof
tiled microarchitectures,smalllocal memories,into a featurerelatedto energy efficiency.

5. Finally, wepresentexperimentalresultsof executingseveralstreamalgorithmsonanexisting
tiled microarchitectureby emulatingthedecoupledsystolicarchitecture.Theseresultsindi-
catethatstreamalgorithmsarenot just of theoreticalinterest,but that they canachieve high
performanceandenergy efficiency for practicalsystemsizes.

Throughoutthis paper, computationalefficiency shall denotethe utilization of floating-point
units,becausewestudyalgorithmsdominatedby floating-pointarithmetic.To enablesimplecount-
ing argumentsfor algorithmicdesignandefficiency analysis,we distinguishbetweencomputation
andmemoryaccessesonly, anddo not accountfor any othercontributorsincluding theclock net-
work. This choiceis basedon the fact that computationandmemoryaccessesarethe first-order
effectsthatdeterminecomputationalandenergy efficiency within therealmof algorithmicanalysis.
Viewing energy efficiency asaconsequenceof computationalefficiency, thealgorithmdesignercan
focuson thegoalof maximizingthelatter.
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The remainderof this paperis organizedas follows. In Section2 we presentthe decoupled
systolicarchitecture.Section3 definesour notionof streamalgorithms.Then,we discusstheal-
gorithmicdesignprocessof transforminganapplicationinto astreamalgorithmusingthreesample
applications;morestreamalgorithmscanbefoundin [14, 15]. We begin with a matrix multiplica-
tion in Section4, which is a fundamentalstreamalgorithmanda workhorseusedaspartof other
streamalgorithms.Then,wepresenttwo lessobviousstreamalgorithms,a triangularsolver in Sec-
tion 5 andaconvolution in Section6. Weanalyzeeachstreamalgorithm,andarguewhy it achieves
optimal computationalefficiency of �����
	 asymptoticallywhen executedon our decoupledsys-
tolic architecture.Wediscussrelatedwork in Section7, summarizeour resultsincludingemulation
experimentsonRaw in Section8, andconcludein Section9.

2. The DecoupledSystolicAr chitecture

Our decoupledsystolicarchitecture(DSA) is a canonical tiled microarchitectureconsistingof an
arrayof processingelementsreplicatedacrossthesiliconareaandconnectedby anon-chipnetwork.
Tiled microarchitectures[1] aresingle-chipparallelmachineswhoseorganizationis primarily de-
terminedby thepropagationdelayof signalsacrosswires [16]. To enablehigh clock frequencies
on largechip areas,tiled microarchitectureshave shortwiresthatspana fractionof thesidelength
of achip,anduseregistersto pipelinesignalpropagation.Shortwires,in turn, introduceaschedul-
ing problemin spaceandtime to copewith thepropagationof signalsacrossdistanceslongerthan
thosereachablevia a singlewire. Moving dataacrosswiresanddistributing operationsacrosspro-
cessorsareequallyimportantschedulinggoals.This schedulingproblemhasreceivedattentionin
thecontext of VLSI design[17], parallelcomputation[13], parallelizingcompilerdesign[18], and
instruction-level parallelism[19] in thepast.

Thespeedadvantageof shortwires hasnot goneunnoticed.In fact, systolicarrayswerepro-
posedby KungandLeisersonin the late1970’s [10, 20, 21], andaimed,in part,at exploiting the
speedof shortwires. Lacking the chip areato supportprogrammablestructures,however, early
systolicarraysweredesignedasspecial-purposecircuitsfor aparticularapplication,andwerecus-
tomizedfor agivenproblemsize.LatersystolicsystemssuchasWarp[22] becameprogrammable,
sothey couldreapthebenefitsof systolicarraysfor regularapplications.Webelieve thatthesignif-
icantareaandenergy efficiency of systolicarraysmerit their reexaminationin faceof thearchitec-
tural similaritiesto recenttiled microarchitectures.

Ourdecoupledsystolicarchitectureservesasacanonicaltiled microarchitecture.It is theresult
of thedesignandanalysisof variousfoundationaldecoupledsystolicalgorithms.To executedecou-
pledsystolicalgorithmsefficiently, eachtile needsno morethana small,boundedamountof local
memory;analgorithmicfeatureexploitedby theDSA. Tiles arearrangedasanarraywith a setof
memorytiles on theperipheryasillustratedin Figure1. Thearrayconsistsof 
���
 computation
tiles, denoted� , and��
 memorytiles, denoted� , on theperiphery. Weuseletter 
 to denotethe
network sizeof thearrayanalogousto theproblemsize � of analgorithm.1

A decoupledsystolicalgorithmsolvesa largeproblemby breakingit into smaller, systolicsub-
problems,andby storinginput dataandintermediateresultsin theperipheralmemories.Theinput

1. WeusethenetworksizeRasacanonicalnetwork parameter. Thenumberof tilesof anetwork of size� is determined
by the network topology. For example,a linear arrayof size � contains� computationtiles and2 memorytiles,
whereasa 2-dimensionalarraycontains��� computationtiles and ��� memorytiles. Our DSA is a 2-dimensional,
squarearrayof sidelength� .
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Figure1: A decoupledsystolicarchitecture(DSA) is an 
���
 arrayof computationtiles (P) sur-
roundedby ��
 memorytiles (M), shown for network size 
���� .

dataaresuppliedto thecomputationtilesfrom thememoriesin acontinuousstreamvia thenetwork,
therebyeliminatingload/storememoryaccessesonthecomputationtiles. As aconsequence,decou-
pledsystolicalgorithmsdecouplememoryaccessesfrom computation[9], andmove thememory
accessesoff thecritical path.It is thedecouplingof memoryaccessesfrom computationthatpermits
anenergy efficient microarchitecturesuchthat themajority of thepower is consumedby computa-
tion ratherthanmemoryaccesses.

2.1 Tile Ar chitecture

The decoupledsystolic architecturehastwo typesof tiles: computationtiles and memorytiles.
The peripheralmemorytiles consistof a computationprocessoraugmentedwith additionallocal
memory, backed by a large off-chip memorysystem.As the namesuggeststheir primary usein-
volvesmemoryaccessesincludingaddresscomputations.Weassumethatthememorycandelivera
throughputof two loadsandonestoreperclockcycle. Thissectionfocuseson thekey architectural
featuresof thecomputationtiles.

The computationtile, sketchedin Figure 2, is a simple general-purposeprogrammablecore
comprisinganintegerunit, afloating-pointunit with amultiply-and-addmoduleasthecenterpiece,
anda multi-ported,general-purposeregisterfile. Ouranalysisof decoupledsystolicalgorithmshas
revealedthat64 registerssuffice. To focusour attentionon thedatapath,Figure2 omitsall of the
control logic anda small instructionbuffer. We assumea single-issue,in-orderpipelinedFPUthat
allowsusto issueonemultiply-and-addoperationperclockcycle. Otherfunctionalunits,including
a divider anda squareroot unit, shouldbepipelined,althoughthey arelesscritical for application
performancedueto lessfrequentuse. Whenreferring to computationalefficiency, we typically
meantheutilizationof theFPU.In particular, acomputationalefficiency of �����
	 refersto theFPU
executingoneoperationperclock cycle.

Arguablythemostimportantfeatureof theDSA is thedesignof its on-chipnetwork. Our in-
terconnectusesa register-mappednetwork [1, 22, 23, 24,25], thatallows instructionsto accessthe
network via registernames.UnlikeRaw [1], theDSA doesnotincorporateaseparateswitchproces-
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GPR IU
E1

E2
W2

W1

N2N1

S1 S2

FPU

Figure2: A computationtile containsa general-purposeregisterfile (GPR),an integer unit (IU),
andafloating-pointunit (FPU)basedonamultiply-and-addmodule.Theprocessorcon-
nectsvia FIFO’s to its four neighbors.

sor for programmedrouting. Theflexibility provided by a separateswitchprocessor, in particular
for routesbypassingthe main processor, is simply not neededfor streamalgorithms. However,
DSA’scanbeemulatedon topof a tiled microarchitecturelike Raw, althoughwith amodestlossin
efficiency asdiscussedin Section8.

As illustratedin Figure2, we useFIFO’s to connectandsynchronizeneighboringprocessors.
The implementationof streamalgorithmsdemandstheexistenceof two bidirectionalconnections
betweeneachof the four neighboringtiles. The FIFO’s areblocking andareexposedto the pro-
grammerby mappingtheminto registernamesof theinstructionset.Theoutgoingportsaremapped
to write-onlyregisterswith thesemanticsof aFIFO-pushoperation,andtheincomingportsasread-
only registerswith the semanticsof a FIFO-popoperation. Like Raw, we prefer the network to
betightly integratedwith thepipelinedfunctionalunits. Accordingly, bypasswiresthatcommonly
feedsignalsbackto theoperandregistersalsoconnecttheindividualpipelinestagesto theoutgoing
network FIFO’s. Thetight network integrationensuresa latency of asingleclockcycle for commu-
nicationbetweenneighboringcomputationtiles, andallows for efficient pipeliningof resultsfrom
operationswith differentpipelinedepthsthroughtheprocessorarray.

Thedecoupledsystolicarchitectureusesawide instructionword to schedulemultiple,simulta-
neousdatamovementsacrossthenetwork, betweenthefunctionalunitsandthenetwork, aswell as
betweentheregisterfile andthenetwork. A typical streaminstructionsuchas

 "!$#�%"&(')%"&(')%$*,+,'-%".$/ 0"1"2$3"4�%$*,+�5$6"%$7,+,'8%".$/"5"6$%"9$/
consistsof two parts.The

 $!"#
operationis afloating-pointmultiply-and-addcompoundinstruction.

