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1. Introduction

Let r € (0, 1). Then the Legendre complete elliptic integral K (r) [1-4] of the first kind is given by

/2 do : dt
K=K = f — = f .
0o Vi—psine o -2 -rP)
It is well-known that the complete elliptic integral K(r) is the particular case of the Gaussian
hypergeometric function [5-10]

o (@, n)(b,n) x*

F(a,b;c;x) = en

x| <1 (L.1)
n=0
where (a,0) = 1 fora # 0, and (a,n) = a(a+ 1)(a+2)---(a+n—1) for n € N is the shifted factorial
function. Indeed -
(L g2
K(r) = 2F(2,2,1,r )
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It is well-known that the Legendre complete elliptic integrals play very important roles in many
branches of pure and applied mathematics [11-22]. Recently, the complete elliptic integrals have
attracted the attention of many researchers [23—-35] due to their extreme importance. In particular, and
many remarkable properties, inequalities and applications for the complete elliptic integrals and their
related special functions can be found in the literature [36—61].

For r € (0,1) and a € (0, 1), the generalized elliptic integral K, (r) of the first kind [62] is defined by

K, = K, (r) = gF(a, 1—a;1,r). (1.2)
Clearly, K,(0) = nr/2 and K,(17) = co. In what follows, we assume that a € (0, 1/2] by the symmetry

of (1.2).
For p € (1,00) and r € (0, 1), the complete p-elliptic integral & ,(r) of the first kind [63] is defined

by
7p/2 do ! dt
K,(r) = f e = f , (1.3)
0 (1 —rPsin; 6)'-1/p 0 \/(1 — tP)IP(1 — ppep)1-1ip

where sin), 6 is the generalized trigonometric function [64] and

1
dt
=2 [ G
is the generalized circumference ratio.
From (1.2) and (1.3) we clearly see that K,(r) and &,(r) reduce to the complete elliptic integral
K(r) of the first kind if @ = 1/2 and p = 2. Takeuchi [65] proved that

11
K,(r) = %F(;,l—;;l;ﬂ’).

Therefore, it follows from (1.2) that
T
K p(r) = ﬂ—ﬁp(ﬂ/l’). (1.4)

p

Recently, the generalized elliptic integrals and complete p-elliptic integrals have attracted the
attention of many mathematicians. For their recent research progress, we recommend the literature
[65-78] to readers.

Anderson et al. [79] proved that the inequality

X 1 (1.5)
KNP~ L+7
holds for all r € (0, 1).
In [80], Alzer and Richards proved that
1
K@) (1.6)

Ky  L+r/4

for r € (0, 1), which is an improvement of inequality (1.5).
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Motivated by the inequality (1.6), Yin et al. [81] generalized (1.6) to &,(r) and proved that the

double inequality
1 K,(r)

1+ i(l - %)r ) K,(fr) )

(1.7)

holds for r € (0, 1) and p € (1, 2].

The main purpose of this paper is to generalized the inequality (1.6) to K, and provide an
improvement for inequality (1.7). Our main result is the following Theorem 1.1.

We denote by o = o(a) = a(1 — a) and T = 7(a) = [a(1 — a)(a* — a + 2)]/4 for short, which will be
often used later. For a € (0, 1/2], it is easy to know 0 < o(a) < 1/4 and keep this in mind.

Theorem 1.1. Leta € (0,1/2] and r € (0, 1). Then the double inequality

A [1 + o(@r]Ka(r) = [1 + H(@r|K(VF)
Aa) < R < f(a) (1.8)

holds for all r € (0, 1) if and only if Aa) < A(a) and f(a) > u(a), where

) _ 2 _ 42 _
/l(a):—a(l a’)(2 (11;(411 4a + 3) and u(a):a(l a4)(2 a).

In particular, the double inequality

1 + 7(a)r* + Aa)r? - F,.(r) - 1 + 1(a)r* + ua)r’
1+ o(a)r K.(\r) 1+ o(a)r '

(1.9)

holds for all r € (0, 1).

As is known, K, (r) reduces to the complete elliptic integral of the first kind K(r) if a = 1/2. The
following corollary can be derived from (1.9) of Theorem 1.1.

Corollary 1.2. The double inequality

L+ [P7 - 4n)/64 _ K() 1+ +9n)/64
1+r/4 K\ 1+r/4

holds for r € (0, 1).
It is easy to see that
1+ [rX(7 — 4r)]/64 S 1
1+r/4 1+r/4
for r € (0, 1) and no upper bound for K'(r)/K(+/r) was given in (1.6), in other words, the bounds given

in Corollary 1.2 are better than that given in (1.6).
From (1.4) and the monotonicity of & ,(r), we clearly see that

Kip() K,(r7'7) <) R8,(r)
7(I/p( \/;) Rp(%) - Rp(%)

forallr € (0,1)and 1 < p <2 (p > 2), which in conjunction with Theorem 1.1 gives the Corollary
1.3.
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Corollary 1.3. Let p € (1,2]. Then the double inequality
1+7(1/p)r* + A1/ p)r? - K,(r)

1.10
L+o(1/p)r K,(/r) (110

hold for r € (0,1). If p € [2, ), then the inequality
K, 1+7(1/p)r? + u(l/p)r (L11)

