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| Standard Young tableau

(SYT) of shape
A= (4,4,3,1):
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123 124 125
45 39 34

134 135
295 24



I Hook length for mula

For u € A, let h, be the at u, 1.e.,
the number of squares directly below or to
the right of « (counting u once)
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Nekrasov-Okounkov (2006), G. Han (2008):

5 (sz H<t+hz>) -

n>0 \AFn UEA

_ er[l(l - wi)—t—l



I A corollary

er - kth elementary SF
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Corollary. Let
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Then gir(n) € Q[n].
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Conjecture of B

Conjecture (Han). Let 3 € P. Then

LY h¥ eqn).
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True for 3 = 1 by above.

Stronger conjecture. For any symmetric
function F',

% f2 F(hi :u € A) € Qnl.
; A |



| Examples

Let di(n)= % > Ry hZ

Xn uel
di(n) = 3n(3n —1)

d2(n) = Zn(n —1)(27n? — 67n + 74)
d3(n) = n(n—1)(n —2)

(27n°® — 174n” 4+ 511n — 552).

—



| Open variants




| Contents

Foru € Aletc(u)=1 — 7, the of
square u = (z,3).



| Contents

Foru € Aletc(u)=1 — 7, the of
square u = (z,3).
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| Semistandar d tableaux

(SSYT) of shape
A= (4,4,3,1):
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| Schur - functions

S\— E QZ‘T,
T

summed over all SSYT of shape A



| Schur functions

S\— Z QZ‘T,
T
summed over all SSYT of shape A

Sg3 = E Ll Lk

i<j<k

E LiLjLlp — €3.

1<g<k

S1,1,1

—



| Hook-content formula

f1)=r1,1,...,1) (t1's)
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| Hook-content formula

f1)=r1,1,...,1) (t1's)

sx(1*) = #{SSYT of shape A\, max < t}.

t+ c,
h,

Theorem. s,(1") = | |
(TSP
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| A curiosity

Let x(w) denote the number of cycles of
w € S,,. Then



| A curiosity

Let x(w) denote the number of cycles of
w € S,,. Then

1 —1,,—1
5 Z qﬂ(uvu v ):ZH(q_l_cu)

" u,vES,, A1 ue
Restatement:
n! Zek(cu u € N)
AFn

= #{(u,v) € &, X &, : k(uvutv™!) =n — k}

—



I Another curiosity

Y. g => "N+ cw)

wes,, AF-n UE




I Han’s.conjecturefor contents

Theorem. For any symmetric function F',

—



I Power . sum symmetric functions

r = (%1,2132,...)
Pm— pm(m) — zm:n
Px = DPx;DPx;° "~



I Power . sum symmetric functions

r = (2131,2132,...)
Pm= Pm(z) = > ;="
Px = DPx;DPx;° "~
Let £(A) be the length (number of parts) of A
pPm(1) = t

p)\(lt) _ t£(>\)

—



| Some notation

D, ..., x®): disjoint sets of variables
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p(w): cycletypeofw € &, e.g.,
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| T he fundamental tool

Theorem. S HY Zsy(2) « - 55 (z))
AFEn

1
— Z pp(’wl)(w(l)) " 'pp(wk)(x(k))

|
T wiwi=1

in S,
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| T he fundamental tool

Theorem. Z H 25, (M) - . . sy (2®)
AFn

1
= Z 2[,p(wl)(w(l))...pp(w)(3,3(1%))

wqeewr=1
in &,
Proof. Follows from representation theory:
the relation between multiplying conjugacy

class sums in Z(CG) (the center of the group
algebra of the finite group G) and the

Irreducible characters of G. |



Set (") = 1%, s0 s)(z(V) — [] Lt

Get
ZH;z H(tl —- cu) e (tk + Cu) _

AN UE

LY g

w1°'°wk:1
in G, |



| Completion of proof

Take coefficient of ¢ ... ¢, "*:

%foeu(cu : U € N)

AN



| Completion of proof

Take coefficient of ¢ ... ¢, "*:

%foeu(cu : U E )

AN

c(w;) =n — p;}.
Elementary combinatorial argument shows

this is a polynomial Iin n.




| Shifted parts

Let A = (A1y...,An) F 1.

partitions of 3: 300, 210, 111



| Shifted parts

Let A = (A1,..., ) F n.
partitions of 3: 300, 210, 111
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| Shifted parts

Let A = (A1,...5,An) F n.
partitions of 3: 300, 210, 111

of x: \i+n—1i 1<i1<n
shifted parts of (3,1,1,0,0): 7,4,3,1,0

—



| Contents and shifted parts

Let F'(x;y) be symmetric in  and y variables
separately, e.g.,

pr(x)p2(y) = (1 +x2+ - ) (W2 +ys+---).