It multiplies thevaluesarriving on network ports
*,+

and
."/

, andaddstheproductto thevaluein
general-purposeregister

%"&
. Simultaneously, it routestheincomingvaluesto theneighboringtiles

asspecifiedby the
0"1$2"3$4

partof theinstruction.Thevaluearriving atport
*:+

is routedto outgoing
port

7,+
, andthevaluearriving atport

."/
to outgoingport

9"/
. Instructionsof ourDSA blockuntil all

operandsareavailable.UsingsmallFIFO’sasdeepasthedeepestfunctionalunit easestheproblem
of schedulinginstructionssubstantially. Thereexistsa trade-off betweeninstructionwidth andarea
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occupiedby thecorrespondingwireswithin a tile. Basedon our analysisof streamalgorithms,we
assumethatup to threedatamovementscanbespecifiedwithin theroutepartof aninstruction.

2.2 On-chip Network

Our discussionof the register-mappednetwork in the previous sectionnearlycompletesthe de-
scriptionof theon-chipnetwork. In fact,theon-chipnetwork consistsof little morethanthewires
connectingneighboringtiles, anda switchwithin eachtile with programmedconnectionsbetween
thewiresthemselvesaswell asthefunctionalunits. Sincethewiresspana distanceno longerthan
thesidelengthof a tile, they canberelatively shortandfast.A goodVLSI implementationbalances
the sidelengthof a tile with the critical-pathlengthwithin a tile. In the following, we provide a
brief introductionto theuseof thisnetwork organizationby meansof aprogrammingexample.

From theprogrammer’s point of view, theessentialfeaturesof a register-mappednetwork are
that it enablesus (1) to distribute a computationacrossmultiple tiles, (2) to usethe network as
temporarystorage,and (3) to reducethe critical path length of the computationby abandoning
localmemoryaccessesof conventionalload/storeinstructions.As asimpleexampleillustratingthe
decouplingof a computation,considerthe computationof the sum ;<�>=@?�A . Figure3 shows a
versionof theadditionon a conventionalload/storeprocessorarchitectureon theleft-andside,and
aspace-distributed4-tile versionfor theDSA with network size 
���� on theright-handside.

W2

W1
N2

S1

N1

E1

E2
S2

W2

W1

mem

E1

E2
mem

a

+

c

b

(a) Load/Store Architecture

memory
+a b

c

1 3 2

4

(b) Decoupled Systolic Architecture

N2N1

mem

Figure3: Dataflows of ;���=B?CA ona load/storearchitecture(a)andon four tilesof aDSA (b).

Onaconventionalload/storeprocessortheadditionrequiresfour instructionsto loadoperands
#

and D from memoryinto general-purposeregisters,perform the addition, andstorethe result in
variable E (weusethe F -symbolto indicatethat

#
, D , and E denotememorylocations):

G"H %,+:')I$#
G"H %"/(')I D#"J$J %"K(')%:+,')%$/
L H %"K(')I E

In theversionfor theDSA, wedistributetheseoperationsacrossfour tiles,onecomputationtile and
threememorytiles. Weexecuteoneinstructionpertile, andusethenetwork astemporarystorage:
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Memorytile 1:
G$H %"9:+,')I$#

Memorytile 2:
G$H %".:+,')I D

Computationtile 3:
#$J"J %"7:+,')%$.,+:')%"9:+

Memorytile 4: L H %"*:+,')I E
As introducedin Section2.1,

%"9:+
,
%$.,+

,
%$*,+

and
%"7:+

arethenamesof network-mappedregisters,
whichgrantreador write accessto thenetworksdependingon theirusein theinstruction.Memory
tile 1 loadsoperand

#
from its local memoryandwrites it into network register

%$9,+
. Similarly,

memorytile 2 loadsoperandD straightinto thenetwork via register
%".:+

. Computationtile 3 uses
oneinstructionto readbothoperandsfrom thenetwork via registers

%".:+
and

%"9:+
, andto write the

resultbackinto network register
%"7:+

. Finally, memorytile 4 readsthesumfrom network register%"*:+
andstoresit in its local memory. Sincenetwork registernamesrefer to directions,the code

is position independentof the particulartile. Note that the register-mappednetwork actslike a
distributedregisterfile, organizedasseveral FIFO’s. Furthermore,while the load/storeversionof
theadditionoccupiesfour instructionslotson onetile, the4-tile versionoccupiesoneinstruction
slot on eachof the four tiles. Thus,thecritical-pathlengthof theprogramin termsof instruction
slotsis four timessmallerin the4-tile version.

Let us now considerthe element-wiseadditionof two vectorsratherthanscalarnumbers.In
thiscase,we replicatea loopoverarrayindex M acrossthefour tiles:

1:
 $1"0ON MQP"R(STM�U * SVM�W$W,X 3:

 "1$0ON M�P$RYSTMQU * SZM�W"W:X 2:
 $1"0ON M�P"R(SVM�U * STMQW"W,XG"H %"9:+,')#\[ MQ] #"J"J�%$7,+:')%".:+,'-%"9,+ G$H %$.,+,' D [ M�]

4:
 "1$0ON M�P$RYSTMQU * SZM�W"W:XL H %$*,+:' E [ M�]

With properloop unrolling, this codeachieves a throughputof oneadditionper clock cycle. In
contrast,theequivalentloopof theload/storeversionachievesathroughputof oneadditionperfour
clock cyclesonly. Thus,investingfour timesthespaceimprovesthethroughputby a factorof four.
The computationalefficiency of both versionsis only ^��
	 , however. In the load/storeversion,
only every fourth instructionis a usefuladdition,andin the4-tile version,only onetile outof four,
namelycomputationtile 3, operatesat �����
	 computationalefficiency, while thethreememorytiles
implementthe datamovement.We will seein Sections4–6 how thedesignof streamalgorithms
allows usto utilize all computationtilesof theDSA at �����
	 computationalefficiency.

2.3 Off-chip Network

A single-chipDSA will beembeddedin a largersystem.At the least,we desireaccessto a larger
off-chip memorysystem.In addition,for thesake of scalability, we want to interconnectmultiple
chips to assemblelarger streamfabrics. For a DSA with a significantportion of the silicon real
estateinvestedin the on-chipnetwork, seamlessconnectivity to the memoryor otherDSA chips
is essentialfor scalability andprogrammability. However, the numberof pins provided by chip
packagingtechnologyimposesa seriouslimitation on thenumberof network wiresthatmaycross
thechip boundary. If we wereto extendour on-chipnetwork acrossthechip boundary, we would
needanenormousnumberof datapins. An 
_�`
 arrayhas4 sides,eachwith 
 (memory)tiles,
2 networks with 2 directionsand a bits each.Multiplying all factorstogetherresultsin ��b�
ca as
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the minimum numberof datapins for a singlechip. To be concrete,for 
d�e� , a word sizeof
a_��f�^ bitswould require4,096datapinsandawordsizeof a_��bg� bitswould require8,192data
pins.Suchanumberof pinsis notonly technologicallyinfeasiblefor theforeseeablefuturebut also
areainefficient.

Ratherthancompromisingthenetwork size 
 to matchtheavailability of pins,a betteralter-
native is to investin anoff-chip network thatreducesthenumberof wiresneededto crossthechip
boundary. A prime candidatefor sucha network is a fat-tree[26, 27], that permitsconcentration
in theswitches,sothat thenumberof wiresconnectedto theswitchat theroot of the treeis small
comparedto the total numberof wires connectedto the switchesat the leaves. Figure4 shows a
fat-treenetwork arrangedsuchthat it forms a back-planefor the memorytiles. The reductionof
wires in theswitchesof a fat treeis quiteflexible, allowing us to pick thenumberof wires h that
crossthechip boundaryaccordingto theconstraintsof thepackagingtechnology.
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Figure4: The memorytiles connectvia a back plane,a fat-treenetwork, to the off-chip world,
includinga memorysystem.Thenumberof datapinsof thechip packageis h .

This raisesthequestionof how many wires h we actuallywish to have in a single-chipDSA
with a fat-treenetwork asback-plane.Assumethat thefat treeconnectsthechip to a largepool of
off-chip memorybankswith thememorytiles actingasstreambuffers [28] or streamcaches[29].
Suchanorganizationof a memoryhierarchyshouldallow usto streamdatain andout of thechip
at thespeedrequiredto ensure�����
	 computationalefficiency. To meetthis requirement,we need
to focusourattentionon thebandwidthof theoff-chip network.

Ouranalysisof streamalgorithmshasrevealedthatthebandwidthneededacrossthechipbound-
ary is a factorof four smallerthanthebandwidthofferedby extendingtheon-chipnetwork. In fact,
our streamalgorithmswith thelargestbandwidthrequirements,thestreamSVD [15] for example,
requiretwo setsof incomingandtwo setsof outgoingstreamsthroughthefour sidesof our 
i�j

array. This correspondsto utilizing just 2 sidesof 
 tiles eachwith only 1 bidirectionalnetwork
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per tile, leadingto an aggregatememorybandwidthof ��
ca . Thus,with 
k�l� anda word size
of 32bits, thefat-treenetwork requiresonly 1,024datapins. Sucha chip is realizablewith today’s
packagingtechnology[1].

As an aside,it would be desirableto implementa separateon-chipnetwork connectingeach
computationtile with at leastoneof theperipheralmemorytiles soasto offer a reasonablysimple
meansfor supplyingthecomputationtilesvia theoff-chip network with instructions.

3. StreamAlgorithms

In this sectionwe introducestreamalgorithmsanda setof conditionswhich enableus to increase
efficiency by increasingthenumberof tilessuchthatthecomputationalefficiency approaches�����
	
asymptotically, while thepower consumedby memoryoperationsbecomesinsignificant.