<
K,(fr) 1+o(l/p)r
holds for r € (0, 1).
Note that if p € (1,2] and r € (0, 1), then it follows from A(1/p) < O that

- DI8 _12 2 -1 6 4
(1/p) + A(1/p)r >t(1/p) + A(1/p) = (» - D[8(p )3641-)5 (p—1)+6p] S0

which enables us to know that the lower bound of (1.10) is better than that of (1.7) and it also gives an
improvement of [81, Theorem 1.1]. Moreover, it follows easily from o(1/p) = 7(1/p) + u(1/p) that

L+7(1/p)r* + u(1/p)r°

T+ o(/p)r <1

for r € (0, 1), which leads to the conclusion that inequality (1.11) has a better upper bound than that of
(1.7) for p € [2, ).

2. Preliminaries

In this section, we introduce some more notations and present some technical lemmas, which will
be used to prove the main theorem.
For x € (0, ), the classical gamma function I'(x) [82, 83] and psi (digamma) function ¥(x) [84]

are defined by
< d I"(x)
I'(x) = rle7'dt, W(x)=—logl(x) = ——,
(x) fo e (x) Iy 08 (x) e
respectively.
The following well-known formulas for I'(x) and ¥ (x) (n > 0) are presented in [85]

T+ 1) =), Tl -2)) = ﬁ %7, 2.1)

—V_i‘*'zk(k)ix)’ n=0
lP(n)(x) — k=1 (2.2)

Ly 1
(_1)n+ n!kz_lom, n=> 1,

where y = lim(}};_, 1/k —logn) = 0.577215 - - - is the Euler-Mascheroni constant [86, 87].

For a € (0, 1/2], we clearly see from (1.2) and (2.1) that K,(r) can be expressed in terms of power
series as

. > (a,n)(1 —a,n) o Sin(ma) - on
Kulr) = 5 P ;(Wn(a)r : (2.3)

n=0
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where
I'a+n)I'(1-a+n)
W, =W,(a) = 2.4
@) T(n+ 1) 24)
is the generalized Wallis type ratio due to /W, (1/2)/nx is the classical Wallis ratio.
It is easy to verify that W, satisfies the recurrence relation
(Wn+l _ (l’l + a)(n +1- Cl) (25)

W, (n+ 1)
and also ‘W, is strictly decreasing with respect to n > 0.

Lemma 2.1. (1) The function ‘W,(a) is strictly decreasing on (0, 1/2] for each n € N;
(2) The function W,(a)]W,(a) is strictly decreasing on (0, 1/2] for fixed m > n > 1. In particular,

W@ _m

< —. 2.6
W,.(a) n (2.6)
Proof. Taking the logarithm, we dente by f,(a) = log W,(a) and g, .(a) = log[W,(a)/W,(a)].
Differentiation yields
fia) =¥(a+n)—-¥( —-a+n), 2.7
g;l,m(a) =%¥a+n)—-Y1-a+n) —Y@a+m)+¥Y( -a+m). (2.8)
From (2.7) and (2.8), we clearly see that
L/2) =g,,(1/2) =0. (2.9)
Moreover, it follows from (2.2), (2.7) and (2.8) that
ffa)=%@+n+¥Y(1-a+n)= i ! + ! >0 (2.10)
e S l@+n+k? (I—a+n+k?|” 7 '
gom@=Y@+n+¥(A-a+n-Ya+m-¥({1-a+m
- 1 1 1 1
= - - 0 2.11
kzz(; @rnt kP @im+k? (-a+nt kP (-a+msi?| @.11)
forae (0,1/2]and m > n > 1.
Therefore, the monotonicity of f,(a) and g, ,(a) follows easily from (2.9)—(2.11). O

Lemma 2.2. Fora € (0, 1/2], define
ho(@) = [1 + 0(@)[ Wiz = 21(@) Wansa.
Then h,(a) > 1/(n + 2) forn > 2.
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Proof. We first prove

na na®>  Trnta® 41a*> 374
1+ — —_— 2.12
sin(ra) 6 360 25 20 .12
for a € (0, 1/2]. Indeed, in terms of power series, one has
22 Titdt 7
a — (1 + % + ;T 68 )sin(na) - (7;6(’)) ;(—1)"%@41)2"
(ra)’ < (ra)’
= 90 Z [afzk - Csz+1(7TCl)2](7Ta)4k > W Z (afzk - 302k+1)(7ra)4k (2.13)
k=0 k=0

for a € (0, 1/2], where
_ (n+ D(n+2)(465 + 224n + 28n?)

2n+17)!

n
Moreover,

2(k + 1)(4k + 7)(3861 + 15150k + 15536k + 6272k* + 896k*)
(4k +9)!

@ — 341 = >0
for k > 0. This in conjunction with (2.13) yields the inequality (2.12) is valid.

