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Abstract. Collision avoidance for multirobot systems is a well studied problem.
Recently, control barrier functions (CBFs) have been proposed for synthesizing
controllers that guarantee collision avoidance and goal stabilization for multiple
robots. However, it has been noted that reactive control synthesis methods (such
as CBFs) are prone to deadlock, an equilibrium of system dynamics that causes
robots to come to a standstill before reaching their goals. In this paper, we for-
mally derive characteristics of deadlock in a multirobot system that uses CBFs.
‘We propose a novel approach to analyze deadlocks resulting from optimization
based controllers (CBFs) by borrowing tools from duality theory and graph
enumeration. Our key insight is that system deadlock is characterized by a force-
equilibrium on robots and we show how complexity of deadlock analysis increases
approximately exponentially with the number of robots. This analysis allows us
to interpret deadlock as a subset of the state space, and we prove that this set is
non-empty, bounded and located on the boundary of the safety set. Finally, we
use these properties to develop a provably correct decentralized algorithm for
deadlock resolution which ensures that robots converge to their goals while avoid-
ing collisions. We show simulation results of the resolution algorithm for two and
three robots and experimentally validate this algorithm on Khepera-IV robots.
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1 Introduction

Multirobot systems have been studied thoroughly for solving a variety of complex tasks
such as search and rescue [1], sensor coverage [2] and environmental exploration [3].
Global coordinated behaviors result from executing local control laws on individual
robots interacting with their neighbors [4], [5]. Typically, the local controllers running
on these robots are a combination of a task-based controller responsible for completion
of a primary objective and a reactive collision avoidance controller. However, including a
hand-engineered safety control no longer guarantees that the original task will be satisfied
[6]. This problem becomes all the more pronounced when the number of robots increases.
Motivated by this bottleneck, our paper focuses on an algorithmic analysis of the
performance-safety trade-offs that result from augmenting a task-based controller with
collision avoidance constraints as done using CBF based quadratic programs (QPs) [7].
Although CBF-QPs mediate between safety and performance in a rigorous way, yet ulti-
mately they are distributed local controllers. Such approaches exhibit a lack of look-ahead,
which causes the robots to be trapped in deadlocks as noted in [8,9,10]. In deadlock, the
robots stop while still being away from their goals and persist in this state unless inter-
vened. This occurs because robots reach a state where conflict becomes inevitable, i.e.
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Fig. 1: Two robots moving towards each other fall in deadlock. System state converges
to the boundary of safe set.

a control favoring goal stabilization will violate safety (see red dot in Fig. 1). Hence, the
only feasible strategy is to remain static. Although small perturbations can steer the sys-
tem away from deadlock, there is no guarantee that robots will not fall back in deadlock.
To circumvent these issues, this work addresses the following technical questions:

1. What are the characteristics of a system in deadlock ?

2. What all geometric configurations of robots are admissible in deadlock 7

3. How can we leverage this information to provably exit deadlock using decentralized
controllers?

To address these questions, we first review technical definitions for CBF based QPs
[10] to synthesize controllers for collision avoidance and goal stabilization in section 3.
In section 4, we recall the definition of deadlock and use KKT conditions to motivate
a novel set theoretic interpretation of deadlock with an eye towards devising controllers
that evade/exit this set. We use graph enumeration to highlight the combinatorial
complexity of geometric configurations of robots admissible in deadlock. Following this
development, in section 5 and section 6, we focus on the easier to analyze cases for two
and three robots respectively and examine mathematical properties of the deadlock set
for these cases. We show that this set is on the boundary of the safety set, is non-empty
and bounded. In section 7, we show how to design a provably-correct decentralized
controller to make the robots exit deadlock. We demonstrate this strategy on two
and three robots in simulation, and experimentally on Khepera-IV robots. Finally, we
conclude with directions for future work.

2 Prior Work

Several existing methods provide inspiration for the results presented here. Of these,
two are especially relevant: in the first category, we describe prior methods for collision
avoidance and in the second, we focus on deadlock resolution.

2.1 Prior Work on Avoidance Control

Avoidance control is a well-studied problem with immediate applications for planning
collision-free motions for multirobot systems. Classical avoidance control assumes a worst
case scenario with no cooperation between robots [11,12] Cooperative collision avoidance



Deadlock Analysis for Multirobot Systems 3

is explored in [13,14] where avoidance control laws are computed using value functions.
Velocity obstacles have been proposed in [15] for motion planning in dynamic environ-
ments. They select avoidance maneuvers outside of robot’s velocity obstacles to avoid
static and moving obstacles by means of a tree-search. While this method is prone to un-
desirable oscillations, the authors in [16,17,18] propose reciprocal velocity obstacles that
are immune to such oscillations. More recently, control barrier function based controllers
have been used in [6,10] to mediate between safety and performance using QPs.