Thekey strategy for thedesignof streamalgorithmsis to recognizethatthenumberof memory
tiles mustbenegligible comparedto thenumberof computationtiles becausememorytiles do not
contribute any useful computation,but tend to consumea relatively large amountof energy. In
thefollowing, we call a systolicalgorithmwhosememoryaccessesareexecutedon a differenttile
thanthecomputationadecoupledsystolicalgorithm in recognitionof thedecoupledaccess/execute
architecture [9].2 While it is oftenimpossibleto designanefficientdecoupledsystolicalgorithmfor
a smallnumberof tiles anda smallproblemsize,we canactuallyincreasetheefficiency for larger
numbersof tilesandlargeproblems.Weemphasizethisobservationby formulatingthedecoupling-
efficiency condition.

Definition 1 (Decoupling-EfficiencyCondition)
Givena decoupledsystolicalgorithmfor a networkof size 
 , let �nm)
co be thenumberof compu-
tation tiles and ��m)
co thenumberof memorytiles. We saythealgorithmis decouplingefficient if
andonly if

��m)
coY��pqm)�nm)
co)o)r
Informally, decouplingefficiency expressesthat thenumberof memorytiles becomesinsignif-

icant relative to the numberof computationtiles aswe increasethe network size 
 . Decoupling
efficiency is a necessarycondition to amortizethe lack of useful computationperformedby the
memorytiles and the power investedin memoryaccesses.For example,supposewe implement
an algorithmon �s�t
vu computationtiles. If we canarrangethe memorytiles suchthat their
number � becomesnegligible comparedto � whenincreasingthe network size 
 , the resulting
algorithmis decouplingefficient. Thus,for a decoupling-efficient algorithmwith �w�yxnm)
 u o , we
maychoose� to be z{m)| }~
co , or z{m)� 
co , or ����z�m)
co , or ����z{m)
`| }~
co , for example.In con-
trast,a designwith � �w��m)
 u o would not beefficiently decoupled.Decoupledalgorithmsperse
areindependentof aparticulararchitecture.Note,however, thattheDSA is particularlywell suited
for executingeitheronesuchalgorithmwith ���(�����Y� xnm)
 u o)��xnm)
co or multiplealgorithmscon-
currentlywith ���(�����(����x{m)
co)��xnm)��o)� .

Decouplingefficiency is anecessarybut notsufficientconditionto guaranteehighefficiency. In
orderto formulatea sufficient condition,we first clarify our notionof computationalefficiency by
meansof thefollowing definition.

2. Although systolicalgorithmswereoriginally designedfor systolicarraysof hardware circuits including registers
ratherthan large local memorieswith a load/storeinterface, they have taken on a broadermeaningover time to
includeaccessesto potentiallylargelocalmemories[11, 21].

9



STRUMPEN, HOFFMANN, AND AGARWAL

Definition 2 (ComputationalEfficiency)
Givenanalgorithmwith problemsize� with a numberof usefulcomputationaloperations ��m)��o , a
networkof size 
 , theexecutiontimegivenasnumberof timesteps��m)����
co , andtheareacounted
in numberof tiles �{m)
co,?C��m)
co , thenthecomputationalefficiency is

� m)�<��
co�� �{m)��o
m)�nm)
co�?���m)
co)o��g�@m)�<��
co r (1)

The numeratorof Equation1 consistsof the numberof usefuloperations,andthe productin
thedenominatorcanbeinterpretedasthecomputationalcapacityof theDSA duringtimeperiod� .
For additionalinsight,wederive thedefinitionof computationalefficiency from thefamiliar notion
of speedup,andinterpretthedenominatorof Equation1 asthespace-timeproduct �(� of theVLSI
modelof computation[30]. To that end,we definethe area(i.e. 2D-space)as �Bm)
co��O�{m)
co(?
��m)
co to benormalizedwith respectto theaverageareaoccupiedby thecomputationandmemory
tiles. Then,our definition of efficiency follows from the well-known relationof efficiency

�
and

speedup� :

� m)�B���\����o�� Sm)�Bo
�

� ��m)��o)�g��m)�Bo
�

� ��m)��o
���g��m)�Bo

� �{m)��o
�Y� r

Thethird line follows from thefact that thecomputationalwork �{m)��o equalsthenumberof time
stepsneededto executeanalgorithmwith problemsize � on a singletile, that is �{m)��o\����m)��o .
In otherwords,for agivenalgorithmandproblemsize � , efficiency is inverselyproportionalto the
space-timeproduct�Y� , asstatedin Definition 2.

For all practicalpurposes,we may relatethe problemsize � andnetwork size 
 via a real-
valued � suchthat ���i�,
 . Substituting�,
 for � in Equation1, we obtainasufficient condition
for computationalefficiency asfollows.

Definition 3 (Computation-EfficiencyCondition)
Wecall analgorithmwith problemsize� computationallyefficient whenexecutedona networkof
size 
 , if andonly if

| � ¡¢�£ ¤¦¥n§ � m)�¨��
coY�i���
where �O���,
 .

Informally, thecomputation-efficiency conditiondemandsthatwe obtain �����
	 computational
efficiency asymptoticallyfor an infinitely large network size,anda problemsizethat is infinitely

10
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larger thanthenetwork size.3 Note that thecomputation-efficiency conditionpresentsa departure
from conventionalparallelalgorithmdesignwherescalabilityhasbeentheforemostgoal. In partic-
ular in thepast[13, 31], thedesignof parallelalgorithmshasbeenassociatedwith theassumption
thatweshouldbeableto utilize largernumbersof tilesaswe increasetheproblemsize,andideally
use �d�dxnm)��o tiles efficiently. The computation-efficiency conditionabandonsthis criterion in
favor of theperspective that realmachinesareof finite size. Looselyspeaking,we preferto usea
smallmachinevery efficiently ratherthana largemachinelessefficiently.

Basedon our definitionsof thecomputation-efficiency conditionandthedecoupling-efficiency
condition,we now defineastreamalgorithm.

Definition 4 (StreamAlgorithm)
A streamalgorithm is a computation-efficient and decoupling-efficient decoupledsystolicalgo-
rithm.

This definition of a streamalgorithmsuggeststhat we canexpressthe efficiency of streamalgo-
rithmsasaproductof two terms

� ¢ capturingcomputationefficiency and
� ¤ capturingdecoupling

efficiency, with theformerdependingon � andthelatteron 
 only:

� m)�¨��
co(� � ¢ m)�,o�� � ¤ m)
co)r (2)

We require that ��© � ¢ � � ¤sª � , so that �i© � ª � . The
� ¢ -term is a rational function

representingthe average utilization of the computationtiles whenexecutinga decoupledsystolic
algorithm. For thestreamalgorithmswe have developedsofar, we find that

� ¢ assumestheform
of a rationalfunctionin � , seeTable1 in Section8.1:

� ¢ m)�,o«�
¬­­"®"¯±° ­ � ­¬²²\®"¯:³ ² � ² � where � ªµ´¶ � ´· r (3)

The
� ¤ -term representsthe area efficiencyof a decoupledsystolicalgorithm,that is the ratio of

computationtiles �nm)
co andtotal numberof tiles �nm)
co¸?¹��m)
co . For thestreamalgorithmslisted
in Table1,

� ¤ is a rationalfunctionin 
 of theform:

� ¤ m)
co«� 


�?C= � where =@º`»�^���f�����¼�r (4)

Both termsexhibit abehavior thatis characteristicfor streamalgorithms:

| � ¡¢"¥n§ � ¢ m)�,o(��� and | � ¡¤½¥n§ � ¤ m)
co(�i���
sothattheproductof thetwo terms,thecomputationalefficiency, approaches�����
	 for largevalues
of � and 
 .

Figure5 illustratesthe generalbehavior of efficiency asa function of network size 
 for the
casewhere �T�k
 or �¾�k
 u . The top curve correspondsto the

� ¢ -term,which approachesits
limit 1 veryrapidly. Thecurvebelow showsthecorresponding

� ¤ -term,andthebottomcurveis the
productof the two terms. Sincethe

� ¢ -termapproaches1 so rapidly, theefficiency curve clamps
ontothecurve of thedominating

� ¤ -term.

3. We couldwrite the latterconditionas �C¿ÁÀÃÂÅÄÇÆ insteadof usingthelimit ÈÁÉ�Ê . Thelittle- À conditionis quite
strong,andit remainsanopenquestionwhethertheweaker demand�`¿ÌË,ÂÅÄÇÆ mightbeuseful.
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Figure5: Illustrationof efficiency
� m)�¨��
co asa functionof network size 
 and �`�Í�Ç��
 for the

specialcase���k
 , that is �Î�k
 u . Function
� ¢ m)�,o representsaverageutilization of

thecomputationtiles and
� ¤ m)
co areaefficiency.

In thefollowing sectionswe discussthetransformationof a matrix multiplication,a triangular
solver, anda convolution into streamalgorithms. All threedesignsqualify asstreamalgorithms
becausethey fulfill thedecoupling-efficiency andcomputation-efficiency conditions.Readersless
interestedin thetechnicaldetailsof thesealgorithmsandtheiranalysismayskip Sections4–6.

4. Matrix Multiplication

As our first exampleof a streamalgorithm,we considera densematrix multiplication. Giventwo
�d��� matrices� and a , we wish to computethe �d��� matrix �����Ba . Wecomputeelement
;-ÏÅÐ in row Ñ andcolumnÒ of productmatrix � astheinnerproductof row Ñ of � andcolumnÒ of a :

;-ÏÅÐÓ�
Ô
Õ ®,Ö = Ï Õ �×A Õ Ð � (5)

where � ª ÑØ��Ò ª � .

PARTITIONING

Sinceweareinterestedin problemsof size �OÙ�
 , westartby partitioningtheproblemintosmaller,
independentsubproblems.Eachof thedominatingsubproblemsmustexecutesystolicon theDSA
with maximumcomputationalefficiency. For the matrix multiplication we usea block-recursive
partitioning.Werecursealongtherows of � andthecolumnsof a :

� Ö)Ö � Ö u� u Ö � u)u � � Ö)Ö
� u Ö a Ö)Ö a Ö u r (6)

For eachof the matrices�
ÏÅÐ we have �
ÏÅÐ<�O�ÚÏ Ö a Ö Ð , where ��Ï Ö is an �Ç��^<��� matrix and a Ö Ð
an �Û�Z�Ç��^ matrix. Thus,thematrix multiplicationcanbepartitionedinto a homogeneoussetof
subproblems.