Let &(a) = 1800 + 600a — 100a®> — 952a* + 357a* + 140a° — 42a° — 4a” + a®. Combing this with (2.1)
and (2.12), we rewrite h,(a) as

_(4-a)9-a)d - a1 - a>)é(a) o ma_ 1
B 1036800 sin(ra) 4

hy(a)

2 2 2 2 4
. 4 —a)9 - a*)4 - a*)(1 - a*)é(a) (1+41a N 37a )_l
1036800 25 20 4

a
~re=onon |4 7+ 164518334" + 201 (1 - a*) +105013954%(1 — &
>103680000[ 007308a” + 164518334® + 201055804’ (1 — a*) + 105013954°(1 — a*)

+6832264a'! +999840a'? + 12424604 (1 — a?) + 32390a'* + 67672a"

aé(a)

2364151 — 14804'5(1 — &) + 1854'% + £ _4\y
+7236a"(1 - a) + 1480a"(1 - @) + 185a" + &(a)| > 103680000

(2.14)

where

&(a) = 2160000 + 3628800a — 127464004 + 77368004
— 29776324 — 482000804 — 39129804°.

Differentiation of f(a) yields
n 1
&’ (a) = — (2282400 + 46420800 (5 - a) + 84%(4466448 + 1205002004 + 14673675a%)| < 0

for a € (0, 1/2], which implies that é(a) is strictly concave on (0, 1/2].
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From the concavity property of £(a), we clearly see that

. s 22483
&(a) = min{&(0), £(1/2)} = T 0 (2.15)

fora € (0,1/2].
Therefore, h,(a) > 0 for a € (0, 1/2] follows from (2.14) and (2.15).

Next, we prove Lemma 2.2 by mathematical induction on n. Assume the induction hypothesis that
h,(a) > 1/(n + 2), in other words,

1
[1+ (@)W, > 21(@) Wansz + —. (2.16)
n+?2
The recurrence relation (2.5) and (2.16) yield
1 1
hpi1(a) — 13 = [1+ (@) W,z = 21(@)Wanss — 13
Wiz Wans Wis 1
21(a)Ws, - _
> @ Wanes ((Wn+2 W2n+2) n+2)Wypo n+3

n(a) ,_ad-a

=T @OWan S GG 2 T i3

for a € (0, 1/2], where

(@) =96+0)4—-0)+6[718+ 02 —0)|n
+[372 + 0(58 — )|n? + 8(50 + 16)n’ + 8(c + 2)n*.

This completes the proof. O
Lemma 2.3. Fora € (0,1/2], we define

Ay = Wy — Aa)Wanit — (@ Wopio = Wapia,
B, = c(a)W 2 — Aa)Wapio — T(@)Wapiz — Wayss.
Then (i) A, > 0; (ii) A, + B, > 0 forn > 0.

Proof. (1) 1t is easy to know that (1 + x)" > 1 + nx for n > 0 and x > 0. Combining this with the
definition of ‘W, and its recurrence relation, we clearly see that

Wy Tla+n+2)I(1-a+n+?2) I'(2n +2)?
Wope1 T(n +3)2 ‘T@+2n+ DI(1—a+2n+ 1)
~ (1 +2n)> (1+2n— 1) (1 +n+2)?
T@+2n)(1—-a+2n) @+2n-D(I-a+2n—-1) (@+n+2)1—-a+n+?2)
N (1 +2n)> n_121+(n—1)(1—a+a2+2n)
(a+2n)(1 —a+2n) (a+2n)(1 —a+2n)

and
Wiy @Qn+1+a)2n+2-a)

Wt (2n +2)? ’
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Wi  (Qn+1+a)[2n+ 22 -a?1[2n+3)? - d*l2n+4 - a)
Wopet [2n +2)2n +3)2n + 4)]? '
This yields

An — (Wn+2 _ /l(a) _ T(a)w2n+2 _ (W2n+4
(W2n+1 (W2n+ 1 W2n+1 (W2n+1
— - 2 —
514 mn-D(A-a+a +2n) ~Aa) - Ta@)n+1+a)2n+2-a)
(a+2n)(1 —a+2n) (2n + 2)?
B Cn+1+a)2n+2)?-ad*[2n+3)*-a*l2n+4-a)

[2n +2)(2n + 3)(2n + 4)]?

8

_ 1 ]
" 144(a+2m(1 —a+2m(1 + nP2 + n)’(3 + 2n) kZT S @17)

where the coeflicients are given by
g0 = —5184+90720 — 5400 — 16200 —8370*, &, = —19872 + 311040 — 59040~ — 62400~ — 42360,

£ = —6624+324000-206040°—171760°-82070*, &3 = 72432-67440-336920°-367120"-80045*,
g4 = 146592-413520—306040>-500160°—-42200", &5 = 128592-369120—164960°—406720"° 11525,
g6 = 58464 — 159360 — 52480 — 192000 — 1280, &; = 13248 — 36480 — 8960 — 48640,
gy = 1152 — 3840 — 640% — 5120°.