2.2 Prior Work on Deadlock Resolution

The importance of coordinating motions of multiple robots while simultaneously ensuring
safety, performance and deadlock prevention has been acknowledged in works as early
as in [9]. Here, authors proposed scheduling algorithms to asynchronously coordinate
motions of two manipulators to ensure that their trajectories remain collision and
deadlock free. In the context of mobile robots, [19] identified the presence of deadlocks
in a cooperative scenario using mobile robot troops. To the best of our knowledge, [20]
were the first to propose algorithms for deadlock resolution specifically for multiple
mobile robots. Their strategy for collision avoidance modifies planned paths by inserting
idle times and resolves deadlocks by asking the trajectory planners of each robot to
plan an alternative trajectory until deadlock is resolved. Authors in [21] proposed
coordination graphs to resolve deadlocks in robots navigating through narrow corridors.
[10,22] added perturbation terms to their controllers for avoiding deadlock.

Differently from these, we characterize analytical properties of system states when in
deadlock. We explicitly analyze controls from CBF based QPs and demonstrate that
intuitive explanations for systems in deadlock are indeed recovered using duality. Our
analysis can be extended to reveal bottlenecks of any optimization based controller
synthesis method. Additionally, we use graph enumeration to highlight the complexity
of this analysis. We do not consider additive perturbations for resolving deadlocks,
since there are no formal guarantees. Instead, we use feedback linearization and the
geometric properties recovered from duality to guide the design of a provably correct
controller that ensures safety, performance and deadlock resolution.

3 Avoidance Control with CBFs: Review

In this section, we review CBF based QPs used for synthesizing controllers that mediate
between safety (collision avoidance) and performance (goal-stabilization) for multirobot
systems. We refer the reader to [10] for a comprehensive treatment on this subject,
since our work builds on top of their approach. Assume that we have N mobile robots,
each of which follows double-integrator dynamics:

HNHRHE ;

where p; = (7;,y;) €R? represents the position of robot i, v; €R? represents its velocity
and u; € R? represents the acceleration (i.e. control). The collective state of robot i is de-
noted by z; =(p;,v;) and the collective state of the multirobot system is denoted as Z =
(z1,22,...,2N ). Assume that each robot has maximum allowable acceleration limits |u;| <
«; that represent actuator constraints. The problem of goal stabilization with avoidance
control requires that each robot 4 must reach a goal p,;, while avoiding collisions with ev-
ery other robot j#1i. For reaching a goal, assume that there is a prescribed PD controller
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Ui(z;)=—kp(pP; —Py,) —kvvi with Kk, >0. This controller is chosen as a nominal ref-
erence controller because by itself, it ensures exponential stabilization of each robot to its
goal. However, there is no guarantee that the resulting trajectories will be collision free.
Based on [10], a safety constraint is formulated for every pair of robots to ensure
mutually collision free motions. This constraint is mathematically posed by defining a
function that maps the joint state space of robots ¢ and j to a real-valued safety index
i.e. h:R*xR*—TR. For a desired safety margin distance D, this index is defined as

hij=1 /20 +;)([| Apy || - D )4 2PyAvy @)
i = aita; il —Ds)+————.
J S [0,
Robots ¢ and j are considered to be collision-free if their states (z;,2;) are such that
hij(z:,2;)>0. We define “safe set” as the O-level superset of h;; i.e. C;; :=={(2;,2;) €
R®|h;;(24,2;) >0}. The boundary of the safe set is

Ci; ={(2i,2;) €R*|h(21,2;) =0} (3)
Assuming that the initial positions of robots ¢ and j are in the safe set C;;, we would
like to synthesize controls u; and u; that ensure that future states of the robots ¢ and j
also stay in C;;. This can be achieved by ensuring that

dh;

dtj > —r(hij), (4)

where we choose, k(h):=h3. For the given choice of h, (4) can be rewritten as
7Ap;1; A’U,U S bij7 where (5)

(it+a;)ApL Av;; , (AplAv;;)?
bij:HApinh?j"‘ : Ehan + || Qv | —”75 (6)
\/2ai+a;)(|3py ] -Dy) |4p|
This constraint is distributed on robots ¢ and j as:
a s

—ApiTjUz‘ < aiTZajbij and Apz'Tjuj < aiTjajbij (7)

Therefore, any u; and w; that satisfy (7) will ensure collision free trajectories for robots
i and j in the multirobot system. Note that these constraints are linear in u; and w; for
a given state (z;,z;). Therefore, the feasible set of controls is convex. Assuming robot
1 wants to avoid collisions with its M neighbors, there will be M collision avoidance
constraints. To mediate between safety and goal stabilization, a QP is posed that
computes a controller closest to the PD control #;(2;) (in 2-norm) and satisfies the
M collision avoidance constraints:

minimize ||’Uq_ﬁz(zz)||§
u;

