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1 Seating Mixup

ImaginethatYankeeStadiumis completelysoldout, but whentheticket holdersarrive,
they chooseseat®ntirelyatrandom.Whatis the probability thatat leastonepersonis
seatedn the seatindicatedby histicket?

Obviously, you needto know how mary seatsarethere—iftherewereonly oneseatin
thestadiumthenthatpersorhasto bein his seatsotheprobabilitythatheis correctly
seateds 1. For the purposef this problem,assumehat thereare 50000seatsin
YankeeStadium.

1.1 Experiments

It will turn outthatthereis nottoo muchdifferencein the answerif thereare20 seats
or 50000seatsput that's not obviousatfirst. Oneniceway to approachhe problemis
to do afew experimentghatrequireonly a deckof playingcards.

Let’s run someexperimentswith a mini Yankee Stadiumthat containsonly 13 seats.
Selectall of the spadesandall of the heartsfrom the deck. Now placeall the spades,
in order, in aline like this:

AN 26 36 46 56 G6A TA BA 9N 106 JA QA K&

Now shufle the heartsanddealthemout underneatithe spadesinakinga patternthat
lookslik e this:

AN 26 36 46 5A 6A TA BA 9N 106 JA QA Ké
0 50 AQ 90 80 QU 20 30 JO 100 KO 40 69

For the particulardealabove, the 10 of heartdandsunderthe 10 of spadessothereis
amatch—thepersonwith theticket numberlO woundupin seatnumberl0.

Repeathis experimentmary times. Shufle the heartsand repeatedlydealthemout
underthe spades After eachdeal,checkto seeif thereis a match,andkeeptrack of
the numberof timesthereis at leastone matchandthe numberof timesthereis no
match.Fromthis data,calculateanapproximateprobability, basedn the experiment.

Now changethe experimentand do the samething, but with only 8 cardsfrom each
suit (acethrough8 of heartsandspades) Calculatean approximateprobability based
onthis smallerdeck.



If youcanprogramcomputersyou mighttry to simulatethis experimentfor thousands
of deals.A sampleprogramwritten by the authorgeneratedhe following resultswith
100000dealsusingdecksof cardsof size1l, 2, 3, 4, 5, 10,and30. The numberin the
left columnis the numberof cardsin the deck;the numberin the right columnis the
numberof deals(out of 100000)whereatleastoneof thecardswasin the correctspot.
Thecodefor this program writtenin C, appearsatthe endof thisdocument.

1 | 100000
2 | 49735
3 | 66763
4

5

62655
63341
10 | 63170
30 | 63059

This makes somesense—iftheres only one card, therewill alwaysbe a match,so
therehave to be 100000matches.If therearetwo cards,thereareonly two possible
orderings.Oneof thoseorderingsswitchesthe cardsandthe otherdoesnt, sohalf the
dealsshouldmatch. The experimentalresultof 49735out of 100000is very closeto

50%.

2 Calculationsfor Small Decks

Let's seeif we canwork out the exactresults,at leastfor a few smalldecks. We can
checkour calculationsagainstthe experimentalresultsabose. We have alreadydone
thisfor decksof sizel and2.

For adeckof size3, thereare6 possibledealsof thecardsall equallylikely. Let's just

callthecardsl, 2, and3. Herearethepossibledeals with ae markin thefinal column
if theresamatch:

WWNN PR R
NEFEP,WE WNDN
P NP WOWDNW®W

Four of the six dealshave a match,sowe expectthatroughly2/3 = .6666 . .. of the
handsshouldhave a match. Our experimentalresultof 66763/100000 = .66763 is
prettyclose.

Now let's do the samething for a four carddeck:



WWNNPPRPABRANNNRPPEPRARMNOWWRRERPAEAPRWWDNDNN
NFPWOFRWONNRPEPRARRPLPEANWORPPARPLPPRPOWONDENAEWW
PNPFPWONWOWOPRPNPEPERARNPPRPORPRARWOAEANWONDWDKPS

ARADRDDANDRWWWWWWNNNNNNRRRERERRR

In this example,thereare15 casesut of the 24 possibledealswherethereis a match.
Theprobabilityshouldbe15/24 = .625, againnottoofarfrom our experimentaresult
of 62655/100000 = .62655.

