Novi Sap J. MATH. 121
Vor. 29, No. 3, 1999, 121-139

XII Yugoslav Geometric Seminar

Novi Sad, October 8-11, 1998

GEOMETRY OF LINKS *

Slavik V. Jablan

The Mathematical Institute, Knez Mihailova 35
P.O. Box 367, 11001 Belgrade, Yugoslavia
Email address: jablans@mi.sanu.ac.yu

Abstract

Using geometric-combinatorial methods, the complete list of pri-
me alternating links with n < 12 crossings, is derived. All the links
obtained, belonging to the corresponding subworlds and given in Con-
way notation, are classified in infinite series of links - the families.
Combinatorial formula giving the number of rational links for every
n is derived, as well as some combinatorial results for the number of
polyhedral source links for n < 12.
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Every aditive expression of a natural number n as an ordered sequence of
natural numbers is called a decomposition of n [6]. All the decompositions of
n we denote by n'. The number of decompositions of n is d'(n) = 2"~!. We
also distinguish a subclass of decompositions, denoted by n", where every de-
composition is identified with its obverse. The number of n”-decompositions
is d”(n) = 9n~2 4 9[n/2]-1

If n is decomposed in k¥ numbers, the number of such k-decompositions
of nis d'(n, k)=(}"))-

Every decomposition of n by numbers 2 or 1 is called a bicomposition of
n. The number of bicompositions of n, denoted by 7, is b(n) = f,, where
fn is Fibonacci sequence, determined by the recursion formula

fO =1, fl =1, fn—'z + fn—l = fn-

For the subclass of bicompositions n, where every bicomposition is identified
with its obverse, their number b(n) is given by the recursion formula

b(0) =1, b(1) =1, b(2n —2)+b(2n —1) = b(2n),
"Supported by Grant 0401A of RFNS through Math. Inst. SANU.
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b(2n) +b(2n — 1) — frn1 = b(2n +1).

Also, we will consider the subclasses of n'- and n”-decompositions, 7i- and
n-bicompositions, beginning with any number except 1, denoted respectively
by n*, n**, n* n*. Their numbers are: d*(n) = 272, d**(n) = 2" +
20/A=2 d*(n) = f,_s, d*(n) = b(n — 4).

In this paper will be considered only prime alternating knots and links,
denoted by Conway notation [2]. For the both of them we will use the gen-
eral term "link”, considering knots as 1-component links. A prime link with
singular digons, expressed by a Conway symbol, is called generating. Any
other link could be derived from some generating link, by replacing singular
digons by chains of digons. All links that could be derived from a generating
link by such replacement make a family. All links are distributed into dis-
joint sets, called by A.Caudron worlds [1]. The term ”graph of link” means
"bicolored graph of link”, where digonal edges are colored. A generating
link is called basic if its bicolored graph is regular. If it is 4-regular, such
graph is a basic polyhedron.

For every alternating link we could distinguish the symmetry group G
of its bicolored graph, and its subgroup G’ of index 2 (or antisymmetry
subgroup G'/G"), obtained by alternating, representing the actual symmetry
of a link [3].

The origin (or O-world) is the basic polyhedron 1 — 4-regular graph
with one vertex, the usual simbol of infinity (co).

The first, linear world (or L-world) contains only one basic link: a digon
2. From it, we derive the infinite family p, consisting of p-gons with digonal
edges (p > 2). For p odd we have the infinite series of knots 3, 5, 7,... (or
31, 41, 51,...), and for p even the infinite series of 2-component links 2, 4,
6,... (or 2%, 42, 62....). For each of them, the Alexander polynomial A(t)
for knots, or reduced Alexander polynomial A(t,t) for 2-component links, is
an alternating polynomial of order p-+ 1, with all coefficients equal to 1. For
every knot p of this family, the unknoting number is u(p) = (p — 1)/2. All
knots of L-world are periodical knots with graph symmetry group G = (2, p],
and with knot symmetry group G’ = [2,p]T, generated by p-rotation and
2-rotation. The periods of every such knot are p and 2.

The second, rational world (or R-world) consists of rational links. Every
generating rational link with n crossings (n > 4) is uniquely defined in
Conway notation as 2(n — 4)2, so the number of different generating rational
links is d*(n) = b(n — 4). Every rational link with n crossings is uniquely
represented in Conway notation as a n**-decomposition, so their complete
number is d**(n) = 2"~ + 207/2-2 for every n fixed (n > 4).
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Because generating links are completely sufficient, we will restrict our
attention to them, and to infinite families generated by them. The complete
list of generating rational links for 4 < n < 12 is:

Table 1
n=4 22
n=>5 212
n=¢6 2° 2122
n=7 2212 2132
n=g8 2* 21212 2142
22122
n=29 22122 22132 21%2
2%12 212122
n=10 2° 221292 21%2122 21%2
212212 22142
23122 212122
221212
n=11 2412 221322 221°2 2172
23122 2121212 212142
28132 2122132
2212122
2212212
21221%2
n=12 28 2212122 221192 2132182 21%2
212°12 21212212 22192
24122 212221%2 212152
231212 23142 2122112
281292 2212132
2122122 22122129
2213212
2122132
21212122

Let us consider the first nontrivial infinite family of rational links, gener-
ated by 22. Its graph is the tetrahedron with two colored nonadjacent edges.
From it, we obtain the infinite family pg (p > g > 2), consisting of [n/2] — 1
links for every n fixed (n = p + q).