12
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DECOUPLING

Our next goal is to move all memoryaccessesoff thecritical pathby decouplingthecomputation,
suchthatmemoryaccessesoccuron thememorytiles andcomputationaloperationson thecompu-
tation tiles. We begin by observingthateachproductelement;-ÏÅÐ canbecomputedindependently
of all othersby meansof Equation5. In addition,Equation6 allows usto streamentirerows of �
andentirecolumnsof a throughthecomputationtiles. Furthermore,wepartitionaproblemof size
�Ü�Z� until the �
ÏÅÐ areof size 
��V
 andfit into our arrayof computationtiles. We implement
theresultingsubproblemsassystolicmatrixmultiplications,illustratedin Figure6 for �O��
���^ .
Rowsof � flow from theleft to theright, andcolumnsof a from thetop to thebottomof thearray.

b21 b12

b22

a22 a21

12a a11

b11

(1)

a22

b22

12c

c22

c11

21c

(5)

c12

c21
22c

(6)

c22

11c

c21

c12

b21

a22 a21

b12

a12

b22

c11

12a

a21

b12

a21

a11

b11

b22

a22
b11

b21 b12

a11

.

(7)(4)

a22

b22

(3)

12a

b21 b12

a21

(2)

Figure6: Seventime stepsof a systolicmatrix multiplication �_�i���×a for ^���^ matrices.Each
box representsa computationtile. Valuesentering,leaving, or beinggeneratedin the
arrayareshown in bold face.Shadedboxesmarkthecompletionof aninnerproduct.We
split thedataflow of theoperandsandproductsinto thetopandbottomrows.

For �ÛÙ�
 , thecomputationtile in row Ý andcolumn Þ computestheproductelements;-ÏÅÐ for
all Ñ�¡cß:àá
_�âÝ and ÒÇ¡~ß:àÇ
_�yÞ . To supplythecomputationtiles with theproperdatastreams,
we use 
 memorytiles to storetherows of � and 
 additionalmemorytiles to storethecolumns
of a . Thus,for thematrix multiplication,we use �i��
 u computationtiles and ����^�
 memory
tiles. Figure7 illustratesthedataflow of a decoupledsystolicmatrix multiplicationfor �d�¹� and

ã�l^ . Notehow thememorytiles on theperipherydeterminethescheduleof thecomputations
by streamingfour combinationsof rows of � andcolumnsof a into thecomputationtiles. First,
we compute� Ö)Ö by streaming»��Bm)����ä o)�å�Bm)^���ä o)¼ and »�a@m)ä ����o)�åa�m)ä ��^�o)¼ throughthearray. Second,
we stream»��\m)����ä o)�¸�\m)^���ä o)¼ against»�a�m)ä ��f�o)�¸a@m)ä ����o)¼ , third, »��Bm)f���ä o)�¸�Bm�����ä o)¼ against»�a�m)ä ����o)�
a�m)ä ��^�o)¼ , andfinally »��Bm)f���ä o)�
�\m�����ä o)¼ against»�a�m)ä ��f�o)�¦a�m)ä ����o)¼ . As a result,we compute � Ö)Ö ,
� Ö u , � u Ö , and � u)u in thatorder.

If productmatrix � cannotbe streamedinto a neighboringarrayof consumingcomputation
tilesor off thechipaltogether, but shallbestoredin memorytiles,wemayhave to investanother

memorytiles for a totalof ���if�
 . In any case,we have ����xnm)
 u o and �æ��x{m)
co , andhence
����pqm)�no . Weconcludethatthestructureof ourmatrixmultiplicationis decouplingefficient.

EFFICIENCY ANALYSIS

We now analyzetheefficiency of our matrix multiplication,andshow that it qualifiesasa stream
algorithm.Thenumberof multiply-and-addoperationsin themultiplicationof two �_�á� matrices

13
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Figure7: Dataflow of acomputation-efficientmatrixmultiplication �������ça for �Ú��� matriceson
^���^ computationtiles. Shadedboxeson theperipherymarkmemorytiles,andindicate
thecompletionof aninner-productotherwise.

is �{m)��o(���<è . Onanetwork of size 
 with ����
 u computationtilesand �æ��^�
 memorytiles,
wepipelinethecomputationof m)�Ç��
co u systolicmatrixmultiplicationsof size 
T�é� times �Í�é
 .
Sincethis pipelining producesoptimal tile utilization, andthestartupanddrain phasescombined
take f�
 time steps(cf. Figure7), thetotalnumberof timestepsrequiredby thiscomputationis

� ²Y² m)����
coê� m)�Ç��
co è 
�?Cf�
cr
Accordingto Equation1, thecomputationalefficiency of ourmatrix multiplicationis therefore

� ²Y² m)�<��
coê� �<è
m)m)�Ç��
co è 
�?�f�
co��×m)
 u ?C^�
co r

Using �Á���Ç��
 insteadof parameter� , we obtain

� ²Y² m)�¨��
co«� �ëè
� è ?Cf �




�?¹^ (7)

for theefficiency. Considereachof the two producttermsindependently. Term � è ��m)� è ?�f�o ap-
proaches1 for large valuesof � , that is if the problemsize � is much larger than the network
size 
 . On the otherhand,term 
c��m)
�?�^�o approaches1 for large network sizes 
 . This is the
asymptoticbehavior illustratedin Figure5. If we assumea constantvalue ��ì�� , we find that the
efficiency of the matrix multiplication increasesaswe increasethe network size,andapproaches
theoptimalcomputationalefficiency of �����
	 asymptotically. We alsonotethat for a fixed � , the
streammatrixmultiplicationrequires��m)��o
��m)� u ?jf����,o)�O�ixnm)��o timestepsonanetwork with
m)�Ç���,o�u computationtiles.
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To discussa suitablenetwork size 
 for a DSA, let us considersomeabsolutenumbers.For
example,if ����
 , thatis �í��� , we have asystolicmatrixmultiplicationwith

� ²Y² m)�í������
co(� �� �




�?¹^ r (8)

Thus,themaximumefficiency is just ^��
	 evenfor aninfinitely largenetwork. On theotherhand,
for a relatively smallvalue �Ì�i� , wehave

� ²Y² m)�í������
coY����r î�î�� 


�?C^ r

Hence,for a network sizeof 
��_��b , a computationallyefficient matrix multiplicationof problem
size �Û�y�\�ï��b��_��^�� achievesalmost î��
	 efficiency. Largerproblemsizesandlargernetworks
operateabove î��
	 efficiency. For a singleDSA chip with network size 
���� , thecomputational
efficiency of amatrixmultiplicationof problemsizes�Oð�bg� is

� m)�Ìð�����
��i��o(Ù�ñ�î
	 .

5. Triangular Solver

A triangularsolver computesthesolution ò of a linearsystemof equations�(ò��ÍA assumingthat
matrix � is triangular. Hereis anexamplewith a ����� lower-triangularmatrix � .

= Ö)Ö � � �
= u Ö = u)u � �
= è Ö = è u = è)è �
=ôó Ö =ôó u =ôó è =�ó)ó

ò Ö
ò uò èòåó

�
A Ö
A uA èA�ó

Findingsolutionò is astraightforwardcomputationknown asforward substitution:

ò Ö � A Ö
= Ö)Ö

ò±Ïõ� �
= ÏÅÏ A-Ïåö

Ïç÷ Ö
Ð ®,Ö =ÃÏøÐ)ò±Ð for ÑÚ��^���f���r�r�rÃ���<r

We are interestedin triangular solvers as building blocks of other algorithmsincluding an
LU factorization.In particular, weareinterestedin thelower-triangularversionthatfindsan �w�Ç�
matrix h asthe solutionof �Yh ��a , where a is an �s�C� matrix representing� right-hand
sides.

PARTITIONING

We partition the lower-triangularsystemof linear equationswith multiple right-handsidesrecur-
sively accordingto Equation9. Matrices � Ö)Ö and � u)u arelower triangular.

� Ö)Ö �
� u Ö � u)u

h Ö)Ö h Ö uh u Ö h u)u � a Ö)Ö a Ö ua u Ö a u)u (9)
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Thepartitionedtriangularform leadsto aseriesof smallerproblemsfor thelower-triangularsolver:

� Ö)Ö h Ö)Ö � a Ö)Ö (10)

� Ö)Ö h Ö u � a Ö u (11)

aBùu Ö � a u Ö öC� u Ö h Ö)Ö (12)

a ùu)u � a u)u öC� u Ö h Ö u (13)

� u)u h u Ö � a ùu Ö (14)

� u)u h u)u � a ùu)u (15)

First, we computethe solution of the lower-triangularsystemsin Equations10 and11, yielding
h Ö)Ö andh Ö u . Weusethesesolutionssubsequentlyto updatematricesa u Ö and a u)u in Equations12
and13,producinga ùu Ö and a ùu)u . Wecouldcomputethematrixsubtractionin Equations12and13on
thecomputationtilesof thearray. However, wecansavetheassociateddatamovementby executing
thesubtractionon thememorytiles. This alternative is simplerto programaswell. Matrices a ùu Ö
and a ùu)u arethe right-handsidesof the lower-triangularsystemsin Equations14 and15. Solving
thesesystemsyields h u Ö andh u)u . Thus,Equations10–15definea recursive algorithmfor solving
the lower-triangularsystemof Equation9. Therecursionreducestheproblemof solvinga lower-
triangularsystemof linearequationsinto four smallerlower-triangularsystemsof linearequations,
plustwo matrix multiplicationsthatwe have discussedin Section4 already.