To doanexhaustvelist for thecaseof a5 carddeckwould requirel20dealswhichwe
coulddo, but it would not be pleasantBut look at the caseabose—of courseif theres
a lin thefirst slot, therewill bea match,soall 6 dealslike thatwill be matchesBut
if thereis a 2 dealtfirst, thereare3 matches.Similarly, a 3 dealtfirst or a 4 dealtfirst
yield exactly the samenumber(3) of matchesThereforethereare6 + 3 - 3 = 15 deals
with atleastonematch.

For the caseof a 5 carddeck, thereare 5 possiblecardsthat cancomefirst. If a1l
comesfirst, all have a match,for 24 combinations.All four otherpossibilitiesfor the
first card are similar, so we merely needto countthemfor a 2 in the first slot. Do
this asan exercise,andyou’ll find thatthereare 13, sothe grandnumberof dealsin
which thereis at leastonematchis 24 + 4 - 13 = 76. So 76 out of 120dealsgivesa
probabilityof amatchof 76/120 = .6333.. . ., againcloseto the experimentaresultof
63341/100000 = .63341.

It is possibleto countlargerdecks,andif you're interestedit is aninterestingexperi-
ence but let's seewhatwe have sofar:

Thetablebelon hasfour columns:the size of the deck,the numberof dealswith at



leastonematch,the total numberof possibledeals,andthe probability of atleastone
match:

1[1] 1 1/1=1
21| 2 1/2=5
3|4 6 4/6 = .666.. .
4|15| 24 | 15/24= 625

5| 76| 120 | 76/120 = .6333...

Notice that the probabilitiesseemto alternate going down, thenup, thendown, but
alsoseemingo corverge.

In fact,look atthe differenceetweertheprobabilities:1 —1/2=1/2,1/2—-4/6 =

-1/6,4/6 — 15/24 = 1/24, andfinally, 15/24 — 76/120 = —1/120.

The signsalternate but the fractionsare all of the form £1/n!, wheren! = n(n —

Hn—-2)---1.

Sojust looking at the datawe have, it appearghatthe probability of gettingat least
onematchfrom arandomdealof a deckof n cardsis:

11 1 L1
2073 n!’

3 Counting Derangements

Now let'stake alook atarelatedproblem.Imaginethatyou have abunchof peoplewho
list their food preferencesFor the first example,imaginethat we just askeverybody
abouttwo foods: cake andpeanuts Supposel0 peopledon't like either 5 peoplelike
cake but not peanuts]11 peoplelik e peanutsandnot cake, and14 peoplelik e both. So
thereare10 + 5 + 11 + 14 = 40 total people.

Anotherway of looking atthe peopleis this. Of the40 people 19 peoplelik e cake (the
5 who like cake only andthe 14 who like both cake andpeanuts)and25 peoplelike
peanutsSupposeave know thesenumbersandthatthereare40 total peopleandwe try
to work out how mary peopledon’t like either The first approachis to startwith the
40 andsubtracoff the peoplewholike oneor theother:40 — 19 — 25 = —4. Clearly
thisisn't theright answer—we can't have a negative numberof peoplebut whatwent
wrong?

The answeris that we subtractedff the peoplewho lik e both cake andpeanutanore
thanonce—ondime whenwe subtractedhe cake peopleandonetime whenwe sub-
tractedthe peanutpeople. We only wantedto subtractthe cake-and-peanupeople
once,but we subtractedhemtwice, so if we addthemin, we’ll getthe right result:
40 — 19 — 25 + 14 = 10, and10is thecorrectnumberof peoplewho like neither

Now considera more complex example,wherethereare threepossiblefoods: calke,
peanuts,andturnips. Every personeitherlikes or dislikes each,so thereare eight
differentcateyoriesof people.In thechartbelow, all thepossibilitiesarelisted,together
with the numberof peoplewho fall into eachcategory:



#
11
5
8
e | 2
20
15
4
7

If thereis abullet () in acolumn,thatmeanghepersorik esthatparticularfood. “C”,
“P”, and“T” standfor “cake”, “peanuts”,and“turnips”. Thefourth line indicatesthat
thereare2 peoplewho like peanutsandturnips,but do notlike cake, et cetera.

Every possiblesetof likesanddislikesis listed,andthereare72 total people.Of these
people 46 like cake (andperhapstherthings). Similarly, 21 like peanutsand29 like
turnips.

If we try our defectve methodfor countingthe numberof peoplewho don't like ary
of thefoods,thefirst approximatioris 72 — 46 — 21 — 29 = —24. But we know what's
wrong—maiy peopleweresubtractednorethanonce.