. T Q; .
subject to —Apijuigmbij je{l,...M} (8)
lui| <

This QP has (M +4) constraints (M from collision avoidance with M neighbors and
four from acceleration limits). Each robot ¢ executes a local version of this QP and
computes its optimal u; at every time step. As long as the QP remains feasible, the
generated control u; ensures collision avoidance of robot ¢ with its neighbors. In the
next section, we derive an analytical expression for u; as a function of (z1,...,zn)
to analyze the closed-loop dynamics of the ego robot and use this to investigate the
incidence of deadlocks resulting from this technique.
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Fig.2: Positions and accelerations of robots falling in deadlock. Note that
limy 0o Pz,y #Pd,., Yot limyo0az,y =0. Video: https://tinyurl.com/y4ylzwh8

4 Analysis of N Robot Deadlock

We reviewed the formulation of multirobot collision avoidance and goal stablization
using the framework of CBF based QPs. In this section, we will show that this approach
can result in deadlocks (depending on the initial conditions and goals of robots). We
want to analyze qualitative properties of a robot in deadlock. Towards that end, we
will investigate the KKT conditions [23] of the problem in (8). Our goal is to use these
conditions to compute properties of geometric configurations of robots in deadlock
and then exploit these properties to make the robots exit deadlock. Fig. 2 shows the
states of two robots that have fallen in deadlock while executing controllers based on
(8). Notice from Fig. 2(a) that the positions of robots have converged, but not to
their respective goals. Therefore, the outputs from the prescribed PD controller will
still be non-zero after convergence. However, the control inputs from (8) have already
converged to zero Fig. 2(b). From these observations, deadlock is defined as follows [10]

Definition 1. A robot i is in deadlock if u; =0, v;=0, 4;#0 and p,#p,,

In simpler terms, for a robot to be in deadlock, it should be static i.e. its velocity should
be zero, and the output from the QP based controller should also be zero, even though
the reference PD controller reports non-zero acceleration since the robot is not at its
intended goal. We now look at the KKT conditions for the optimization problem in (8).

4.1 KKT Conditions

Recall that each robot i computes a control by solving a local QP as in (8). Define
a;j=—Ap;; and bj = S—b;;.We will drop subscript ¢ and implicitly assume that the

ai—i-’aj
QP is being solved for the ego robot. Hence, we rewrite (8) as:

minimize ||u—'&H§
“ )

subject to Au gE

where A== (a¥..;at el ;—el) and b= (131;...;I;M;oz;...;a). Let ay, denote the k’th
row of A and by denote the k’th element of b. The Lagrangian for (9) is
M+4
Llw,p) = [u—al3+ Y p(@f u—by) (10)
k=1

Let (w*,0*) be the optimal primal-dual solution to (9). The KKT conditions are
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1. Stationarity: Vo, L(t,)] (e p+) =0

M+4
:>u*:'&f§;u2(iz. (11)
2. Primal Feasibility
afu* <b, Vke{1,2,...M+4} (12)
3. Dual Feasibility
wp>0Vke{1,2,....M+4} (13)
4. Complementary Slackness
(- (@ w* —by) =0 Yk e {1,2,...,.M+4} (14)
Define the set of active and inactive constraints as follows:
A ) ={ke{1,.2,..M+4}|a} u* =by} (15)
TA(u)={ke{12,..M+4}|alu* <b,} (16)
Using complementary slackness from (14), we deduce
=0 VkeZA(u") (17)
Therefore, we can restrict the sum in (11) to only the set of active constraints
* ~ 1 * ~
U =u—g Z pidi (18)
keA(u*)

4.2 KKT Conditions for the deadlock case

From Def. 1, we know that in deadlock, u*=0, 40 and v=0. We conclude:

1. In deadlock, u*#u i.e. the solution to the QP is not equal to the prescribed PD
controller (which means that @ is infeasible in deadlock i.e. aT@ £b).

2. u*=0= u*#=+a. This implies that at least the last four constraints in Au<b
are inactive i.e. {M+1,M+2,M+3,M+4} €cTA(u*) in deadlock.

Using these observations, we rewrite the KK'T conditions for the deadlock case:
1. Stationarity: V, L(w,m)|(g ) =0

1
== u= 3 Z MZ&;‘S (19)
keA(u*)
2. Primal Feasibility _
be >0 Vke{1.2,.. M+4} (20)
3. Dual Feasibility
pi>0Vke{1,2,. . M+4} (21)

4. Complementary Slackness ~
(@ w —b) =0
— b =0Vje{12,.,M+4} (22)
Based on these conditions, we will now motivate a set-theoretic interpretation of
deadlock. Assume that the state of the ego robot is z=(p,v) and it has M neighbors
denoted as Z,,. Define PcR?*** and V € R?** appropriately to extract the position
and velocity components from z i.e. p=Pz and v=V z. Finally, define D as:

D(z|Zmw)={zeR*|u*(2)=0,0(2)#0,V2=0u;(Z)>0 ¥V k€ A(u*)}  (23)

