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ABSTRACT. We present here a generalized Girard-Waring identity constructed
from recursive sequences. We also present the construction of Binet Girard-
Waring identity and classical Girard-Waring identity by using the generalized
Girard-Waring identity and divided differences. The application of the gener-
alized Girard-Waring identity to the transformation of recursive sequences of
numbers and polynomials is discussed.

1. Introduction. Albert Girard published a class of identities in Amsterdam in
1629. Edward Waring published similar material in Cambridge in 1762-1782, which
are referred as Girard-Waring identities A000330 [15]. These identities may be
derived from the earlier work of Sir Isaac Newton. Surveys and some applications
of these identities can be found in Comtet [2] (P. 198), Gould [3], Shapiro and one
of the authors [5], and the first two authors [7]. We now give a different approach to
derive Girard-Waring identities by using the Binet formula A097600 [15] of recursive
sequences and divided differences. Meanwhile, this approach offers some formulas
and identities that may have wider applications.

This paper starts from an application of recursive sequences in the construction
of a combinatorial identity referred to as generalized Girard-Waring identity from
the Binet formula and the generating function of a recursive sequence. By using
the generalized Girard-Waring identity, the Binet type Girard-Waring identity is
derived, which yields the classical Girard-Waring identity by making use of divided
differences. Many number and polynomial sequences can be defined, characterized,
evaluated, and/or classified by linear recurrence relations with certain orders. A
number sequence {a,, } is called sequence of order 2 if it satisfies the linear recurrence
relation of order 2:

Ap = Plp_1 + qln_2, N => 2, (1)
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for constants p,q € R and ¢ # 0 and initial conditions ag and a;. Let o and 8 be
two roots of of quadratic equation 22 — pr — ¢ = 0. From He and Shiue [6], the
general term of the sequence {a,} can be presented by the following Binet formula.

. { (o) on — (mzam) v, if a #6; o)

naja™t — (n —1)apa™, if a=8.

In the next section, from the above Binet formula we will construct a generalized
Girard-Waring identity by using generating function of the recursive sequence shown
in (1). Then the Binet type Girard-Waring identity will be derived accordingly. In
Section 3, we present a way to construct classical Girard-Waring identity from the
Binet type Girard-Waring identity by using the divided difference. Section 4 will
give an application of the generalized Girard-Waring identity to the transformation
of recursive sequences of numbers and polynomials.

2. Construction of Binet type Girard-Waring identity by using recursive
sequences. We now find the generating function of the sequence defined by (1).

Proposition 1. Denote A(s) =3, 5yans". Then

ap + (a1 — pag)s

Als) = 1—ps—gs?

Furthermore, the Taylor expansion A165998 [15] of A(s) is

A(s)

[n/2] .

_ Im—g—1\ 9.1 ;,. . n

=Go+§ ap” 1+§:j( jil )p 271 (jpao + (n — 2j)aq) | s™.
n>1 j=1

Proof. From the definition of A(s), we have

A(s) = Z ans” =ag+ a1s+ Z ans"

n>0 n>2

o+ a5+ 3 (o + ganz)s”
n>2

=ag + a15 + ps E ans™ + qs> E ans”
n>1 n>0

=ag + a15 + ps(A(s) — ag) + qs*A(s).

Hence, we obtain (3).
We now give the Taylor series expansion of the right-hand side of (3) as follows:

ap + (a1 — pag)s
1 —ps —qs?

=(ao + (a1 — pao)s) »_ s"(p+gs)"
n>0
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(a0+a1 pao ZZ()nJJn-H

n>0 j=0
n— n— n

=(ao + (a1 — pao)s ZZ( J) Hgs

n>0 j=0

n

n— n—j—1 n— n

—aozz< J)p 2505 4 (as — pao zz( J >p 2571
n>0 j=0 n>13j=0 J

n— —7-1 n—2j— j n
_ao+zz(ao( ) 2 ﬂ+<a1—pao><” ; )p 2 q>
n>1j=0 '] J
—_i—1 i i — =1\ ne2ic1 i\ =
n>1j=0 ‘] J
—-j—1 n— -j—-1 n—2j5— j n
:ao-i-z (mp Z( <n J >p 29 4 ay <n j )p 2j 1qj>)s
n>1 J
[n/2] .
_ n— *]*1 n 2j—1 j n—2j n
7ao+z aip Z q’ | pao + ; ai s
n>1