For a € (0,1/2], we clearly see that 0 < oo < 1/4. This enables us to know easily that &; > 0 for
3 < j < 8. Moreover, we can verify

16505607
g0 + &3 = 67248 + 23280 — 342320 — 383320 — 88410* > s
3870855
81+-a4::4(31680-—25620u—9127ol-1406403-21140A)>-——755——,
1
824-8522121968—-45120-—3710002-—5784803-935904>-ig%%gﬁg,

which yields

8
Z e’ = (g9 + &30°) + (e1n + e4n*) + (3n® + esn”) + egn® + &1’ + egn®
k=0
>(gg+&3)+ (e +e4)n+ (e + 85)112 +een® + &n’ +gn® >0 (2.18)

forn > 1.
Combining with (2.17) and (2.18), we clearly see that A, > O for n > 1. On the other hand,

_ ma(l - a*)(2 - a)

Ay = 0
0 192 sin(an) ~

1
22+kwu#+3zhg—aﬂ
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for a € (0, 1/2]. This completes the first assertion.

(i1) We first compute Ay + By and A + B;. Simple calculations together with (2.1) and (2.4) lead to

405350
16

rma(l —a*)(2 —a)
Ao+ By = 0
0+ Bo = 200 sty |00t

1 1
+ 29630-(4—1 - 0') + 701a(E - 02)] >0,

A — 2R
A+ B, = na(l —a”)(4 —a”)3 - a) [32939

|
145700 + 4091 | — — o2
705600 sin(xa) 2 T ( 0)

16

>0

R T,

for a € (0,1/2].
For n > 2, it follows from Lemma 2.1(i) and Lemma 2.2 together with A(a) < O and the

monotonicity of W, with respect to n that
A, + B, = [1 + 0(@)| Wiz — Aa)(Wanit + Wapia) = (@) Wapio + Waniz) = (Wania + Wayss)
> [1 + (@) W2 = 21(@)Wapio = 2Wopia

1 1
= h,(a) - 2 ~2. =
2(@) = 2Wo,ia(a) > ) had

fora € (0,1/2]. O

0

Lemma 2.4. Fora € (0,1/2], we define

C,=0 (G)Wn+1 - #(a)wzn - T(G)W2n+1 - W2n+3,
D, = W, — u(@)yWops1 — 1(@)Wapiz — Wapsa.

Then (i) D, > 0; (ii) C, + D, < 0 forn > 0.

Proof. (i) From the similar argument as in the proof of Lemma 2.3(i), we clearly see that

Dn — (Wn+2 _ ,u(a) _ T(a)(W2n+2 _ (W2n+4
W2n+1 (W2n+1 (W2n+1 W2n+1
(n—1D(1—-a+a*+2n) T@)2n+1+a)2n+2-a)
>1+ — u(a) —
(a+2n)(1 —a+2n) (2n + 2)?

B Cn+1+a)[@2n+2)?-a’1[2n+3)?-d*12n+4 - a)
[2n +2)2n + 3)2n + 4))?

8

_ 1 k
" 16(a+ 2m)(1 = a+ 2m)(1 + n)2 + n)’(3 + 207 kZ(; &l (2.19)

where the coeflicients are given by
€ = =576 + 10080 — 54002 — 16407 + 350", € = —2208 + 24960 — 27040 — 3680~ + 8404,

6 = —736 — 24800 — 578002 — 1640 + 730", & = 8048 — 164560 — 66600~ + 2240 + 285,
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€ = 16288 — 262480 — 44520 + 27607 + 40*, € = 14288 — 214080 — 17360 + 11207,
€ = 6496 — 98240 — 3680 + 160°, € = 1472 — 24320 — 320, €& = 128 — 2560-

Since 0 < o < 1/4, it is easy to verify that €; > 0 for 3 < j < 8. Moreover, we have

€ + & = 7472 — 154480 — 72000 + 600 + 630 > 3160,

123093
€ + & = 14080 — 237520 — 715607 — 920~ + 880 > T
113751
& + € = 13552 — 238880 — 751607 — 5207 + 730 > T
which yields
8
Z en* = (e + 63n3) + (en + 641’14) + (.szn2 + 651’15) + en® + en’ + en®
k=0
>(e+ &)+ (6 +e)n+(e+em +en’ +en’ +en >0 (2.20)
forn > 1.

From (2.19) and (2.20), we clearly see that D,, > 0 for n > 1. For n = 0, we verify directly

_na(l —a*)(2 - a) [27
2

1
Dy = — +234(- -0 +350%|>0
0= T 576sin(an) (4 U) v ]
for a € (0, 1/2]. This complete the proof of (i).
(i1) For n > 0, it follows from (2.6) and o(a) = 7(a) + u(a) together with the monotonicity of W,

with respect to n that

C,+ D, =c(@W,i1 + Wy — (@) (W, + Wapit) = 1(@)(Wapit + Wapin) = (Waniz + Woyia)
< (@)W1 = 2[1(a) + (@) Wapsz + Wiso = 2Woia
= (@) (W1 = 2Wani2) + Wio = 2Woys <0

for a € (0, 1/2]. This completes the proof. O

3. Proof of Theorem 1.1
Proof. Define
@a(r) = [1 + a(@r]HKu(r) = [1 + 7(@)r” + Aa)r’ |K(Vr)

and

$o(r) = [1 + o (@)r]K(r) = [1 + T(@)r* + p(@)r’ 1K (V7).

In order to prove the inequalities (1.8) is valid, it suffices to show ¢,(r) > 0 and ¢,(r) < O for
re0,1).