The set D is defined as the set of all states of the ego robot which satisfy the
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criteria of being in deadlock. We have combined the conditions of deadlock into a set
theoretic definition. Note that for each robot, its set of deadlock states depends on
the states of its neighboring robots. This is because the Lagrange multipliers depend
on the states of all robots. The motivation behind stating this definition is to interpret
deadlock as a bonafide set in the state space of the ego robot and derive a control
strategy that makes the robot evade/exit this set. We now rewrite this definition in
more easily interpretable conditions. From (18) and (19), note that

* ~ 1 * ~
u*(2)=0<= u(z)= 3 Z MG (24)
ke A(u*(z))
Since @, =—Ap,;;,=—P(z—zy,), we rewrite (24) as:
N 1 .
w(2) =0 = (z)=—3 > uiP(z—z) (25)
ke A(u*(z))

We will use this condition to replace the u*(z) = 0 criterion in the def. of D in
(23). Secondly, we know that prescribed controller 4(z) is a PD controller. Define the
goal state as zg=(py,0). Noting that @(z)#0 and v=0,

(2) = —ky(P—py) kv £0 = P(2—22) 0 (26)
This criterion is restating that in deadlock the ego robot is not at its goal. The final
condition is that the velocity of the ego robot is zero i.e. v=0 <= V z=0. Combining
these conditions, we rewrite the definition of the deadlock from (23) as follows:

D(z|Zmp)={zeRu(z)= —% Z wpP(z—zg),P(z—24)#0,V2=0,
keA(u*(2))
>0V ke A(u*(2))} (27)
Building on the definition of one robot deadlock, we motivate system deadlock to be
the set of states where all robots are in deadlock and is defined as
Dsystem :{(zlazQa"'azN) €R4N | 2 GD(Zi | Z:’lb) Vi € {]‘?25ﬂN}) (28)
For the rest of the paper, we will focus our analysis on system deadlock. This is
because the case where only a subset of robots are in deadlock can be decomposed into
subproblems where a subset is in system deadlock and the remaining robots free to move.
The next section focuses on the geometric complexity analysis of system deadlock.

4.3 Graph Enumeration based Complexity Analysis of Deadlock

The Lagrange multipliers 1, are in general, a nonlinear function of the state of robots z.
Their values depend on which constraints are active/inactive (an example calculation is
shown in (32)). An active constraint will in-turn determine the set of possible geometric
configurations that the robots can take when they are in deadlock (sections 5 and 6)
and this in turn will guide the design of our deadlock resolution algorithm (section 7).
Therefore, we are interested in deriving all possible combinations of active/inactive
constraints that the robots can assume once in deadlock. But first we derive upper
and lower bounds for the number of valid configurations in system deadlock.

We can interpret an active collision avoidance constraint between robots ¢ and j as an
undirected edge between vertices ¢ and j in a graph formed by N labeled vertices, where
each vertex represents a robot. The following property (which follows from symmetry)
allows the edges to be undirected.

Lemma 1. If robot i and j are both in deadlock and i's constraint with j is active
(inactive), then j's constraint with i is also active (inactive).
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Upper Bound Given N vertices, there are Vs distinct pairs of edges possible. The
overall system can have any subset of those edges. Since a set with ™V Cy members has
2" Ca subsets, we conclude that there are 2" Co possible graphs. In other words, given N
robots, the number of configurations that are admissible in deadlock is 9" Cs, However,
this number is an upper bound because it includes cases where a given vertex can be
disconnected from all other vertices, which is not valid in system deadlock as shown next.

Lower Bound We further impose the restriction that each vertex in the graph have
at-least one edge i.e. each robot have at-least one constraint active with some other
robot. This is because if a robot has no active constraints i.e. pf =0 Vk then from (24),
we will get ©*(z)=1(z)=0 which would contradict the definition of deadlock for that
robot and hence contradict system deadlock. From this observation, it follows that the set
of graphs that are valid in system deadlock is a superset of connected simple graphs that
can be formed by N labeled vertices. This is because there could be graphs that are not
simply connected yet admissible in deadlock. While this argument is based on algebraic
qualifiers resulting from the ‘edge’ interpretation of collision avoidance constraints, it
is possible that some simply connected graphs may not be geometrically feasible due
to restrictions imposed by Euclidean geometry. Graphs that are (a) simply-connected
(to enforce deadlock for each robot), (b) have N labelled vertices (since each robot
has an ID), (c) are embedded in R? (since the robots/environment are planar), (d)
have Euclidean distance between connected vertices equal to Ds, (e) that between
unconnected vertices greater than D, and (f) have exactly one or two edges for each
vertex, necessarily represent admissible geometric configurations of robots in system
deadlock. The reason for qualifiers (d) and (e) is explained in the proof of theorem 1.
(f) is needed because the decision variables in (9) are in R?, so there can be either one
or two active constraints per ego robot. The number of graphs meeting qualifiers (a)
and (b) can be obtained using the following recurrence relation [24]