DECOUPLING

To arriveatadecoupleddesign,weobserve thatthecomputationsfor theindividualright-handsides
of thelinearsystem�(h«�ya areindependent.Considerthefollowing systemfor �e�_f andtwo
right-handsides.

= Ö)Ö � �
= u Ö = u)u �
= è Ö = è u = è)è

ò Ö)Ö ò Ö uò u Ö ò u)uò è Ö ò è u
�

A Ö)Ö A Ö uA u Ö A u)uA è Ö A è u
r

The computationof column Ò of h dependson the elementsof � andthe elementsof column Ò
of a only, andthecomputationsof columnsof h maybeperformedindependently.

Figure8 depictsthe systolicalgorithmfor our lower-triangularsolver. We streamrows of �
from the left to the right andcolumnsof a from the top to the bottomof the computationarray,
while columnsof h streamfrom the bottomof the array. Tile ú ÏÅÐ in row Ñ andcolumn Ò of the
computationarrayis responsiblefor computingelementò:ÏøÐ . Notethatdueto theindependenceof
columnsin thiscomputationwemaypermutethecolumnsof a arbitrarily, providedwepreservethe
staggereddatamovement.We canalsousethesystolicdesignof Figure8 for anupper-triangular
solverby reversingtheorderin whichtherowsof � arestoredonthememorytiles,andby reversing
theorderin which theelementsof thecolumnsof a arefed into thecomputationtiles.

We illustrate the systolicalgorithmby describingthe computationof elementò è Ö �tm)A è Ö ö= è Ö ò Ö)Ö öw= è u ò u Ö o)��= è)è . We begin with time step4 in Figure 8. Tile ú è Ö receives elementò Ö)Ö
from ú u Ö above and = è Ö from the left, andcomputesthe intermediateresult Þ@�y= è Ö ��ò Ö)Ö . At time
step5, tile ú è Ö receiveselementò u Ö from aboveand = è u from theleft. Executingamultiply-and-add
operation,ú è Ö computesintermediateresult û\�yÞv?¹= è u ��ò u Ö . At time step6, tile ú è Ö receives = è)è
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Figure8: Systoliclower-triangularsolver for �>��f andtwo right-handsides.

from the left and A è Ö from ú u Ö above, andcomputesò è Ö �dm)A è Ö ö�û�o)��= è)è . During the next time
step7, elementò è Ö is availableat thebottomof thearray.

Whenreducinga problemof size �t�V� recursively until thesubproblemsfit into an 
_�V

arrayof computationtiles, we need f�
 memorytiles on the peripheryof the computationarray
to buffer matrices� , a , and h . Figure9 shows the computationof h Ö)Ö and h u Ö by meansof
Equations10,12,and14. As implied by this figure,we use 
 memorytiles to storetherows of � ,
and 
 memorytiles for thecolumnsof a andh , respectively. Thus,for adecoupledsystoliclower-
triangularsolver, we require �l�l
vu computationtiles and � �lf�
 memorytiles, meetingour
decoupling-efficiency condition ����pqm)�no .

Unlike the matrix multiplication, the factorizationof the triangularsolver doesnot produce
identicalsubproblems.Therefore,we arefacedwith theadditionalchallengeof findinganefficient
compositionof thesesubproblems.Although we canpipeline the subproblems,we cannotavoid
idle cyclesdueto datadependenciesandthe heterogeneityof the computationsin Equations10–
15. However, we canminimize the lossof cyclesby groupingindependentcomputationsof the
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Figure9: Phasesof adecoupledsystoliclower-triangularsolver onan 
â�í
 arrayof computation
tiles. In phase1 we solve Equation10 for h Ö)Ö . In phase2 we updatea u Ö according
to Equation12. While the matrix multiplication is executedon the computationtiles,
thematrix subtractionis performedon thememorytiles asthey receive eachindividual
result of � u Ö h Ö)Ö . Finally, in phase3 we solve Equation14 for h u Ö . The shapesof
the matrix areasindicatehow the rows and columnsenterthe computationarray in a
staggeredfashion.

sametype, andpipelining thosebeforeswitching to anothergroup. For example,we cangroup
andpipelinethecomputationsof Equations10and11, thenEquations12 and13,andfinally Equa-
tions14 and15. If we unfold therecursionall theway to thebasecaseof 
i�`
 subproblems,we
find thatthebestscheduleis equivalentto ablock-iterative orderingof thesubproblems.

EFFICIENCY ANALYSIS

We begin by determiningthe computationefficiency of our lower-triangularsolver accordingto
Equation1. Thenumberof multiply-and-addoperationsis �{m)��o��_�<è���^ , countingeachdivision
asa multiply-and-addoperation.As mentionedabove, thecrux for anefficient scheduleis to order
the computationsin Equations10–15suchthat two subsequentsystolic algorithmscanbe over-
lapped.For thematrix multiplication,finding a perfectoverlapis relatively easy, becausethethere
is only onesystolicalgorithm. For the lower-triangularsolver, we illustratethesearchfor a good
scheduleandthecorrespondingefficiency analysisby meansof theexamplein Equation16,where
matrices� , h , and a consistof ����� blocks,eachblock is of dimension
i��
 , and �Á��� .
� Ö)Ö � � �
� u Ö � u)u � �
� è Ö � è u � è)è �
� ó Ö � ó u � ó è � ó)ó

h Ö)Ö h Ö u h Ö è h Ö ó
h u Ö h u)u h u è h u óh è Ö h è u h è)è h è óh ó Ö h ó u h ó è h ó)ó

�
a Ö)Ö a Ö u a Ö è a Ö ó
a u Ö a u)u a u è a u óa è Ö a è u a è)è a è óa ó Ö a ó u a ó è a ó)ó

(16)

Recallthat thecomputationsof the individual columnsand,thus,columnblocksof h arein-
dependent.Therefore,we maysequencethesystoliccomputationsacrossrows to maximizeover-
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lap. In the ^8�¹^ partitioningof Figure9, the computationof a columnblock of h consistsof
two solver computationsand one updateoperation. The interleaving of two suchcomputations
yields the sequenceof Equations10–15. Now, considercolumn block Ñ of the �T�T� example
in Equation16 with the following sequenceof operations.First, solve � Ö)Ö h Ö Ï��sa Ö Ï for h Ö Ï .
Second,update a ùu Ï ��a u Ïvöw� u Ö h Ö Ï . Third, solve � u)u h u Ï`��a ùu Ï for h u Ï . Fourth, update
a ùè Ï ��a è Ï ö�� è Ö h Ö Ï ö�� u è h u Ï , which involvestwo updateoperations.Fifth, solve � è)è h è Ï �ia ùè Ï
for h è Ï . Sixth,updatea ùó Ï ��a ó Ï�ö�� ó Ö h Ö Ï�ö�� ó u h u Ïïö�� ó è h è Ï , involving threeupdateoperations.
Finally, solve � ó)ó h ó Ïé�ta ùó Ï for h ó Ï . We observe that for increasing� , the numberof solvers
increasesquadraticallywhile thenumberof updateoperationsincreasescubically.

Sincethe updateoperationsare little more thanmatrix multiplications,we may pipelineand
overlapasmany of themaspossible,resemblingourstream-structuredmatrixmultiplication.Thus,
we usea block iterative schedulethat iteratesover row blocks. For eachrow block Ñ , we schedule
thesolver computationsof anentirerow Ñ with maximaloverlap.Thereare � solversfor eachrow
block,which require �,
 timestepsplus ^�
 timestepsfor startinganddrainingthepipeline.Then,
we computeandoverlapall updateoperationsassociatedwith héÏÅÐ . For eachhéÏÅÐ , thereare �8öTÑ
updateoperations,resultingin �,m)�éö`ÑØo updateoperationsassociatedwith row Ñ . Theseoperations
require�,m)�vö@ÑØo)
 timestepsplus f�
 timestepsto startanddrainthepipeline.Wemaysaveanother
^�
 timestepsby overlappingthefirst updateoperationwith thelastsolvercomputationandthefirst
solver computationof thenext row block with thelastupdateoperationof thepreviousrow block.
Thenumberof timestepsfor an �>�í� lower-triangularsolver with �8�í� blocksof size 
ü��
 is
then:

�,ýÿþ��Ãm)�¨��
coê�
¢
Ï ®,Ö m)�,
¹?C^�
co,?

¢ ÷ Ö
Ï ®,Ö m)�,m)�áöjÑØo)
C?¹f�
co�ö

¢ ÷ Ö
Ï ®,Ö ^�


� 

^ m)� è ?¹� u ?Cb��áöC^�o)r

We find that, for a fixed � , the total numberof time stepsis ��m)��oc�lxnm)��o whenusing m)�Ç���,o�u
computationtiles.

