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Abstract

A many-valued modal logic is introduced that combines the standard (crisp) Kripke
frame semantics of the modal logic K with connectives interpreted locally as abelian
group operations over the real numbers. A labelled tableau system and a sequent
calculus admitting cut elimination are then defined for this logic and used to establish
completeness of an axiomatic extension of the multiplicative fragment of abelian logic.
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1 Introduction

Many-valued modal logics model modal notions such as necessity, belief, and
spatio-temporal relations in the presence of multiple degrees of truth, certainty,
or possibility. They are defined by extending the Kripke frames of classical
modal logic with a many-valued semantics at each world, and have been used
to model fuzzy belief [16,12], fuzzy similarity measures [13], many-valued tense
logics [17,9], and spatial reasoning with vague predicates [28]. Such logics also
provide the basis for fuzzy description logics, which, analogously to the classical
case, can be viewed as many-valued multi-modal logics (see, e.g., [29,15,1]).
General approaches to finite-valued modal logics are described in [10,11,3,27],
while infinite-valued modal logics with propositional operations depending only
on a given total order — in particular, Godel modal logics — are investigated
in [6,24,7,5,4].

Many-valued modal logics of “magnitude” typically involve reasoning about
some form of addition over sets of real numbers, archetypal examples being
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Lukasiewicz modal logics, where propositional connectives are interpreted by
continuous functions over the real unit interval [14,3,18,22] (see also [21,20,23]
for related real-valued modal logics). Finite-valued (crisp) Lukasiewicz modal
logics are axiomatized in [18], but the axiom system defined for the infinite-
valued (crisp) Lukasiewicz modal logic includes a rule that has infinitely many
premises. This matters because, although it is easy enough to define a many-
valued modal logic semantically (simply decide on suitable sets of values and
operations), studying such a logic when it lacks a finitary axiom system or
algebraic semantics may be difficult; consider, for example, classical modal
logic deprived of the theory of Boolean algebras with operators. Note also that,
while validity in finite-valued Lukasiewicz modal logics is known to be PSPACE-
complete [2], only a NEXPTIME upper bound is known for the infinite-valued
case, as may be deduced from complexity results for Lukasiewicz description
logics obtained in [20].

In this paper, we take a first step towards addressing these issues by defining
and investigating a simple many-valued modal logic of magnitude K(R) with
propositional connectives interpreted as the usual group operations over the real
numbers. The next step would then be to interpret infinite-valued Lukasiewicz
modal logic in an extension of K(R) with lattice connectives. The logic K(R)
may be viewed as a minimal modal extension of the multiplicative fragment of
abelian logic studied in [26,8,25]. We provide here a sound and complete axiom
system for K(R), making use of both a labelled tableau system and a sequent
calculus admitting cut elimination to establish the more difficult completeness
result. We also obtain an EXPTIME upper bound for validity.

2 A Real-Valued Modal Logic

Let us fix Fm as the set of formulas, denoted by ¢, 1, x, defined inductively
for a language with a binary connective — and a modal connective O over
a countably infinite set Var of propositional variables, denoted by p,q. The
complexity of a formula ¢ is defined as the number of occurrences of connectives
in ¢, and the modal depth of ¢ is defined as the deepest nesting of the modal
connective O in ¢. Fixing some py € Var, we define additional connectives

0:=po—po, ~p:=¢p—=0, @&p:=-p—1, and Op:=-0O-p.

We also define O := 0 and (n + 1)p := p&(nyp) for n € N.

Let us remark that these (perhaps counter-intuitively) defined connectives
arise as a natural feature of the multiplicative fragment of abelian logic [26,8,25]
— an axiomatic extension of multiplicative linear logic that is complete with
respect to the class of abelian groups with © — y interpreted as y — x, where
a formula is valid if it is non-negative. Since the multiplicative conjunction
and disjunction, and also the multiplicative constants, coincide in this logic,
we can restrict to a language with just implication and define 0 := py — po,
where the “0” anticipates the interpretation in R. Negation and multiplicative
conjunction (equivalently, disjunction) connectives are then defined as usual.
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A frame is a pair § = (W, R), where W is a non-empty set of worlds and
R C W x W is an accessibility relation. § is called serial if for all x € W,
there exists y € W such that Rzy. A K(R)-model M = (W, R, V) consists of a
serial frame (W, R) and a map V: Var x W — [—r, 7] for some r € R, called
a valuation. This valuation is extended to V: Fm x W — R by

V((p - 7/1796) = V(djvl‘) - V(QO7$)
V(Op,z) = ANV (e,y) : Rzy}.