The joint properties of links belonging to this family and their symmet-
rical distribution is illustrated by Fig. 1. In this table, every knot and
2-component link is given also in standard Alexander&Briggs notation, con-
sequently extended to the knots with more then 10, and 2-component links
with more then 9 crossings. For every knot is given its Alexander polyno-
mial A(t), and for every 2-component link its reduced Alexander polynomial
A(t,t), both abbreviated thanks to their symmetry. In the case of knots,
ag+ a1 + ... + ax means ag + a1t + ... +akt’c + ... +a2kt2k, and for 2-
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Figure 1

component links ag+ a1 +...4+a; means ag+a1t+...+ agyt?* + a2k+1t2k+1.
For every knot, in the corresponding upper left corner is given its unknoting
number, and amphicheiral invertible knots are denoted by ”f’ in upper right
corner. In the family pg (p > ¢ > 2) we have knots, and 2-component links
forp=¢qg=1 (mod 2). The period of the knot 22 is 2, and the same holds
for all of the family pg (p > q > 2).

For the calculation of unknotting numbers we accepted the folowing con-
jecture:

(a) u(1l) = 0, where 1 is the unknot;
(b) u(k) = min u(k™) + 1, where the minimum is taken over all knots
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k™, obtained from a minimal projection of k¥ by one change of crossing.

Because by one change of crossing in a knot pg we could obtain only
knot (p — 2)q or p(q — 2), we propose that for the unknoting numbers of
knots belonging to the family pg holds the recursion formula: u(pg) = min
(u((p — 2)9), u(p(q — 2))) + 1.

After R-world, we consider so-called ”prismatic” or stellar world (S-
world) [1]. There we could distinguish the basic links 2,2,...,2 (S-links)
and the direct products of basic links 2,2,. .. ,2+ (SxO-links), 2,2,...,2++
(S x L-links). From them originate the corresponding subworlds of S-world,
all generating links belonging to them, all different links and their infinite
families, each of them defined by a generating link.

For n < 6, there occur some already discussed links: 2; 24+ = 3; 2+ + =
22,22 =4;2,2+=212; 2,2+ + = 23,

For every even n (n > 6) we have (n/2)-component basic link 2,2,...,2.
Its graph is a n-gonal prism with colored lateral edges. Its graph symmetry
group G = [2,n] is generated by n-rotation, vertical and horizontal plane
reflection [3]. From this, we conclude that 2,2, ...,2 remains invariant after
cyclic permutations of digons (rotations), where every such permutation is
identified with its obverse (because of vertical reflection), or if all digons are
obverted (horizontal reflection).

From a basic S-link 2,2, ..., 2, we derive generating links replacing digons
by R*-tangles — rational tangles not beginning by 1. The generating SR*-
links derived from 2,2,...,2 according to the preceeding symmetry consid-
eration for 6 < n < 12, are given in Table 2. All such links for fixed n
(n < 12) could be obtained replacing in Table 2 every k* by k*.

Table 2
n==6 222

n=7 32,2

n=28 42,2 2,2,2,2
3*,3%,2

n=9 §5+*2,2 3+,2,2,2
4*,3* 2
3*.3*3*

n=10 §*,g,2 g*,z,z,z
5%,3%,2 3%,3%,2,2
4,4*,2  3%,2,3%,2
44.,3*’3*
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n=11 7*2,2 5*,2,2,2 3%,2,2,2,2
61372 437,22 )
5*4*,2  4*,2,3*,2
5*,3*,3* 3*,3*,3",2
Z*,Z*,g*
n=12 8*,2,2 6*,2,2,2 4¥,2,2,2,2  2,2,2,2,2,2
7*3*,2 §5*,3*%,2,2 3+.3%,2,2,2
6*,4%,2 5+%,2,3*,2 3*,2,3%,2,2
6*,3*,3* 4%,4*,2,2
5*.5*2  4*,2,4*,2
5*,4*,3* 4*,3*,3*,2
4* 4+ 4% 4+*3*,2,3*
3*,3%,3*,3*

Now we may calculate the number of generating links and the number
of all links derived from 2,2,...,2 (Table 2). Every class, where 717 * occurs
k) times, nz* occurs ko times,. .., iy, © occurs £y, times, consists of

m (d*(n; ki —1 m ni—2 +ki—1
I (7)1 ()

generating links. Replacing each 7;* by n;*, and every d*(n;) by d*(n;)
(1 €7 <m), we could enumerate all links of this class.

The derivation of generating links from the direct products 2,2,...,2+
and 2,2,...,2++ completely follows the preceeding derivation from 2, 2, . . .,
2. To obtain from them all links for n fixed (n < 12), we need to replace
in the generating links obtained every k* by k*, and every ++ by 3,4,5,...
pluses. Hence, for every n (6 < n) we have the same number of prismatic
(n + p)-crossing links with p pluses (p > 0).