dy=2 LN;k Cr2 ey, (29)
For N={1, 2, 3, 4}, this number is {1, 1, 4, 38}. The number of graphs meeting quali-
fiers (a), (¢) and (d) can be obtained by calculating the number of connected matchstick
graphs on N nodes [25]. The number of graphs meeting (b) and (d) was obtained in [26]
and is exponential in N2 (for unit distance graphs). A lower bound for graphs satisfying
all qualifiers (a)-(f) can be shown to be 0.5(N+1)(N —1)! as follows (N >3). Consider a
cyclic graph whose each node is the vertex of an N regular polygon with side D;. Such a
graph necessarily satisfies (a)-(f). Re-arrangements of its vertices gives rise to 0.5(N —1)!
graphs. Likewise, a graph with nodes along an open chain also satisfies (a)-(f), and
gives 0.5N! rearrangements. Thus, the total is 0.5(N —1)!4+0.5N!=0.5(N+1)(N—1)!
It is well known that factorial overtakes exponential, thus highlighting the increase in
the number of geometric configurations. Our MATLAB simulations show that the exact
number of configurations for N={1, 2, 3, 4} are {1, 1, 4, 18} whereas our bound gives
{1, 1, 4, 15}. This simulation demonstrates the explosion in the number of possible geo-
metric configurations that are admissible in system deadlock with increasing number of
robots. Therefore for further analysis, we will restrict to the case of two and three robots.

5 Two-Robot Deadlock
In section 4, we proposed a set-theoretic definition of deadlock for a specific robot
in an N robot system. In this section, we will refine the KKT conditions derived
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in section 4.2 for the case of two robots in the system. This setting reveals several
important underlying characteristics of the system that are extendable to the N robot
case, as will be shown for N =3. One key feature of a two-robot system is that a single
robot by itself cannot be in deadlock i.e. either both robots are in deadlock or neither.
This is because the sole collision avoidance constraint is symmetric due to Lemma 1.
Hence, a two-robot system can only exhibit system deadlock. Additionally since the
ego robot avoids collision only with the one other robot, there is no sum in (24) i.e.

u'(z)=0<=1u(z)= %,u*a (30)
The left hand side of this equation is @(z) = —k,(p,4, —Pg)- The right hand side is
S @ = =310 (Pogo—Preighbor)- Writing this another way, we have —kp (P40 —Pa)+
1 (pe g0~ Pneighbor) =0. The first term as represents an attractive force that pulls the
ego robot towards goal p,. Since p* >0, the second term represents a repulsive force
pushing the ego robot away from its neighbor. Thus, system deadlock occurs when

the net force due to attraction and repulsion on each robot vanishes (see Fig. 3(a)).
We now define the system deadlock set Dsystem using (27) and (28):

. 1 . 1
Dsystem :{(21,22) GRS |’LL1 = §NTG'17 Ug = 5#;0’27 ,u‘>1k > Oa ,u; > 07

(P(zl —Zd, )7P(Z2_Zd2)) 7é (070)a (VthZQ) = (070)} (31)
where a; = —ay = —(p; — py). Next, we derive analytical expressions for the La-
grange multipliers p7,u5. Depending on whether the collision avoidance constraint is
active/inactive at the optimum, there are two cases:

Case 1: The constraint aTugl; is active at u=u* i.e. aTu*=b
1 ~
:>aT<'&—2u*a =b
T 7
a u—>b
:>u*:272 (32)
llall;

Case 2: The constraint a”w <b is inactive at u=u* i.e. a’u* <b. From comple-
mentary slackness, it follows p* =0 and hence w* =u. However, this contradicts the
definition of deadlock. Hence, case 2 can never arise in deadlock.

5.1 Characteristics of two-robot deadlock
We now analyze qualitative properties of the system deadlock set towards synthesizing a
controller that will enable the robots to exit this set. We will show that when deadlock
occurs, (1) the two robots are separated by the safety distance, (2) deadlock set is
non-empty and (3) bounded and of measure zero.

Theorem 1 (Safety Margin Apart). In deadlock, the two robots are separated by
the safety distance and the robots are on the verge of violating safety (see Fig. 1, 3(a))

Proof. In (32), we proved that the collision avoidance constraint is active in deadlock.
Since both robots are in deadlock, we know that both of their collision avoidance
constraints are active i.e. alu;=bs , alu;=by and uj =0 and uj=0. This implies
b12 =b91=0. Using (6) and (7) and that in deadlock, (v1,v2)=(0,0) we get

Qq 3
A hio=0=—= h15=0 33
o+ | Ap1allhys 12 (33)

[;12 =
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Recall his from (2) and using that (vq,v2)=(0,0), we get

hiz(21,22) = /2(e1 +az) (|| Apyo| —Ds) (34)
Therefore, h1a=0 <= || Ap;,||=Ds. Assuming QP is feasible, we disregard || Ap,5||=0.
Therefore, || Ap,5|| = Ds. Additionally, recalling the definition from dC from (3) we
deduce that, in deadlock, (z1,22) €IC i.e. Dyystem COC. T

This result confirms our intuition, because if the robots are separated by more than
the safety distance, then they will have wiggle room to move because they are not at
their goals and @ ##0. However, the ability to move, albeit with small velocity would
contradict the definition of deadlock. We now propose a family of states that are always
in the system deadlock set Dsystem.

