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Editorial Comment 

Mark Feinberg is a fourteen-year-old student in the ninth grade of the Susque-
hanna Township Junior High School and recently became the Pennsylvania State 
Grand Champion in the Junior Academy of Science, This paper is based on his 
winning project and is editorially uncut. Mark Feinberg, in this editorfs opin-
ion, will go far in Ms chosen field of endeavor. Congratulations from the edit-
orial staff of the Fibonacci Quarterly Journal, Mark! 
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FIBONACCI-TBIBONAOCI* 
MARK FEINBERG 

For this Junior High School Science Fair project two variations of the 

Fibonacci series were worked out. 

"TRIBONACCF 

Just as in the Fibonacci series where each number is the sum of the pre-

ceding twos or p .. = p + p _.., the first variation is a series in which each 

number is the sum of the preceding three, or q .. = q + Q ral + Q o ; hence 

the series is called nTribonaccie
 n Its first few numbers are 

1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504 • • • 

Like the Fibonacci series, the Tribonacci series is convergent Where 

the Fibonacci fractions p /(P + 1 and p /p converge on .6180339-— and 

1,6180339... , the Tribonacci fraction of any number of the series divided by 

the preceding one (q /q ) approaches ,54368901* ** . While the Fibonacci 

convergents are termed nPhiv? (<p)5 the Tribonacci convergents might be called 
f?Tri-Phin (03). 

Series-repeating characteristics are shown in the famed Fibonacci Golden 

Rectangle.* A rectangle can be made of the Tribonacci series which also has 

series-repeating characteristics but since they are less obvious this rectangle 

might be called the "Silver Rectangle. M Its length (q ) and its width (q ) 

make it proportionately longer than the Golden Rectangle. 

By removing the squares q by q and q __1 by q - , two new rec-

tangles in the proportion of the original appear (shaded areas). One is q _ r 

by q o ; but the other is composed of numbers not found in the Tribonacci 

series. This rectangle is (q , ' - q ) by (q - q n ) and is formed of num-
t> x^n+l n ' J n TI-1 

bersfrom an intermediate series obtained by subtracting each Tribonacci num-

ber from the one after it, 

*See editorial remarks, page 70. Figure 1 appears on page 70. 
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By carrying the rectangle out farther new numbers found in neither the 
original Tribonacci series nor the intermediate series appear. These are of a 
second intermediate series and are obtained by subtracting each number of the 
first intermediate series from the succeeding one. New numbers of new inter-
mediate series also appear by further carrying out the rectangle. These other 
series are formed by triangulating in the same way as the first two intermedi-
ate series . All these intermediate series are convergent upon the nTr i -Phi , ! 

values and each number in each of these series is the sum of the preceding 
three. Figure 2 shows the first two intermediate ser ies . 

1, 1, •!,. 3, 5, 9, 17, 31 '•••. 
0, 1 , 2, 3, 6, 11, 20, 37, 68 ••• 

1, 1, 2, 4, 7, 13, 24, 44, 81, 149 •••.•' 

Figure 2 

The two Fibonacci convergents fit the quadratic equation x = 1 + l /x . 
The Tribonacci convergent of any number in the series divided by the preceding 
one (q - / q ) fits the cubic equation y = 1 + l /y + l/y2. It is derived thus: 

The formula giving any number in the series is 

V i = V + V i + V 2 • 
Dividing by q ^ : 

Let 
V l 

qn 

Then since 

V i 
V i " 

V i 
V i 

1 = V 

V i 

= + 1 + 
V i 

—s- = t , 
V l n~1 

\ V i 

v~ % 

V 2 
V i 

' V 2 n~2 

A_ . t 
V i n h-1 
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There fore 

t • t - = + 1 + 
n n - 1 q 1 q 1 

T I ~ 1 T I - 1 
Substituting for the r e s t of the formula: 

1 

Dividing by t - : & J n - 1 

t • t - = t , + 1 + . n n - 1 n - 1 t 0 
n -2 

t = 1 + ^ + x 
n t ., t .. • t 0 

n - 1 n - 1 n-2 

All the t t e r m s converge upon one value (y). Therefore f !yn can be 
subst i tuted for all t t e r m s . So n 

y = l + U± . 
y y2 

The convergent approached by any number of the s e r i e s divided by the 

succeeding one (q /q - ) fits the cubic equation 1/y = 1 + y + y2 and i s d e -

r ived through a s i m i l a r p r o c e s s . 

Chart ing the Fibonacci convergent .6180339- • • on polar coordinate pape r 

i s known to produce the famed sp i ra l found all over na ture . By char t ing the 

Tr ibonacci convergent .54368901- • • a slightly t ighter sp i r a l i s produced. 

It i s not known whether the Tr ibonacci s e r i e s has any na tura l applicat ions. 

A well-known Fibonacci application i s of a hypothetical t r e e . If each l imb we re 

to sprout another l imb one y e a r and r e s t the next , the number of l imbs pe r y e a r 

would total 1, 2, 3 , 5, 8- • • in Fibonacci sequence. However if e a c h l imb 

on the t r e e were to sprout for two y e a r s and r e s t for a y e a r , the number of 

l imbs p e r y e a r would total 1, 2, 4 , 7, 13 • • • in Tr ibonacci sequence. See 

F igure 3, page 70. 

Could such a t r e e as that on the r ight be cal led a n Tree -bonacc i? T ? 

"TETRANACCI" 

The second var ia t ion of the Fibonacci sequence i s a s e r i e s in which each 

number is the sum of the preceding four numbers o r r , ^ = r + r . , + r 0 
& n+1 n n - 1 n-2 
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+ r n. Therefore this series is called "Tetranacci. M Its first few numbers n-3 
are: 

1, 1, 2, 4, 8, 15, 29, 56, 108, 208, 401, 773 •• • . 

Like the Fibonacci and Tribonacci series, the Tetranacci series is con-
vergent. The fraction r - / r converges upon 1.9275619-•• and fits the 
fourth power equation z = 1 + l / z + l /z2 + l /z 3 . 

The fraction r IT .. converges upon .51879006- •• which fits the equa-
tion l /z = 1 + z + z2 + z3 . 

The derivation of these formulas follows the same algebraic process as 
that given above and will be gladly furnished upon request. 

The Fibonacci Association invites Educational Institutions to apply 
for Academic Membership in the Association. The minimum sub-
scription fee Is $25 annually. (Academic Members will receive two 
copies of each issue andwill have their names listed in the Journal.) 

REQUEST 
The Fibonacci Bibliographical Research Center desires that any reader 

finding a Fibonacci reference send a card giving the reference and a brief de-
scription of the contents. Please forward all such information to: 

Fibonacci Bibliographical Research Center, 
Mathematics Department, 
San Jose State College, 
San Jose, California 

NOTICE TO ALL SUBSCRIBERS III 

Please notify the Managing Editor AT ONCE of any address change. The Post 
Office Department, rather than forwarding magazines mailed third class, sends 
them directly to the dead-letter office. Unless the addressee specifically r e -
quests the Fibonacci Quarterly be forwarded at first class rates to the new ad-
dress, he will not receive it. (This will usually cost about 30 cents for first-
class postage.) If possible, please notify us AT LEAST THREE WEEKS PRIOR 
to publication dates: February 15, April 15, October 15, and December 15. 