Accordingto Equation1, thecomputationalefficiency of our lower-triangularsolver is then

� ýÿþ��ôm)�¨��
coê� �ëè
� è ?C� u ?¹b��áöC^ �




�?Cf r

Analogousto Equation7 for thematrix multiplication, theefficiency is theproductof two terms,
onedependingindirectly on theproblemsize � via � , andtheseconddependingon thenetwork
size 
 . For �Z�w� , theproblemreducesto a singlesystoliclower-triangularsolver, andwe obtain
anefficiency of

� ýÿþ���m)�í������
co(� �b �




�?¹f r
The efficiency increaseswhen we increase
 and � , suchthat the computationalefficiency ap-
proachestheoptimalvalueof �����
	 . Sincethesolver requiresmemorytilesalongthreesidesof the
arrayof computationtiles, thesecondtermrequiresa slightly larger network sizeto achieve high
efficiency. For example,for a very large � , we have

� ý þ���m)
co � 
c��m)
 ?âf�o , andwe achieve more
than î��
	 efficiency for 
�Ù�^�ñ , ourgoldennetwork size.
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6. Convolution

Theconvolution of sequence
� =�� of length ���	��

��� ��� with sequence

� � � of length ��� ����� producesan
outputsequence

� A�� of length ���	��

��� ����?���� �	��� öi� . Without lossof generality, we assumethat
������
���� ���vð���� �	��� . Element� of

� A�� is givenby

A Õ � Ï��ëÐ ® Õ � Ö = Ï �
� Ð (17)

where

� ª � ª ���	��

��� ���
?���� �	��� öC�
� ª Ñ ª ���	��

��� ���
� ª Ò ª � � �	��� r

PARTITIONING

We partitiontheconvolution into ��� �	��� ��
 subproblemsby partitioningthesumin Equation17 as
follows:

A Õ �
Ô�� �"!�#%$ ¤
ý ®,Ö Ï��ëÐ ® Õ � Ö =ôÏ±�

� Ð (18)

where

� ª � ª ������
���� ���½?C
�öC�
� ª Ñ ª ������
���� ���

m'&¨öC��o)
C?C� ª Ò ª &�
�?C��r
This partitioning expressesthe convolution of

� =(� and
� � � as the sum of convolutions of

� =��
with � � �	��� ��
 weightsequences

� � � Ð . Intuitively, we partitionweightsequence
� � � into chunksof

length 
 , computethepartialconvolutions,andexploit theassociativity of theadditionto form the
sumof thepartialconvolutionswhenconvenient.

DECOUPLING

Weusethesystolicdesignof Figure10 to implementaconvolution with ��� �	��� ��
 . Thisdesignis
independentof the length ���	��
���� ��� of sequence

� =(� . For theexamplein Figure10 we have chosen
��� ����� ��
���� and ���	��

��� ���v��� . Bothsequence

� =�� andweightsequence
� � � enterthearrayfrom

the left, andoutputsequence
� A)� leaves the arrayon the right. Computationtile ú$Ï is responsible

for storingelement
� Ï of theweightsequence.Thus,thestreamof elements

� Ï folds over on the
way from left to right throughthearray. In contrast,sequence

� =�� streamsfrom left to right without
folding over. During eachtime step,the computationtiles multiply their local value

� Ï with the
elementof =ÃÐ arriving from the left, add the productto an intermediatevalue of A Õ that is also
received from the left, andsendthenew intermediatevalueto theright. Theelementsof

� A�� leave
thearrayon theright.

We illustratethedatamovementin Figure10 by discussingthecomputationof A ó �k= ó � Ö ?
= è

�
u ?ü= u

�
è ?�= Ö

� ó . We begin with time step5 in Figure10 whenelement= ó enterstile ú Ö on
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Figure10: Systolic convolution of a sequenceof input values =ÃÏ of length ���	��

��� ����� � with
��� �	��� ��� weights

� Ð . Both theweightsandinputsequencearefed into thelineararray
of 
>� � computationtiles. Intermediateresultsareshown above the corresponding
tiles. Value A ÏÕ representsanintermediatevalueof A Õ afterthefirst Ñ productshave been
computedaccordingto Equation17.

theleft. Element
� Ö is alreadyresident.Tile ú Ö computestheintermediatevalue A Öó ��= ó � � Ö , and

sendsit to tile ú u . At time step6, ú u receives = è and A Öó from tile ú Ö on the left. With weight
�
u

alreadyresident,tile ú u computesintermediatevalue A uó ��A Öó ?�= è �
�
u . In timestep7, valuesA uó , = u ,

and
�
è areavailablefor useby tile ú è . It computesandsendsintermediatevalue A�èó �iA uó ?C= u �

�
è

towardtile ú ó . At time step8, ú ó receives A èó , = Ö , and
� ó from ú è , andcomputesA ó ��A èó ?C= Ö � � ó .

At timestep9, A ó exits thecomputationarray.

We usethe partitioning of Equation18 to reducea convolution with a weight sequenceof
length ��� �	��� into ��� �	��� ��
 systolic convolutions that matchnetwork size 
 of a linear array of
computationtiles. In addition,we employ onememorytile on the left of the array to buffer se-
quences

� =(� and
� � � , andanothermemorytile on theright of thearrayto storeintermediatevalues

of thecomputationaswell asto computethesumof thesubproblems.Figure11illustratesthecom-
putationof a convolution on a linearprocessorarray. Our decoupledsystolicconvolution requires
����
 computationtilesand ����^ memorytiles. Weobserve that ����pqm)�no and,therefore,our
convolution is decouplingefficient. Notethattheorganizationin Figure11 requiresthreenetworks
betweenthecomputationtiles. Sacrificinganasymptoticallyinsignificantamountof efficiency, we
canpreloadtheweightsin orderto reducethenumberof needednetworksto thetwo supportedby
ourdecoupledsystolicarchitecture.

EFFICIENCY ANALYSIS

Thenumberof multiply-and-addoperationsfor theconvolutionof asequence
� =�� of length ���	��

��� ���

with a weight sequence
� � � of length ��� �	��� is �{m)���	��
���� ��������� �	��� o��l������
���� ������� �	��� . On a linear

network of size 
 with �nm)
co{�>
 computationtiles and � �µ^ memorytiles, we partition the
computationinto �i�Û��� �	��� ��
 subproblems,eachof which is a convolution of sequence

� =�� of
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Figure11: Streamconvolutionof aninputsequenceof length ���	��

��� ���v��� with ��� �	��� ��� weights
onalineararrayof 
��i��� �	��� ��^n�i^ computationtilesand �æ��^ memorytiles. Value
A ý £ ÏÕ representsthecomputationof A Õ whentheoutersummationof Equation18hasbeen
executed & times and the inner summationhasbeenexecutedÑ times. Note that the
memorytile on the right performsan additionto accumulatethe resultsof the partial
convolutions.

length ���	��

��� ��� with weightsequence
� � � of length 
 . Thesesubproblemsoverlapperfectly, asis

obviousfrom Figure11.
We accountfor the time stepsof theconvolution asfollows. Thereare �V�k��� �	��� ��
 systolic

convolutionson a linear arrayof 
 computationtiles that pipelineperfectly. Eachof thesystolic
convolutionsrequires������
���� ���
?¹
 time stepsto streama sequenceof length ������
���� ��� throughan
arrayof size 
 , andbecauseeachprocessorexecutesonemultiply-and-addoperationpertimestep.
Dueto theperfectoverlapof subsequentsystolicconvolutions,the 
 timestepsneededto drainthe
pipelineareincurredonly once.Thus,thenumberof timestepsis:

�+*-, ­�. m)�¨��
co����,������
���� ���½?C
cr
Usinga linearnetwork of size 
 consistingof �_��
 computationtiles and � ��^ memorytiles,
thefloating-pointefficiency of theconvolution is:

� *-, ­�. m)�¨��
coê� �ëu
� u ?C��� ����� �����	��

��� ��� �




�?¹^ r
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Given our assumptionthat ������
���� ���íð ��� �	��� , we have ��� �	��� �����	��

��� ��� ª � , and the efficiency
of our stream-structuredconvolution approachesthe optimal valueof �����
	 for large valuesof �
and 
 . Thus,for �Vìæ� , we have

� *), ­�. � 
c��m)
 ?ü^�o andobtainmorethan î��
	 efficiency for

eðs��� . For ��� �	��� �Ü
 or, equivalently, ���s� , the streamconvolution reducesto a systolic
convolution with acomputationalefficiency of

� *), ­�. m)�Ì������
coê� �
��?C��� �	��� ��������
���� ��� �




�?�^ r

Wenotethatfor ��� �	��� �����	��

��� ��� theefficiency of thesystolicconvolution hasanupperboundof
���
	 . Ourstreamconvolution defiesthisupperboundprovidedthat � is sufficiently large.

7. RelatedWork

In the following, we compareour work on streamalgorithmsandarchitecturewith someof the
prominentcontributions in the arenaof systoliccomputing. The primary novelty of our paperis
a rigorousyet simpledefinition of streamalgorithmsasan asymptoticallyoptimal mappingof a
decoupledsystolicalgorithminto adecoupledsystolicarchitecture(DSA).As aprogrammabletiled
microarchitecturetheDSA revivesnumerousconceptsinventedearlierfor systolicarchitectures[22,
32, 33, 34, 35]. In fact,theDSA by itself is notaparticularlynovel architecture.Rather, it embodies
a minimal selectionof architecturalfeaturesmotivatedby the analysisof streamalgorithmsthat
allows us to executestreamalgorithmsin a flexible, areaefficient, computationallyefficient, and
energy efficient manner. In addition,theDSA canbeviewedasanabstractmachinefor emulating
streamcomputationsonexisting tiled microarchitectures.

Therootsof theDSA lie in theearliestsystolicarrayswhich wereinspiredby thedesignphi-
losophyexpoundedby KungandLeiserson[10]. Thesearrayslackedflexibility becausethey were
special-purposecircuitsfor aparticularapplicationwith aparticularproblemsize.Suchspecialized
designsarestill in useto datefor ultra high performancedigital signalprocessing,for example.
ProgrammablesystolicsystemssuchastheWavefrontArray Processor[32], PSC[34], Warp[22],
iWarp[35], andSaxpy’sMatrix-1 [33] offeredflexibility includingindependencefromproblemsize,
but did not realizethepotentialof streamalgorithms.For example,althoughH.T. Kungadvocated
systoliccommunication[36] asa meansfor achieving high efficiency by avoiding local memory
accesses,reportsaboutsystolicalgorithms[22, 35, 36, 12, 37] show thattheseimplementationsdo
actuallyuselocalmemory, whereasourstreamalgorithmicversionsdonot. Simulation[13] or emu-
lation [38] of multipleprocessingelementsononelarger, morepowerful processorhavebecomethe
parallelprogrammingmethodologyof choice,becausethey allow for problem-sizeindependence
andnetwork embedding,albeitat thecostof potentiallyunboundedlocalmemoryrequirements.As
a consequenceof local memoryaccesses,simulatedalgorithmsareslower thanstreamalgorithms
(on load-storearchitecturestypically by a factorof three),consumesignificantlymoreenergy due
to memoryaccesses,andoccupy a largersiliconareathantheDSA.