Theorem 2 (Dgystern is Non-Empty). V kp, k,, Ds > 0,3 a family of states
(27,25) € Dgystem- These states are such that the robots and their goals are all collinear.

Proof. To prove this theorem, we propose a set of candidate states (z7,z3) and show
that they satisfy the definition of deadlock (31). See Fig. 3(a) for an illustration of
geometric quantities referred to in this proof.

Let pi = apy, + (1 — a)p,, and ps = p} — D,ég where 3 = tan™'(

Ydog —Ydy ) and

xr —XT
a€(0,1). Note that p},p3,p4, Py, are collinear by construction. Let 27 iz(pfl,l()) and
z5=(p3,0). Then we will show that Z*=(27,25) € Dsystem- Note that

ay=—(pi—p3)=—Dsép

U =—kp(pi —Pq,) (35)
From definition, ég= D—g(xd2 —Tg,Yd, —Yd, ) Where Dg= ||pd2 —Dy, H is the distance
between the goals. Therefore, we have

pi—Pq, =—(1—a)py, +(1-a)py,
2(1—04)Dgé3 (36)

1

Substituting (36) in (35) gives
ﬂlz—kp(l—a)Dgéﬁ (37)
From (35) and (37), we deduce that Lagrange multiplier 1

T4 D
=25 9k (1-0) =% >0 Yae(0,1)
laxll; Dy
1 1 Dg . N
= §u1a1:—§2kp(1—a)EDse[3:u1 (38)

Hence, in (38), we have shown that @, = % p1aq which is one condition in the definition
of the deadlock set. Similarly, we can show that wy = % t2as. Also note that in (38)
we have shown that the Lagrange multiplier y; is positive, which is another condition
n (31). We can similarly show that g >0. Finally, note that for our choice of states,
v} =v5=0 and we have restricted o€ (0,1) so we can ensure that pj #p,, Hence, the
proposed states are always in deadlock. [J

Theorem 3 (D,ystem is bounded). The system deadlock set is measure zero.

Proof. Following the definition of p; and p5 from theorem 1 and theorem 2, we can

show that when two robots are in deadlock, their positions satisfy
1(P1—=pa) ||+ (P2 =P, )|| = Ds+Dg

This can be verified by straightforward substitution. From this constraint it is evident,

that the deadlock set is not “large”, bounded and of measure zero. That is why, random

perturbations are one feasible way to resolve deadlock. [
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A _/B_f_T_l' _______________ Yz
(a) Two Robot Equilibrium  (b) Three Robot Equilibrium

Fig. 3: Force Equilibrium in Deadlock
6 Three Robot Deadlock

Following the ideas developed for two robot deadlock, we now describe the three robot
case. We will demonstrate that properties such as robots being on the verge of safety
violation (theorem 4) and non-emptiness (theorem 5) are retained in this case as well.
We are interested in analyzing system deadlock, which occurs when u;} =0, v;=0 and
u; #0 Vie{1,2,3}. Since we are studying system deadlock, each robot will have at-least
one active collision avoidance constraint (each robot has two constraints in total). Note
that the system deadlock set Dgysiem for three robots is defined analogously to (31).

Theorem 4 (Safety Margin Apart). In system deadlock, either all three robots
are separated by the safety margin or exactly two pairs of robots are separated by the
safety margin.

Proof. The proof is kept brief because it is similar to the proof of theorem 1. Based
on the number of constraints that are allowed to be active per robot, all geometric
configurations can be clubbed in two categories :

Category A - This arises when all collision avoidance constraints of each robot are
active i.e. ajju; =bij =0 < HApin =D, Vj€{1,2,3}\i Vi€ {1,2,3}. As a result,
each robot is separated by D; from every other robot (Fig. 4(a)).

Category B - This arises when there is exactly one robot with both its constraints
active (robot ¢ in Fig. 4(b)), and the remaining two robots (j and k) have exactly one
constraint active each. Hence, robot i is separated by Dy from the other two. After
relabeling of indices, category B results in three rearrangements. [

Theorem 5 (Non-emptiness). V ky,k,,Ds,R >0 and p;, = Réyr(i_1y/3 where
i1={1,2,3}, 3 (2},25.25) € Dsystem where z;=(p},0) and p} is proposed as follows:

Configuration A: pf= %é en(i-1) | where 1={1,2,3}
3
Configuration B: pi=Dsér, p5=0, p5=Dséxz if robot 2 has both constraints active.