[n/2] .
ne 1(n—7—-1\ n_9j-1 4,. . n
—ao+Z<a1p 1+Z-< 0 )p 2 1qf(]pao+<n_2j)a1)>s,

n>1 j=1 J

which completes the proof of the proposition. O

Corollary 1. Let (a,) be the sequence defined by the recursive relation (1), and let
a and B be two distinct roots of the characteristic polynomial of (1). Then we have
the following generalized Girard-Waring identity:

[n/2]
n— nij n—
an = a1p 1+Z ( P )p 2510 (jpag + (n—2f)ar) . (4)

Ifag =0 anda; =1, () implies the Binet type Girard-Waring identity

[n/2] .
n __ An —7—1 . .
(475 :7a ﬁ = E <n '7 )pn_2.7_1q.7

a=-f = J

[n/2] i1 5)
_ ("T T (o w BB (0B)
=2 (" e ey,

where p=a+ B and ¢ = —af.
Proof. From (4), we have

[n/2]

. . — 29
an = ap"" + Z < >p”2“q] <p ap + = ; d 1>, (6)

or equivalently, (4). Hence, we obtain the following identity for all recursive se-
quences defined by (1)

/2] ,

_ 1/m—j5-1\ ,_

ap” 1+Zj< jil )p 274! (jpao + (n — 2j)ax)
j=1
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a1 — Bag " a1 — aag n
= (PP g (L0 g,
a—p a—p
where p = o+ 8 and af = —gq, or equivalently,

/2 + 4 /2 x4
O‘:w and ﬂzw,

If ap =0 and a; = 1, from (4) we have

S N R L
an:alp"_l—l-z.( . )pn_Qj_lq]

= J—1
/2 iy -
:a,lpn71 + Z ( . )pn2j1qj7

— J

J
which implies the first equation of (5) by noting (2). Substituting p = a 4+ 3 and
¢ = —af into the first equation of (5), we obtain the second equation of (5) and
complete the proof. O

Remark 1. He and Shapiro [5] used Riordan array approach to establish the Binet
type Girard-Waring identity (5).

3. Re-establishing of Girard-Waring identities by using the Binet type
Girard-Waring identity. We now prove the classical Girard-Waring identity

gt = ¥ (M e st @

0<k<[n/2]

by using the first equation of (5). First, we need the following lemmas.

Lemma 3.1. Let n € N. Then

ki_;)ﬂﬂ_}(j(n;k)(n—j:i—kk)_<2n—jj—1>' -

Proof. From the Chu-Vandermonde formula and noting, the left-hand side of (8)
can be written as

sy (O (S )

z() (0
% (S ) )
(

m —j — 1) ( L (=1)Fn <z) <n — 2k +z))
j—1 k=0n—2k+i k )
where on the first line

(—ni-‘rk’) :(_1)i(n—k)(n—k—1)~-~(n—k—i+1) :(_I)Z(n—k).
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We split the inner sum of the rightmost hand of the above equation for the left-hand

side of (8),
zi:(_l)zek i\ n (n—=2k+i
= k)n—2k+1i i ’
into two cases. For ¢ = 0, we have the above sum to be n%ow = % =1. Fori >0,
we have
i(_l)i_k(i> n (n—2k+1)!
— ) — 171
P k)n—2k+i (n—2k)!
k(8 (= 2%k +i— 1)
_ 1) Ef? (n
,;f ) (k)” (n — 2k)1i!
— i (—1)i~* i n(n—%-f-i— Dn—2k+i—2)..(n—2k+1)
_k=0 k il

where the last sum is zero because it is the finite difference of a polynomial with
its degree one less than the order of the difference. Hence, the left-hand side of (8)

becomes
J . [ i—k . .
B 2n—j—1 (=) "*n [i\ (n—2k+i
LHS;( j—i ><Zn—2k+z<kz>< i >>

k=0
B (2n —j— 1)
; :