According to this, the structure of S-world is the following: all links
of this world are derived from three infinite classes of basic links or their
direct products (S-, S x O- and S x L-links) by R*-replacements, resulting
in SR*-; SR* x O- and SR* x L-subworld.

The next world is arborescent (or A-world) [1]. Its members are the
multiple combinations of links belonging to the preceeding worlds. Because
A-links with pluses could be directly obtained from the corresponding A-
links without them, we will restrict our attention to the others. If the basic
and generating links of S-world are treated as Ag-level, the source links
defining the first level (A,-level) of A-world are obtained replacing digons
in basic S-links 2,2,...,2 or every first digon in R*-parts of generating
SR*-links by basic S-tangles (2,2, ...,2) (including (2,2)).

If only one such digon in a basic S-link or in generating SR *-link is re-
placed, for n < 12 we have 16 source A;-links of the form X, 2,...,2, where
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X is the digon or R *-part after this substitution. According to the relation-
ship X,2,...,2 = X(2,...,2), they could be written in a symmetrical form,
as the rational generating links with the first and the last digon replaced by
a basic)S—tangle. Their list for n < 12 is:

i's

Table 3

n=28 (22)22)

n=29 (2,2)1(2,2)

n=10 (2,2,2)(2, 2j (2,2)2(2,2)

n=11 (2,2,2)1(2,2) (2,2)3(2,2)

n=12 (2,2,2)(2,2,2) (2,2,2)2(2,2) (2,2)4(2,2)

(2,2,2,2)(2,2)

The further derivation of generating A;-links from the source links is
conditioned by their symmetry. Therefore, among the source A;-links from
the first column of Table 3 we distinguish links with the graph symmetry
group G = [2+,4] ((2,2)(2,2) and (2,2,2)(2,2,2)), and links with the group
G =12]((2,2,2)(2,2), (2,2,2,2)(2,2), etc.). The derivation of A;-generating
links from them is given in the following table:

Table 4
n=238 (22)2,2)

n=19 (3%,2)(22

n=10 (3,2)(3%,2) (2,2,2)(2,2)
(4+,2)(2,2)
(3%,3")(2,2)

n=11 (5%,2)(2,2) (3%,2,2)(2,2)
(4*,3*)(2,2) (2,3*,2)(2,2)
(4%,2)(3%,2) (2,2,2)(3*,2)
(3%,3)3%,2)

n=12 (4*,2)(4*,2) (4%,2,2)(2,2) (2,2,2)(2,2,2)  (2,2,2,2)(2,2)
(3*,3")(3%,3*)  (2,4%,2)(2,2)
(6*,2)(2,2) (2,2,2)(4%,2)
(5*,3")(2,2) (3*,3%,2)(2,2)
(3*12)(5*)2) (.3—*7275*)(2)2)
(Z*’Z*)(212) (3*72)2)(3*72)
(4*,3(3",2) (2,3*,2)(3%,2)
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3%,23*3") (22,2(3".3")

By replacing every k* by k* we obtain from them all links of A;-level
for n < 12. Using the combinatorial formula for the number of prismatic
links, we could calculate their number.

From the generating links without pluses we directly obtain analogous
Aj-generating links with pluses, derived from source links (2,2+)(2,2), (2,2+
+)(2,2), (2,2+) (2,2+), (2,2 + +)(2,2+), (2,2 + +)(2,2 + +), etc. From
every symmetrical generating A;-link from Table 4 we obtain 5 such links
of each class, and from every asymmetrical link 8 of them. After that, by
replacing every k* by k* and every ++ by 3,4,5,... pluses, and taking care
about symmetry, we obtain from thermn all links of A;-level with pluses.

The further derivation of generating and other links from the source
links (2,2)1 (2,2) and (2,2,2)1(2,2), belonging to the second column of
Table 3, completely follows the derivation from (2,2)(2,2) and (2, 2,2)(2,2),
respectively (Table 4).

From the source link (2,2)2(2,2), for n = 11 we obtain generating links
(2,2)3 (2,2), (3*,2)2(2,2), and for n = 12 are derived generating links
(2,2)4(2,2), 3%,2)2 (2,3%), (@*2)2(2,2), 3*,342(2,2), (3%,2)2(3",2),
(3*,2)3*(2,2). The corresponding generating A;-links with pluses and all
the corresponding A;j-links could be obtained from them in the same way
as before.

The other source A;-links of the arborescent world are obtained replacing
k digons in a basic S-link or every first digon in R *-part of a generating SR *-
link by basic S-tangles (2,2,...,2) (including (2,2)), where k& (k > 2) such
digons are replaced (Table 5). As well as before, the obtained source A;-
links could be also writen in another form (e.g. (2,2),(2,2),2=((2,2),2)(2,2);
(2,2)1,(2,2),2=((2,2),2)1 (2,2), etc.)