It follows also that
V(0,z) =0 Vip&ip, ) = V(p,2) + V(¢,2)
V(mp,z) = =V (p,z) V(Qp,z) = V{V(e,y) : Ray}.

¢ € Fm is valid in a K(R)-model M = (W, R, V) if V(p,z) > 0 for all z € W.
If ¢ is valid in all K(R)-models, then ¢ is K(R)-valid, written =k gy @

The restriction to serial frames is more or less imposed for this semantics
by the fact that A0 and \/ 0 do not exist for R. Note also that the seriality
axiom Op — <O is derivable in any extension of the multiplicative fragment
of abelian logic with the standard axiom O(¢ — ¢) — (O¢ — Ot). Similarly,
restricting the codomain of a valuation to a bounded subset of R circumvents
problems with infima or suprema of unbounded sets of values and is justified
to some extent by the following finite model property.

Lemma 2.1 [=xw) ¢ if and only if ¢ is valid in all finite K(R)-models.

Proof. It suffices to prove the following: for any K(R)-model 9 = (W, R, V),
x € W, finite set of formulas S, and £ > 0, there exists a finite K(R)-model
M = (W', R, V') with x € W’ such that |V (p,z) =V’ (p,x)| <eforall p € S.
We proceed by induction on the sum of the complexities of the formulas in S.

For the base case, S contains only variables and we let 9V = (W', R, V')
with W' = {z}, R' = {(z,z)}, and V'(p,z) = V(p,z) for each p € Var.
For the inductive step, suppose first that S = S’ U {¢y — x}. Then we can
apply the induction hypothesis with 9, x € W, S” = S’ U {9, x}, and § >
0 to obtain a finite K(R)-model MM’ = (W', R, V') with z € W’ such that
[V(p,z) =V'(p,z)| < § for all p € §”. Tt suffices then to observe that [V (¢ —
Vo)l + Vb, ) — V(o) < 5+ 5 =<

Now suppose that S consists of variables and boxed formulas O, ..., O,
(n > 1). Then for 1 < i < n, there exists y; € W such that Raxy;
and |V(Ovyy, ) — V(¢s,y:)] < 5. We apply the induction hypothesis to
each submodel M; of M generated by y; (i.e., the restriction of M to the
smallest subset of W containing y; and closed under R) with S = (S
{O¢1, .., 09 }) U{Y1, ... ¢}, yi € Wi, and § > 0 to obtain a finite K(R)-
model M, = (W], R}, V) and y; € W] such that [V (p,y;) — V'(¢,4:)| < § for
all ¢ € S’. By renaming worlds, we may assume that these models are disjoint
and do not include z. Now let ' = (W', R, V') be the finite K(R)-model
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B) (p—=v) = (¥ —=x) = (@—=x)
C) (b= W—=x) = @W—=(p—x)
D =
A) ((p—=v) =)=
(K) DO(p—=¢) = (Op — 0Y)
(Dn) O(ng) = nbe  (n>2)
p oY

m (mp) Dlip (nec) % (con,) (n>2)

Fig. 1. The axiom system K(R)

with W' = {2z} UW{ U...UW/ such that for u,v € W/,

Riuv  if u,v € W) Vilpu) ifue W
Ruv=1<1 ifu=mz, ve{y,...,un} Vipu=<_" P, . “ ‘
. Vip,z) ifu=u.
0 otherwise,

Clearly V'(p,x) = V(p, ) for each propositional variable p € S. For 1 <i < n,
recall that |V (Ovy, ) — V (15, y5)| < 5 and also |V (1), ;) — V' (s, y5)] < § for
1 S] STL, S0 ‘V(D%J)_V/(D%af” <e. o

The main goal of this paper will be to prove the following soundness and
completeness theorem for the axiom system K(R) presented in Fig. 1.
Theorem 2.2 For any ¢ € Fm, Fxm) ¢ if and only if Fx ) ¢-

Soundness (the left-to-right direction) is straightforward. It is easily checked
that the axioms (B), (C), (I), (A), and (K) are valid in all K(R)-models. For
the less standard axioms (D,) (n > 2), it suffices to consider a K(R)-model
M= (W,R,V) and 2 € W, and to observe that

V(O(np),z) = N{V(ng,y) : Rey}
= NMnV(p,y) : Ry}

n AV (p,y) : Rry}

V(nOgp, x).

Clearly, (mp) and (nec) preserve validity in K(R)-models. For (con,), note that
if V(np,z) > 0 for a K(R)-model M = (W, R, V) and « € W, also V(p,z) > 0.