The primary novelty of streamalgorithmslies in our efficiency definitionswhich serve as a
guiding methodologyallowing us to qualify streamalgorithmsasthoseamongthe larger classof
decoupledsystolicalgorithmsthatachieve �����
	 efficiency asymptotically. In particular, ourstream
algorithmsachievehigherefficienciesthanmostpurelysystolicdesigns.Asafirst casein point,con-
siderthecomputationalefficiency of a systolicmatrix multiplicationon a special-purposesystolic
arraythatmatchestheproblemsize.Dueto startupanddrainphasesof thestaggereddataflow (see
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Figure6), thecomputationalefficiency of a systolicmatrix multiplicationis just ^��
	 accordingto
Equation8, which alsoaccountsfor streamingthe resultmatrix out of the array. Similarly, most
systolicalgorithmsproposedin thepast[10, 11] suffer from bubblesin thedatastreamsin favor of
asimpleprocessordesign.Ourdefinitionof streamalgorithmsprescribesa largeproblemsizecom-
paredto thenetwork sizeof thedecoupledsystolicarchitecture.It is dueto thisrequirementthatour
streammatrixmultiplicationachieves �����
	 computationalefficiency. Of course,aspecial-purpose
arraycanalsoachieve �����
	 computationalefficiency in a scenariowheremultiple independent
matrixmultiplicationscanbeoverlappedor interleaved. However, morecomplex applicationswith
phasesof differentsystolicalgorithmsmaynot offer the luxury of identical,independentsubprob-
lems. For example,thematrix multiplicationbasedon thesystoliccommunicationstyleproposed
by H.T. Kung[36, 22, 37, 35] storesoneof thematrix operandsin local memoryandstreamsthe
othermatrix throughtheprocessingelements.This programmingstylefalls shortof exploiting the
full potentialof systoliccommunication.

As a secondcasein point,considerthecomputationalefficiency of asimulation[13, 38] which
usesonelargerprocessingelementto simulatemultiple systolicprocessorsanduseslocal memory
for theassociatedcomputationalstate.In thebestcase,all valuesfit into local memorybut remain
subjectto loadsandstoresto andfrom local memory. For example,a simplesingle-issueprocess-
ing elementrequiresup to threeloadsandonestoreinstructionfor a multiply-and-addoperation
dependingon the quality of registerallocation. As a consequence,the simulatedversionis up to
four timesslower thana streamalgorithmthatdoesnot uselocal memorybut decouplesmemory
accessesfrom computation.Of course,we couldusea morecomplex processingelement,suchas
a VLIW architecture,to masklocal memoryaccesses.However, this solutiondoesnot provide the
areaandenergy efficiency of theDSA, which achieveshigh performancewith a simpleprocessor
coreandwithout localmemories.

We canemulatethe DSA on programmabletiled microarchitectureswith variousdegreesof
efficiency. As a consequence,thedesignphilosophydevelopedfor streamalgorithmscarriesover
to tiled architecturesas well as programmablesystolic array processors.For example,we have
emulatedthe DSA on Raw by implementingstreamalgorithmsin Raw assembly[39]. Sincethe
power supply for Raw’s on-chip memoriesis software controlled,streamalgorithmsare energy
efficient on Raw whenpowering down the on-chipdatamemories.However, Raw is not asarea
efficient as the canonicalDSA, which alsooffers the potentialof beingoperatedat higherclock
frequenciesbecausetheabsenceof localmemoryleadsto smallertiles andshorterwires.

Ourdesignmethodologyfor streamalgorithms[14] includesanapplicationspecificpartitioning
step. Partitioning by itself is not new. For example,in the context of systolicarrays,Navarro et
al. [11] discussandclassifypartitioningschemesasspatialmappingsandtemporal mappings. Their
notion of spatialmappingcoincideswith that of simulatingmultiple systolicprocessingelements
onamorepowerful one.Thetemporalmappingsproposedin [11] arecloserto streamalgorithmsin
thatthey partitionsystolicalgorithmsinto heterogeneousphases,althoughtheirmethodologydiffers
from oursin that it is centeredaroundthe ideaof transformingdensematrix operationsinto band
matrixoperations.Moreover, thetemporalmappingsintroducedin [11] areneithercomputationally
efficient nor decouplingefficient in the sensedefinedin Section3. Lack of attentionto partition
applicationswith decouplingefficiency in mind preventsthesesystolicalgorithmsfrom enjoying
the energy-efficiency advantageof streamalgorithms. It is noteworthy that the blocked matrix
computationsat theheartof theSaxpy Matrix-1 programmingphilosophyarea typeof simulation
or spatialmappingthatarenotdecouplingefficienteither.
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8. Results

In thissection,wesummarizeourresultsrelatedto thedesignof streamalgorithms,andpresenttwo
practicalresultsaboutstreamalgorithmsandarchitecture.First, we presentexperimentalresults
from emulatingthe DSA on an existing tiled architecture,demonstratingthe benefitsof stream
algorithmsasadesigndiscipline.Second,wearguethata reasonablenetwork sizefor asingle-chip
DSA is 
���� .
8.1 Summary of StreamAlgorithms

Table1 summarizesthestreamalgorithmsthatwe have developedthusfar. For eachof thestream
algorithms,thetablelists thenumberof computationtiles � andmemorytiles � asa functionof
network size 
 , andthe executiontime � andcomputationalefficiency

�
asfunctionsof 
 and

�Ì���Ç��
 for problemsize � . Notethattheefficiency
� m)�¨��
co approaches�����
	 for �0/21 and


3/41 . Thus,accordingto Definition4, all of thealgorithmsqualify asstreamalgorithms.

Application 576�8:9 ;<6-8=9 >?6-@BA�8:9 CD6-@BA�8:9
EGF(H 8JI KL8 8:6�@BMONQPR9 SUTS T�V M

FXWW V IEGF(HOY 8JI PL8 8:6�@BMONQPR9 SUTS T�V M
F WW V M

Triangularsolver 8JI PL8 W
I 6-@BM�NZ@BI�NQ[\@^]_KR9 SUTS T V SU` V�a SBb I

F WW V M
LU factorization 8JI PL8 W

a 6�K\@BM�NQP\@BIcNQP � @?] � Kd9 SUTS T�V T` S ` V T'e` SBb a
F WW V M

Cholesky fact. 8JI PL8 W
a 6�@BMONQP\@BI�NQP�KL@?] � Kd9 SUTS T V M S ` V M�I SBb
f I

FXWW V M
QRfactorization 8 I PL8 W

a 6 �)� @ M NQK � @ I N � K�g\@h] �'i 9 SUTS T�V ` eekj S ` V `�l` SBbnml
FXWW V M

SVD 8 I o 8 @ Ip 6�g\@�q78rN_[L8sNQPR9�t�K F�u 6�vxwc;<9 S�yS�y V
a{z�|
F WW V�}

Convolution 8 K @�~h���'�R��� �)�+NZ8 S `S ` V q�� �k�%� z q �k�x����� ��� F WW V I
DFT � 2 �:���B�O�Q�R� �U�� ��� �D�

�� � �
Vandermonde � 2 �:���B���Z���Q�R� �U�� � � � ��  �

�� � �

Table1: Summaryof streamalgorithms.We show thenumberof computationtiles ¡ , numberof
memorytiles ¢ , andwe comparetheexecutiontime £ andcomputationalefficiency ¤
for problemsize ¥ and ¦¨§©¥«ªB¬ (see[14, 15] for details).

8.2 Emulation Results

We have demonstratedtheperformancebenefitsof streamalgorithmsusinga cycle-accuratesimu-
lator of theRaw architecture[1] with network size ¬­§3® , extendedwith peripheralmemorytiles
andwithoutusinglocaldatamemories.Table2 comparesthecomputationalefficiency of Raw with
the predictedefficiency of the decoupledsystolicarchitectureaccordingto Table1. The compu-
tationalefficienciesfor Raw fall slightly shortof thosepredictedfor theDSA whenusingsmaller
problemsizesbecauseof a numberof architecturalreasonsdiscussedin [39]. For large problem
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sizes,that is ¦°¯ ± , Raw approachesthe efficiency of the DSA. Due to the small network size
¬3§X® , computationalefficiency is dominatedby factor ¤c² in Equation2.

Application ProblemSize ¥
( ¬3§X® ) 128 256 512 1,024 2,048³µ´B¶

0.59/ 0.67 0.62/ 0.67 0.63/ 0.67 0.64/ 0.67 0.64/ 0.67

Tri. Solver 0.34/ 0.55 0.42/ 0.56 0.47/ 0.57 0.50/ 0.57 0.52/ 0.57

LU fact. 0.28/ 0.54 0.37/ 0.56 0.44/ 0.56 0.48/ 0.57 0.51/ 0.57

QR fact. 0.37/ 0.53 0.44/ 0.55 0.48/ 0.56 0.50/ 0.57 0.52/ 0.57

Convolution 0.47/ 0.66 0.55/ 0.67 0.59/ 0.67 0.62/ 0.67 0.63/ 0.67

Table2: Computationalefficiency ¤h·"¸�¹ºªB¤c»�¼�½ of streamalgorithms. We comparethe efficiency
¤D·"¸�¹ of the Raw microprocessorwith network size ¬¾§¿® with thepredictedefficiency
¤c»�¼�½ of our decoupledsystolicarchitecture.In caseof theconvolution, we reportresults
for ¥�À ¸�Á
Â�Ã Ä À=§°¥ and ¥�ÅÆ¸	Â À §°ÇBÈ .