AIMS Mathematics Volume 5, Issue 5, 4512-4528.
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From (2.3), we can rewrite ¢,(r) and ¢,(r), in terms of power series, as

singray ) = [1+ o(@yr] Z(; W, = [1 +t(@)r + Aa)r] Z(; W,

D A+ Bnr)rz"] : (3.1)

n=0

$a(r) = [1+ a(@)r] Y W = [1+ m(@r? + pa@)r] Y W,
n=0

sin(7ra) oy

:}"3

D+ Dnr)rz”] : (3.2)
n=0

where A,, B, and C,, D,, are defined as in Lemma 2.3 and Lemma 2.4, respectively.

e If B, > 0, then it follows from Lemma 2.3(i) that A, + B,r > A,, > O forr € (0, 1). If B, < 0, then
Lemma 2.3(ii) enables us to know that A, + B,r > A, + B,, > 0 for r € (0, 1). This in conjunction
with (3.1) yields ¢,(r) > 0 for r € (0, 1).

e From Lemma 2.4, we clearly see that C,, + D,r < C, + D,, < 0 for r € (0, 1). This in conjunction
with (3.2) implies that ¢,(r) < 0 for r € (0, 1).

We now prove that A(a) and u(a) are the best possible constants.
Let
[1+ o(@)r]K.(r) = [1 + T(@)r*|K.(\F)
PR |
If A(a) < 6(a) < u(a), then it follows from ®,(0") = A(a) < 6(a) and ®,(17) = u(a) > 6W(a) that
there exist sufficiently small ry,r, € (0, 1) such that ®,(r) < d(a) for r € (0, r) and ®,(r) > 6(a) for
re(l—mr,l).

D, (r) =

(3.3)

O

For a € (0, 1/2], computer experiments enable us to know that ®,(r) is strictly increasing on (0, 1)
and we leave it to the reader as an open problem.

Open Problem. For a € (0, 1/2], ®,(r) is defined as in (3.3). Then ®,(r) is strictly increasing from
(0, 1) onto (A(a), u(a)).

4. Conclusion

We establish a sharp double inequality involving the ratio of generalized complete elliptic integrals
of the first kind, more precisely, the double inequality

1 + (a)r? + Aa)r’ - ICu(r) - 1 + (@)r* + u(a)r’
1 +o(a)r K.(r) 1 +o(a)r

holds for all r € (0, 1), where

a(l —a)a*—a+?2)
1 ,

ol@ =a(l —a), T(a)=

AIMS Mathematics Volume 5, Issue 5, 4512-4528.
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a(l —a®)(2 — a)(4a*> —4a + 3) a(l —a®>)(2 - a)

u(a) = ,

Ma) =~ 8 1

which is the improvement and generalization of some previously known results.
Acknowledgments

The authors would like to thank the anonymous referees for their valuable comments and
suggestions, which led to considerable improvement of the article.

The research was supported by the National Natural Science Foundation of China (Grant Nos.
11971142, 11871202, 61673169, 11701176, 11626101, 11601485) and the Natural Science
Foundation of Zhejiang Province (Grant No. LY19A010012).

Conflict of interest

The authors declare that they have no competing interests.

References

1. M. K. Wang, Y. M. Chu, S. L. Qiu, et al. Convexity of the complete elliptic integrals of the first
kind with respect to Holder means, J. Math. Anal. Appl., 388 (2012), 1141-1146.

2. Z.H. Yang, W. M. Qian, Y. M. Chu, et al. On approximating the arithmetic-geometric mean and
complete elliptic integral of the first kind, J. Math. Anal. Appl., 462 (2018), 1714—1726.

3.  Z.H. Yang, W. M. Qian, Y. M. Chu, Monotonicity properties and bounds involving the complete
elliptic integrals of the first kind, Math. Inequal. Appl., 21 (2018), 1185-1199.

4. Z.H. Yang, W. M. Qian, W. Zhang, et al. Notes on the complete elliptic integral of the first kind,
Math. Inequal. Appl., 23 (2020), 77-93.

5. M. K. Wang, Y. M. Chu, Y. P. Jiang, Ramanujan’s cubic transformation inequalities for zero-
balanced hypergeometric functions, Rocky Mountain J. Math., 46 (2016), 679-691.

6. M. K. Wang, Y. M. Chu, Refinements of transformation inequalities for zero-balanced
hypergeometric functions, Acta Math. Sci., 37B (2017), 607-622.

7. T. H. Zhao, M. K. Wang, W. Zhang, et al. Quadratic transformation inequalities for Gaussian
hypergeometric function, J. Inequal. Appl., 2018 (2018), 1-15.

8. S.L.Qiu, X. Y. Ma, Y. M. Chu, Sharp Landen transformation inequalities for hypergeometric
functions, with applications, J. Math. Anal. Appl., 474 (2019), 1306-1337.

9. M. K. Wang, Y. M. Chu, W. Zhang, Monotonicity and inequalities involving zero-balanced
hypergeometric function, Math. Inequal. Appl., 22 (2019), 601-617.

10. T. H. Zhao, L. Shi, Y. M. Chu, Convexity and concavity of the modified Bessel functions of the
first kind with respect to Holder means, RACSAM, 114 (2020), 1-14.