Proving completeness (the right-to-left direction) will be our main aim in the
remainder of this paper. First, in Section 3, we define a labelled tableau system
that is sound and complete with respect to the Kripke semantics. In Section 4,
we then provide a sequent calculus that proves the same formulas as the axiom
system K(R). In Section 5, we establish the soundness and completeness of all
these systems with respect to the Kripke semantics by showing that formulas
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derivable in the labelled tableau calculus are derivable in the sequent calculus.
Finally, in Section 6, we prove cut elimination for the sequent calculus.

3 A Labelled Tableau System

In this section we introduce a labelled tableau calculus LK(R) for checking
K(R)-validity, based very closely on the Kripke semantics. Intuitively, to check
whether a formula ¢ takes a value less than 0 in a world z, we decompose the
propositional structure of ¢ to obtain an inequation between sums of formulas
at . Box formulas on the right of inequations generate new worlds accessible to
z and new inequations between sums of formulas to be processed. Box formulas
on the left are decomposed by considering accessible worlds and generating
new inequations for those worlds. These inequations may involve formulas
evaluated at different worlds; we therefore treat inequations between formulas
labelled with integers representing worlds in Kripke frames. The formula ¢ will
be valid if and only if the generated set of inequations (suitably interpreted) is
unsatisfiable over the real numbers.
More precisely, we consider (tableau) nodes of the following forms:

(1) (D)® > (A)! such that > € {>,>} and (I)* = [(p1)*,..., (pn)*"] and
(A = [(v1)h,. .., (¥m)bm] are multisets of formulas T' = [1, . .., ¢,] and
A = [1,...,%n] labelled by k1,...,kn,l1,...,Ln € Z;

(2) rij such that i,5 € N.

Intuitively, (1) represents an inequation between sums of values of formulas
evaluated at (possibly different) worlds of a K(R)-model (¢; is evaluated at
world |k;| on the left, and ¢; at world |k;| on the right) and (2), the expression
rij, denotes that world j is accessible from world ¢ in this model.

We define the complezity of an inequation (I')* > (A)! to be the sum of
the complexities of the formulas in I and A, where formulas of the form Ogp
labelled by —i for ¢ € N are treated as propositional variables.

A tableau for a formula ¢ is a finite sequence of nodes starting with [| >
[(¢)!], r12 generated according to the inference rules of the system presented in
Fig. 2; that is, if expressions above the line in an instance of a rule occur in the
sequence, then the sequence can be extended with the expressions below the
line. The tableau is called complete if the rules have been applied exhaustively,
but only once to the same set of premises, and no application of (ex) is followed
by another application of (ex). As labelled inequations occurring above the line
in an instance of a rule have a higher complexity than those occurring below
the line, there exists a complete tableau for every formula.

We call expressions of the form (p)? or (Op)~% with i € N labelled variables.
The system of inequations associated to a tableau consists of all inequations
over the labelled variables occurring in the tableau where the comma “” is
interpreted as the usual addition over the real numbers. A tableau is closed if
its associated system of inequations is inconsistent over R; otherwise it is open.
A formula ¢ € Fm is derivable in the labelled tableau calculus LK(R), written
FLk®) ; if there exists a complete closed tableau for (.
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(D)% (g = 9> (A) O)F*e (0 = 9), (A)

OF e @ O ey @y U
T i
(P)k, (I:Iap)i > (A)l (DD) (F); > (\?@) ) (Aj)l (DD)
(pV > (Op) Qoy-2ley
(F)k, (an)fi > (A)l (F) ( MJ) , ( ) i, €N, j new
TR (ex)
rkj j € N new

Fig. 2. The labelled tableau calculus LK(R)

Example 3.1 The seriality axiom is derivable in LK(R) using the following
complete tableau for Op — Cp=0p — (O(p — (p = p)) = (p = p)):
1> @p—@@Fp—=(p—p)—=@—>p)
rl12
(Op)' > @P = (p—p) = (0= 1)
@OE—=@E-=p)'>@—p)"
- =p)h e > )

© 0N U W e
~—~
0
S
)
=
—
O
—~

_ =
=]
N N
SRS
R
S
oo
eiv 0
sS
o
To
—_—~
=3
1l
()
1
=

12: 123

with the following inconsistent system of inequations over R
{y+u+v>v, 2>y, ©>2z+u}

where x,y,u, v stand for (p)2, (Op)~L, (O(p — (p — p))) %, (p)?!, respectively.