Lemma 3.2. Let a and 8 be two roots of the characteristic polynomial of the
recursive relation(1). Then

> ot (M sy

O

0<k<[n/2]
Z (_l)k n—k—1 (a + ﬁ)n72k71(aﬂ)k 9
k (9)
0<k<[n/2]
= 5 (T T e e
0<k<n

Proof. The left-hand side of (9) can be written as

S X e (T ()

0<k<[n/2) 0<i<[n/2]
(0& + B)Zn_Z(k_H)_l(Oéﬂ)k-H

B S

0<k<[n/2] 0<j<n

(a+ )" =4~ aB)
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gl I G iy

0<j<n 0<k<[n/2]

(a + ﬂ)Zn—Qj—l(aB)j’
where by using Lemma 3.1 the inner sum can be written as

22O

0<k<;

Thus we obtain (9). O

To prove Girard-Waring identity (7), we only need to mention that (9) implies

S () (kg
n—=k k

0<k<[n/2]
D I G LR
0<k<n
> o (" e s et
0<k<[n/2]
_aQn_BQn an_ﬁn_ " n
= " / P =a" + [".

There are some alternative forms of formula (7). As an example, we give the
following one. If z +y + z = 0, then (7) gives

D SR (g [CR Tl

0<k<[n/2]

D DI e (T

1<k<[n/2]

which implies
—k
e D DI Lo () L
1<k<[n/2]
Thus, when n is even, we have formula
. n (n—=k\ ,_
R D DI s () F
1<k<[n/2]
while for odd n we have
.on n—k\ ,_
"yt 42" = Z (-1 kn—k;( >z 2k (zy)*, (11)
1<k<[n/2]
where x + y + z = 0. Consequently, if n = 3, then
23 +y® + 2% = 3ayz, (12)

which was shown in He and Shiue [7]. Saul and Andreescu [14] have shown that the
cube vanishes if z = —(y + z). Note that Euler used this to solve the general cubic.
In [7], the following proposition as an application of (12) was presented.
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Proposition 2. Let x,y € N. Then pzy(x + y)|(z? + y* — (x + y)P) when p > 3 is
a prime.

4. Application to transferring recursive sequences. As a source of Binet
Girard-Waring identity, the generalized Girard-Waring identity (4) has many appli-
cations including a simple way in transferring recursive sequences of numbers and
polynomials. For example, we consider Chebyshev polynomials of the first kind
A028297 [15] defined by

To(z) = 22Ty 1 (x) — Tr_a(x) (13)
for all n > 2 and Typ(z) = 1 and T3 (z) = x. Then from Corollary 1, we have
To()

[n/2] .
n—1 Iin—j—-1 n—2j—1 j . .
=x(2z)"" " + E j( it )(25C) H=H(=1) (225 + (n — 29)z)

Jj=1

[n/2] .
_ 1/m—75-1 i1 oo
—9on 1xn+n ( ] ) —1)ion 27 1.1'” 2_7.
,Z_; J\ J—-1 =)

j=

Similarly, for Lucas numbers A000032 [15] defined by
Ly,=Ly_ 1+ Lp_>

for all n > 2 and Ly = 2 and L, = 1, we have

From the expressions of T}, (z) and L,,, we may see that

i . i n [n/2] 1/n _j_ 1 ] i1 i n—2j5
T, (—=)=2"1(-= - —1)gn-2i-1 (2
(2) = () =25 (2 e (55)

j=1
A R . -
=S an Y (T ) (i (e
2 — j\ Jj—1
j=1
/2] ‘ 4
n 1/n—j—1 no gsn
g and ("I =L
J 7j—1 2

or equivalently,

where ¢ = v/—1.
In general, we have the following result for transferring a certain class of recursive
sequences to the Chebyshev polynomial sequence of the first kind at certain points.
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Theorem 4.1. Let {ay}n>0 be a sequence defined by (1) with pag = 2a1, ap # 0,
and let {T,,(z)}n>0 be the Chebyshev polynomial sequence of the first kind defined
by (13). Then

n—1

2a1p

WTn(l'O)v (14)