11. M. K. Wang, S. L. Qiu, Y. M. Chu, et al. Generalized Hersch-Pfluger distortion function and
complete elliptic integrals, J. Math. Anal. Appl., 385 (2012), 221-229.

AIMS Mathematics Volume 5, Issue 5, 4512-4528.



4524

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Y. M. Chu, M. K. Wang, S. L. Qiu, et al. Bounds for complete elliptic integrals of the second kind
with applications, Comput. Math. Appl., 63 (2012), 1177-1184.

Y. M. Chu, Y. F. Qiu, M. K. Wang, Holder mean inequalities for the complete elliptic integrals,
Integral Transforms Spec. Funct., 23 (2012), 521-527.

Y. M. Chu, M. Adil Khan, T. Ali, et al. Inequalities for a-fractional differentiable functions, J.
Inequal. Appl., 2017 (2017), 1-12.

Z. H. Yang, W. M. Qian, Y. M. Chu, et al. Monotonicity rule for the quotient of two functions and
its application, J. Inequal. Appl., 2017 (2017), 1-13.

M. K. Wang, Y. M. Li, Y. M. Chu, Inequalities and infinite product formula for Ramanujan
generalized modular equation function, Ramanujan J., 46 (2018), 189-200.

M. K. Wang, Y. M. Chu, W. Zhang, Precise estimates for the solution of Ramanujan’s generalized
modular equation, Ramanujan J., 49 (2019), 653—-668.

S. H. Wu, Y. M. Chu, Schur m-power convexity of generalized geometric Bonferroni mean
involving three parameters, J. Inequal. Appl., 2019 (2019), 1-11.

M. A. Latif, S. Rashid, S. S. Dragomir, et al. Hermite-Hadamard type inequalities for co-
ordinated convex and qausi-convex functions and their applications, J. Inequal. Appl., 2019

(2019), 1-33.

I. Abbas Baloch, Y. M. Chu, Petrovié-type inequalities for harmonic h-convex functions, J. Funct.
Space., 2020 (2020), 1-7.

X. M. Hu, J. F. Tian, Y. M. Chu, et al. On Cauchy-Schwarz inequality for N-tuple diamond-alpha
integral, J. Inequal. Appl., 2020 (2020), 1-15.

S. Rashid, M. A. Noor, K. I. Noor, et al. Ostrowski type inequalities in the sense of generalized
‘K-fractional integral operator for exponentially convex functions, AIMS Mathematics, 5 (2020),
2629-2645.

M. K. Wang, Y. M. Chu, Y. E. Qiu, et al. An optimal power mean inequality for the complete
elliptic integrals, Appl. Math. Lett., 24 (2011), 887-890.

G. D. Wang, X. H. Zhang, Y. M. Chu, A power mean inequality for the Grotzsch ring function,
Math. Inequal. Appl., 14 (2011), 833-837.

Y. M. Chu, M. K. Wang, Inequalities between arithmetic-geometric, Gini, and Toader means,
Abstr. Appl. Anal., 2012 (2012), 1-11.

Y. M. Chu, M. K. Wang, Optimal Lehmer mean bounds for the Toader mean, Results Math., 61
(2012), 223-2209.

Y. M. Chu, M. K. Wang, Y. P. Jiang, et al. Concavity of the complete elliptic integrals of the
second kind with respect to Holder means, J. Math. Anal. Appl., 395 (2012), 637-642.

M. K. Wang, Y. M. Chu, S. L. Qiu, et al. Bounds for the perimeter of an ellipse, J. Approx. Theory,
164 (2012), 928-937.

Y. M. Chu, M. K. Wang, S. L. Qiu, Optimal combinations bounds of root-square and arithmetic
means for Toader mean, P. Indian Acad. Sci. Math. Sci., 122 (2012), 41-51.

AIMS Mathematics Volume 5, Issue 5, 4512-4528.



4525

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

W. M. Qian, Y. M. Chu, Sharp bounds for a special quasi-arithmetic mean in terms of arithmetic
and geometric means with two parameters, J. Inequal. Appl., 2017 (2017), 1-10.

W. M. Qian, X. H. Zhang, Y. M. Chu, Sharp bounds for the Toader-Qi mean in terms of harmonic
and geometric means, J. Math. Inequal., 11 (2017), 121-127.

M. K. Wang, S. L. Qiu, Y. M. Chu, Infinite series formula for Hiibner upper bound function with
applications to Hersch-Pfluger distortion function, Math. Inequal. Appl., 21 (2018), 629-648.

T. H. Zhao, B. C. Zhou, M. K. Wang, et al. On approximating the quasi-arithmetic mean, J.
Inequal. Appl., 2019 (2019), 1-12.

J. L. Wang, W. M. Qian, Z. Y. He, et al. On approximating the Toader mean by other bivariate
means, J. Funct. Space., 2019 (2019), 1-7.

W. M. Qian, Y. Y. Yang, H. W. Zhang, et al. Optimal two-parameter geometric and arithmetic
mean bounds for the Sandor-Yang mean, J. Inequal. Appl., 2019 (2019), 1-12.

Y. M. Chu, G. D. Wang, X. H. Zhang, The Schur multiplicative and harmonic convexities of the
complete symmetric function, Math. Nachr., 284 (2011), 653-663.

