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Abstract

Wire delayand power consumptiorare primary obstacledo the continuedscalingof micro-
processoperformanceFundamentallybothissuesareaddressetly the emeging breedof single-
chip, tiled microarchitectureéncluding Raw [1], Trips [2], Scale[3], Wavescalarf4], and Syn-
chroscalaf5], that replicateprogrammablgrocessingelementswith small amountsof memory
andcommunicatevia on-chip networks characterizedby extremelylow latenciesand high band-
width. Our goalis to shaw thattiled microarchitecturepermit enegy-efficient high-performance
computationsvhenalgorithmsaremappedoroperly To thatend,we proposea decoupledsystolic
architectuie asa canonicaltiled microarchitecturghat supportsthe resourcerequirement®f de-
coupledsystolicalgorithmsdesignedspecificallyfor this architecture.We develop an analytical
frameawork for reasoningaboutthe efficiency and performanceof decoupledsystolicalgorithms.
In particular we definestreamalgorithmsasa classof decoupledsystolicalgorithmsthatachieve
100 % computationalefficiency asymptoticallyfor large numbersof processors.We focus our
attentionon the classof regularly structuredcomputationghat form the foundationof scientific
computinganddigital signalprocessing.

1. Intr oduction

As we approachthe physicallimits of microtechnologysignalpropagatiordelaysandpower con-
sumptionemege as the primary focus of engineeringtrade-ofs. Tiled microarchitecturesope
with large signal propagationdelaysacrosslarge chip areasby using short wires and exposing
the schedulingof wire resourcego software[1]. While tiling providesa pathto increasingclock
frequeny asaprimaryguarantoof performancerowth, ponver consumptions becominghedom-
inantconstraint.The continuationof established/LSI designpracticesvould producesiliconchips
thatgeneratenoreheatthanpackagingechnologycandissipateln this situation,enegy efficiency

is becominga primarydesignaspecfor microarchitectureOurapproachs to increaseenengy effi-

cieng/ by boostingcomputationaéfficiengy. Thekey liesin findingagoodmatchof algorithmsand
microarchitectureIn this paper we shav how we canachie’e maximal computationakfficiency

for regularapplicationson a programmablgiled microarchitecture.

Enegy efficiengy is a direct consequencef hardware utilization measuredn operationsper
time unit [6]. We notethatapplicationghatutilize theunderlyinghardwareresource$o 100 % with
usefulcomputationare not only the highestperformingbut alsothe mostenepy efficient. Hard-
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wareutilization dependn the statisticaldistribution of executedinstructiontypes,the instruction
scheduleand, of course the datawhich determinehow often voltagestoggle on datawires. Pre-
vious studieshave shavn thatin RISC processor$§7] or in tiled microarchitectureke Raw [8] at
most50 % of theenegy is consumedy the functionalunits performingusefulwork. The majority
of theenegy is dissipatedy the clock network andon-chipmemories.

To shaw thattiled microarchitecturesanperformenegy-eficient computationsye proposea
decoupledsystolicarchitecture (DSA) asa canonicaltiled microarchitecturdor executingdecou-
pledsystolicalgorithms A DSA consistof anarrayof computdiles, peripheramemorytiles, and
anoff-chip memorysystem As thenamesuggestsjecoupleaystolicalgorithmsdecouplenemory
accesseBom computatior9] andexecutein a systolicfashion[10]. We definestreamalgorithms
asthe classof decoupledsystolic algorithmsthat achieve 100 % computationakfficiengy on the
DSA asymptoticallyfor large numbersof processorsi-or comparisonmary existing systolicalgo-
rithmsmissthis efficiengy tamget[10, 11,12, 13]. Thecrux behindstreamalgorithmsis areduction
of power consumptiorby memorymodulessoasto beasymptoticallyinsignificantcomparedo the
power consumedy usefulcomputation.This article makesthe following contritutions:

1. We demonstratéy constructionthat thereexist formulationsof mary regular algorithmsas
streamalgorithms,which by definition achieve 100 % computationakefficiengy asymptoti-
cally for large numbersof processorenaDSA.

2. We presenta designmethodologyto guidethe designof streamalgorithmsasa well defined
entity. The resultingrigorousapproachmproves our understandingf tiled microarchitec-
turesasa microarchitecturatiesignpoint, enablesa systematiaestructuringof algorithms,
andcommunicatesur perspectie on theinteractionbetweeralgorithmsandarchitecture.

3. Our efficiengy analysisallows usto identify machinesasdecoupledystolicarchitectureshy
explicitly incorporatingthe areacostof pertile local memaries,and penalizingthe useof
unboundedocal memories.This is particularlyimportantin the context of emeging single-
chiptiled microarchitecturesrhich useindividual tiles with smallsilicon footprints.

4. We have identifiedthe DSA asa canonicaliled microarchitecturewhich resemblesystolic
machinedor streamingapplicationsandachieves 100 % asymptoticenepy efficiengy onan
importantclassof algorithms.We believe our insighttransformsa well-knovn constraintof
tiled microarchitecturessmalllocal memoriesjnto afeaturerelatedto enegy efficiencgy.

5. Finally, we presenexperimentaresultsof executingseveralstreamalgorithmson anexisting
tiled microarchitecturdy emulatingthe decoupledsystolicarchitecture. Theseresultsindi-
catethat streamalgorithmsarenot just of theoreticalinterest,but thatthey canachiee high
performanceandenegy efficiengy for practicalsystemsizes.

Throughoutthis paper computationalkefficiengy shall denotethe utilization of floating-point
units,becauseve studyalgorithmsdominatedy floating-pointarithmetic. To enablesimplecount-
ing agumentdor algorithmicdesignandefficiengy analysiswe distinguishbetweencomputation
andmemoryaccessesnly, anddo not accountfor ary othercontritutorsincluding the clock net-
work. This choiceis basedon the fact that computationand memoryaccessesarethe first-order
effectsthatdeterminecomputationahndenepy efficiency within therealmof algorithmicanalysis.
Viewing enepy efficiengy asaconsequencef computationaéfficiengy, thealgorithmdesigneican
focusonthegoalof maximizingthelatter
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The remainderof this paperis organizedasfollows. In Section2 we presentthe decoupled
systolicarchitecture.Section3 definesour notion of streamalgorithms. Then,we discussthe al-
gorithmicdesignproces®f transforminganapplicationinto a streamalgorithmusingthreesample
applicationsmorestreamalgorithmscanbefoundin [14, 15]. We begin with a matrix multiplica-
tion in Section4, which is a fundamentabktreamalgorithmanda workhorseusedas part of other
streamalgorithms.Then,we presentwo lessobvious streamalgorithms atriangularsolverin Sec-
tion 5 andaconvolution in Section6. We analyzeeachstreamalgorithm,andamguewhy it achieves
optimal computationakfficiengy of 100 % asymptoticallywhen executedon our decoupledsys-
tolic architectureWe discusgelatedwork in Section7, summarizeour resultsincludingemulation
experimentson Raw in Section8, andconcludein Section9.

2. The DecoupledSystolic Ar chitecture

Our decoupledsystolicarchitecturg DSA) is a canonicaltiled microarchitecture consistingof an
arrayof processinglementseplicatedacrosghesiliconareaandconnectedby anon-chipnetwork.
Tiled microarchitecture§l] aresingle-chipparallelmachinesvhoseorganizationis primarily de-
terminedby the propagatiordelay of signalsacrosswires[16]. To enablehigh clock frequencies
on large chip areastiled microarchitecturebave shortwiresthatspana fraction of the sidelength
of achip, anduseregistersto pipelinesignalpropagationShortwires, in turn, introducea schedul-
ing problemin spaceandtime to copewith the propagatiorof signalsacrossdistancedongerthan
thosereachableria a singlewire. Moving dataacrosswiresanddistributing operationsacrosspro-
cessorareequallyimportantschedulinggoals. This schedulingoroblemhasreceved attentionin
the contet of VLSI design[17], parallelcomputatior13], parallelizingcompilerdesign[18], and
instruction-leel parallelism[19] in the past.

The speedadvantageof shortwires hasnot goneunnoticed.In fact, systolicarrayswere pro-
posedby KungandLeisersonin thelate 19705 [10, 20, 21], andaimed,in part, at exploiting the
speedof shortwires. Lacking the chip areato supportprogrammablestructureshowever, early
systolicarraysweredesignedasspecial-purposeircuitsfor a particularapplication,andwerecus-
tomizedfor agivenproblemsize. LatersystolicsystemsuchasWarp[22] becamegrogrammable,
sothey couldreapthe benefitsof systolicarraysfor regularapplications We believe thatthe signif-
icantareaandenegy efficiengy of systolicarraysmerit their reexaminationin faceof the architec-
tural similaritiesto recenttiled microarchitectures.

Ourdecoupleasystolicarchitecturesenesasa canonicatiled microarchitecturelt is theresult
of thedesignandanalysisof variousfoundationadecoupledystolicalgorithms.To executedecou-
pledsystolicalgorithmsefficiently, eachtile needsno morethana small, boundedamountof local
memory;analgorithmicfeatureexploited by the DSA. Tiles arearrangecasanarraywith a setof
memorytiles on the peripheryasillustratedin Figurel. Thearrayconsistof R x R computation
tiles, denotedP, and4 R memorytiles, denotedM, on the periphery We useletter R to denotethe
network sizeof the arrayanalogouso the problemsize N of analgorithm?