—



| Contents and shifted parts

Let F'(x;y) be symmetric in  and y variables
separately, e.g.,

pr(x)p2(y) = (1 +x2+ - ) (W2 +ys+---).

Theorem. Let

1
r(n):mefF(cu,uE)\;)\i—l—n—i,l < i<
" An

Then r(n) € Z (n fixed), and r(n) € Q[n].

—



| Similar.results are false

Note. Let

P(n)= — SODF (Z AZ)

" AFn



| Similar. results are false

Note. Let

P(n)= — SODF (Z AZ)

" AFn

Then
P3)=3¢&Z

P(n) € Q|n|



Ag= {symmetric functions over Q}

Define a linear transformation
P AQ —> Q[t]
by

[+ xi+n—1)
p(sx) = =

H

—



I Key lemma for shifted parts

Lemma. Let = n, £ = £(p). Then

So(pu) —

where m= m(u), the number of parts of u
equal to 1.

—



| Proof .of main result

Theorem. For any symmetric function F',

LN FAF(hL : uw € X) € Qlnl.

AFn



| Proof .of main result

Theorem. For any symmetric function F',

LN FAF(hL : uw € X) € Qlnl.

AFn

Proof based on the multiset identity

{hu’UIE)\}U{)\Z—)\]—’L 7

1<i1<j3<n}

1

={n+ec, :uec A} U {1t 2" 2 .. ,n— }|



Example. A = (3,1,0,0),
A—(1,2,3,4) = (2,—1,—3, —4):

{4,2,1,1} U {3,5,6,2, 3,1}

= {3,4,5,6} U{1,1,1,2,2, 3}

—



{hu : ’LLE)\} U {)\z—)\]—l—l—] :
1<i1<j3<n}
—{n+c, : ue A}t u {1,272 . ..,n—1}

—



{hu : UE)\} U {)\z—)\]—z—l—] :
1<i1< gy <n}
={n+ec, :uec A} u {1t 2" 2 .., n—1}.

Note.
Ai—= A —t+ji=X+n—1) — (A +n—j)

Not symmetric in A\; + n —<and A\; +n — 3,

but (A\; — A\; — @ + j)? is symmetric.




| Further results

Recall.
Nekrasov-Okounkov (2006), G. Han (2008):

Y- (Zfi H(t+hi)) %

n>0 \AFn UEA

_ H(l - mz’)—t—l

i>1

—



| Content analogue

“Content Nekrasov-Okounkov identity”

5 (sz H<t+cz>) -

n>0 \A\Fn UEA

= (1 — :c)_t.

Proof:. simple conseqguence of “dual Cauchy
Identity” and the hook-content formula.

—



I Fujiiet al. variant

=DOF OB | (GEs

" An ue 1=0

o (2k)!
BECES IERR
where (n)gi1=n(n —1):--(n — k).




| Okada'’s conjecture

EPNICEE

A1

2k i 1)2 (2:) <2:++ 12> ()

—



I Proof of Okada’s conjecture

Proof (Greta Panova).
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Proof (Greta Panova).
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o Thetwosidesagreeforl < n < k + 2.
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I Proof of Okada’s conjecture

Proof (Greta Panova).
» Both sides are polynomials in n.
o Thetwosidesagreeforl < n < k + 2.

» Key step: both sides have degree k + 1.

—



Central factorial numbers

" =) T(n,k)z(x—17)(z —2%)--- (v — k)



Central factorial numbers

" =) T(n,k)z(x—17)(z —2%)--- (v — k)

n\k|1 2 3 4 5
1 |1

2 |1 1

3 /1 5 1

4 |1 21 14 1
5 |1 85 147 30 1

—



| Okada-Panova redux

Corollary
Z f2 Z h2k
" AFn UEA
_ IiT(k #1055 ("0 ) ()

—
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