Let us call a K(R)-model M = (W, R, V) faithful to a tableau T if there is
amap f: N — W (said to show that 9 is faithful to T") such that if 7ij occurs
in T, then Rf(i)f(j) is in M, and for every inequation (¢1)%,..., (@n)™" >
(¥1)71, ..., (¢ )?™ occurring in T,

Vier, F(li)) + -+ Vipn, f(lin])) > V1, F(152D) + - - 4 V(s f(1Tm]))-

Note that whenever a K(R)-model 9t = (W, R, V) is faithful to a tableau T,
the map defined by e((p)?) = V(p,i) and e((Op)~%) = V(Op,i) satisfies the
system of inequations associated to T over R, and hence T is open.

The following lemma establishes the soundness of the rules of LK(R).
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Lemma 3.2 Let M = (W, R, V) be a finite K(R)-model faithful to a tableau T
If a rule of LK(R) is applied to T to obtain an extension T', then M is faithful
to T'.

Proof. Let f be a map showing that 9t = (W, R, V) is a finite K(R)-model
faithful to a tableau T. The cases of (—>) and (>—) follow easily. For (Op),
suppose that (I')*, (O¢p)i>(A)! and rij appear in T and we obtain an extension
T' of T with (¢)? > (Op)~* and (¥, (Op)~" > (A)L. Since M is faithful to
T, we have Rf(i)f(j). But then V(p, f(|j])) = V(e, f(4)) = V(B f(i)) =
V (3, f(|—i])), so M is faithful to T”.

For (»0), suppose that (T')* > (Op)?, (A)! (i € N) appears in T and we
obtain an extension 7" of T' with rij (j € N new), (Jp)~% > ()7, and (T')* >
(Op)~% (A)L. Because M is finite and serial, there exists v € W such that
Rf(i)v and V(Oyp, f(i)) = V(p,v). Hence the map f’ defined to be f but with
1'(j) = v shows that 9 is faithful to T".

Finally, for (ex) suppose that rik appears in T and we obtain an extension
T of T with rkj (j € N new). Since rik is in T, we have Rf (i) f(k). Because
M is serial, there exists v € W such that Rf(k)v. The map f’ defined to be f
but with f/(j) = v shows that 9 is faithful to T". O

To establish the completeness of LK(R), we introduce the following notion.
Let T be a complete open tableau and let e be a map satisfying the system of
inequations associated to T. We say that 9t = (W, R, V) is an e-induced model
of T if

e W ={w;:: € Nis alabel occurring in T};

* Rw;w; if and only if rij occurs in T or ¢ = j and rik is not in T for any k;

v ) e((p)?) if (p)? occurs in T
° ,W;) =
P 0 otherwise.

Lemma 3.3 Let M = (W, R, V) be an e-induced model of a complete open
tableau T', and extend the map e by fizing e((¢))) = V(p,w;) for each w; € W.

If (1) (pn) ™ > (Y1) oo (Ym)™ appears in T, then
e((p)™) + o el(en)™) o e(()™) + .+ e((m)™).

Proof. We proceed by induction on the complexity of the inequation. The base
case follows using the definition of 9t and the fact that e is a map satisfying the
system of inequations associated to T', while the cases where (1)%,. .., (pn)">
(1)1, ..., (¥, )™ appears as a premise of an application of (—>) or (>—)in T
follow directly using the induction hypothesis. Suppose that the inequation is
of the form (T')*, (Op)’>(A)! for i € N. Since 90 is finite, there is a j such that
rij occurs in T and V (O, w;) = V (o, w;). But also (¢)? > (Op)~¢ occurs in 7,
and hence, by the induction hypothesis, V (¢, w;) = e((p)?) > e((Ogp)~"). We
also have that (T')*, (Op)~*>(A)! occurs in T', and the desired inequality follows
by another application of the induction hypothesis. Finally, if the inequation
is of the form (I)* > (Op)?, (A)* with i € N, then by (>0) we must have in
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the tableau rij for some j € N, (Op)~% > (¢)7, and (I)* > (Og)~*, (A)L. The
desired inequality follows by applying the induction hypothesis to these two
inequalities and observing that V (e, w;) > V(Op, w;). O

Putting together these last two lemmas we obtain the following soundness
and completeness theorem for LK(R).