Table 5
n=10 (272))(212)72

n=11 (2,2)1,(2,2),2

n=12 (2,2),(2,2),(2,2) (2,2),2,(2,2),2
(27272)1(2$2 ’2 (2) 2)7( 72)7272
(2,2)2,(2,2),2
(2,2)1%,(2,2),2
(2,2)1,(2,2)1,2

Finaly, for n < 12, replacing in source A;-link (2,2),(2,2),2 a digon in
a S-tangle (2,2) by the same tangle (2,2), we obtain the first source link



Geometry of Links 129

((2,2),2),(2,2),2 of the next As-level. It could be written in the symmetrical
form as ((2,2),2)((2, 2), 2).

In the further procedure (for n > 12), to obtain all source A,-links,
we replace digons in basic S-tangles of source A;-links by different basic
S-tangles, etc.

The next world is polyhedral or P-world [1]. The first problem is the
derivation of polyhedra: 4-regular graphs without digons (Fig. 2). This
problem (with one ommition) is solved by Kirkman [5]. The most prob-
able reason for this omittion is that the polyhedron 12E is the only 2-
connected graph, and all the others are 3-connected.The complete list of
the 12-polyhedrons is obtained by A. Caudron [1] by composing hyperbolic
tangles, so we use this list and the notation.

The first basic polyhedron is octahedron 6*, with the graph symmetry
group G = [3,4] of order 48, generated by 4-rotation S = (1)(2,3,5,6)(4),
2-rotation T' = (1,3)(2,5)(4,6) and inversion Z = (1,4)((2,5)(3,6). It is
the graph of Borromean rings, the first nontrivial amphicheiral Brunnian
3-component link, with the link symmetry group G’ = [3%,4] [3].

From 6* we derive source links substituting its vertices by digons. First
we make all different symmetry choices of n — 6 vertices (7 < n < 12),
i.e. all different vertex bicolorings of octahedron. Their number we could
find using Polya Enumeration Theorem (PET) [4]. For G = [3,4], Z¢ =
15 (8 + 3ttto + 9313 + 6t2t4 + T3 + 624 + 8t3 + 8t6), and by the coefficients of
Za(z,1) = 142+222 4223+ 22* + 25+ 25 is given, respectively, the number of
different choices of n —6 vertices for 6 <n < 12. For 7 < n < 12, that vertex
bicolorings are: {1}; {1,2}, {1,4}; {1,2,3}, {1,2,4}; {1,2,4,5}, {1,2,3,4};
{1,2,3,4,5}; {1,2,3,4,5,6}, and to them correspond, respectively, source
links of the form .a; .a.b, .a : b; .a.b.c, a : b: ¢; .a.b.c.d, a.b.c.d; a.b.c.d.g;
a.b.c.d.e.f, given in Conway notation. After that, in every chosen vertex
we make one of two possible substitutions (2 or 20), having in mind the
symmetry of vertex bicolored octahedron. In the terms of colorings, this is
a next bicoloring: the bicoloring of chosen vertices. For n < 12, the source
links obtained from 6* by the vertex substitutions, are given in Table 6.
Among them, for n = 11, there is 3-component link 2.20.2.20.2, omitted in

[1].

Table 7

n=7 .2 n=11 22222
2.2.2.2.20

n =8 2.2 2.2.2.20.2

.2.20 2.2.2.20.20
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2.20.2.2.20
2:2 20.2.2.2.20
.2:20 2.20.2.20.2
n=9 222 2:2:2 n=12 222222
.2.2.20 2:2:20 2.2.2.2.2.20
.2.20.2 2:20:20 2.2.2.2.20.20
20:20:20 2.2.2.20.2.20
2.2.20.2.2.20
n=10 .2.222 2.2.2.2 2.2.2.20.20.20
.2.2.2.20 2.2.2.20 2.20.2.20.2.20