Y. M. Chu, B. Y. Long, Sharp inequalities between means, Math. Inequal. Appl., 14 (2011), 647-
655.

Y. M. Chu, W. E Xia, X. H. Zhang, The Schur concavity, Schur multiplicative and harmonic
convexities of the second dual form of the Hamy symmetric function with applications, J.
Multivariate Anal., 105 (2012), 412-421.

M. Adil Khan, Y. M. Chu, T. U. Khan, et al. Some new inequalities of Hermite-Hadamard type
for s-convex functions with applications, Open Math., 15 (2017), 1414-1430.

Y. Q. Song, M. Adil Khan, S. Zaheer Ullah, et al. Integral inequalities involving strongly convex
functions, J. Funct. Space., 2018 (2018), 1-8.

M. Adil Khan, Y. M. Chu, A. Kashuri, et al. Conformable fractional integrals versions of Hermite-
Hadamard inequalities and their generalizations, J. Funct. Space., 2018 (2018), 1-9.

H.Z. Xu, Y. M. Chu, W. M. Qian, Sharp bounds for the Sdndor-Yang means in terms of arithmetic
and contra-harmonic means, J. Inequal. Appl., 2018 (2018), 1-13.

S. Zaheer Ullah, M. Adil Khan, Y. M. Chu, A note on generalized convex functions, J. Inequal.
Appl., 2019 (2019), 1-10.

M. K. Wang, H. H. Chu, Y. M. Chu, Precise bounds for the weighted Holder mean of the complete
p-elliptic integrals, J. Math. Anal. Appl., 480 (2019), 1-9.

M. Adil Khan, M. Hanif, Z. A. Khan, et al. Association of Jensen’s inequality for s-convex
function with Csiszdr divergence, J. Inequal. Appl., 2019 (2019), 1-14.

M. Adil Khan, S. Zaheer Ullah, Y. M. Chu, The concept of coordinate strongly convex functions
and related inequalities, RACSAM, 113 (2019), 2235-2251.

S. Zaheer Ullah, M. Adil Khan, Z. A. Khan, et al. Integral majorization type inequalities for the
functions in the sense of strong convexity, J. Funct. Space., 2019 (2019), 1-11.

S. Zaheer Ullah, M. Adil Khan, Y. M. Chu, Majorization theorems for strongly convex functions,
J. Inequal. Appl., 2019 (2019), 1-13.

AIMS Mathematics Volume 5, Issue 5, 4512-4528.



4526

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

M. Adil Khan, S. H. Wu, H. Ullah, et al. Discrete majorization type inequalities for convex
functions on rectangles, J. Inequal. Appl., 2019 (2019), 1-18.

Y. Khurshid, M. Adil Khan, Y. M. Chu, Conformable integral inequalities of the Hermite-
Hadamard type in terms of GG- and GA-convexities, J. Funct. Space., 2019 (2019), 1-8.

Y. Khurshid, M. Adil Khan, Y. M. Chu, et al. Hermite-Hadamard-Fejér inequalities for
conformable fractional integrals via preinvex functions, J. Funct. Space., 2019 (2019), 1-9.

W. M. Qian, Z. Y. He, H. W. Zhang, et al. Sharp bounds for Neuman means in terms of two-
parameter contraharmonic and arithmetic mean, J. Inequal. Appl., 2019 (2019), 1-13.

W. M. Qian, H. Z. Xu, Y. M. Chu, Improvements of bounds for the Sdndor-Yang means, J. Inequal.
Appl., 2019 (2019), 1-8.

X. H. He, W. M. Qian, H. Z. Xu, et al. Sharp power mean bounds for two Sdndor-Yang means,
RACSAM, 113 (2019), 2627-2638.

W. M. Qian, W. Zhang, Y. M. Chu, Bounding the convex combination of arithmetic and integral
means in terms of one-parameter harmonic and geometric means, Miskolc Math. Notes, 20

(2019), 1157-1166.

M. K. Wang, Z. Y. He, Y. M. Chu, Sharp power mean inequalities for the generalized elliptic
integral of the first kind, Comput. Meth. Funct. Th., 20 (2020), 111-124.

M. Adil Khan, N. Mohammad, E. R. Nwaeze, et al. Quantum Hermite-Hadamard inequality by
means of a Green function, Adv. Differ. Equ., 2020 (2020), 1-20.

S. Khan, M. Adil Khan, Y. M. Chu, Converses of the Jensen inequality derived from the Green
functions with applications in information theory, Math. Method. Appl. Sci., 43 (2020), 2577-
2587.

A.Igbal, M. Adil Khan, S. Ullah, et al. Some new Hermite-Hadamard-type inequalities associated
with conformable fractional integrals and their applications, J. Funct. Space., 2020 (2020), 1-18.

S. Rafeeq, H. Kalsoom, S. Hussain, et al. Delay dynamic double integral inequalities on time
scales with applications, Adv. Differ. Equ., 2020 (2020), 1-32.

B. Wang, C. L. Luo, S. H. Li, et al. Sharp one-parameter geometric and quadratic means bounds
for the Sdandor-Yang means, RACSAM, 114 (2020), 1-10.