Theorem 3.4 For any ¢ € Fm, Frgr) @ if and only if Fxw) @

Proof. For the left-to-right direction, assume %K(R) (. Then by Lemma 2.1,
there is a finite K(R)-model M = (W, R, V) and some world w; € W such
that 0 > V(p,wy). Let f: N — W be any function such that f(1) = w; and
f(2) = wa, where Rwjws. This function shows that 90 is faithful to the tableau
consisting just of [] > [(¢)!], 712. Suppose that by applying the decomposition
rules to this tableau, we obtain a complete tableau 7. Applying Lemma 3.2
inductively, 901 is faithful to T. So the system of inequations associated with T’
is consistent over R, and T is open. Hence b/ k) -

For the right-to-left direction, suppose that t/pxr) ¢. Then there is a
complete open tableau 7' beginning with [| > [(¢)'], 712. Let e be a map
satisfying the system of inequations associated to T" and consider any e-induced
model M = (W, R, V) of T. By Lemma 3.3, we obtain 0 > e((¢)!) = V (@, wy).
Hence %K(R) ®. O

We also obtain an upper bound for the complexity of checking K(R)-validity.
Theorem 3.5 K(R)-validity is in EXPTIME.

Proof. Given a formula ¢ of modal depth d, we generate a complete tableau
for ¢. We do this stepwise, where after i steps, we are only left with nodes
containing formulas of modal depth at most d —i. Step ¢+ 1 is then as follows.
We first apply the (—>) and (>—) rules exhaustively. Inequations containing
implicational formulas can then be removed, since they will not belong to the
set of inequations associated to the tableau. Hence we obtain nodes containing
only labelled variables and modal formulas. We then apply the rule (>0) for
each boxed formula occurring on the right in one of these nodes and (ex) one
time for each new label. We apply (O»>) exhaustively and then remove all
nodes containing formulas of modal depth d — i. After d steps we obtain a
complete tableau for ¢ that contains exponentially (in d) many different nodes
using exponentially many (in d) labels. Hence we obtain a linear programming
problem of at most exponential size in d. The result follows from the fact that
the linear programming problem is in P [19]. a

4 A Sequent Calculus

We define a sequent to be an ordered pair of finite multisets of formulas I' and
A, written I' = A. For multisets of formulas " and A, we write I', A to denote
their multiset union, nI' for I',...,T' (n times), and OI for [Op : ¢ € I'].

We define a formula translation of sequents as follows:

Z(P1y-eoson = U1,y Um) = (o1& ... &pn) = (0i1& ... &),
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FLe=A II=¢X%
Asa P TS Y

I'=sA II=3% nl' = nA
Filosy,A MY r=a 8% (59
L =9, A o=y, A
F,(p%i/}éA(%j) Fé(p%lﬁ,A(j—”

I = nfy]

———— (On)

OT = n[Oy) (n>0)

Fig. 3. The sequent calculus GK(R)

where p1& ... &, = 0 for n = 0. We say that a sequent I' = A is K(R)-valid,
written ':K(]R) I'= A, if ':K(R) I(F = A)

A sequent calculus GK(R) is presented in Fig. 3. The following rules are
derivable in this system.

Lpv= A I'= 9, A

T oty = A &) N A
=g A o= A
Top=a () T= A &7
I's A = I'= A =
- —_ - = 0
F,O:>A(2>) F:>0,A( )

Example 4.1 The rule (O,,) can be used to derive instances of (D,,) as follows:

o o= P ()

(&=)
7 (&=)
DUijié;.j?D¢(Dn)
— (=&
O(ney) :> nOp (le)

= O(nyp) — nOp

We note also that the “cancellation” rule
Fe=¢ A
“Toa (O

is both derivable in GK(R) and can be used, with (MIX), to derive (CUT):

7= (D) Lip=p A (=) Lo=A TI= o,
poes ) TopopA LIy = ¢ 5,A
'=A I= XA

= (MI1X)
(CAN)

(cuT)
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Moreover, the following rule (used in the proofs of Theorems 2.2 and 4.3)
A, OT = Ogq,...,0p,, A k.m
where k€ N\ {0}, neN, kT =TowlW...uT,

is derivable in GK(R) as shown below:

Fn = k[@n]

BT, = k(Opn] ()
Dimbe] o ()
FO = oy = k[ng] b .
(Oo) (MIX)
DFO = D(Fl Lﬂ@rn) = k[D(fol]v"wk[DgoTb} (MIX)
(ID) D(Fowrlw“-wrn):>k[D§01]7'~':k[DSDn] (SC )
A=A DF:>D(p1,...7DQpn (MIX) k

Avl:]F?D@la"'vDSOnvA

We now establish the equivalence of GK(R) with the axiom system K(R):
Theorem 4.2 Fgkr) I' = A if and only if Fxw) Z(I' = A).