Thereare 11 peoplewho like cake andpeanut§andmay or may not like turnips),22
peoplewho lik e cake andturnips,and9 peoplewho lik e peanutsandturnips,somaybe
we'd betteraddthembackin: 72 — 46 — 21 — 29 + 11 + 22 + 9 = 18. Thisis still

wrong. Thereasonis that 7 peoplelike all three. They appeaiin the original list of

72, but were subtractecbut 3 timesoriginally. But thenthey wereaddedin 3 times
whenwe addedthe peoplewho like at leasttwo foods. We needto subtracthemout
again,andwhenwe take the 7 from 18, we get11—exactly thenumberwho don't like

arything.

This samegeneralschemewill work for any numberof items. To find the numberof

peoplewho don't like any of them,startwith the total numberof people,subtractoff

all the peoplewho like eachof the individual items, thensubtractoff the peoplewho

like atleasttwo, addin thenumberwho like atleast3, andsoon.

We cando exactly the samesort of thing with the Yankee Stadiumproblem. If there
are N seats thereare N! possiblearrangements We want to countthe numberof
“derangements”—orderingsherenone of the peoplegetthe correctseat.To do this,
begin with N'! andsubtracioff the oneswherethereis a match.

Thisis aneasyexampleof whatwe just did—in the previousexampleswe hadvarying
numbersof peoplewho likeddifferentcombinationf food, but herewe just consider
asingleversionof eachseatingarrangement.

How mary arrangementaretherewith personl in seatl? Well, therestof the N — 1

peoplecanbearrangedn ary of (N — 1)! ways,sothereare (N — 1)! sucharrange-
ments. Therearea similar numberof arrangementwith person2 in seat2, et cetera.
Sowe’ll subtractall thoseoff. But thenwe've subtractedmary arrangementsnore
thanonce.Someof thearrangementlave the correctpersonin bothseatsl and2, and
we subtractedhatarrangementwice.



How mary arrangementsave personl and2 in thecorrectseats2\Vell, thereare N —2
remainingseatsandthosecanbearrangedn ary of (N — 2)! ways.We needto addin
all of those thensubtractoff all the casesvherethereareatleast3 peoplein theright
seatsthenaddin the caseswith 4, et cetera.

Sothereare () waysto pick onepersonwith the correctseat, (%) waysto pick two
peoplewith thecorrectseatandsoon.

Thus,thetotal numberof derangements this:

w1 (Mov- v (F)or-an- (ov-ore -

NN -1, NN -D(N=2)! NN -1)(N =2)(N - 3)
1 7] 3!

101 1
— ! N -
_N‘(l ntTa 3" )

But thereare N'! rearrangementsoto getthe probability of a derangementye have
to divide by N, giving thefollowing probabilityfor a derangement:

1 1 1
(1——+———+---).

In the previous sectionwe were counting the oppositeof derangements—wevere
counting caseswhere at leastone slot was correctly filled, so we needto subtract
the numberabove from 1 to get that result, and thus we obtain the guesswe made

previously:
1 1 1
(f-at3-)

For reasonablyarge N, the numericalvalueof this is roughly .632120558829.

If you happerto know the Taylor seriesfor e*, you cangeta quick approximatiorfor
large N:

:1:_1 2 153 154

So 1 1 1
_1 f— — —_——— ..

e T =-=1 1+2‘ 3!+4'

Fromthisit’ seasyto derivetheresultwe want. Theprobabilityof atleastonematching
seatis approximatelygivenby:

1-— % = .632120558829. ..



4 Card Deck Simulation Code

#include <stdio.h>
#define DEALS 100000

main(int argc, char **argv)
{
int cards[1000];
int count;
int i, j, cl1, c2, shuffle, tmp, hit;
int success = 0;

if (argec !'= 2) {
fprintf (stderr, "Usage: %s <number of cards>\n", argv[0]);
exit(1);
}
count = atoi(argv([1]);
if (count <= 0) count = 10;
for (i = 0; i < count; i++) cards[i] = i;
for (i = 0; i < DEALS; i++) {
shuffle = 30 + rand()%1001;
for (j = 0; j < shuffle; j++) {
cl = rand()¥%count;
c2 = rand()%count;
tmp = cards[cl];
cards[cl] = cards[c2];
cards[c2] = tmp;

}
hit = 0;
for (j = 0; j < count; j++)
if (cards[j] == j) hit = 1;
if (hit) success++;
}
printf ("Deals: %d; Successes: %d\n", DEALS, success);



