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Let a, b be natural numbers such that (a,b) = 1. Dirichlet’s theorem (whose proof requires
advanced methods) states that there are infinitely many primes of the form ak + b, where k is
a natural number. The special case: a = 4,b = 1 can be proved by elementary means, making
use of the properties of Fermat numbers, or of Fibonacci numbers. (See [1].) In this note,
using a different second order linear recurrence, we dispose of the case: a = 3, b = 1. (%)
denotes the Legendre symbol.

Theorem 1: There are infinitely many primes, p , such that p =1 (mod 3).

Proof: Consider the linear second order recurrence:
up =0, u; =1, Uy, = Up_1 +3Up_o for n>2.

Let the roots of the equation:

M-A-3=0
be: a = (14++/13)/2, 3= (1 —/13)/2. Then
a” — ﬁn
n=———. 1
un = 2= (1)
It is easily established by induction on n that
3 fu, Vn>1 (2)
(UpyUp—1) =1 Vn>2 (3)
2un, iff 3In (4)
a = oy + Up_1, B" = Pup + up—1 (5)
L . '
Ukn+r = Z ( ) u%ulri:jlur-i-j' (6)
J=0 J
Using (6), we can prove
(uk‘n—l—m un) = Up (7)
from which it follows that
(Unw un) = U(m,n)- (8)

Another consequence of (1) is the identity:

Ugnt1 = Upyq + U (9)
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If p is an odd prime, then in view of (3) and (9), we have

-3
pluspi1 — <?) =1—p=1 (mod 3). (10)

To complete the proof, we need a subsequence of {us,+1} such that any pair of distinct terms
is odd and relatively prime. Let
Wy, = Ugq

n

where ¢1 =5, g2 =7, g3 = 11, ---, that is g, is the n!” prime, starting with 5. If the natural
numbers m, n are distinct, then w,, = u,, w, = u; for distinct primes r, ¢t so that

(Win, W) = (Up, U) = Ugryy = ug = 1.
Since u, > 1 Vn > 3, we have w,, > 1 Vn > 1. Since each w,, has a prime divisor, p, such

that p = 1 (mod 3) and the members of {w, } are odd and pairwise relatively prime, we are
done. 0O

Remarks: Similarly, if ¢ > 3 is a given prime, by recourse to the second order linear recurrence:
up=0,u1 =1, up =Un_1+ qQup_o for n>2

one can prove that there are infinitely many primes, p, such that (_7‘1) = 1. In the case ¢ = 5,

this yields infinitely many primes, p, such that p =1,3,7,0r9 (mod 20).
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