Proof. It suffices for the left-to-right direction to show that for any rule of
GK(R) with premises Si,..., S, and conclusion S, whenever Fg gy Z(S;) for
i=1...m, also Fgm) Z(S). For example, consider the rule (O0,) and assume
that Fxry Z(I' = n[p]). Suppose that I' = [¢)1,...,¢y] and Y = 1& ... &,
We continue the derivation of Z(I' = n[p]) = ¥ — ne in K(R) to obtain a
derivation of Oy — nOgp:

1. Y —=np

2. O = ny) (nec)

3. O = np) = (Oyv — Onep) (K)

4. DY — One (mp) with 2,3
5. Ong — nOp (Dy)

6. (Oy — Onp) — ((One — nOp) — (O — nOyp)) (B)

7. (Ong — nOp) — (Oy — nOyp) (mp) with 4,6
8. Oy — nOp (mp) with 5,7.

(OY1& ... &Ow,,) — Oy is derivable using (B), (C), (I), and (K), so, using (B)
and (mp), we obtain a derivation of Z(OI' = n[Oyg]) = (O & ... &Op,,) —
nOp in GK(R).

For the right-to-left direction, it is straightforward to show that every axiom
of K(R) is derivable in GK(R); see, e.g., Example 4.1 for derivations of instances
of (D). Also, the rules of K(R) are derivable in GK(R). For example, for
(cony,), starting with = ny, we can apply (cuT) with the derivable sequent
ny = nlp] to obtain = n[y| and then, by an application of (SC,,), obtain also
= . Hence, if Fxr) Z(I' = A), then Fgg®)= Z(I' = A) and, applying
(cut) with the derivable sequent I', Z(I' = A) = A, also Fggr) I' = A, O
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The rule (cuUT) is not really necessary for derivations in GK(R). That is,
there exists an algorithm for constructively eliminating applications of the rule
(cuT) from derivations in GK(R); this may be stated as follows:

Theorem 4.3 GK(R) admits cut elimination.

However, as this result is not required for the proof of the completeness theorem
for K(R) (Theorem 2.2, proved in Section 5), we defer its proof to Section 6.

5 Completeness

This section is devoted to proving Theorem 2.2. We begin with a simple lemma
establishing a separation of propositional variables and boxed formulas.

Lemma 5.1 If I' and A are multisets of propositional variables and [Fg )
IO = A,0%, thenT' = A and Fgg) OII = 0.

Proof. Suppose that T and A are multisets of propositional variables and
Fxm [0 = A,0%. It suffices to show that I' = A as then clearly also
Fx@® O = 0OX. Suppose for a contradiction that I' # A. Without loss
of generality, some propositional variable p occurs strictly more times in T’
than A. Consider a K(R)-model with worlds z,y satisfying Rzy and Ryy
where V(p,z) = 1, V(p,y) = 0, and V(q,z) = V(q,y) = 0 for ¢ # p. Then
V(B¢p,z) =0 for any ¢ € Fm, and k) I', Ol = A, 0%, a contradiction. O

Theorem 2.2 is a consequence of the following result and Theorem 4.2.
Theorem 5.2 If Exr) I' = A, then Foxm) I' = A.

Proof. We prove the claim by induction on the lexicographically ordered pair
consisting of the modal depth of Z(I' = A) and the sum of the complexities
of the formulas in I' = A. Assume @) I' = A. If T' =T" W [¢ — 9], then
Fxm) I',¢¥ = ¢, A and, by the induction hypothesis, Fax®) I, ¢ = ¢, A.
Hence Fagr) I, = ¥ = A. The case for A = A" W [p — 9] is very similar.

If ' = A has the form I'y, 0y = A,0A5 where I'1 and A; contain
only propositional variables, then, by Lemma 5.1, we obtain I'y = A; and
Fx@®) OT2 = OAy. Clearly Fak®) I't = Ap. Hence it suffices, using (MIX),
to prove that Fqgg) Oz = OAg, where OI's = OA; has the form

Dgpla"'7D¢n:>D¢17""Dwm (mvnEN)
We know Fgw) Opi,..., 00, = O¢1,...,0¢,,. Hence, translating between

sequents and formulas and using Theorem 3.4, there is a complete closed
tableau 7" beginning with r12 and containing

(Op1) oo, (@)™ > (@) (@) (1)

T must then also contain inequations for new labels yq,...,ym € N

(Opy)~E > ()Y oo (Oy) 7t > ()¥ (2)
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and, fixing yo = 2 for convenience,
(p1)? > (Op))™t ... (1) > (Opr) ™

: : (3)
(pn)¥e > (D¢n)71 v () > (D‘pn)il'

Since T is closed, the system S of inequations associated to T is inconsistent
over R. Note that an inequation I' > A occurring in 7" may not occur in S;
however, there does always occur in S an inequation obtained by applying the
tableau rules for — to I'> A and then the tableau rules for O switching each
i € N to —i; we call this inequation the derived inequation of T' > A.