Ay —

where

ip
o — 2\/6 (15)

Namely, a, shown in (14) can be expressed as

an = (Fi)"aog™ T, (ilp> . (16)

Proof. From (14) we have

/2y ‘ ‘
T, (z) = @ 1+n Z (",J 1)(—1)](2x)—2ﬂ

j—1

If pag = 2a4, then from (4), we have

an =a;p" " + Z < >p" 7l nay

7j—1
[n/2] , j
_ Zl n—j—1\(4q
n—1
P AN A p

=
[n/2]
(2z0)" 1/m—j5-1 5
=C, 1 = —1)7(2 7,
T R DE- G (St et
7j=1
which implies
n—1 O" n
ap" Tt = 7(2330) (17)
for the value x( satisfying
- q
_(2.'1,'0) 2 = Z?.

Thus, we solve the last equation to get o shown in (15). Substituting zq into (17)
and solving for C yields

2a n—1
1p - o 2a1pn 1/ ( p >
(220) Va

By substituting xo shown in (15) into (14) and noting 2a; = pag, we obtain (16). O

Cp =

Theorem 4.1 can be extended to recursive polynomial case.
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Corollary 2. Let {an(z)}n>0 be a recursive polynomial sequence defined by

an(2) = p(z)an—1(2) + gan—o(z)

for n > 2, where p(z) € R[z] and ¢ € R, with initial conditions ag(z) and ai(x)
satisfying p(x)ao(z) = 2a1(x). Then

oule) = (a0 w1, (£ 22 ).

where T,,(x) is the nth Chebyshev polynomial of the first kind.

Proof. The proof is similar as the proof of Theorem 4.1 and is omitted. O

Example 4.1. For instance, consider the Lucas polynomial sequence {L,(z)}
defined by
L,(z) =xL,_1(x) + Ly—2(x)
for all n > 2 with the initial conditions Lo(x) = 2 and L;(x) = x. Thus
i

Lo(2) = 2(Fi)"T, (12)

for all n > 0. In addition, the Lucas numbers L,, = L, (1) can be transferred to
L = 2(Fi)"T,, (ié)

for all n > 0.
Similarly, for the Pell-Lucas polynomials A122075 [15] @, (z) defined by (see
Horadam and Mahon [9])
Qn(x) = 2$Qn,1((b) + Qn72(1’)

for all n > 2 with initial conditions Qo(z) = 2 and Q1 (z) = 2z, we have
Qn(x) = 2(F9)" T, (Lix)
for all n > 0. The first one of the above formulas is shown in Magnus, Oberhettinger,
and Soni [12].
For the Dickson polynomials of the first kind D,,(2) A000041 [15] defined by (see
Lidl, Mullen, and Turnwald [11])
D, (z) =xD,_1(x) — aD,_s(x)

for all n > 2 with initial conditions Do(z) = 2 and D;(z) = x, where a € R, we
have

Dy (z) = (£1)"2a"/2T,, (%3&)

for all n > 0.
For the Viate polynomials of the second kind defined by (see Horadan [8])

vp(2) = 2vp—1(2) — Vp—2(2)
for all n > 2 with the initial conditions vo(x) = 2 and v1(x) = x, we have
() = 2(F0)" (—1)V/2T, (i;x) = 2(+1)"T,, (ig)
i

for all n > 0. The first one of the above formulas can be seen in Jacobsthal [10] and
Robbins [13].
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We now consider the recursive number or polynomial sequences defined by (1)
with initial conditions agp = 0 and a; # 0, where p € R[z] and ¢ € R. For instance,