M. K. Wang, W. Zhang, Y. M. Chu, Monotonicity, convexity and inequalities involving the
generalized elliptic integrals, Acta Math. Sci., 39B (2019), 1440-1450.

T. R. Huang, S. Y. Tan, X. Y. Ma, et al. Monotonicity properties and bounds for the complete
p-elliptic integrals, J. Inequal. Appl., 2018 (2018), 1-11.

M. K. Wang, M. Y. Hong, Y. F. Xu, et al. Inequalities for generalized trigonometric and hyperbolic
functions with one parameter, J. Math. Inequal., 14 (2020), 1-21.

S. Takeuchi, A new form of the generalized complete elliptic integrals, Kodai Math. J., 39 (2016),
202-226.

Y. F. Qiu, M. K. Wang, Y. M. Chu, et al. Two sharp inequalities for Lehmer mean, identric mean
and logarithmic mean, J. Math. Inequal., 5 (2011), 301-306.

AIMS Mathematics Volume 5, Issue 5, 4512-4528.



4527

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

M. K. Wang, Z. K. Wang, Y. M. Chu, An optimal double inequality between geometric and
identric means, Appl. Math. Lett., 25 (2012), 471-475.

G. D. Wang, X. H. Zhang, Y. M. Chu, A power mean inequality involving the complete elliptic
integrals, Rocky Mountain J. Math., 44 (2014), 1661-1667.

Z. H. Yang, Y. M. Chu, A monotonicity property involving the generalized elliptic integral of the
first kind, Math. Inequal. Appl., 20 (2017), 729-735.

Z. H. Yang, Y. M. Chu, W. Zhang, High accuracy asymptotic bounds for the complete elliptic
integral of the second kind, Appl. Math. Comput., 348 (2019), 552-564.

W. M. Qian, Z. Y. He, Y. M. Chu, Approximation for the complete elliptic integral of the first kind,
RACSAM, 114 (2020), 1-12.

S. Rashid, M. A. Noor, K. I. Noor, et al. Hermite-Hadamrad type inequalities for the class of
convex functions on time scale, Mathematics, 7 (2019), 1-20.

S. Rashid, F. Jarad, M. A. Noor, et al. Inequalities by means of generalized proportional fractional
integral operators with respect another function, Mathematics, 7 (2019), 1-18.

S. Rashid, R. Ashraf, M. A. Noor, et al. New weighted generalizations for differentiable
exponentially convex mappings with application, AIMS Mathematics, 5 (2020), 3525-3546.

S. Khan, M. Adil Khan, Y. M. Chu, New converses of Jensen inequality via Green functions with
applications, RACSAM, 114 (2020), 114.

M. U. Awan, S. Talib, Y. M. Chu, et al. Some new refinements of Hermite-Hadamard-type
inequalities involving Yy -Riemann-Liouville fractional integrals and applications, Math. Probl.

Eng., 2020 (2020), 1-10.

M. U. Awan, N. Akhtar, S. Iftikhar, et al. Hermite-Hadamard type inequalities for n-polynomial
harmonically convex functions, J. Inequal. Appl., 2020 (2020), 1-12.

S. Rashid, F. Jarad, Y. M. Chu, A note on reverse Minkowski inequality via generalized
proportional fractional integral operator with respect to another function, Math. Probl. Eng.,

2020 (2020), 1-12.

G. D. Anderson, M. K. Vamanamurthy, M. Vuorinen, Functional inequalities for complete elliptic
integrals and ratios, SIAM J. Math. Anal., 21 (1990), 536-549.

H. Alzer, K. Richards, Inequalities for the ratio of complete elliptic integrals, P. Am. Math. Soc.,
145 (2017), 1661-1670.

L. Yin, L. G. Huang, Y. L. Wang, et al. An inequality for generalized complete elliptic integral, J.
Inequal. Appl., 2017 (2017), 1-6.

T. H. Zhao, Y. M. Chu, H. Wang, Logarithmically complete monotonicity properties relating to
the gamma function, Abstr. Appl. Anal., 2011 (2011), 1-13.

Z. H. Yang, W. M. Qian, Y. M. Chu, et al. On rational bounds for the gamma function, J. Inequal.
Appl., 2017 (2017), 1-17.

G. J. Hai, T. H. Zhao, Monotonicity properties and bounds involving the two-parameter
generalized Grotzsch ring function, J. Inequal. Appl., 2020 (2020), 1-17.

AIMS Mathematics Volume 5, Issue 5, 4512-4528.



4528

85. M. Abramowitz, 1. A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables, Dover Publications, New York, 1992.

86. T.R. Huang, B. W. Han, X. Y. Ma, et al. Optimal bounds for the generalized Euler-Mascheroni
constant, J. Inequal. Appl., 2018 (2018), 1-9.

87. S. Rashid, F. Jarad, H. Kalsoom, et al. On Pélya-Szegi and Cebysev type inequalities via
generalized k-fractional integrals, Adv. Differ. Equ., 2020 (2020), 125.

@ AIMS Press

AIMS Mathematics

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 5, Issue 5, 4512-4528.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Proof of Theorem 1.1
	Conclusion