.2.2.20.20  2.2.20.2

.2.20.2.20  2.2.20.20
2.20.2.20
20.2.2.20
20.2.20.20

The PR *-subworld of P-world consists of links obtained replacing digons
in the source links by R*-tangles. From the symmetry of the source links,
we conclude that all further derivation represent the series of corresponding
partitions with the given permutation group P. Two permutation groups
are equivalent iff their permutation representations are isomorphic. Equiv-
alent permutation groups produce the same number of P-partitions, mu-
tually corresponding according to the mentioned isomorphism. Hence, we
will classify source links from Table 7 with respect to P-equivalence, and
then derive generating links from one representative of each class. For
7 < n < 11, we have the following classes: .2 with P ~ {(1)}; .2.2,
.2.20, .2:2, .2:20 with P ~ {(1,2)}; .2.2.2, .2.20.2, 2:2:20, 2:20:20 with P ~
{(1,3)(2)}; .2.2.20 with P ~ {(1)(2)(3)}; 2:2:2, 20:20:20 with P ~ {(1,2,3)};
2.2.2.2 with P = {(1,2,4,5)}; .2.2.2.20, 2.2.2.20 with P ~ {(1)(2)(4)(5)};
.2.2.20.20, .2.20.2.20 with P ~ {(1,2)(4,5),(1,4)(2,5)}; 2.2.2.2, 20.2.2.20
with P ~ {(1,4)(2,3)}; 2.2.20.2, 2.2.20.20, 2.20.2.20, 20.2.20.20 with P =~
{(1)(2,3)(4)}; 2.2.2.2.2, 2.2.2.20.20, 2.20.2.2.20 with P ~ {(1,2)(3)(4,5)};
2.2.2.2.20, 2.2.2.20.2 with P ~ {(1)(2)(3)(4)(5)}; 20.2.2.2.20, 2.20.2.20.2
with P ~ {(1,2)(3)(4,5),(1,5)(2,4)(3)}. Taking as the representative of
each class its first link, we obtain the list of generating PR*-links (Table
8) derived from that representatives for 7 < n < 12. The complete list of
generating PR*-links derived from 6* for 7 < n < 12 we could directly ob-
tain from Table 8, using the mentioned isomorphism, and including in the
list the source links for n = 12 (Table 7). After that, by replacing every
k* by k* we could obtain all such links. The sign ¢ has the same meaning
as *, but it is used to denote mutually equivalent (commuting, interchange-
able) partitions. For example, .4°.4° denotes .22.22 and .22.211 (=.211.22),
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.3°.3° denotes .3.3, .3.21(=.21.3) and .21.21, 3° : 3° : 3° denotes 3:3:3,
3:21:21(=21:3:21=21:21:3) and 21:21:21, etc.

Table 8
n==17 2
n=8 .3* 2.2
n=9 .4* 3*2 .2.2.2 2.2.20 2:2:2
n=10 .5* 4*2 3*22 3*.2.20 3*:2:2
3°3° 2.3*.2 .2.3*.20
2.2.3%0
n=11 6" 5*2 4*22 4*.2.20 1*:2:2
A3+ 24*.2 2.4*.20 3°:3°:2
3*3%.2 2.24%0
3°.23° 3*.3*.20
3*.23*0
2.3*3*0
n=12 7* 6*.2 5*22 5*.2.20 5*:2:2
5*3* 25*2 25*.20 4*:3*:2
4°4° 4*3*2 2.25*0 3°.3°:3°
4*23* 4*3*.20
3*4*2 4*23*0
3°3*3° 3*4*.20
3*.24*0
24*3*0
.23*.1:0
3*3*3"

n=10 .2.2.2.2 .2.2.2.20 .2.2.20.20 2.2.2.2 2.2.20.2

n=11 .3*.222 3*.2.2.20 .3*.2.20.20 3*2.22 3*.2.20.2

.2.3%.2.20 2.3*22 2.3%.20.2
.2.2.3%.20 2.2.20.3*

222370
n=12 4*.222 4*.2.2.20 47*.2.20.20 4*222 4*.2.20.2
3*3*22 247220 3°.3°.2020 24*.22 2.4+%.20.2
3°23°.2 .224*.20 .3°.23°0.20 3*.3*.22 22204*
.2.2.2.40 3°2203° 3*23*2 3*3*.20.2
3*3%.2.20 3°.2.23° 3*.2203"
.3*%.2.3*.20 2.3°.3°.2 23°3°0.2

37.2.2.3%0 2.3*.203*
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n=11 2.2.2.2.2 2.2.2.2.20 20.2.2.2.20

n=12 3%.2222 3*22220 3*0.2.2.2.20
23%.2.22 23*.2220 2023*220
223%*22 223*.2.20
2.2.2.3*.20
2.2.2.2.3*0

The next basic polyhedron 8* is 4-antiprism, with the graph symme-
try group G = [21,8] of order 16, generated by rotational reflection S =
(1,2,3,4,5,6,7,8) and reflection R = (1,3)(5,7)(4,8)(2)(6) containing its
axis. The number of different symmetry choices of the vertices (i.e. vertex
bicolorings of 8*) we could find usiag PET. In this case, Zg = (5 + 4t}t3+
5t4 + 2t2 +4tg3), and the coefficients of Zg(z,1) = 1 + = + 4z? + 523 +
8z4 + 525 + 425 + 27 + B represent, respectively the number of choices of
n — 8 vertices for 8 < n < 16. For 9 < n < 12, that choices are: {1};
{1,2}, {1,3}, {1,4}, {1,5}; {1,2,3}, {1,2,4}, {1,2,5}, {1,3,5}, {1,4,7}
{1,2,3,4}, {1,2,3,5}, {1,2,3,6}, {1,2,4,5}, {1,2,4,6}, {1,2,4,7}, {1,2,5,
6}, {1, 3,5, 7} corresponding, respectively, to the source links of the form 8*q;
8*a.b, 8*a : b, 8*a : ., 8%a :: b; 8%a.b.c, 8*a.b:c, 8ab: .c,8a:b:c 8a:
b c; 8*a.b.c.d, 8*a.b.c: d, 8%a.b.c: .d, 8%a.b:cd, 8%ab:c:d, 8a:bc:d,
8*a.b: .c.d, 8%a : b: c: d, given in Conway notation. By the coeflicients of
Zo(z,z,1) = 14 2z + 1222 + 342 + 87z* + 12425 + 13628 + 7227 + 3028 is
given the number of different source links derived from 8* for 8 < n < 16.
All the vertex bicolorings obtained we could divide into equivalence classes,
with regard to their symmetry groups, and then consider only their represen-
tatives. According to this, for n = 9 we have the representative 8*a giving
2 source links; for n = 10 the representative 8*a.b (8*a : b, 8*a : .b, 8*a :: b)
giving 3 source links; for n = 11 two representatives: 8*a.b.c (8*a : b : ¢,
8*a : .b : .¢) giving 6 source links and 8*a.b : ¢ (8*a.b : .c) giving 8 source
links; for n = 12 five representatives: 8*a.b.c.d (8*a.b : c.d, 8*.a : b.c : d)
giving 10 source links, 8*a.b.c : d (8*a.b : ¢ : d) giving 16 source links,
8*a.b.c : .d giving 12 source links, 8*a : b : ¢ : d giving 6 source links, and
8*a.b : .c.d giving 7 source links, where the other members of equivalence
classes are given in parentheses. The list of source links derived from that
representatives is given in Table 9:

b3
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Table 9
n=9 82 n=11 8*2.2.2 8*2.2:.2
820 8%2.2.20 8%2.2:.20
872.20.2 82.20: .2
n=10 8%2.2 8%2.20.20 820.2: .2
8%2.20 820.2.20 8%2.20: .20
8%20.20 8*20.20.20 8%20.2 : .20
8%20.20 : .2
8720.20 : .20
n=12 8%2.2.2.2 8%2.2.2:2 8*2.2.2:.2 8%2:2:2:2 82.2:.2.2

8"2.2.2.20 8%2.2.2:20 8%2.2.2: .20 8"2:2:2:20 8%2.2:.2.20
8%2.2.20.2 872.2.20: 2 872.2.20: .2 872:2:20:20 8%2.2:.20.20
872.2.20.20 872.20.2: 2 8°2.20.2: 2 8"2:20:2:20 872.20:.2.20
82.20.2.20 8°20.2.2:20 872.2.20:.20 8°2:20:20:20 872.20:.20.2
872.20.20.2 8%2.2.20:20 8%2.20.2:.20 8°20:20:20:20 82.20:.20.20
8"20.2.2.20 8%2.20.2:20 8720.2.20:.2 8720.20 : .20.20
872.20.20.20 8*20.2.2:20 8720.20.2:.2
8°20.2.20.20 82.20.20:2 8%20.2.20: .20
8°20.20.20.20 8%20.2.20:2 8720.20.2:.20

8720.20.2:2 8720.20.20: .2

8"2.20.20 : 20 8%20.20.20 : .20 -

8%20.2.20 : 20

8"20.20.2 : 20

8720.20.20 : 2

8%20.20.20.20

After that, the links of PR*-subworld derived from 8* we obtain re-
placing digons in the source links by R *-tangles. Using the symmetry
equivalents, we could reduce again a complete derivation to that from the
corresponding representatives. For n = 9 we have the representative 82
(8*20) with P ~ {(1)}; for n = 10 two representatives: 8*2.2 (8*20.20)
with P ~ {(1,2)} and 8*2.20 with P ~ {(1)(2)}; for n = 11 two represen-
tatives: 8*2.2.2 (8*2.20.2, 8*20.2.20, 8*20.20.20) with P ~ {(1,3)(2)}, and
8*2.2.20 (8*2.20.20, 8*2.20.20, and all source links derived from 8*2.2 : .2)
with P ~ {(1)(2)(3)}, where the other members of equivalence classes are
given in parentheses. That permutation groups P are already considered in
such derivation from 6*, so it will be not repeated.

The graph symmetry group G = [2, 3] of order 12, corresponding to the
basic polyhedron 9* is generated by 3-rotation S = (1,4,7)(2,5,8)(3,6,9)
and by two reflections, R = (1)(2,8)(3,6)(4,7)(5)(9) containing the rotation
axis and Ry = (1,9)(2)(3,4)(5)(6,7)(8) perpendicular to it. Hence, Zg =
L (8] + 46383 + 3t1t4 + 23 + 2tat6), the coefficients of Zg(z,1) = 1 + 2z +
622 + 122% + 16z + 162° + 1225 + 627 + 22® + 2° represent, respectively,
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the number of different symmetry choices of n — 9 vertices for 9 < n <
18, and the coefficients of Zg(x,z,1) = 1 + 42 + 20z% + 7623 + 202z* +
3882° + 509z° + 44827 + 228z% + 47° the number of source links derived
from 9* for 9 < n < 18. For n < 12, that vertex choices are divided
into symmetry equivalence classes and given by their representatives. For
n = 10 we have one representative 9*a ({1}, {2}) generating 2 source links;
for n = 11 two representatives: 9*a.b ({1,2}, ({1,5}) generating 4 source
links, 9*a = b ({1,3}, {1,4}, {1,9}, {2,5}) generating 3 source links; for
n = 12 three representatives: 9*a.b.c ({1,2,3}, {1,2,4}, {1,2,8}, {1,2,9},
{1,4,6}, {1,5,9}) generating 6 source links, 9*a.b : .c ({1,2,5}, {1,2,6},
{1,3,4}, {1,4,5}) generating 8 source links, 9*a : .b: .c ({1,4,7}, {2,5,8})
generating 4 source links. The list of the source links derived from that
representatives is given in Table 10:

Table 10
n=10 9*.2 n=12 972.2.2 9°2.2:.2 9°2:.2:.2
9*.20 9%2.2.20 9*2.2:.20 9*2:.2:.20
9%2.20.2 9%*2.20 : .2 9*2:.20:.20
n=11 9*2.2 9% 2:2 9%2.20.20 9*20.2: .2 9*20:.20: .20
9%2.20 9*2:20 9%20.2.20 9*2.20 : .20
9%20.2 9%20 : 20 9720.20.20 9720.2: .20
9%20.20. 9%20.20 : .2
9%20.20 : .20

The links of PR *-subworld derived from 9* we obtain replacing digons in
the source links by R *-tangles. Using the symmetry equivalents, we reduce
a complete derivation to that from the corresponding representatives. For
n = 10 we have the representative 9*2 (9*20) with P ~ {(1)}; for n = 11 two
representatives: 9*2 : 2 (9*20 : 20) with P ~ {(1,2)}, 972.2 (9*2 : 20, and
all source links derived from 9*2.2) with P ~ {(1)(2)}. Their permutation
groups P are considered before.

The next member (2 x 5)* of the infinite class (2 x k)* is the basic
polyhedron 10* — 5-antiprism, with the graph symmetry group G = [27, 10]
of order 20, generated by rotational reflection S = (1,2,3,4,5,6,7,8,9,10)
and by reflection R = (1)(2,5)(3,4)(6)(7,10)(8,9). According to PET, Z =
35 (810 + 613+ 51213 + 412 + 4t10), Zg(,1) = 1 +2+52% +82% + 162 +162° +
1628 + 827 + 52® + 2% + 21°, Zg(z,x,1) = 1 + 2z + 1522 + 562° + 1942 +
42875 + 728z% + 80027 + 6362® + 272x° 4 78210 (10 < n < 20). For n = 11
we have the representative 10*a ({1}) generating 2 source links 10*2, 10*20;
for n = 12 the representative 10*a.b ({1,2}, {1,3}, {1,6}, {1,7}, {1,9})
generating 3 source links 10%2.2, 10*2.20, 10*20.20. Taking for n = 11 the
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representative 10*2 (10*20) with P ~ {(1)}, we could obtain for n < 12 all
links derived from 10*.

To the basic polyhedron 10** corresponds graph symmetry group G =
[2,2]* of order 4, generated by two perpendicular 2-rotations S = (1,6)(2,7)
(3,8)(4,9) (5,10) and S; = (1,6)(2,5)(3,4)(7,10)(8,9). Forit, Zg = 3(+}°+
25 + 2t3), Zg(z,1) = 1+ 3z + 1522 + 3222 + 60z* + 662° + 602° + 3227 +
1528 + 3z + 21°, Zg(z,x,1) = 1 + 6z + 5322 + 248z + 874z* + 204025 +
343225 + 387227 4 295628 4 129617 + 28820 (10 < n < 20). For n = 11 we
have one representative 10**a generating 2 source links 10**2 and 10**20; for
n = 12 we have one asymmetrical representative 10**a.b of the equivalence
class consisting of eight 2-vertex choices, generating 4 source links 10**2.2,
10**2.20, 10**20.2, 10**20.20 and one symmetrical representative 10**a : b
of the equivalence class that consists of seven 2-vertex choices, generating 3
source links 10**2: 2, 10**2: 20, 10**20 : 20.

The graph symmetry group G = [2,4] of order 16, generated by 4-
rotation § = (1)(2,3,4,5)(6,7,8,9)(10), by reflection R = (1)(2, 3)(4,5)
(6,7)(8,9)(10) containing the rotation axis, and by reflection R; = (1, 10)
(2,6)(3,7)(4,8)(5,9) perpendicular to it, corresponds to the basic polyhe-
dron 10***. For it, Zg = = (t10 + 2¢2t3 + 3t2¢3 + 2t512 + 615 + 25t3), and
Za(z,1) = 142z + 822 4 1323 + 25z* + 252° + 2525 + 1327 + 82% + 229 + 210
gives the number of different vertex bicolorings of n — 10 vertices of 10***
for 10 < n < 20. Because the axis of 4-rotation contains two vertices of
10***, we cannot use PET to obtain directly the number of source links
derived from 10***. For n = 11 we have two representatives of equiva-
lence classes: 10***a ({1}) giving 1 source link 10***2, and 10***.a ({2})
giving 2 source links 10***.2, 10***.20; for n = 12 we have three represen-
tatives of equivalence classes: 10***a.b ({1,2}, {1,6}) generating 2 source
links, 10***2.2 and 10***2.20, with P ~ {(1)(2)}, 10***.a : b ({2,4}, {1, 10},
{2,6}, {2,8}) generating 2 source links 10***.2 : 2 and 10***.2 : 20 with
P ~ {(1,2)}, 10**.a.b ({2,3}, {2,7}) generating 3 source links 10***.2.2,
10***.2.20, 10***20.20 with P ~ {(2,3)}. For n = 12, from 10***2 we de-
rive generating link 10***3*, from 10***.2 generating link 10***.3*, and from
10***.20 generating link 10***3*.