Upy1 = 22U, — Up_4 (18)

fpr all n > 1, where initial conditions are Uo =0 and Ul = 1. It is obvious that
Un+1 = U,, the Chebyshev polynomials of the second kind A135929 [15]. By using
(4), we have

U, (x)
n/2]

=0, (22)" ' + Z ( =7 1><2x)““(1>j (j(2z)Uo+<nf2j>Ul)

j—1

n/2]

TR G o

J=0

From (1) and initial conditions ag = 0 and a; = 1, we obtain

[n/2]
n — . . i
ay = a;p" + Z ( Jj= >pn—2j—1q](n_2.7)al

j=1 i1
[n/2] ' '
=ap" '+ Z ( ) " (20)
"/2]

1\ .
=ap"” 1 Z < ) 2Jq]'
Comparing with the rlghtmost sides of (19) and (20), we have the following result.

Theorem 4.2. Let {ay }n>0 be the sequence defined by (1) with ap = 0 and a1 # 0,
and let {U, () }n>0 be the Chebyshev polynomial sequence of the second kind defined
by (18). Then

= (F0)" targ" IV PU, o (m), (21)
where ]
p
To=Ft——. 22
Namely,

— (5 (n— 1)/2U wp
an = (Fi)" taiq _ ( 2\/@)

Proof. Let a, and U, be the sequences shown in the rightmost of (20) and (19),
respectively. Suppose a,, = C,U,(x9) for some xy. Then we may have

for xy = +ip/(2,/q) and
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which implies

_ alpn—l _ alpn—l :alq(n—l)/Q
" (@)t ip \" ! +i)"
ETySNT
Consequently, (21) follows. O

Example 4.2. Among all the homogeneous linear recurring sequences satisfying
second order homogeneous linear recurrence relation (1) with a nonzero p and arbi-
trary initial conditions {ag, a1 }, the Lucas sequence with respect to {p, ¢} is defined
in one of the authors paper [4], which is the sequence satisfying (1) with initial
conditions ag = 0 and a; = 1. The relationships among the recursive sequences
and the Chebyshev polynomial sequence of the second kind at certain points and
some nonlinear expressions are studied. Theorem 4.2 presents the relationships of
the Chebyshev polynomial sequence of the second kind at some points with a more
general class of recursive sequences defined by (1) with initial conditions ag = 0 and
ay # 0. For instance, for the Fibonacci numbers F,, A000045 [15] with respect to
{p,q} = {1,1} and initial conditions ag = 0 and a; = 1, we have
By = (F9)" Un_y (i;)

(see Aharonov, Beardon, and Driver [1]). For the Pell numbers P,, A000129 [15]
with respect to {p,q} = {2,1} and initial conditions ap = 0 and a; = 1, we have

P, = (:Fl)n_lUn—l(il)

For the Jacobsthal numbers (cf. [2]) J,, A001045 [15] with respect to {p, ¢} = {1, 2}
and initial conditions ag = 0 and a; = 1, we have

\n—1 ¢
In = (FV20)" Un (i 5 ﬂ> :
For the numbers A,, shown in the sequence of n coin flips that win on the last flip
A198834 [15] defined by the recurrence relation (1) with respect to {p,q} = {1,1}
and initial conditions ag = 0 and a; = 2, we have {A4,,} = {0,2,2,4,6,10,16,...}
and .
Ay = 2(F)""Up_y (ié) .

For the numbers B,, shown in the sequence of the numerators of the fractions in a
‘zero-transform’ approximation A163271 [15] defined by the recurrence relation (1)
with respect to {p,q} = {2,1} and initial conditions ap = 0 and a; = 2, we have
{B,} = {0,2,4,10,24,58,...} and

B, = 2(F4)" U, _1(£1).

Theorem 4.2 can be extended to recursive polynomial case as Chebyshev poly-
nomials of the second kind.