Proof. This proof is similar to the proof of theorem 2 so it is skipped. Some remarks:
1. In the statement of this theorem, we have predefined the desired goal positions unlike
the statement of theorem 2. The candidate positions of the robots that we propose are
in Dgystem are valid with respect to these given goals. We have derived a similar non-
emptiness result for arbitrary goals but are not including it here for the sake of brevity.
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D
(a) Category A (b) Category B

Fig.4: Categories of geometric configurations in system deadlock of three robots

2. For configuration B, we proposed one set of positions that is valid in deadlock,
however there is continuous family of positions that can be valid in configuration
B. The representation of this family can be found in the supplementary material. (]

7 Deadlock Resolution

We now use the properties of geometric configurations derived in section 5 and section 6
to synthesize a strategy that (1) gets the robots out of deadlock, (2) ensures their safety
and (3) makes them converge to their goals. One approach to achieve these objectives is
to detect the incidence of deadlock while the CBF-QP controller is running on the robots
and once detected, any small non-zero perturbation to the control will instantaneously
give a non-zero velocity to the robots. Thereafter, CBF-QPs can take charge again and
we can hope that using this controller the system state will come out of deadlock at-least
for a short time. This has two limitations however; firstly, since it was the CBF-QP
controller that led to deadlock, there is no guarantee that the system will not fall back
in deadlock again. Secondly, perturbations can violate safety and even lead to degraded
performance. Therefore, we propose a controller which ensures that goal stabilization,
safety and deadlock resolution are met with guarantees. We demonstrate this algorithm
for the two and three robot cases. Extension to IN >4 is left for future work since N >4
admits a large number of geometric configurations that are valid in deadlock. Refer
to Fig. 5 for a schematic of our approach. This algorithm is described here:

1. The algorithm starts by executing controls derived from CBF-QP in Phase 1. This
ensures movement of robots to the goals and safety by construction. To detect the inci-
dence of deadlock, we continuously compare ||u*||,||v]],|[p—p,|| against small thresh-
olds. If satisfied, we switch control to phase 2, otherwise, phase 1 continues to operate.

2. In this phase, we rotate the robots around each other to swap positions while
maintaining the safe distance.

(a) For the two-robot case, we calculate u}l (t) and u?l(t) using feedback lineariza-
tion (see supplementary material) to ensure that || Ap,,||= D, and rotation
(0= —ky(0—B)— ko = Apl, Av12=0) (See Fig. 3(b) for 6,8). This rotation
and distance invariance guarantees safety i.e. his =0. Adding an extra constraint
u}l—kugl =0 still ensures that the problem is well posed and additionally makes
the centroid static.

(b) For the three-robot case, we calculate u},(t), uﬁ(t), u}y(t) to ensure that

14p12]| = [|[Apas|| = [[Apsy[l = D and rotation (6 = —k, (6 —8) — k.0 —
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(a) Deadlock resolution for two robots
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(b) Deadlock resolution for three robots

Fig. 5: Deadlock Resolution Algorithm Schematic

Ap, Avio=0) (See Fig. 3(b) for 6,3). This guarantees safety i.e. hio=hog=
ha1=0. Similarly, we impose u},+u% +u} =0 to make the centroid static.
3. Once the robots swap their positions, their new positions will ensure that prescribed

PD controllers will be feasible in the future. Thus, after convergence of Phase 2

(which happens in finite time), control switches to Phase 3, which simply uses the

prescribed PD controllers. This phase guarantees that the distance between robots

is non-decreasing and safety is maintained as we prove in theorem 6.

Fig. 6 shows simulation and experimental results from running this strategy on two
(6(a)) and three (Fig. 6(c)) robots. Experiments were conducted using Khepera 4
nonholonomic robots (6(b)). Note that for nonholnomic robots, we noticed from exper-
iments and simulations that deadlock only occurs if the body frames of both robots are
perfectly aligned with one another at ¢=0. Since this alignment is difficult to establish
in experiments, we simulated a virtual deadlock at t=0 i.e. assumed that the initial
position of robots are ones that are in deadlock.

We next prove that this strategy ensures resolution of deadlock and convergence
of robots to their goals. The proof of this theorem will exploit the geometric properties
of deadlock we derived in theorem 1 and theorem 2. We prove this theorem for N =2
since the proof for N =3 is a trivial extension of N =2.

Theorem 6. Assuming that PD controllers are overdamped and Dg > Dy, this strategy
ensures that (1) the robots will never fall in deadlock and (2) converge to their goals.

Proof. We would like to show that once phase three control begins, the robots will
never fall back in deadlock. We will do this by showing that the distance between the
robots is non-decreasing, once phase three control starts. We break this proof into three
parts consistent with the three phases:

Phase 1 — Phase 2: Let ¢ =t; be the time at which phase 1 ends (and phase 2
starts) i.e. when robots fall in deadlock. In theorem 1 we showed that in deadlock
|Apy; || = Ds, and in theorem 2 we showed that the positions of robots and their
goals are collinear. So at the end of phase 1, Apy; (t1) = Dség4r. The goal vector
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(a) Two Robots Sims. (b) Expmts. with Kheperas.  (c) Three Robots Sims.