A decoupledsystolicalgorithmsolvesalarge problemby breakingit into smaller systolicsub-
problems andby storinginput dataandintermediateesultsin the peripheralmemories.Theinput

1. We usethenetworksizeR asa canonicahetwork parameterThenumberof tiles of anetwork of size R is determined
by the network topology For example,a linear arrayof size R containsR computatiortiles and2 memorytiles,
whereasa 2-dimensionahrray containsR? computatiortiles and4R memorytiles. Our DSA is a 2-dimensional,
squarearrayof sidelength R.
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Figurel: A decoupledsystolicarchitectur§dDSA)is an R x R arrayof computatiortiles (P) sur
roundedby 4R memorytiles (M), shavn for network sizeR = 8.

dataaresuppliedto thecomputatiortilesfrom thememoriesn a continuousstreanvia thenetwork,
therebyeliminatingload/storenemoryaccessesnthecomputatiortiles. As aconsequencelecou-
pled systolicalgorithmsdecouplememoryaccesseffom computation9], andmove the memory
accessegff thecritical path. It is thedecouplingof memoryaccessekom computatiorthatpermits
anenepy efficient microarchitecturesuchthatthe majority of the power is consumedy computa-
tion ratherthanmemoryaccesses.

2.1 Tile Architecture

The decoupledsystolic architecturehastwo typesof tiles: computationtiles and memorytiles.
The peripheralmemorytiles consistof a computationprocessoaugmentedvith additionallocal
memory bacled by a large off-chip memorysystem. As the namesuggestgheir primary usein-
volvesmemoryaccessesicludingaddressomputationsWe assumehatthememorycandeliver a
throughpubf two loadsandonestoreperclock cycle. This sectionfocuseson the key architectural
featuresof the computatiortiles.

The computationtile, sketchedin Figure 2, is a simple general-purposerogrammablecore
comprisinganintegerunit, afloating-pointunit with a multiply-and-addnoduleasthe centerpiece,
andamulti-ported,general-purposeegisterfile. Ouranalysisof decoupledsystolicalgorithmshas
revealedthat 64 registerssufice. To focusour attentionon the datapathFigure 2 omits all of the
controllogic anda smallinstructionbuffer. We assumaea single-issuein-orderpipelinedFPU that
allows usto issueonemultiply-and-addperationperclock cycle. Otherfunctionalunits,including
a divider anda squareroot unit, shouldbe pipelined,althoughthey arelesscritical for application
performancedueto lessfrequentuse. Whenreferringto computationalefficiency, we typically
meantheutilization of the FPU.In particular acomputationaéfficiengy of 100 % refersto theFPU
executingoneoperationperclock cycle.

Arguablythe mostimportantfeatureof the DSA is the designof its on-chipnetwork. Our in-
terconnectisesaregister-mappedhetwork [1, 22, 23, 24, 25|, thatallows instructiongto accesshe
network viaregisternamesUnlike Raw [1], theDSA doesnotincorporateaseparatswitchproces-
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Figure2: A computationtile containsa general-purposecgisterfile (GPR),an integer unit (IU),
andafloating-pointunit (FPU) basedn a multiply-and-addnodule. The processocon-
nectsvia FIFO’sto its four neighbors.

sor for programmedouting. The flexibility provided by a separateswitch processqrin particular
for routesbypassingthe main processqris simply not neededfor streamalgorithms. However,
DSA's canbeemulatedon top of atiled microarchitecturdik e Raw, althoughwith amodestossin
efficiengy asdiscussedn Section8.

As illustratedin Figure2, we useFIFO’s to connectandsynchronizeneighboringprocessors.
Theimplementatiorof streamalgorithmsdemandghe existenceof two bidirectionalconnections
betweeneachof the four neighboringtiles. The FIFO’s areblocking andare exposedto the pro-
grammeiby mappingtheminto registernamef theinstructionset. Theoutgoingportsaremapped
to write-only registerswith thesemantic®f a FIFO-pushoperationandtheincomingportsasread-
only registerswith the semanticof a FIFO-popoperation. Like Raw, we preferthe network to
betightly integratedwith the pipelinedfunctionalunits. Accordingly bypasswiresthatcommonly
feedsignalsbackto theoperandegistersalsoconnectheindividual pipelinestagedo the outgoing
network FIFO'’s. Thetight network integrationensures lateny of asingleclock cycle for commu-
nicationbetweemeighboringcomputatiortiles, andallows for efficient pipelining of resultsfrom
operationswith differentpipelinedepthshroughthe processoarray

Thedecoupledsystolicarchitecturaisesawide instructionword to schedulemultiple, simulta-
neousdatamovementsacrosshe network, betweerthefunctionalunitsandthe network, aswell as
betweertheregisterfile andthe network. A typical streaminstructionsuchas

fma $4,%$4,$N1,$W2 route $N1->$S1, $W2->$E2

consistof two parts. The fma operatioris afloating-pointmultiply-and-adccompoundnstruction.
It multiplies the valuesarriving on network portsN1 andw2, andaddsthe productto the valuein
general-purposegister$4. Simultaneouslyit routestheincomingvaluesto the neighboringtiles
asspecifiedby theroute partof theinstruction. Thevaluearriving at portN1 is routedto outgoing
portS1, andthevaluearriving atportW2 to outgoingportE2. Instructionsof our DSA blockuntil all
operandareavailable.UsingsmallFIFO’s asdeepasthedeepestunctionalunit easesheproblem
of schedulingnstructionssubstantially Thereexistsa trade-of betweeninstructionwidth andarea
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occupiedby the correspondingvireswithin atile. Basedon our analysisof streamalgorithms,we
assumehatup to threedatamovementsanbe specifiedwithin the routepartof aninstruction.

2.2 On-chip Network

Our discussionof the registermappednetwork in the previous sectionnearly completesthe de-
scriptionof the on-chipnetwork. In fact,the on-chipnetwork consistf little morethanthewires
connectingneighboringtiles, anda switchwithin eachtile with programmedonnectionbetween
thewiresthemselesaswell asthe functionalunits. Sincethewires spana distanceno longerthan
thesidelengthof atile, they canberelatively shortandfast. A goodVLSI implementatiorbalances
the sidelength of atile with the critical-pathlengthwithin atile. In the following, we provide a
brief introductionto the useof this network organizatiorby meanof a programmingexample.
Fromthe programmes point of view, the essentiafeaturesof a registermappednetwork are
thatit enablesus (1) to distribute a computationacrossmultiple tiles, (2) to usethe network as
temporarystorage,and (3) to reducethe critical path length of the computationby abandoning
local memoryaccessesf corventionalload/storeinstructions.As a simpleexampleillustratingthe
decouplingof a computation considerthe computationof the sumc = a + b. Figure3 shawvs a
versionof theadditionon a corventionalload/storgprocessoarchitectureon the left-andside,and
aspace-distribted 4-tile versionfor the DSA with network size R = 1 ontheright-handside.

1 L1, 3 2
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(a) Load/Store Architecture (b) Decoupled Systolic Architecture

Figure3: Dataflovs of ¢ = a + b onaload/storearchitecturga) andon four tiles of a DSA (b).

Onacorventionalload/storgrocessotheadditionrequiresour instructiongo loadoperands
andb from memoryinto general-purposeegisters,performthe addition, and storethe resultin
variablec (we usethe &-symbolto indicatethata, b, andc denotememorylocations):

1w $1,&a
lw  $2,&b
add $3,%1,%$2
sw  $3,&c

In theversionfor the DSA, we distribute theseoperationsacrosgour tiles, onecomputatiortile and
threememorytiles. We executeoneinstructionpertile, andusethe network astemporarystorage:
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Memorytile 1. 1w $E1,&a

Memorytile 2: 1w $Wi,&b
Computatiortile 3: add $S1,$W1,$E1

Memorytile 4. sw  $N1,&c

As introducedin Section2.1, $E1, $W1, $N1 and$S1 arethe namesof network-mappedegisters,
which grantreador write accesgo thenetworks dependingon their usein theinstruction.Memory
tile 1 loadsoperanda from its local memoryandwritesit into network register $E1. Similarly,
memorytile 2 loadsoperando straightinto the network via register$w1. Computatiortile 3 uses
oneinstructionto readboth operandgrom the network via registers$wi and$E1, andto write the
resultbackinto network register$si1. Finally, memorytile 4 readsthe sumfrom network register
$N1 andstoresit in its local memory Sincenetwork registernamesrefer to directions,the code
is positionindependenbf the particulartile. Note that the registermappednetwork actslike a
distributedregisterfile, organizedassereral FIFO’s. Furthermorewhile the load/storeversionof
the addition occupiesfour instructionslotson onetile, the 4-tile versionoccupiesoneinstruction
slot on eachof the four tiles. Thus,the critical-pathlengthof the programin termsof instruction
slotsis four timessmallerin the4-tile version.

Let us now considerthe element-wiseaddition of two vectorsratherthanscalarnumbers.In
this casewe replicatealoop over arrayindex i acrosghefour tiles:

1: for (i=0; i<N; i++) 3. for (i=0; i<N; i++) 2. for (i=0; i<N; i++)
lw $E1,alil add $S1,3$wW1,$E1 lw $W1,b[i]

4: for (i=0; i<N; i++)
sw $N1,c[i]

With properloop unrolling, this codeachieves a throughputof one addition per clock cycle. In
contrasttheequivalentloop of theload/storeversionachiezesathroughpuiof oneadditionperfour
clock cyclesonly. Thus,investingfour timesthe spacemprovesthethroughputby a factorof four.
The computationakefficiengy of both versionsis only 25 %, however. In the load/storeversion,
only every fourth instructionis a usefuladdition,andin the 4-tile version,only onetile out of four,
namelycomputatiortile 3, operatest 100 % computationaéfficiengy, while thethreememorytiles
implementthe datamovement. We will seein Sections4—6 how the designof streamalgorithms
allows usto utilize all computatiortiles of the DSA at 100 % computationakfficienagy.

2.3 Off-chip Network

A single-chipDSA will beembeddedn alarger system.At the least,we desireaccesdo alarger
off-chip memorysystem.In addition,for the sale of scalability we wantto interconnecmultiple
chipsto assembldarger streamfabrics. For a DSA with a significantportion of the silicon real
estateinvestedin the on-chipnetwork, seamlessonnectiity to the memoryor other DSA chips
is essentiafor scalability and programmability However, the numberof pins provided by chip
packagingechnologyimposesa serioudimitation on the numberof network wiresthatmay cross
the chip boundary If we wereto extendour on-chipnetwork acrossthe chip boundarywe would
needan enormousumberof datapins. An R x R arrayhas4 sides,eachwith R (memory)tiles,
2 networks with 2 directionsand B bits each. Multiplying all factorstogetheresultsin 16RB as
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the minimum numberof datapins for a single chip. To be concretefor R = 8, a word size of
B = 32 bitswould require4,096datapinsandaword sizeof B = 64 bitswould require8,192data
pins. Suchanumberof pinsis notonly technologicallyinfeasiblefor theforeseeabléuturebut also
areainefficient.

Ratherthan compromisingthe network size R to matchthe availability of pins, a betteralter
native is to investin anoff-chip network thatreducegshe numberof wires neededo crossthe chip
boundary A prime candidatefor sucha network is a fat-tree[26, 27], that permitsconcentration
in the switches sothatthe numberof wires connectedo the switch at the root of thetreeis small
comparedo the total numberof wires connectedo the switchesat the leaves. Figure4 shavs a
fat-treenetwork arrangedsuchthatit forms a back-planefor the memorytiles. The reductionof
wiresin the switchesof afattreeis quiteflexible, allowing usto pick the numberof wires X that
crossthe chip boundaryaccordingto the constraintof the packagingechnology

chip boundary

Figure4. The memorytiles connectvia a back plane,a fat-treenetwork, to the off-chip world,
includinga memorysystem.The numberof datapins of thechip packagds X.

This raisesthe questionof howv mary wires X we actuallywish to have in a single-chipDSA
with a fat-treenetwork asback-plane Assumethatthefat treeconnectghe chip to alarge pool of
off-chip memorybankswith the memorytiles actingasstreambuffers[28] or streamcacheq29].
Suchan organizationof a memoryhierarchyshouldallow usto streamdatain andout of the chip
atthe speedrequiredto ensurel 00 % computationakfficiency. To meetthis requirementyve need
to focusour attentionon the bandwidthof the off-chip network.

Ouranalysiof streamalgorithmshasrevealedthatthebandwidthneededicrosghechipbound-
aryis afactorof four smallerthanthe bandwidthofferedby extendingthe on-chipnetwork. In fact,
our streamalgorithmswith the largestbandwidthrequirementsthe streamSVD [15] for example,
requiretwo setsof incomingandtwo setsof outgoingstreamghroughthefour sidesof our R x R
array This correspondso utilizing just 2 sidesof R tiles eachwith only 1 bidirectionalnetwork
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pertile, leadingto an aggr@gatememorybandwidthof 4RB. Thus,with R = 8 anda word size
of 32bits, thefat-treenetwork requiresonly 1,024datapins. Sucha chipis realizablewith todays
packagingechnology[1].

As an aside,it would be desirableto implementa separaten-chip network connectingeach
computatiortile with atleastoneof the peripheraimemorytiles soasto offer areasonablysimple
meandor supplyingthe computatiortiles via the off-chip network with instructions.

3. StreamAlgorithms

In this sectionwe introducestreamalgorithmsanda setof conditionswhich enableusto increase
efficiengy by increasinghenumberof tiles suchthatthecomputationaéfficienoy approache$00 %
asymptoticallywhile the power consumedy memoryoperationdecomesnsignificant.

Thekey stratgy for the designof streamalgorithmsis to recognizehatthe numberof memory
tiles mustbe negligible comparedo the numberof computatiortiles becausanemorytiles do not
contrilute ary useful computation,but tendto consumea relatively large amountof enegy. In
thefollowing, we call a systolicalgorithmwhosememoryaccesseareexecutedon a differenttile
thanthecomputatiora decoupledsystolicalgorithm in recognitionof thedecouplediccessheecute
architectue [9].% While it is oftenimpossibleto designanefficient decoupledystolicalgorithmfor
a smallnumberof tiles anda small problemsize,we canactuallyincreasehe efficiencgy for larger
numberof tilesandlarge problems We emphasiz¢his obseration by formulatingthedecoupling-
efficiengy condition.

Definition 1 (Decoupling-Eficiency Condition)
Givena decoupledsystolicalgorithmfor a networkof size R, let P(R) be the numberof compu-
tation tiles and M ( R) the numberof memontiles. We saythe algorithmis decouplingefficient if
andonly if

M(R) = o(P(R)).

Informally, decouplingefficiency expresseshatthe numberof memorytiles becomesnsignif-
icant relative to the numberof computationtiles aswe increasethe network size R. Decoupling
efficienqy is a necessargonditionto amortizethe lack of useful computationperformedby the
memorytiles andthe power investedin memoryaccessesFor example,supposene implement
analgorithmon P = R? computationtiles. If we canarrangethe memorytiles suchthat their
numberM becomesgjligible comparedo P whenincreasingthe network size R, the resulting
algorithmis decouplingefficient. Thus,for a decoupling-efcient algorithmwith P = O(R?), we
maychoosel tobeO(lg R), or O(v/R), or M = O(R), or M = O(R1g R), for example.In con-
trast,a designwith M/ = Q(R?) would not be efficiently decoupled Decoupledalgorithmsperse
areindependentf a particulararchitecture Note, however, thatthe DSA is particularlywell suited
for executingeitheronesuchalgorithmwith (P, M) = (©(R?), ©(R)) or multiple algorithmscon-
currentlywith (P, M) = (O(R),0(1)).

Decouplingefficiengy is a necessarput not sufiicient conditionto guarantedigh efficiengy. In
orderto formulatea sufiicient condition,we first clarify our notionof computationakfficiengy by
meansof thefollowing definition.

2. Although systolicalgorithmswere originally designedfor systolicarrays of hardware circuits including registers
ratherthan large local memorieswith a load/storeinterface,they have taken on a broadermeaningover time to
includeaccessew potentiallylargelocal memorieq11, 21].
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Definition 2 (ComputationalEfficiency)

Givenanalgorithmwith problemsize N with a numberof usefulcomputationabpemtionsC(N), a
networkof size R, the executiontime givenasnumberof time stepsT’( N, R), andtheareacounted
in numberoftiles P(R) + M (R), thenthecomputationalefficiencyis

O(N)

EWN-R) = ooy T 3 (m) TN )

(1)

The numeratorof Equationl consistsof the numberof usefuloperationsandthe productin
thedenominatocanbeinterpretedcasthe computationatapacityof the DSA duringtime period?'.
For additionalinsight,we derie the definition of computationakfficiency from thefamiliar notion
of speedupandinterpretthedenominatoof Equationl asthe space-timgroductAT" of the VLSI
model of computation[30]. To thatend,we definethe area(i.e. 2D-spacelas A(R) = P(R) +
M (R) to benormalizedwith respecto the averageareaoccupiedby the computatiorandmemory
tiles. Then,our definition of efficiengy follows from the well-known relation of efficieney £ and
speedufb’:

BTNy = 24

Thethird line follows from the factthatthe computationatvork C'(N) equalsthe numberof time
stepsneededo executean algorithmwith problemsize N on a singletile, thatis C(N) = T'(1).
In otherwords,for agivenalgorithmandproblemsize N, efficiengy is inverselyproportionalto the
space-timgroductAT’, asstatedn Definition 2.

For all practicalpurposeswe may relatethe problemsize N and network size R via a real-
valueds suchthat N = o R. Substitutings R for N in Equationl, we obtaina sufficient condition
for computationakfficiengy asfollows.

Definition 3 (Computation-Eficiency Condition)
We call an algorithmwith problemsize N computationallyefficient whenexecutedn a networkof
sizeR, if andonlyif

lim E(o,R) =1,

o,R—o0

whee N = oR.

Informally, the computation-diciengy conditiondemandghatwe obtain100 % computational
efficiengy asymptoticallyfor an infinitely large network size,anda problemsizethatis infinitely

10
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larger thanthe network size? Note thatthe computation-diciengy conditionpresentsa departure
from corventionalparallelalgorithmdesignwherescalabilityhasbeentheforemostgoal. In partic-
ularin the past[13, 31], the designof parallelalgorithmshasbeenassociatedavith the assumption
thatwe shouldbeableto utilize largernumbersof tiles aswe increasehe problemsize,andideally
useP = O(N) tiles efficiently. The computation-diciengy conditionabandonghis criterionin
favor of the perspectie thatreal machinesare of finite size. Looselyspeakingwe preferto usea
smallmachinevery efficiently ratherthana large machindessefficiently.

Basedon our definitionsof the computation-diciency conditionandthe decoupling-diciency
condition,we now definea streamalgorithm.

Definition 4 (StreamAlgorithm)
A streamalgorithm is a computation-dicient and decoupling-dicient decoupledsystolicalgo-
rithm.

This definition of a streamalgorithm suggestghat we canexpressthe efficiengy of streamalgo-
rithmsasa productof two termsE,, capturingcomputatiorefficiengy and Er capturingdecoupling
efficiengy, with theformerdependingn o andthelatteron R only:

E(o,R) = Ey(0) - Er(R). (2)

We requirethat0 < F,,Er < 1, sothat0 < E < 1. The E,-termis a rational function
representinghe avemge utilization of the computationtiles whenexecutinga decoupledsystolic
algorithm. For the streamalgorithmswe have developedsofar, we find that £, assumeshe form
of arationalfunctionin o, seeTablel in Section8.1:

n=0 una” ~ ~

E;(0) = ==—— where 0 <n = 1. (3)

Z%:O Um0
The Er-term representshe area efficiencyof a decoupledsystolicalgorithm, thatis the ratio of
computatiortiles P(R) andtotal numberof tiles P(R) + M (R). For the streamalgorithmslisted
in Tablel, E'r is arationalfunctionin R of theform:
R

Er(R) = ia where a € {2,3,4}. 4)

Both termsexhibit a behaior thatis characteristidor streamalgorithms:

Uli_)ng() E,(0)=1 and ngréo Er(R) =1,
sothattheproductof thetwo terms,thecomputationagfficiency, approache$00 % for largevalues
of o andR.

Figure5 illustratesthe generalbehaior of efficiengy asa function of network size R for the
casewheresc = R or N = R2. Thetop curwve correspondso the £,-term, which approachess
limit 1 veryrapidly. Thecurve below shavsthecorresponding”z-term,andthebottomcuneis the
productof the two terms. Sincethe E,-termapproached so rapidly, the efficiengy curve clamps
ontothecurve of thedominatingE z-term.

3. We couldwrite the latterconditionas R = o(N) insteadof usingthelimit ¢ — co. Thelittle-o conditionis quite
strong,andit remainsanopenquestionwhetherthewealer demandr = Q(N) might be useful.
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E(0,R)
E=1 (ideal)
1.0 =
09+ /

0.8+
0.7 +
0.6 +
0.5+
0.4 +
0.3+
0.2 +
0.1+

24 8 16 32 64 Network Size (R)

o (=N/R)

Figure5: lllustration of efficienyy E(o, R) asafunctionof network size R ando = N/R for the
specialcases = R, thatis N = R%. FunctionE, (o) representsverageutilization of
thecomputatiortiles and Er(R) areaefficiengy.

In the following sectionswe discusghe transformatiorof a matrix multiplication, a triangular
solver, and a corvolution into streamalgorithms. All threedesignsqualify as streamalgorithms
becausehey fulfill the decoupling-dfcieny andcomputation-diciengy conditions. Readersess
interestedn thetechnicaldetailsof thesealgorithmsandtheir analysismay skip Sections4—6.

4. Matrix Multiplication

As our first exampleof a streamalgorithm,we considera densematrix multiplication. Giventwo
N x N matricesA and B, we wishto computethe N x N matrixC = AB. We computeelement
¢;; in row ¢ andcolumny of productmatrix C' astheinnerproductof row i of A andcolumnj of B:

N
cij = Y g bij, (5)
k=1
wherel <i,j < N.

PARTITIONING

Sinceweareinterestedn problemsf size N > R, westartby partitioningtheprobleminto smaller
independensubproblemsEachof the dominatingsubproblemsnustexecutesystolicon the DSA
with maximumcomputationakfficieng. For the matrix multiplication we usea block-recursie
partitioning. We recursealongtherows of A andthecolumnsof B:

Ci1 Ch2 A
< Cao1 Oy ) < Asy ) ( Bu Bz ) (6)
For eachof the matricesC;; we have C;; = A;1 B1j, where A;; isan N/2 x N matrix and By

anN x N/2 matrix. Thus,the matrix multiplication canbe partitionedinto a homogeneousetof
subproblems.

12
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DECOUPLING

Our next goalis to move all memoryaccessesff the critical pathby decouplingthe computation,
suchthatmemoryaccesseeccuron the memorytiles andcomputationabperationson the compu-
tationtiles. We begin by observingthateachproductelementc;; canbe computedndependently
of all othersby meansof Equation5. In addition,Equation6 allows usto streamentirerows of A
andentirecolumnsof B throughthecomputatiortiles. Furthermoreyve partitiona problemof size
N x N until the C;; areof size R x R andfit into our arrayof computatiortiles. We implement
theresultingsubproblemsassystolicmatrix multiplications,illustratedin Figure6for N = R = 2.
Rows of A flow from theleft to theright, andcolumnsof B from thetop to thebottomof thearray

b22

by bi b2
b1y ) by b1z b2,
b Dy bi b,,
apag ap 1
an A |ay ap
b b b, b b
Ay Ay Az Ay Az 2y 12 a. la 12 22
az 21 22 |82 az
c Cu Cip
Can 1(1: Cp |—> A
1
Cy Co Con
Cox Ca Cop | —= >

@) @) (©) 4) ®) (6) @)

Figure6: Seventime stepsof a systolicmatrix multiplicationC = A - B for 2 x 2 matrices.Each
box representsa computationtile. Valuesentering,leaving, or being generatedn the
arrayareshavn in bold face.Shadedoxesmarkthe completionof aninnerproduct.We
split the dataflow of the operandsindproductsinto thetop andbottomrows.

For N > R, thecomputatiortile in row r andcolumns computeshe productelements:;; for
all t mod R = r andj mod R = s. To supplythe computatiortiles with the properdatastreams,
we use R memorytiles to storethe rows of A and R additionalmemorytiles to storethe columns
of B. Thus,for the matrix multiplication,we useP = R? computatiortilesand} = 2R memory
tiles. Figure7 illustratesthe dataflow of a decoupledsystolicmatrix multiplicationfor NV = 4 and
R = 2. Note how the memorytiles on the peripherydeterminethe scheduleof the computations
by streamingfour combinationsof rows of A andcolumnsof B into the computatiortiles. First,
we computeC; by streaming{ A(1,:), A(2,:)} and{B(:, 1), B(:,2)} throughthearray Second,
we stream{ A(1,:), A(2,:)} against{ B(:,3), B(:,4)}, third, {A(3,:), A(4,:)} against{B(:, 1),
B(:,2)}, andfinally {A(3,:), A(4,:)} against{B(:,3), B(:,4)}. As aresult,we computeC';,
(19, Cy1, andCyq in thatorder

If productmatrix C' cannotbe streamednto a neighboringarray of consumingcomputation
tiles or off the chip altogetherbut shallbe storedin memorytiles, we may have to investanotherR
memorytiles for atotalof M = 3R. In ary casewe have P = O(R?) andM = O(R), andhence
M = o(P). We concludethatthe structureof our matrix multiplicationis decouplingefficient.

EFFICIENCY ANALYSIS

We now analyzethe efficiengy of our matrix multiplication, andshaw thatit qualifiesasa stream
algorithm. Thenumberof multiply-and-addoperationsn themultiplicationof two N x N matrices

13
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Figure7: Dataflow of acomputation-dicient matrix multiplicationC' = A- B for 4 x 4 matriceson
2 x 2 computatiortiles. Shadedoxeson the peripherymarkmemorytiles, andindicate

the completionof aninnerproductotherwise.

isC(N) = N3. Onanetwork of size R with P = R? computatiortilesandM = 2R memorytiles,
we pipelinethe computatiorof (N/R)? systolicmatrix multiplicationsof size R x N timesN x R.
Sincethis pipelining producesoptimal tile utilization, andthe startupanddrain phasesombined
take 3R time stepg(cf. Figure7), thetotal numberof time stepsrequiredby this computatioris

Ty (N, R)

(N/R)>R + 3R.

Accordingto Equationl, the computationakfficiengy of our matrix multiplicationis therefore

Epm (N, R)

N3

(N/RPR +3R) - (R% 1 2R)’

Usingo = N/R insteadof parameterV, we obtain

3

Emm(aa R) - 0_30-74_3 ’ RL;-Q (7)
for the efficiengy. Considereachof the two producttermsindependently Termo3 /(o3 + 3) ap-
proachesl for large valuesof o, thatis if the problemsize N is much larger than the network
size R. Ontheotherhand,term R/(R + 2) approached for large network sizesR. Thisis the
asymptoticbehaior illustratedin Figure5. If we assumea constantvalues > 1, we find thatthe
efficiengy of the matrix multiplication increasesaswe increasethe network size,and approaches
the optimal computationakfficiency of 100 % asymptotically We alsonotethatfor afixed o, the
streammatrix multiplicationrequiresT'(N) = (02 +3/a) N = ©(N) time stepson anetwork with
(N/o)? computatiortiles.
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To discussa suitablenetwork size R for a DSA, let us considersomeabsolutenumbers.For
example,if N = R, thatis o = 1, we have a systolicmatrix multiplicationwith

R

1
Emm(o =1L R) = - Rio

(8)
Thus,the maximumefficiengy is just 25 % evenfor aninfinitely large network. On the otherhand,
for arelatively smallvalues = 8, we have

R
Hence for anetwork sizeof R = 16, acomputationallyefficient matrix multiplication of problem
size N = 8- 16 = 128 achievesalmost90 % efficiengy. Largerproblemsizesandlarger networks
operateabove 90 % efficiengy. For asingleDSA chip with network size R = 8, the computational
efficiengy of amatrix multiplicationof problemsizesN > 64 is E(o > 8, R = 8) > 79 %.

5. Triangular Solver

A triangularsolver computeghe solutionz of alinear systemof equationsdz = b assuminghat
matrix A is triangular Hereis anexamplewith a4 x 4 lowertriangularmatrix A.

aiq 0 0 0 T b1
a1 ax 0 0 T2 _ ba
az; az aszz 0 T3 B b3
a4 Q42 Q43 Q44 Ty by

Findingsolutionz is a straightforvard computatiorknovn asforward substitution

by
r = —
ail
1 i—1
T, = — bi—Zaijxj for i=2,3,...,N.
Qg j=1

We are interestedin triangular solvers as building blocks of other algorithmsincluding an
LU factorization.In particular we areinterestedn thelowertriangularversionthatfindsan N x N
matrix X asthe solutionof AX = B, whereB isan N x N matrix representingV right-hand
sides.

PARTITIONING

We partition the lower-triangularsystemof linear equationswith multiple right-handsidesrecur
sively accordingto Equation9. MatricesA;; and A, arelower triangular

Ain O X1 X2 Bi1 Bio )
Ag1 A Xo1 Xoo By1 B
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Thepartitionedtriangularform leadsto a seriesof smallerproblemsfor thelower-triangularsolher:

A X1 = Bu (10)
AnXi2 = B (11)
By = Bo — AnXn (12)
By = By — A X1 (13)
A2 X1 = By (14)
A2 X2 = By (15)

First, we computethe solution of the lower-triangularsystemsin Equations10 and 11, yielding
X11 andX1,. We usethesesolutionssubsequentlyo updatematricesB,; and Bys in Equationsl2
and13,producingB}, andBj,. We couldcomputethematrix subtractiorin Equationsl2and13on
thecomputatiortiles of thearray However, we cansave theassociatedatamovementby executing
the subtractionon the memorytiles. This alternatve is simplerto programaswell. Matrices B},
and B/, aretheright-handsidesof the lowertriangularsystemsn Equationsl4 and15. Solving
thesesystemgyields X5, and X»,. Thus,Equationsl0-15definea recursve algorithmfor solving
the lower-triangularsystemof Equation9. The recursionreduceghe problemof solving a lower
triangularsystemof linearequationsnto four smallerlower-triangularsystemsof linearequations,
plustwo matrix multiplicationsthatwe have discussedn Section4 already

DECOUPLING

To arrive atadecouplediesignwe obsenre thatthecomputationgor theindividual right-handsides
of thelinearsystemAX = B areindependentConsiderthefollowing systemfor N = 3 andtwo
right-handsides.

aiz 0 0 Ti1 T12 b1 bi2
a1 az 0 To1 T2 = bo1  bao
az aszy as3 31 T32 b31 b3

The computationof columnj of X dependsn the elementsof A andthe elementsof column j
of B only, andthe computation®f columnsof X maybe performedndependently

Figure 8 depictsthe systolicalgorithmfor our lowertriangularsolver. We streamrows of A
from the left to theright and columnsof B from the top to the bottom of the computationarray
while columnsof X streamfrom the bottom of the array Tile p;; in row ¢ and columnj of the
computatiorarrayis responsibldor computingelementz;;. Notethatdueto theindependencef
columnsin this computatiorwe maypermutethecolumnsof B arbitrarily, providedwe presere the
staggeredlatamovement. We canalsousethe systolicdesignof Figure8 for an uppertriangular
solver by reversingtheorderin whichtherows of A arestoredonthememorytiles,andby reversing
the orderin which the elementof the columnsof B arefed into the computatiortiles.

We illustrate the systolic algorithm by describingthe computationof elementzs; = (b3 —
as1r11 — az2ro1)/ass. We begin with time step4 in Figure 8. Tile p3; receves elementz;;
from po1 abore andas; from theleft, andcomputeghe intermediateaesults = as; - z11. At time
stepb, tile p3; receveselementry; from above andas, from theleft. Executinga multiply-and-add
operationps; computesntermediateesultt = s + ags - x21. At time step6, tile p3; recevesass
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by by b3,
by by, by by
b1y - by, by,
by,
all a
11 X
11
ayay - A2 Az
Agzagzpay - - Agz Az Az -
1) 2
ba,
by by b3,
[SPYRR | 27 bsy bz b3,
all
X12|
X11 by, X12 ba; b,,
Ay 1 2 r @y u ax u
X21 X2
X11 Xo1 Xy
Q33 A3 Az Qgzadgldz s Q33d3 s (A3 V
t
¢ X1
r=az Xy S=ag Xy t=s+*ag Xy
U=as Xypp V=85 Xgp
3 4) (5)
bs,
ba; X2 b,
33 |Ax v Az
t Xal w w Xz

¢X21 ¢X12 ¢X31 ¢X22 ¢X3z
w=v+ Agzp Xoo

(6) ™) ®)

Figure8: Systoliclowertriangularsolver for N = 3 andtwo right-handsides.

from the left andbs; from po; above, andcomputesrs; = (bsy — t)/ags. During the next time
step7, elementzrs; is availableat thebottomof thearray

Whenreducinga problemof size N x N recursvely until the subproblemdit intoan R x R
array of computationtiles, we need3 R memorytiles on the peripheryof the computationarray
to buffer matricesA, B, and X. Figure 9 shawvs the computationof X;; and Xs; by meansof
Equationsl0,12,and14. As implied by this figure,we use R memorytiles to storetherows of A,
and R memorytilesfor thecolumnsof B and X, respectrely. Thus,for adecoupledystoliclower
triangularsolver, we require P = R? computatiortiles and M = 3R memorytiles, meetingour
decoupling-dfciengy condition M = o( P).

Unlike the matrix multiplication, the factorizationof the triangularsolver doesnot produce
identicalsubproblemsThereforewe arefacedwith the additionalchallengeof finding an efficient
compositionof thesesubproblems.Although we can pipeline the subproblemsye cannotavoid
idle cyclesdueto datadependencieandthe heterogeneityf the computationsn Equations10—
15. However, we canminimize the loss of cyclesby groupingindependentomputationof the
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+4R
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Figure9: Phase®f adecoupledystoliclower-triangularsolveronan R x R arrayof computation
tiles. In phasel we solve Equation10 for X;;. In phase2 we updateB,; according
to Equation12. While the matrix multiplication is executedon the computationtiles,
the matrix subtractionis performedon the memorytiles asthey receve eachindividual
resultof As; X7;. Finally, in phase3 we solve Equation14 for X5;. The shapesof
the matrix areasindicatehow the rows and columnsenterthe computationarrayin a
staggeredashion.

sametype, and pipelining thosebefore switchingto anothergroup. For example,we cangroup
andpipelinethe computation®f EquationslOand11, thenEquationsl2 and13, andfinally Equa-
tions14 and15. If we unfold therecursionall theway to the basecaseof R x R subproblemswe
find thatthe bestschedulés equivalentto a block-iterative orderingof the subproblems.

EFFICIENCY ANALYSIS

We begin by determiningthe computationefficiency of our lowertriangular solver accordingto
Equationl. The numberof multiply-and-addoperationss C'(N) = N3 /2, countingeachdivision
asa multiply-and-addoperation.As mentionedabove, the crux for anefficient schedulés to order
the computationsn Equations10-15suchthat two subsequensystolic algorithmscan be over
lapped.For the matrix multiplication, finding a perfectoverlapis relatvely easy becausehethere
is only onesystolicalgorithm. For the lowertriangularsolver, we illustrate the searchfor a good
scheduleandthe correspondingfficiengy analysishy meansof the examplein Equationl6, where
matrices4, X, and B consistof o x o blocks,eachblockis of dimensionR x R, ando = 4.

A 0 0 0 X1 X2 X3 Xuy Bi1 B2 Biz B
A1 A 0 0 Xo1 Xoo Xoz Xog _ By By Baz By (16)
Azr Az Aszz O X31 X332 X33 Xz B31 Bz Bsz Bz
Ay Ay Agz Ay Xy Xgo Xyz Xy By By Bys By

Recallthatthe computationof the individual columnsand, thus, columnblocksof X arein-
dependentTherefore we may sequencéehe systoliccomputationsacrossrows to maximizeover
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lap. In the 2 x 2 partitioning of Figure 9, the computationof a columnblock of X consistsof
two solver computationsand one updateoperation. The interleaving of two such computations
yields the sequenceof Equations10—15. Now, considercolumn block i of the 4 x 4 example
in Equation16 with the following sequencef operations. First, solve A1 Xy; = By; for Xjy;.
Second,updateB), = By, — A9 X1;. Third, solve A Xy, = B, for Xy;. Fourth, update
B, = Bs; — A31 X1; — A23 Xo;, Whichinvolvestwo updateoperationsFifth, solve Ass3 X3, = Bj;
for Xs;. Sixth,updateB);, = By — As1X1; — A2 X9; — As3X3;, involving threeupdateoperations.
Finally, solve A4, Xy; = B}, for X4;. We obsere thatfor increasingo, the numberof solvers
increasesjuadraticallywhile the numberof updateoperationsncreasegubically

Sincethe updateoperationsare little more than matrix multiplications, we may pipeline and
overlapasmary of themaspossible resemblingour stream-structuredhatrix multiplication. Thus,
we usea block iterative schedulehatiteratesover row blocks. For eachrow block i, we schedule
the solver computation®f anentirerow ¢ with maximaloverlap. Thereareos solversfor eachrow
block,whichrequires R time stepsplus 2R time stepsfor startinganddrainingthe pipeline.Then,
we computeandoverlapall updateoperationsassociateavith X;;. For eachX;;, therearec — i
updateoperationsresultingin (o — i) updateoperationsassociateavith row i. Theseoperations
requirec (o — i) R time steplus3 R time stepgo startanddrainthepipeline.We maysave another
2 R time stepsby overlappingthefirst updateoperationwith thelastsolver computatiorandthefirst
solver computatiorof the next row block with thelastupdateoperationof the previousrow block.
Thenumberof time stepsor an N x N lower-triangularsolver with o x o blocksof sizeR x R is
then:

o—1

(0R+2R)+ Y (o(0c —i)R+3R) — ZZR

M=

ﬂts (Ua R) -

—

(0 + 0% + 60 — 2).

SIS

We find that, for a fixed o, the total numberof time stepsis () = ©(N) whenusing (N/a)?
computatiortiles.
Accordingto Equationl, the computationakfficiengy of our lowertriangularsolver is then

o3 R

Elts(UaR) 03+02+60—2‘R+3.

Analogousto Equation? for the matrix multiplication, the efficiency is the productof two terms,
onedependingndirectly on the problemsize NV via o, andthe seconddependingon the network
sizeR. For o = 1, the problemreducedo a singlesystoliclowertriangularsolver, andwe obtain
anefficiency of

The efficiency increasesvhenwe increaseR and o, suchthat the computationalefficiengy ap-
proachesheoptimalvalueof 100 %. Sincethesolverrequiresmemorytiles alongthreesidesof the
arrayof computatiortiles, the secondterm requiresa slightly larger network sizeto achieve high
efficieng. For example,for avery large o, we have E(R) ~ R/(R + 3), andwe achie’e more
than90 % efficiengy for R > 27, our goldennetwork size.

19



STRUMPEN, HOFFMANN, AND AGARWAL

6. Convolution

Thecorvolution of sequencéa] of length Ny, With sequencéw] of length Ny, producesan
outputsequencgb| of length Nygmpies + Nigps — 1. Without loss of generality we assumethat
Nsampies = Niaps- Elementk of [b] is givenby

be = > a;i-w; (17)

it j=k41
where

1 < k < Nsamples + Ntaps -1
1< 7+ < Nsamples
1 < .7 < Ntaps .

PARTITIONING

We partitionthe corvolution into N,,s /R subproblemdy partitioningthe sumin Equation17 as
follows:

Ntaps/R
b, = Z Z Q; - Wj (18)
=1

i+ji=k+1
where

1< k SNsamples‘l'R*l
1 < 1 SNsamples
(—DR+1< j <IR+1.

This partitioning expresseghe cornvolution of [a] and [w] asthe sum of convolutions of [a]
with N,/ R weightsequencegw];. Intuitively, we partition weightsequencéw] into chunksof
length R, computethe partial convolutions,andexploit the associatiity of theadditionto form the
sumof the partial cornvolutionswhencorvenient.

DECOUPLING

We usethesystolicdesignof Figure10to implementaconvolution with N,,, = R. Thisdesignis
independenof thelength Nqm,.s Of sequencea]. For the examplein Figure 10 we have chosen
Nigps = R = 4 andNygmpies = 5. Bothsequencéun] andweightsequencéw] enterthearrayfrom
the left, and outputsequenceb| leavesthe arrayon the right. Computationtile p; is responsible
for storingelementw; of the weight sequenceThus,the streamof elementsw; folds over on the
way from left to right throughthe array In contrastsequencéu| streamdrom left to right without
folding over. During eachtime step,the computationtiles multiply their local valuew; with the
elementof a; arriving from the left, addthe productto an intermediatevalue of b, thatis also
receved from the left, andsendthe new intermediatevalueto theright. The elementf [b] leave
thearrayontheright.

We illustratethe datamovementin Figure 10 by discussinghe computationof b, = ajw; +
asws + asws + ajwys. We begin with time step5 in Figure 10 whenelementa, enterstile p; on
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b, b3 b; b,
b, bl | by
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Figure10: Systolic convolution of a sequenceof input valuesa; of length Ny,ppes = 5 with
Niaps = 4 Weightsw;. Boththeweightsandinputsequencerefedinto thelineararray
of R = 4 computationtiles. Intermediateresultsare shavn above the corresponding
tiles. Valueb!, representanintermediatesalueof by, afterthefirsti productshave been
computedaccordingio Equationl?.

theleft. Elementw, is alreadyresident.Tile p; computesheintermediatevalueb; = a4 - w1, and
sendsit to tile po. At time step6, p, recevesaz andb} from tile p; on theleft. With weightws,
alreadyresidenttile p, computesntermediatevalueb? = b} + a3 - wo. In time step7, valuesh?, as,
andws areavailablefor useby tile ps. It computesandsendsntermediatevalueb; = b? + as - w3
towardtile py. At time step8, p, recevesb?, a;, andw, from p3, andcomputesy = b3 + ap - ws.
At time step9, b, exits thecomputatiorarray

We usethe partitioning of Equation18 to reducea corvolution with a weight sequenceof
length Ny,,s into Nyeps /R systolic corvolutions that matchnetwork size R of a linear array of
computatiortiles. In addition,we employ one memorytile on the left of the arrayto buffer se-
quencesa| and[w], andanothememorytile on theright of the arrayto storeintermediatevalues
of thecomputatioraswell asto computethe sumof thesubproblemsFigurellillustratesthecom-
putationof a convolution on alinear processoarray Our decoupledsystolicconvolution requires
P = R computatiortilesand M = 2 memorytiles. We obsere that M/ = o( P) and,therefore pur
convolutionis decouplingefficient. Notethatthe organizationin Figure11 requiresthreenetworks
betweerthe computatiortiles. Sacrificinganasymptoticallyinsignificantamountof efficiengy, we
canpreloadthe weightsin orderto reducethe numberof needechetworksto thetwo supportedoy
our decoupledsystolicarchitecture.

EFFICIENCY ANALYSIS

Thenumberof multiply-and-addperationgor the corvolution of asequencéu| of lengthNq.,pies
with a weightsequencégw] of length Ny,,s iS C(Nsampiess Ntaps) = Nsampies Ntaps- Onalinear
network of size R with P(R) = R computatiortiles and M = 2 memorytiles, we partition the
computationinto o = N,,,s/R subproblemseachof which is a corvolution of sequencéa| of
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Figure11: Streanmcorvolutionof aninputsequencef lengthNq,pes = 5 With Ny, = 4 weights
onalineararrayof R = Ny,,s/2 = 2 computatiortilesandM = 2 memorytiles. Value
bij representthe computatiorof b, whentheoutersummatiorof Equationl8 hasbeen
executed! times and the inner summationhas beenexecuted: times. Note that the
memorytile on the right performsan additionto accumulatethe resultsof the partial
convolutions.

length Nampies With weightsequencew| of length R. Thesesubproblemsverlapperfectly asis
obviousfrom Figurell.

We accountfor the time stepsof the convolution asfollows. Thereares = Ny,ps /R systolic

convolutionson alineararrayof R computationtiles that pipeline perfectly Eachof the systolic
convolutionsrequiresNyg,,i.s + I time stepsto streama sequencef length Ny, throughan
arrayof size R, andbecauseachprocessoexecutesonemultiply-and-addoperationpertime step.
Dueto the perfectoverlapof subsequergystolicconvolutions,the R time stepsneededo drainthe

pipelineareincurredonly once.Thus,the numberof time stepsis:

Teonv (0’, R) = UNsamples + R.

Usingalinearnetwork of size R consistingof P = R computatiortilesand M = 2 memorytiles,
thefloating-pointefficiency of theconvolutioniis:

Econv (0'7 R)

o

2

R

o2 + Ntaps/Nsamples . R+2
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Given our assumptiorthat Nypies > Niaps, We have Nygps /Nygmpres < 1, andthe efficiency
of our stream-structuredorvolution approacheshe optimal valueof 100 % for large valuesof o
andR. Thus,for o > 1, we have E.,,,, ~ R/(R + 2) andobtainmorethan90 % efficiengy for
R > 18. For Ny,s = R or, equvalently ¢ = 1, the streamconvolution reducesto a systolic
convolution with a computationakfficiengy of

1 R

E ~1,R) = : -
com}(a ’ ) 1+Ntaps/Nsamples R+2

We notethatfor Ny,,s = Ngampies theefficiengy of the systolicconvolution hasanupperboundof
50 %. Our streamconvolution defiesthis upperboundprovidedthato is sufficiently large.

7. RelatedWork

In the following, we compareour work on streamalgorithmsand architecturewith someof the
prominentcontrikutionsin the arenaof systoliccomputing. The primary novelty of our paperis
a rigorousyet simple definition of streamalgorithmsas an asymptoticallyoptimal mappingof a
decoupledystolicalgorithminto adecoupledystolicarchitecturd DSA). As aprogrammabléiled
microarchitecturéhe DSA revivesnumerousonceptsnventedearlierfor systolicarchitecture§22,
32,33, 34, 35]. Infact,theDSA by itselfis notaparticularlynovel architecture Ratherit embodies
a minimal selectionof architecturalfeaturesmotivated by the analysisof streamalgorithmsthat
allows usto executestreamalgorithmsin a flexible, areaefficient, computationallyefficient, and
eneqgy efficientmanner In addition,the DSA canbe viewed asanabstracimachinefor emulating
streamcomputation®n existing tiled microarchitectures.

Therootsof the DSA lie in the earliestsystolicarrayswhich wereinspiredby the designphi-
losophyexpoundedby KungandLeisersor{10]. Thesearrayslacked flexibility because¢hey were
special-purposeircuitsfor aparticularapplicationwith a particularproblemsize. Suchspecialized
designsarestill in useto datefor ultra high performanceligital signal processingfor example.
Programmablsystolicsystemssuchasthe Wavefront Array Processof32], PSC[34], Warp[22],
iWarp[35], andSaxpy’s Matrix-1 [33] offeredflexibility includingindependenciom problemsize,
but did not realizethe potentialof streamalgorithms.For example,althoughH.T. Kungadwocated
systoliccommunicatior{36] asa meansfor achieving high efficiengy by avoiding local memory
accessesgportsaboutsystolicalgorithms[22, 35, 36, 12, 37] shav thattheseémplementationslo
actuallyuselocalmemory whereaour streamalgorithmicversionsdo not. Simulation13] or emu-
lation [38] of multiple processinglement®n onelarger, morepowerful processohave becomehe
parallel programmingmethodologyof choice,becausdhey allow for problem-sizeindependence
andnetwork embeddingalbeitat the costof potentiallyunboundedocal memoryrequirementsAs
a consequencef local memoryaccessessimulatedalgorithmsare slower than streamalgorithms
(onload-storearchitecturesypically by a factorof three),consumesignificantlymoreenegy due
to memoryaccessesindoccupy alargersilicon areathanthe DSA.

The primary novelty of streamalgorithmslies in our efficiengy definitionswhich sene asa
guiding methodologyallowing us to qualify streamalgorithmsasthoseamongthe larger classof
decoupleaystolicalgorithmsthatachieze 100 % efficiency asymptotically In particular our stream
algorithmsachiere higherefficienciesthanmostpurelysystolicdesigns As afirst casen point,con-
siderthe computationakfficiency of a systolicmatrix multiplication on a special-purpossystolic
arraythatmatcheghe problemsize. Dueto startupanddrain phase®f the staggerediataflav (see
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Figure6), the computationakfficiengy of a systolicmatrix multiplicationis just 25 % accordingto
Equation8, which alsoaccountdor streamingthe resultmatrix out of the array Similarly, most
systolicalgorithmsproposedn the past[10, 11] suffer from bubblesin the datastreamsn favor of
asimpleprocessodesign.Ourdefinitionof streamalgorithmsprescribes large problemsizecom-
paredto thenetwork sizeof thedecoupledystolicarchitecturelt is dueto thisrequirementhatour
streammatrix multiplicationachieres 100 % computationaéfficiengy. Of courseaspecial-purpose
array canalso achieze 100 % computationakfficiengy in a scenariowhere multiple independent
matrix multiplicationscanbe overlappedr interleaved. However, morecomple applicationswith
phaseof differentsystolicalgorithmsmay not offer the luxury of identical,independensubprob-
lems. For example,the matrix multiplication basedon the systoliccommunicatiorstyle proposed
by H.T. Kung[36, 22, 37, 35 storesoneof the matrix operandsn local memoryand streamshe
othermatrix throughthe processinglements.This programmingstylefalls shortof exploiting the
full potentialof systoliccommunication.

As asecondtasein point, considerthe computationakfficiengy of a simulation[13, 38] which
usesonelarger processinglemento simulatemultiple systolicprocessorandusesocal memory
for theassociatedomputationaktate.ln the bestcase all valuesfit into local memorybut remain
subjectto loadsandstoresto andfrom local memory For example,a simplesingle-issugrocess-
ing elementrequiresup to threeloadsand one storeinstructionfor a multiply-and-addoperation
dependingon the quality of registerallocation. As a consequencehe simulatedversionis up to
four timesslower thana streamalgorithmthat doesnot uselocal memorybut decouplesnemory
accessefrom computation.Of course we could usea morecomple processinglementsuchas
aVLIW architecturefo masklocal memoryaccesses-However, this solutiondoesnot provide the
areaandenepy efficiengy of the DSA, which achiareshigh performancewith a simple processor
coreandwithoutlocal memories.

We can emulatethe DSA on programmabldiled microarchitecturesvith variousdegreesof
efficiengy. As a consequencehe designphilosophydevelopedfor streamalgorithmscarriesover
to tiled architecturesas well as programmablesystolic array processors.For example,we have
emulatedthe DSA on Raw by implementingstreamalgorithmsin Rav assembly39]. Sincethe
power supply for Rav’s on-chip memariesis software controlled, streamalgorithmsare enegy
efficient on Rav when powering down the on-chip datamemories. However, Raw is not asarea
efficient asthe canonicalDSA, which also offers the potentialof being operatedat higher clock
frequenciedecausehe absenc®f local memoryleadsto smallertiles andshorterwires.

Ourdesignmethodologyfor streamalgorithmg14] includesanapplicationspecificpartitioning
step. Partitioning by itself is not new. For example,in the contect of systolicarrays,Navarro et
al.[11] discussandclassifypartitioningschemessspatialmappingsandtemporl mappings Their
notion of spatialmappingcoincideswith that of simulatingmultiple systolicprocessingelements
onamorepowerful one. Thetemporaimappinggproposedn [11] arecloserto streamalgorithmsin
thatthey partitionsystolicalgorithmsinto heterogeneoyshasesalthoughtheirmethodologydiffers
from oursin thatit is centeredaroundthe ideaof transformingdensematrix operationsnto band
matrix operationsMoreover, thetemporalmappingsntroducedn [11] areneithercomputationally
efficient nor decouplingefficient in the sensedefinedin Section3. Lack of attentionto partition
applicationswith decouplingefficiengy in mind preventsthesesystolic algorithmsfrom enjoying
the enegy-efiiciengy advantageof streamalgorithms. It is notevorthy that the blocked matrix
computationsat the heartof the Saxyy Matrix-1 programmingphilosophyarea type of simulation
or spatialmappingthatarenot decouplingefficient either
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8. Results

In this sectionwe summarizeourresultsrelatedto thedesignof streamalgorithms andpresentwo
practicalresultsaboutstreamalgorithmsand architecture.First, we presentexperimentalresults
from emulatingthe DSA on an existing tiled architecture, demonstratinghe benefitsof stream
algorithmsasa designdiscipline. Secondwe amguethata reasonabl@etwork sizefor asingle-chip
DSAis R = 8.

8.1 Summary of Stream Algorithms

Table1l summarizeshe streamalgorithmsthatwe have developedthusfar. For eachof the stream
algorithms the tablelists the numberof computatiortiles P andmemorytiles M asa function of
network size R, andthe executiontime 7" and computationakfficieney E asfunctionsof R and
o = N/R for problemsize N. Notethattheefficieney £(o, R) approaches$00 % for o — oo and
R — oc. Thus,accordingto Definition 4, all of thealgorithmsqualify asstreamalgorithms.

Application P(R) | M(R) T(o,R) E(o,R)

A-B R? 2R R(c® +3) U§i3 ‘ RiZ
A-BT R | 3R R(0® +3) F5 Th
Triangularsolver | R? 3R L(o% 4+ 0% + 60 —2) R
LU factorization | R? 3R £(20% + 30% 4+ 310 — 12) ﬁagﬂﬁ%ﬁ e
Cholesk fact. R® | 3R B (5% 4 30% 4 320 — 12) e T
QRfactorization | R? 3R £(1003 + 210% + 1250 — 18) W e
SVD R | 4R | o%,(50nR+6R+3)/2-O(lgM) e Faa
Convolution R 2 0 Nsamptes + R W ‘e
DFT R 2 R(0? +2) o
Vandermonde R 2 R(0® + 0 +3) R

Tablel: Summaryof streamalgorithms.We shav the numberof computatiortiles P, numberof
memorytiles M, andwe comparethe executiontime 7" andcomputationakfficieney £
for problemsize N ando = N/R (see[14, 15] for details).

8.2 Emulation Results

We have demonstratethe performanceenefitsof streamalgorithmsusinga cycle-accurateimu-
lator of the Raw architecturg1] with network size R = 4, extendedwith peripheralmemorytiles
andwithout usinglocal datamemories.Table2 compareshe computationakfficiency of Raw with

the predictedefficiengy of the decoupledsystolicarchitectureaccordingto Table1l. The compu-
tational efficienciesfor Raw fall slightly shortof thosepredictedfor the DSA whenusingsmaller
problemsizesbecausef a numberof architecturakreasongliscussedn [39]. For large problem
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sizes,thatis o > 1, Raw approacheshe efficiengy of the DSA. Due to the small network size
R = 4, computationakfficiengy is dominatedby factor £z in Equation2.

Application ProblemSize N

(R=4) 128 256 512 1,024 2,048
A-B 0.59/0.67 | 0.62/0.67 | 0.63/0.67 | 0.64/0.67 | 0.64/0.67
Tri. Solver || 0.34/0.55| 0.42/0.56 | 0.47/0.57 | 0.50/0.57 | 0.52/0.57
LU fact. 0.28/0.54 | 0.37/0.56 | 0.44/0.56 | 0.48/0.57 | 0.51/0.57
QRfact. 0.37/0.53| 0.44/0.55| 0.48/0.56 | 0.50/0.57 | 0.52/0.57
Corvolution || 0.47/0.66 | 0.55/0.67 | 0.59/0.67 | 0.62/0.67 | 0.63/0.67

Table2: Computationakfficienty E,,./E4s, Of streamalgorithms. We comparethe efficiengy
Fq.y Of the Rav microprocessowith network size R = 4 with the predictedefficiency
E4,, of our decoupledsystolicarchitecture.ln caseof the convolution, we reportresults
for Nsampies = N andNyqp, = 32.

8.3 Chip Size

In orderto implementa single-chipDSA, we mustchoosea particularnetwork size R. In Sec-
tion 2.3, we have seenthat R = 8 allows usto designa 32bit architecturewithout beinglimited
by the pin constraintf todays packagingechnology In this section,we provide two additional
argumentdn favor of R = 8.

Ourfirstaguments basedntheanalysisof streamalgorithms.Recallfrom Equation2 thatwe
may expressthe efficiengy of a streamalgorithmasa productof two termsE,, and Er. According
to Equation4, the F'r-term dependson network size R only. In Equation4 we introducedthe
algorithmspecificparametet, andinterpretit asthe numberof peripherakidesof thecomputation
arraythatdatastreamsrossonthewayin andoutof memorytiles. For thestreamalgorithmslisted
in Table 1, we find that, on average the numberof sidesis a = 3. The maximumvaluea = 4
correspondso thefour sidesof atwo-dimensionaeshof computatiortiles.

We declarethe golden network size R* to be obtainedwhenthe Er-term assumeshe 90 %
markfor a = 3:

Er(R)=09 =  R*=2T.

In otherwords,if the £, -termapproachesaluel, whichit doesfor reasonablyarge problemsizes,
then most streamalgorithmswill achieze 90 % computationakfficiengy on a DSA with network
size R* = 27. In contrastfor network size R = 8, the maximumcomputationakfficiengy for
streamalgorithmswith « = 3 is E = 73 %. In fact, this efficiency level is satishctoryonits own
right, allowing usto arguethat R = 8 constitutesa goodnetwork sizefor a singlechip, which can
sene ashbuilding block for larger systems.A fat tree of 16 chipsof network size R = 8 would
behaelikea32 x 32 DSA, exceedinghegoldennetwork size R* = 27.

While the golden network size resemblesa lower-bound argumentfor network size R, our
secondargumentprovidesanupperbound.If we areinterestedn expandingthe decoupledystolic
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architecturdo sere asageneral-purposmultiprocessqmwe maywantto run multiple applications
concurrently In the worst case,theseapplicationswill be strictly sequentialand dataintensve,
and shouldbe executedon the peripheralcomputationtiles next to memorytiles. This raisesthe
guestion.whatis thelargestsensiblenetwork size R, if we do notutilize theinnercomputatiortiles
at all, but do still desirea respectableomputationakfficieng.. A back-of-the-evelope estimate
attemptdo answetthis question We definethe following variables:

R: network sizeof R x R arrayof computatiortiles,
numberof peripherakcomputatiortiles (P = 1 for R = 1 andP = 4(R — 1) for R > 1),
numberof idling computatiortiles (I = R? — P),

&~ 3

maximumefficiency if P peripheratiles performwork andarefully utilized, while the I inner
tilesidle (F = P/R?).

Figurel2illustratesan R x R arrayof computationtiles for R = 8. The peripheralcomputation
tiles areshadedgray Thereare P = 4(8 — 1) = 28 working computatiortiles. The remaining
computationtiles shall be idle. Their numberis I = 8% — 28 = 36. Then,the maximum effi-
ciengy achieableby ary setof applicationds E = 28/8% = 44 % with respecto the numberof
computatiortiles.

Thetableon theright of Figure 12 shavs the maximumefficiengy £ asafunctionof network
sizeR. Sincek isinverselyproportionako R, theefficiency dropsquickly asR increasesHowever,
for R = 8 we still obtain44 % efficiengy, thatis closeto 50 %. In addition,for R = 8 we arealso
ableto hanestalmost50 % of the peakperformanceof the entire chip. Losing no morethana
factorof 2 is certainlyacceptablegiventhatmostgenerakchedulingoroblemsareconsideredhear
optimal whenreachinga factorof 2 from the optimum. Consequentlywe considemetwork size
R = 8 asaveryreasonablepperboundfor the sizeof asingle-chipDSA.

R| P | I |EWY
1 1 0 100
2 4 0 100
4 12 4 75
8 28 36 44
16| 60| 196 23
32| 124| 900 12
64 || 252 | 3844 6

Figurel2: An R x R decoupledsystolicarchitecturdor R = 8. Peripheracomputatiortiles are
shadedgray Thetableon the right shavs the maximumsustainablefficieny (£ =
P/R?) asafunctionof R whenutilizing P = 4(R — 1) peripheratiles only.

In practice the network sizeof a DSA chip will have to fit onthe areaprovided by anexisting
VLSI process.Our estimatesasedon the Raw chip [1] indicatethatan8 x 8 DSA chip canbe
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built with a 0.09um process.Sucha processshouldpermitdriving the chip at clock frequencies
up to 10GHz, sothatthe DSA would sustaina performanceof nearly640Gflopson streamalgo-
rithms. This level of performancds quite remarkable.We would be ableto shrink Japars Earth
simulator that occupiesan entire building with its own power plant, to about10 chipsandIBM’ s
Blue Genesupercomputeto about100 chips. In addition,a DSA would enableuncorventional
high-performancepplications,ncluding ary type of softwae radio suchasHDTV to executein
realtime.

Finally, let usemphasizehat8 x 8 is areasonablsizeof a computatiorarraywith peripheral
memoryasanarchitecturabuilding block, thatis a megatile, of alarger decoupledsystolicarchi-
tecture.If thefuture permitsusto build chipswith anareacapacityto accommodatenorethanone
8 x 8 array it shouldconsistof multiple 8 x 8 arrays,eachwith its own peripheralmemory It
is perfectlyreasonabléo have a network whosesizeexceedsk = 8 andeventhe goldennetwork
size R*, becausetreamalgorithmsbecomeamoreefficientaswe increaseghe network size R.

9. Conclusions

We have studiedthe feasibility of highly efficient computationon tiled microarchitecturesAs a
result,we proposea designof streamalgorithmsandarchitectureghatpermits100 % computational
efficiengy asymptoticallyfor large networks andappropriateproblemsize. As a consequenceyur
decoupledsystolicarchitecturenterpretsstreamalgorithmsin anenepy efficientmanneiby design.

We have transformeda numberof regularapplicationgnto streamalgorithms.Besideghethree
examplespresentedn Sectionsd—6,we have summarizedhe streamalgorithmsdevelopedthusfar
in Tablel of Section8.1. Ourdesignmethodologyfor streamalgorithmshasled usto discorer new
ground.Forinstanceto our bestknovledge,our streamQR [14] andstreamSVD [15] appeato be
the mostefficient parallelorganizationf thesealgorithmsin existenceto date.

To achiare highestefficiengy levels, we have developedapplication-specifigartitioning and
decouplingtransformationsthat are comparabldn compl«ity to thoseneededor the designof
systolicarrayg10]. We believe thatit is unreasonabl expectcorventionalcompilertechnologyto
generateompetitve code ,notevenwhenbasedn advancedmethodgor automatigarallelization
andtargetingsystolicarrays[40, 41, 42]. Insteadwe feel thattemplate-basedodegeneratiorala
FFTW[43] is themostpromisingway to compilestreamalgorithms.

A pleasansideeffect of highly efficient computatioris the predictabilityof the numberof ex-
ecutioncycles. Our efficiengy analysisof streamalgorithmsallows us to predictcomputational
performanceavenin the casewherenetwork and problemsize aretoo smallto approachthe op-
timal computationakfficiengy of 100 %. Performancepredictability in turn, shouldenablea rea-
sonablyaccuratepredictionof powver consumption.Thus,if performancds a goodindicator for
power consumptionwe may employ a circuit designfor the decoupledsystolic architecturethat
supportsvarying clock frequenciego trade power consumptionfor computationalperformance.
Programmablenicroprocessordn contrastto special-purpos@ardware, allow usto differentiate
guality of servicebasedn performanceFor instancetypical algorithmsfor digital signalprocess-
ing thatdeliver a higherquality audioor videorequirea largernumberof operationghanothers.In
this situation,quality is relatedto computationaperformanceand,thus,to power consumptiorand
clock frequeng. It is in light of thesephysicalrelationsthatwe emphasizeur desireto schedule
computationsvith 100 % computationakfficiengy on single-chipmicroarchitectures.
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We view the decoupledsystolic architectureas an extremepoint in the designspaceof tiled
microarchitectureslt demonstratethatprogrammableregular hardwarestructuresanbe utilized
for high-performanceomputingin anenegy efficientmanner Fromthis perspectie, thedecoupled
systolicarchitecturesenesasa measuringod for general-purposmicroarchitecturethatmatches
the physicalandtechnologicatonstraintof future single-chipdesigns.
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