Corollary 3. Let {an(z)}n>0 be the recursive polynomial sequence defined by

an () = p(@)an—1(2) + gan—2(z)

for n > 2, where p(z) € Rlz] and ¢ € R, with initial conditions ag(x) = 0 and
ay1(x) #0. Then

an(z) = (Fi)" a1 (2)g"V/2U,_; (if\(/”g) .
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Proof. The result can be proved by using similar argument in the proof of Theorem
4.2. O

Example 4.3. For instance, for Pell polynomials A122075 [15] defined by (see
Horadam and Mahon [9])

P, (z) = 22P,_1(x) + Pp_o(x)
for all n > 2 with initial conditions Py(z) = 0 and P;(z) = 1, we have
Po(z) = (F0)" U1 (Fix)

for all n > 0, where U_1(z) = 0. The above formulas are shown in Magnus,
Oberhettinger, and Soni [12].
Similarly, for Viate polynomials of the first kind defined by (see Horadan [8])

Vo(z) = 2Vy_1(z) — Vioa(z)
for all n > 2 with initial conditions Vp(x) = 0 and V;(z) = 1, we have
i

Valo) = ()" (0020, (£2) = (10, ().

for all n > 0. The first one of the above formulas is shown in Horadan [8]. From
the above formulas and the similar formulas of v, (x) shown above, one may obtain

Vo(iz) =" F(z) and  w,(iz) = i"L,(z),

which are shown in Robins [13].
Gegenbauer-Humbert polynomial sequences, denoted by {P*¥C(z)}, is defined
by the recurrence relation

A+n—1 22 +n—2
Cn Y Cn

for all n > 2 with initial conditions Po)"y’c(a:) = C~ and Pk’y’ (z) = 22zC~*L.
Particularly, for A = 1, we denote P ¥:“(z) by P¥“(z) and (23) becomes

n

Ay, C Ay, C
P,;\’y’c(x) -9 Pn—yl (.13) _ Pn_yg (3;‘) (23)

Pre() = SRS (@) - LIS ) (24

for all n > 2 and P¥“(z) = C~1 and P¥“(z) = 22C~2. From (4), we have the
expression of P¥'¢(x) as

Prow =prow (%)
+nz/2 (”Jfll ( )n 2“( %)( 2o +(nf2])(2x072))
=(2207%) (%x) B ij(";ff) 5‘” o (-4) (n- e

(B Ze() @) e
(7))
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Thus, 2 |
P (2) = Un(x) = (22)" [nz/:] (” N j) (;)j (25)

- J

7=0
are the Chebyshev polynomials of the second kind with the first few elements as
1,2z, 422 — 1,823 — 4z, ..., and

P = Rae) = (o S (") (41) (26)

=0\ 7

are the Pell polynomials ([2]) with the first few elements as 1, 2z, 42241, 823 +4x, . . ..
Similar to Theorem 4.2, we may establish the following result.

Theorem 4.3. Let PYC(x) and PY'C (z) be two Gegenbauer-Humbert polynomi-
als defined by (24) with respect two difference complex parameter pairs (y,C) and
(y',C"), respectively. Then

Py (21) = an P (w2) (27)
if the complex variables x1 and xo satisfy
y/Cl

where
C, n+1 T n
w=(e) (2)
Proof. Let PYC(xz1) = anP¥“ (x3). Then from the rightmost side of (25) for
Py:C(z) and PV (z), respectively, we have

()50 ()
— (=L _ -=
c\cC = J 4zy
R ()
=, — ] -
¢\ = J 4zs
e _ e

T2 T 2
4ay 45

or equivalently, (28), and «, satisfying
L2\ 1 (20"
c\C o\ o

7 C/n+1 1 n
Qn = COn+1 ?2

which completes the proof of the theorem. O

for

Consequently, we obtain

Example 4.4. The Chebyshev polynomials of the second kind Pl!(z;) can be
transferred to the Pell polynomials P, ! (z3) by using

:I; n
P () = () P (),

€2
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where 23 = —x%. More precisely, noticing (26) and using 23 = —x% we may write
the righthand side of the above equation as

() o= (2) eor £.(°77) ()

=(2xq)" %/é] (n _j) (-&)j = Pyl (a),

=0 N J

where the last equation comes from (25).
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