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Abstract

We address the problem of estimating the mixing time ¢n,jx of an arbitrary ergodic finite Markov
chain from a single trajectory of length m. The reversible case was addressed by Hsu et al. (2018+),
who left the general case as an open problem. In the reversible case, the analysis is greatly fa-
cilitated by the fact that the Markov operator is self-adjoint, and Weyl’s inequality allows for a
dimension-free perturbation analysis of the empirical eigenvalues. As Hsu et al. point out, in the
absence of reversibility (and hence, the non-symmetry of the pair probabilities matrix), the existing
perturbation analysis has a worst-case exponential dependence on the number of states d. Further-
more, even if an eigenvalue perturbation analysis with better dependence on d were available, in
the non-reversible case the connection between the spectral gap and the mixing time is not nearly
as straightforward as in the reversible case. Our key insight is to estimate the pseudo-spectral gap
instead, which allows us to overcome the loss of self-adjointness and to achieve a polynomial de-
pendence on d and the minimal stationary probability 7,. Additionally, in the reversible case, we
obtain simultaneous nearly (up to logarithmic factors) minimax rates in ¢mix and precision ¢, clos-
ing a gap in Hsu et al., who treated € as constant in the lower bounds. Finally, we construct fully
empirical confidence intervals for the pseudo-spectral gap, which shrink to zero at a rate of roughly
1/4/m, and improve the state of the art in even the reversible case.
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1. Introduction

We address the problem of estimating the mixing time ¢,jx of a Markov chain with transition proba-
bility matrix M from a single trajectory of observations. Approaching the problem from a minimax
perspective, we construct point estimates as well as fully empirical confidence intervals for ix
(defined in (4.5)) of an unknown ergodic finite state time homogeneous Markov chain.

It is a classical result (Levin et al., 2009) that the mixing time of an ergodic and reversible
Markov chain is controlled by its absolute spectral gap v, and minimum stationary probability 7,:

<1—1> In2 < tmix < M, (L.1)
x Y

which Hsu et al. (2015) leverage to estimate ¢y in the reversible case. For non-reversible Markov
chains, the relationship between the spectrum and the mixing time is not nearly as straightforward.
Any eigenvalue A # 1 provides a lower bound on the mixing time (Levin et al., 2009),

1
——— — 1) In2 < tmix, 1.2
(1—|A| )“ =1 (12
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and upper bounds may be obtained in terms of the spectral gap of the multiplicative reversiblization
(Fill, 1991; Montenegro and Tetali, 2006),

TSI vy P (1.3)
v (MTM) U

Unfortunately, the latter estimate is far from sharp'. A more delicate quantity, the pseudo-spectral
gap, Yps (formally defined in (4.8)) was introduced by Paulin (2015), who showed that for ergodic
M,

1 1
Stmixg(ln+21n2+l). (1.4)
2')/ps “Vps Tx

Thus, ~yps plays a role analogous to that of v, in the reversible case, in that it controls the mixing
time of non-reversible chains from above and below — and will be our main quantity of interest
throughout the paper.

2. Main results

Here we give an informal overview of our main results, all of which pertain to an unknown d-
state ergodic time homogeneous Markov chain M with mixing time n,jx and minimum stationary
probability 7. The formal statements are deferred to Section 5. Sample complexity refers to the
trajectory length of observations drawn from M .

1. We determine the minimax sample complexity of estimating 7, to within a relative error of £
to be © (tm—'x) . This improves the state of the art even in the reversible case.

e2m,

2. We upper bound the sample complexity of estimating the pseudo-spectral gap ~,s of any
2. max{tmix,C(M)}
mix ), where 1 < C(M) <

mye2
d/m, captures a notion of how far M is from being doubly-stochastic.

ergodic M to within a relative error of £ by O (t

3. We lower bound the sample complexity of estimating tmix by Q (t%d) , which holds for both
the reversible and non-reversible cases. This shows that our upper bound is sharp in €, up to

logarithmic factors.

4. We construct fully empirical confidence intervals for 7, and s without assuming reversibil-
ity.

5. Finally, our analysis narrows the width of the confidence intervals and improves their compu-
tational cost as compared to the state of the art.

010
1. Consider the Markov chain on {1, 2, 3} with the transition probability matrix M = ( 1(/)2 0 1}2 ) , which is rapidly

mixing despite having (M M) = 0 (Montenegro and Tetali, 2006).
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3. Related work

Our work is largely motivated by PAC-type learning problems with dependent data. Many results
from statistical learning and empirical process theory have been extended to dependent data with
sufficiently rapid mixing (Yu, 1994; Karandikar and Vidyasagar, 2002; