PARTITIONS OF BIPARTITE NUMBERS WHEN THE SUMMANDS
ARE UNEQUAL

by Miss 8. M. LutHRa, Delhi University, Delhi
{Communicated by Dr. F. C. Auluck, F.N.I.)

(Received February 9, 1956 ; read August 2, 19567)

1. In a number of statistical-mechanical problems we have to deal with
assemblies characterized by conservation of two or more parameters. A typical
illustration is Fermi’s (1951) discussion of the angular distribution of the pions pro-
duced in high energy nuclear collisions, where one takes into account the conserva-
tion of angular momentum in addition to the conservation of energy. Recently
Zilsel (1953) has found that, in order to explain properties of liquid helium II, it is
essential to consider, in addition to the conservation of total energy, the conserva-
tion of total momentum as well.

Thus, when there are two parameters, say £ and P, which are conserved, and
each particle of the assembly can occupy the levels (r, s} (r, s are non-negative
integers), where the contribution of the level (r, s) to E being rey and to P sy, then,
we have to enumerate distinct number of ways p{m, n) and also ¢(m, n), in which
an assembly of particles corresponding to given values of E = meg and P = nz, can
be realized. Auluck (1953) has considered the case p(m, n) when the summands are
r and s and are unrestricted. We, in this paper, consider the corresponding
problem of finding the number of ways g(m, »), in which the bipartite number
(m, n) can be written as the sum of numbers (r, ) when the pairs of numbers r and
& are not repeated. Further, we find asymptotic expressions for g(m, =) : (a) m is
a fixed number, and (b) m and n are of the same order, that is, if there are positive
numbers &, and %, such that &ym < n << kqn.

Case (a) is dealt in paragraph 2 and the case (b) in paragraph 4. In paragraph
3 asymptotic expansions of the generating function for g(m, n) are dealt with, which
are used in paragraph 4.

The partition function g(m, n) is the number of summands, when summands
are not repeated. As an illustration, the nine partitions of number (3, 2) are as
follows :— .

(3,2);5 (3,1) (0, 1); (3,0) (0,2); (2,2) (1,0); (2, 1) (1, 1);
(2,1) 1,0) (0, 1); (2,0) (1, 2); (2,0) (1, 1) (0, 1) (2, 0) (1, 0) (0, 2).

In the following table, the values of g(m, n) for m, n up to 5 are given.

Table for g(m, n)

min 1 2 3 4 5
1 2 3 5 7 10
2 3 5 9 14 21
3 5 9 18 27 42
4 7 14 27 47 74
5 10 21 42 74 125

2. If one of the integers m is fixed, we can express g(m, n) in terms of parti-
tion functions ¢(r) of unipartite numbers.
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The generating function of g(m, =) is
w0 ®
z z (m, n)xmy*
+a)(1+y)(1+22)(1+47) .

2]

(1+x) H IT (14y2f. .. (D

1._.1 s=1i=0

The product converges for [z| < 1, |y]| < 1.
It is shown in Crystal’'s Algebra
(I1+a)(1+az)(1+ax?)(1 +ax3) . .

a alx a3x8
=l ot iy T s (=) (=)
atxb

= —A = T

" akwyf(}z-—)
T(Q=2)(1—2(1—a8) ... (1—2%)

+ ...
Therefore, the generating function Z can be written in the form

Zix,y) = f? (1427 fY (2 ay“)

r=1 §=1
o
= I (1+)(1+By+Buy?+BP+ . . ), e @
ot =1 =t g =
where Go=4 =770 T A5 (0—23)’
x3 28
B = Aogi—ai—29) 7 I—a)(—a)(1—a¥)(I—7%)’
At=1)
""""" » = A )= (l—a) . . .. (=)’
and Bl = d, Bz = (a1+a2), .Bg = a1+a3+a§ s
By = a,+as+asas+ai+ay, Bs=a+agtaas+2a,a,+207,
........ H B,,=za)1a)2...a,\3. m=0,1,2...).
ZrA, =m
o
a, is the coefficient of ySAr from the series z ay.
i’ t=0

Now, there are p(m) terms in B,, and the only term in B, which has the

maximum number of m factors is
x‘}m(m'l)

(I—2)(1—=22)....(1—27)’
and therefore for [z|< 1 and m >3
ghln 1) p(m)
(1—2(1—22)....(1—27) (1_le)m—l

B, —
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It follows that for x = e~A, A = o}1t,

DY, . . 3

m

where A — 0 in the stolz angle |#| < ¢ (0 << A < ), provided m is a fixed positive
integer. In this case

© ﬁ (1—2:’)'1 o
B, II (+a7) =B, =2 eXp'(:/\lf’;) ,
r=1 i I (1—z2)™t ™ A

r=1

4)

since g(m, n) iz the coefficient of x" in the expansion of B, ﬁ (142", Ingham’s
r=1

(1941) Tauberian Theorem (4) can be applied, if we can prove that ¢(m, n) is

an increasing function of » for a fixed m. Now from (2) we have identically

q(m,n):ZOm,,g(n—r) N ()
r=90

where the coefficients C,,, , are positive functions of m and r only. It follows that
g(m, n) for a fixed m, is an increasing function of #. Thus we obtain finally for
n— oo and a fixed m

g(m, 1) ~ (\/;2”) " 31 - exp [w (g)] .. (8

3. We now obtain an asymptotic expansion for the generating function
Z(zx, y). Substituting x = e, y = e~# in 2(x, y), we obtain for R()) > 0, R(u) > 0,

log z = log (14-e~¥-w)
2,2,
r+s>0

a0 o0

— Z Z Z( 1)t e~ HAT+pus)

r+s8>0
-5 3 5hemm-3 S St
r=0s5=0¢t=1 r=05=0t=1t
r48>0 r+s>0

Applying the result (15) of paragraph (3) from Auluck’s (1953) paper on
Partitions of Bipartite Numbers

34(3) §_>(1 l) l(i &)
logZ—4—/\—-—+ y /\+P- +i—2— H+)\ log 2

1 by B3 e 2 )
_;log 2+4—8(A+H)+0 (;: T: A :F',AF . . (7)
In particular, when A = p, we have

383),14@2) 7 A 2
;—A—z— ET —Elog 2+§Z+O(A ). .- .o . (8)

4B
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4. The partition function g(m, n) is given by the integral

g(m, n) = @ z)2 f f xmfl’ ?{Llldx.dy; N ()

where for the paths of integration we take the circles z = e=A = ¢ ™% ~%, Y =ek
= e ¥~ " with —7 < ¢é <7, —7 < 9 < 7; Ay, o are the real positive values of A
and p satisfying the equations

z Z 1+en\+5}b Z Z 1+€7'\+§"'L =1 .. .o (10)

r=05=0 r=05=0
r4+s>0 r+s>0
30(3),1¢2), 1 1
or from (7) my =7 7\273-;-1 -X.z—).;.ﬁ ¥ log 2
B33, 12y, 1 (A 1)
and Mm=g5eTie tiole =) le?
Therefore,

and
om d / 1 d
po="0y 4 (2_m1)+_ (m _7:;1) (1 g2_37) .1

where

3, .10 (2)
c= [‘IZ(S)] and d=T§E .

We note that in this particular case when m; and #; tend to infinity
Y_on), ooy, .. . L. (Y
Ho Ao

WrJtmg Z(z y) = F(, p) in (10), and following a similar procedure and argument
as given in later part of §4 in Auluck’s (1953) Partitions of Bipartite Numbers. The
series for log F(), u) is convergent, and we can expand it as follows

oo

)

log F(A, p) =

W MS
it mMs

o fst
e‘-ll——l

+

L —2pesp
X

a0 GG
-3 5

n Ms

r

log FQ, p)=— i i i t2r3e ~ {UATSH)
0i=1

r=0s5=0

r4+s>0

and
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[+ oo s
+ Z Z Z 81278~ ZrA+sp)

the term by term differentiation being justified by the uniform convergence of the
series in B(A) > 6, R(u) > 9, for fixed 6 > 0. Further

038 S, ~trA+su) —2UrA+sp)
éx:—;logF(,\,,u.)lQZ D > ey g ]

—

73
=3 [log F (¢, to)+1log F(2Ag+2p0)]
o

If A, p lie in the stolz angles,
3£(3)

In order to get the asymptotic expression for its partial derivates, say

9 1og F(h, ) ~ 258

oA iy
we use the equation
oy — L X(QdE

where

' 3 £(3)
X'(A) =1 —_— 2
(W) =log F(, w)— 1 5,
and ¢y, a circle with centre A and radius p = 8| A|, where & is a positive constant
small enough to ensure that ¢; lies entirely in a stolz angle G (8), whenever A lies

in G. Similar arguments can be used for deriving the asymptotic expressions for
the other partial derivates of log F(A, u). It follows, therefore, that

3 -3 - 3 -2 -
A4~ 5L ks B~ U3y,

8 remtus R T
0~§€(3)/\01F’03 and AC~B2~E€2(3)AO4F‘04-

For
i 1 1 3
1E1<Ay, Inl<pg, 1R4<§,n>|=o[ﬁufzumz)]=o(xo).

Hence the contribution to the double integral I in (13) from the above ranges is
agymptotic to

————1 o 1 2B. 2
- 5|2 2 de dy = ——————
(AC)*J_ j eXp[ Q(x Taop™ T )] W= do—myt

(AC—B?) is positive. For Ag, po sufficiently small this follows from the asymptotic
formula for AC'— B2 given above.
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Again, for the range )\ﬁ L E < YA, —Yomo < KVYoup, following the method of
Auluck (1953), we get AE24+2BEn+4Cn2 = o(AC~B2)}, ko, ky are positive constants,
We now consider the contribution I; to  from the ranges

71)\0<§<Tr, —7T<7]<7T.
We have

f exp logF()\ ) —log F(Ay, po)—,—mlz§+n1m} dé . dy
Yidg

or J f A, emlzf—i—n]rq dé . dn.
Y1idg

F(dgpo)
Now
TA~S
-—l—tﬁ—{\*—ji‘—[<’forr >0and s > 1.
14e ™ S:“'ul
Therefore
T . A
I, < f 7 P73
r=1 1+ 0
-'Vl A0

AT

2 1
<J expTQ—/\—(———Z—l)df.
v AN

/ Y]
-~ i)
_ 0() = O[v/AT=F]

similarly, it can be shown that the contributions to  from all the other ranges is
for the order O {(4C—B2)~*}.
Therefore,

F()‘Oy F’O)

, M)~ Ag+n . .o (14
g(m, n) 277(AO—BZ)%6XP (m1Ao+nypt0) )

substituting the values of Ay and p from (11) in this expression, we finally have the
asymptotic formula
Because

(myAg+napo) +log Fldo, po)

= 30("”1"?) + (m

3 log 2 (my )
0g2+7g (nl +m1

)(m1+n1)+ (11-8~—"1~%)

m m

and because

AC—B? ~ @) turt =300 st = o (mlnl)’i.
16 Ao Ho 0
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Therefore,
C { 3, 3d(my+mn)
m, n) ~ ———=———— < 3C(mn +—————=
« ) 2m4/3( (manq) L&} o) (myny)*
3 10g2 m, 11d 8d2 (m, nl)
- log 24 —2- (—nl +— )+—‘— < (n—l +m_1
or

q(m, n)

c 3d(m;+n,)
_ _ 30 3 1+7) (my nl)
274/3 P { )+ (nl

(mqmy)? my

log 2415 (m1+m1> 2+1ii_

8d2 (m, nl) 2
T (E"'?n—l -3 log (mn4), .. .. .. (15)

where m; and n, are of the same order.
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