To the basic polyhedron 11* corresponds graph symmetry group G = [1]
of order 2, generated by reflection R = (1,5)(2,4)(3)(6, 10)(7,9)(8)(11). For
it, Zg = (¢t} +313), Z(z,1) = 14+72+3122 48923 +1742* +2425°+ 24225+
174z7 + 8928 4 312°% 4+ 720 4 21, Zg(x,x,1) = 1 4 14z + 1202% + 68823 +
27002 +74962° +1494425+ 2131227 42132028 +142562" + 572821941088z 1,
so we have the number of vertex choices and the number of source links
derived from 11* for 11 < n < 22. For n = 12 they are 7 vertex choices, and
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from each of them we derive 2 source links.

The graph symmetry group G = [2] of order 4, generated by two mutually
perpendicular reflections B = (1,11)(2)(3,4)(5)(6,7)(8)(9,10) and Ry =
(1,10)(2,8) (3,6)(4,7) (5)(9,11) corresponds to the basic polyhedron 11*.
For it, Zg = L(t!' + 2615 + £3t}), Zg(z,1) = 1 + 4z + 182? + 4723 +
92z% + 12625 + 1262% + 9227 + 4728 + 182° + 4210 + 21, Zg(z,z,1) =
1+ 8z + 6522 + 35423 + 1370z* + 3788z° + 75122° + 1073627 + 107002® +
720829 + 288020 4 57621, For n = 12, from each of 4 vertex choices, we
derive 2 source links.

To the basic polyhedron 11*** corresponds the graph symmetry group
G = [2] generated by perpendicular reflections R = (1)(2,3)(4)(5,6)(7,9)
(8)(10,11) and R; = (1)(2,10)(3,11)(4,8)(5,7)(6,9). Because the permu-
tation representations of graph symmetry groups of 11** and 11*** are iso-
morphic, we obtain the same enumeration result, and particular links could
be translated from one basic polyhedron to the other by using that isomor-
phism.

The next subworld of P-world is PRS-subworld. Links belonging to it
are obtained replacing digons in source links of P-world by RS-tangles. The
symmetry rules determining such substitutions are the same as in PR*-
subworld.

The same as in Table 8, the representatives of source links derived from
6* are: .2, .2.2, .2.2.2, .2.2.20, 2:2:2, .2.2.2.2, .2.2.2.20, .2.2.20.20 2.2.2.2
and 2.2.20.2. The generating PRS-links derived from them are given in
Table 11:

Table 11
n=9 .22

n=10 .(3*2) (2,2).2
(2,2)1
(2,2+4)

n=11 (2,2,2) (3%,2).2 (2,2).2.2 .(2,2).2.20 (2,2):2:2
(4*%,2) (2,3%).2 .2.(2,2).2 2.(2,2).20
(3°,39) (2,2).3* 2.2.(2,2)0
(3,21 (2,24).2
(2,2)2
(3%,24)
{2,291
(2,24 +)

n=12 .(3%,2,2) (2,2,2).2 (3*,2).2.2 (3%,2).220 (3*,2):2:2
(2,2,2)1 (1*,2).2 (2,3%).2.2 (2,3%).220 (2,2):3":2
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(2,2+4).3*

(2,2).2.2.20
2.(2,2).2.20
2.2.(2,2).20
2.2.2.(2,2)0

2.(3*,2).2
(2,2).3%.2
(2,2).2.3"
3%.(2,2).2
(2,2)1.2.2
2.(2,2)1.2
(2,24).2.2
2.(2,24).2

(2,2).2.20.20

.2.(3%,2).20
.2.(2,37).20
2.2.(3*,2)0
2.2.(2,3%)0
(2,2)1.2.20
.2.(2,2)1.20
2.2.(2,2)10
(2,2).3*.20
(2,2)23%0
37.(2,2).20
.2.(2,2).3*0
3%.2.(2,2)0
.2.3%.(2,2)0
(2,2+).2.20
2.(2,24).20
2.2.(2,24)0

(2,2).2.2.2
2.(2,2).2.2
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(2,2)1:2:2
(2,24):2:2

(2,2).2.20.2
2.(2,2).20.2
2.2.20.(2,2)

In the same way, from the representatives 8*2, 8*2.2 and 8*2.20 (Table 9)
we derive for n = 11 generating link 8*(2,2), and for n = 12 generating links
8*(3*,2), 8*(2,2)1, 8*(2,2+), 8%(2,2).2, 8%(2,2).20, 8*2.(2,2)0. From the
representative 9*2 (Table 10) we derive for n = 12 generating link 9*(2, 2).

Finaly, for n = 12 we have 12 basic polyhedrons [1], completing the list

of all alternating links with n < 12 crossings.
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