Recall that a system of inequations of the form f;(Z) > ¢;(z) (1 < i <)
and h;(z) > k;j(z) (1 < j < s) where each f;, 9, hj, k; is a positive linear
sum of variables in Z containing no constants, is inconsistent over R if and
only if there exist A1,..., A € N (not all zero) and p,...,pus € N such that
MA+. M fr b+ Fpshs = Mg+ A+ Negr ik 4. 4 psks. For
convenience, we may say that the inequation f;(Z) > ¢:(Z) or h;(Z) > k;(Z) is
“used” A; or u; times, respectively, in the linear combination.

We now consider a linear combination of the inequations in S that witnesses
inconsistency over R and observe:

(i) The inequation (1) is the only strict inequation occurring in § and hence
must be used in the linear combination some fixed & > 0 times.

(ii) The variables (Ot7)71, ..., (0%,,)~! occur in S only in (1) and in the
inequations derived from (2); hence, using (i), each inequation derived
from (2) must be used in the linear combination k times.

(iii) The variables (Op;)~1,...,(0w,) ! occur in S only in (1) and in the
inequations derived from (3); hence, given that the derived inequation of
(¢i)% > (Op;)~7 is used in the linear combination A;; > 0 times, we
obtain )\i,O + )\@1 +...+ )\i,m =k for 1 <1< n.

Let &’ be the system of inequations obtained from S by replacing (1) and the

inequations derived from (2) and (3) with the inequations derived from

Aol(1)%], - Anol(en)¥] > [
Alle0)¥ ], A il(en)¥7] > E[(¥5)%] 1<j<m  (4).

Crucially, there is also a linear combination of the inequations in &’ witnessing
inconsistency over R that uses each inequation derived from one of the inequa-
tions in (4) exactly once. Moreover, all the inequations in &’ are obtained by
applying tableau rules to the inequations in (4). Observe now, however, that
the different inequations in (4) contain different labels yo, y1, - . ., ym. Hence the
inequations in 8’ obtained by applying tableau rules to different inequations in
(4) will contain disjoint sets of variables. It follows that by applying tableau
rules to any one particular inequation in (4) produces a subset of the inequa-
tions in &’ that admits a linear combination witnessing inconsistency over R.
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But then, translating between sequents and formulas and using Theorem 3.4
again, we obtain

}:K(R) )‘1,0[@1]’ ey )\TL,O[SDH} =
Fr®) Ailpils - Anjlon] = k] 1<5<m.

So, by the induction hypothesis,

Fak®) Atole], - Anolen] =
oA

Fak®) ALjletls - Anlon] = k] 1< <m.
But now we can apply the (derived) rule (O ,,) to obtain the required derivation
of Opy,...,0p, = O¢y,...,0¢, in GK(R). ]

6 Cut Elimination

This section is devoted to proving Theorem 4.3. Let GK(R)" be the sequent
calculus consisting of the rules (ID), (—=-), (=—), and (O ,,). We show first
that every cut-free derivation in GK(R) can be transformed algorithmically
into a derivation in GK(R)*. Recall that for a sequent calculus C, a sequent
rule is admissible for C if for any instance of the rule, whenever the premises
are derivable in C, the conclusion is derivable in C; the rule is invertible for C
if for any instance of the rule, whenever the conclusion is derivable in C, the
premises are derivable in C.
We begin with two preparatory lemmas:

Lemma 6.1 The rules (—=-) and (=—) are invertible for GK(R)".

Proof. Simple (constructive) inductions on the height of a derivation of the
premise in GK(R)" in each case. |

Lemma 6.2 The rules (MIX) and (SCy,) are admissible in GK(R)".

Proof. To show the admissibility of (M1X) in GK(R)", we prove that whenever
Fok@ey I' = A and Fgg@): I = ¥ with r,s € N, then Faggy: 7T, sIl =
s3,rA. We proceed by induction on the sum of the heights of derivations d;
and dy of I' = A and II = X, respectively.

For the base case, if d; and ds have height 0, then I' = A and II = ¥
are instances of (ID), i.e., I' = A and IT = ¥. Hence rI" W sIl = rA W s¥ and
Fak@y: 1T, sIl = sX,7A by (D). If the last application in d; is (Op,,) and do
has height 0, then II = 3 and the result follows by an application of (O ;).
The case where d; has height 0 and dy ends with (O ,,) is symmetrical.