Fig. 6: Positions of robots from deadlock resolution algorithm. In all figures, final positions
converge to desired positions in Phase 3. Videos at https://tinyurl.com/y4ylzwh8

Apg,, (t)=pg4, —P4, =Dcép Vt>0. Moreover, since the robots are static in deadlock,
A’Ugl (tl) =0

Phase 2 — Phase 3: The initial condition of phase two is the final condition
of phase one i.e. Apy;(t1)=Dsés4r and Avg(t1)=0. In phase two, we use feedback
linearization to rotate the assembly of robots making sure that the distance between
them stays at Dy, until the orientation of the vector Aps,(t) = Ds&yy) aligns with
Ap,,, =Dgég (see supplementary for controller derivation). Once done, 3 a time t;
at which 6(t2) = . Moreover, at t=ts, the robots are no longer moving, hence their
velocities are zero, hence, Apy, (t2) = Ds€p, Ava(t2) =0. These states are the final
condition for phase 2 and initial for phase 3.

Phase 3 — oo : In this phase, the initial conditions are Ap,,(t2) = Dség and
Awg; (t3) = 0. Also, note that the dynamics of phase 3 control are specified by the
prescribed PD controllers. The dynamics of relative positions and velocities are:

A’i)m = —kip(Ap21 —Apdm ) —kUA'Um, (39)
where Ap,;, = Dgég. Now, we will do a coordinate change as described next. Let
Apy; :=R_gApy; and Avy; :=R_gAwvg;. The initial conditions in these coordinates
are Af?gl (tg) = R_gDséﬁ = (DS,O) and A’f)gl (tz) =0 ze. Af)gl (tg) = Ds,Af)‘gl (tg) =
0,49%, (t2) =0 and AvY, (t2) =0. The dynamics in new coordinates are:

Apyy = Aoy

Avgy =—ky(Apyy —R_pApy,, ) —ky AV (40)

Using these coordinates, note that R_gAp, = (Dg,0). Note from the dynamics and
the initial conditions for the y components of relative position and velocities that the
only solution is the zero solution i.e. ApY, (t)=0 and AvY,(t)=0V t>t5. As for the x
component, we can compute the solution to be Ap%; (t)=cqe“ (t=t2) 4 cyew2(t=t2) L D,
and AD%, (t) =ciw1ett2) 4 cowpe2(t12) . Here

1 Dg—D Dg—D

o= (—kot\[R2—aky), =206 erD6=Ds)

2 w1 —Ww2 w1 —w2

and w; — wy = —y/k2—4k, and wiws = k,. After substituting these values, we
- kp(Do—Dg)(e1tt2) _egwa(t—t2)) .

get, AvF,(t) = = . Now, from the assumptions that PD

Vk2—dk,
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controllers are overdamped i.e ky, k2 — 4k, > 0 and Dg > D, it follows that
~a (1) _ kp(Da=Dg) (et 1) —ew2(t7t2)) ~v (4 _ _Dg=D. wa(t—t2) _
03 (t) = T >0 and Ap%,(t) = k1) wie

wi (t—t2) ; dllAp, (D] _ AP, () A2y (
woet*72) 1 D > D¢ >0. Finally, note that - = HlAi?m(t)H
the distance between the robots is non-decreasing i.e. the robots never fall in deadlock.
Additionally, since the robots use a PD-type controller, their positions exponentially
stabilize to their goals. (]

t) >0. Hence,

8 Conclusions

In this paper, we analyzed the characteristic properties of deadlock that results from
using CBF based QPs for avoidance control in multirobot systems. We demonstrated
how to interpret deadlock as a subset of the state space and proved that in deadlock,
the robots are on the verge of violating safety. Additionally, we showed that this set is
non-empty and bounded. Using these properties, we devised corrective control algorithm
to force the robots out of deadlock and ensure task completion. We also demonstrated
that the number of valid geometric configurations in deadlock increases approximately
exponentially with the number of robots which makes the analysis and resolution for
N >4 complex. There are several directions we would like to explore in future. Firstly,
we want to extend this to N >4 case. In the N =4 case, we determined a large number
of admissible geometric configurations. We find that there exist bijections among some
of these configurations depending on the number of total active constraints. We believe
this property can be exploited to reduce the complexity down to the equivalence
classes of these bijections. We will exploit this line of approach to simplify analysis
for N >4 cases. Secondly, we are interested in identifying the basin of attraction of the
deadlock set to formally characterize all initial conditions of robots that lead to deadlock.
Tools from backwards reachability set calculation can be used to compute the basin of
attraction. Finally, although we focused on CBF based QPs for analysis, we will extend
this to other reactive methods such as velocity obstacles and tools using value functions,
and explore the properties that make a particular algorithm immune to deadlock.
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