8.3 Chip Size

In order to implementa single-chipDSA, we mustchoosea particularnetwork size ¬ . In Sec-
tion 2.3, we have seenthat ¬É§ËÊ allows us to designa 32bit architecturewithout beinglimited
by thepin constraintsof today’s packagingtechnology. In this section,we provide two additional
argumentsin favor of ¬3§©Ê .

Ourfirst argumentis basedontheanalysisof streamalgorithms.Recallfrom Equation2 thatwe
mayexpresstheefficiency of a streamalgorithmasa productof two terms ¤cÌ and ¤c² . According
to Equation4, the ¤�² -term dependson network size ¬ only. In Equation4 we introducedthe
algorithmspecificparameterÍ , andinterpretit asthenumberof peripheralsidesof thecomputation
arraythatdatastreamscrossonthewayin andoutof memorytiles. For thestreamalgorithmslisted
in Table1, we find that, on average,the numberof sidesis ÍÎ§ÏÇ . The maximumvalue ÍÐ§Ñ®
correspondsto thefour sidesof a two-dimensionalmeshof computationtiles.

We declarethe goldennetwork size ¬�Ò to be obtainedwhen the ¤ ² -term assumesthe ÓBÔÖÕ
markfor Í�§©Ç :

¤c²O×'¬^ØÖ§°ÔBÙ�Ó Ú ¬ Ò §°ÈBÛBÙ
In otherwords,if the ¤cÌ -termapproachesvalue1, whichit doesfor reasonablylargeproblemsizes,
thenmoststreamalgorithmswill achieve ÓBÔÖÕ computationalefficiency on a DSA with network
size ¬ Ò §ÜÈBÛ . In contrast,for network size ¬Ü§ÝÊ , the maximumcomputationalefficiency for
streamalgorithmswith Í¨§ÞÇ is ¤ß§ÞÛBÇÖÕ . In fact, this efficiency level is satisfactoryon its own
right, allowing usto arguethat ¬à§áÊ constitutesa goodnetwork sizefor a singlechip,which can
serve asbuilding block for larger systems.A fat treeof 16 chipsof network size ¬Ï§âÊ would
behave like a ÇBÈäãsÇBÈ DSA, exceedingthegoldennetwork size ¬�ÒO§°ÈBÛ .

While the goldennetwork size resemblesa lower-boundargumentfor network size ¬ , our
secondargumentprovidesanupperbound.If weareinterestedin expandingthedecoupledsystolic
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architectureto serveasageneral-purposemultiprocessor, wemaywantto runmultipleapplications
concurrently. In the worst case,theseapplicationswill be strictly sequentialanddataintensive,
andshouldbe executedon the peripheralcomputationtiles next to memorytiles. This raisesthe
question:whatis thelargestsensiblenetwork size ¬ , if wedonotutilize theinnercomputationtiles
at all, but do still desirea respectablecomputationalefficiency. A back-of-the-envelope estimate
attemptsto answerthis question.Wedefinethefollowing variables:

¬ : network sizeof ¬©ãs¬ arrayof computationtiles,

¡ : numberof peripheralcomputationtiles ( ¡°§°± for ¬3§°± and ¡å§X®
×'¬çæè±BØ for ¬3é©± ),ê
: numberof idling computationtiles (

ê §°¬ìë:æ<¡ ),

¤ : maximumefficiency if ¡ peripheraltilesperformwork andarefully utilized,while the
ê

inner
tiles idle ( ¤à§3¡:ªB¬ ë ).

Figure12 illustratesan ¬áãÎ¬ arrayof computationtiles for ¬Ñ§ÑÊ . Theperipheralcomputation
tiles areshadedgray. Thereare ¡í§­®
×'Êîæ°±BØ�§ïÈBÊ working computationtiles. The remaining
computationtiles shall be idle. Their numberis

ê §ðÊ ë æåÈBÊµ§ðÇBñ . Then, the maximumeffi-
ciency achievableby any setof applicationsis ¤¾§ßÈBÊBªBÊUëG§©®B®7Õ with respectto thenumberof
computationtiles.

Thetableon theright of Figure12 shows themaximumefficiency ¤ asa functionof network
size ¬ . Since¤ is inverselyproportionalto ¬ , theefficiency dropsquicklyas ¬ increases.However,
for ¬¿§áÊ we still obtain ®B®7Õ efficiency, that is closeto òBÔÖÕ . In addition,for ¬à§áÊ we arealso
able to harvest almost òBÔÖÕ of the peakperformanceof the entirechip. Losing no more thana
factorof 2 is certainlyacceptable,giventhatmostgeneralschedulingproblemsareconsiderednear
optimal whenreachinga factorof 2 from the optimum. Consequently, we considernetwork size
¬3§°Ê asavery reasonableupperboundfor thesizeof asingle-chipDSA.
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P P P P P P P P
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P P P P P P P P

P PPPPPPP

P P P P P P P P

PPPPPPPP ¬ ¡ ê ¤3ó Õ?ô
1 1 0 ±BÔBÔ
2 4 0 ±BÔBÔ
4 12 4 ÛBò
8 28 36 ®B®

16 60 196 ÈBÇ
32 124 900 ±BÈ
64 252 3844 ñ

Figure12: An ¬àãÎ¬ decoupledsystolicarchitecturefor ¬á§­Ê . Peripheralcomputationtiles are
shadedgray. The tableon the right shows the maximumsustainableefficiency ( ¤Ü§
¡7ªB¬ ë ) asa functionof ¬ whenutilizing ¡°§X®
×'¬èæ<±BØ peripheraltilesonly.

In practice,thenetwork sizeof a DSA chip will have to fit on theareaprovidedby anexisting
VLSI process.Our estimatesbasedon the Raw chip [1] indicatethat an ÊõãçÊ DSA chip canbe
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built with a ÔBÙ�ÔBÓ�ö+÷ process.Sucha processshouldpermit driving the chip at clock frequencies
up to 10GHz, so that theDSA would sustaina performanceof nearly640Gflopson streamalgo-
rithms. This level of performanceis quite remarkable.We would be ableto shrinkJapan’s Earth
simulator, thatoccupiesanentirebuilding with its own power plant, to about10 chipsandIBM’ s
Blue Genesupercomputerto about100 chips. In addition,a DSA would enableunconventional
high-performanceapplications,includingany typeof software radio suchasHDTV to executein
realtime.

Finally, let usemphasizethat Ê�ãøÊ is a reasonablesizeof a computationarraywith peripheral
memoryasanarchitecturalbuilding block, that is a mega tile, of a largerdecoupledsystolicarchi-
tecture.If thefuturepermitsusto build chipswith anareacapacityto accommodatemorethanone
ÊùãçÊ array, it shouldconsistof multiple ÊùãèÊ arrays,eachwith its own peripheralmemory. It
is perfectlyreasonableto have a network whosesizeexceeds¬ú§úÊ andeventhegoldennetwork
size ¬ Ò , becausestreamalgorithmsbecomemoreefficientaswe increasethenetwork size ¬ .

9. Conclusions

We have studiedthe feasibility of highly efficient computationon tiled microarchitectures.As a
result,weproposeadesignof streamalgorithmsandarchitecturethatpermits±BÔBÔÖÕ computational
efficiency asymptoticallyfor large networksandappropriateproblemsize. As a consequence,our
decoupledsystolicarchitectureinterpretsstreamalgorithmsin anenergy efficientmannerby design.

Wehave transformedanumberof regularapplicationsinto streamalgorithms.Besidesthethree
examplespresentedin Sections4–6,we havesummarizedthestreamalgorithmsdevelopedthusfar
in Table1 of Section8.1.Ourdesignmethodologyfor streamalgorithmshasledusto discover new
ground.For instance,to ourbestknowledge,ourstreamQR[14] andstreamSVD [15] appearto be
themostefficient parallelorganizationsof thesealgorithmsin existenceto date.

To achieve highestefficiency levels, we have developedapplication-specificpartitioningand
decouplingtransformations,that arecomparablein complexity to thoseneededfor the designof
systolicarrays[10]. Webelievethatit isunreasonabletoexpectconventionalcompilertechnologyto
generatecompetitive code,notevenwhenbasedonadvancedmethodsfor automaticparallelization
andtargetingsystolicarrays[40, 41, 42]. Instead,we feel that template-basedcodegeneratioǹa la
FFTW[43] is themostpromisingway to compilestreamalgorithms.

A pleasantsideeffect of highly efficient computationis thepredictabilityof thenumberof ex-
ecutioncycles. Our efficiency analysisof streamalgorithmsallows us to predict computational
performanceeven in the casewherenetwork andproblemsizearetoo small to approachthe op-
timal computationalefficiency of ±BÔBÔÖÕ . Performancepredictability, in turn, shouldenablea rea-
sonablyaccuratepredictionof power consumption.Thus, if performanceis a goodindicator for
power consumption,we may employ a circuit designfor the decoupledsystolicarchitecturethat
supportsvarying clock frequenciesto tradepower consumptionfor computationalperformance.
Programmablemicroprocessors,in contrastto special-purposehardware,allow us to differentiate
qualityof servicebasedonperformance.For instance,typicalalgorithmsfor digital signalprocess-
ing thatdeliver ahigherqualityaudioor videorequirea largernumberof operationsthanothers.In
thissituation,quality is relatedto computationalperformanceand,thus,to power consumptionand
clock frequency. It is in light of thesephysicalrelationsthatwe emphasizeour desireto schedule
computationswith ±BÔBÔÖÕ computationalefficiency on single-chipmicroarchitectures.
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We view the decoupledsystolicarchitectureasan extremepoint in the designspaceof tiled
microarchitectures.It demonstratesthatprogrammable,regularhardwarestructurescanbeutilized
for high-performancecomputingin anenergy efficientmanner. Fromthisperspective, thedecoupled
systolicarchitectureservesasameasuringrod for general-purposemicroarchitecturesthatmatches
thephysicalandtechnologicalconstraintsof futuresingle-chipdesigns.
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