If the last application of a rule in dy or dg is (—=) or (=—), then the
result follows easily by an application of the induction hypothesis and further
applications of the rule. Suppose then finally that d; ends with

0,007 = Opy, ..., 0p,,Q

(Dk,n) . ’
with kI’ :Fo&JFl&J...LﬂFn
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and that dy ends with an application of (O; )

@7 o1’ = D/(/}h' . ~7D¢m,9

(Dl,m)

with {IT’ :HoErJHlErJ...ErJHm.
Then we can complete our derivation as follows

rilo, skllo = {IU; = kg h<i<n  {KI; = kY] ici<m
rQ, sO,rO0, sOI' = rOpy, ..., rOp,, sOU1, ..., sOW,,, 7, sO

( kl,rn+sm)

where the premises are all derivable by the induction hypothesis.

We establish the admissibility of (8C,,) by proving that whenever Fqg(g)-
nl' = nA, then Fgggy I' = A, proceeding by induction on the sum of
the complexities of the formulas in T, A. For the base case, if nI' = nA, in
particular when I' and A contain only propositional variables, then I' = A
and Fggmy I' = A by (D). If I' contains a formula ¢ — ), then by the
invertibility of the rule (—=-) established in Lemma 6.1, Fqg®) n(I' — [¢ —
¥]), n = nep,nA. The induction hypothesis and an application of (—=>) gives
Fok@®)yr I' = A. The case where A contains a formula ¢ — 1 is symmetrical.
In the final case, the derivation of nI' = nA must end with an application of
(Ok,n1) where ' =TT W [OX] and A =T W [Dey,. .., Oy;]. But then we obtain
a derivation of I' = A using (O, ;) and the admissibility of (MIX). O

Proof of Theorem 4.3. The rule (O,) is derivable in GK(R)" using (O ;)
withk=nand oy =...=¢p, =¢pand I'y =... =T, =T. Hence, using the
proofs of Lemma 6.2, every cut-free derivation in GK(R) can be transformed
algorithmically into a derivation in GK(R)". To establish cut-elimination for
GK(R), it suffices now to show that an uppermost application of (CUT) in a
derivation in GK(R) can be eliminated. We will prove (constructively) that

I_GK(R)T Lo=p,A = Fokmy ' = A. (%)

Suppose then that there are cut-free derivations in GK(R) of the premises of the
uppermost application of T'; ¢ = A and II = ¢, X. Clearly, by (MIX), we have
a cut-free derivation of I',II, » = ¢, ¥, A in GK(R), and hence a derivation of
DLy = ¢, %, A in GK(R)'. By (%), we obtain a derivation of T',IT = X, A in
GK(R)", which also gives the desired derivation in GK(R).

We prove (x) by induction on the lexicographically ordered pair consisting
of the modal depth of ¢ and the sum of the complexities of the formulas in
Tyo = o, A IfTW[p] = [p] WA, in particular if the sequent contains only
propositional variables, then I' = A and " = A is derivable using (1D). If ¢ has
the form 1 — x, then we use the invertibility of (—=) and (=—) in GK(R)"
and apply the induction hypothesis twice. The cases where I" or A includes
a formula b — x are very similar. Lastly, suppose that I', o = ¢, A contains
only propositional variables and box formulas. Then there is a derivation of
the sequent ending with an application of (O ;). The case where Op does not
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appear in the premise is trivial, so just consider the case

o, kole] = T, kale] = klp] {1, kile] = Kliil}i,
3,011, 0p = Qp, Oy, ..., 00,2

(Dk,n)

where kIl = [lpw Iy W... w1, and &k = kg + k1 + ... + k,. By the induction
hypothesis, we obtain

}_GK(R)r I, = (k — ]{31)[@]
By Lemma 6.2 (the admissibility of (MIX)), we have derivations in GK(R)" of

koIly, (k — k1)Io, (k — k1)kole] = (k — k1)kolg]
kiﬂl, (k’ — k’l)Hi, (k - kl)k’l[ép] = (k’ - kl)kz[gDL (k - kl)k’[’(/)l] 2 S 7 S n.

So, by the induction hypothesis, we have derivations in GK(R)" of

kolly, (k — ky)IIp =
killy, (k — k) = (K — k1)k[s] 2<i<n.

Now by an application of (O(;_j,)x,n—1), We have a derivation ending with

kolly, (k — k1)lo = {kiIly, (k — k)T = (k — k1)k[i] }7o
Z:7E|1_Ij Dd)Qv'"vanvE

where (k — k‘l)]{?H = (k)o +ko+ ...+ kn)(Ho Wil W... ErJHn) (]
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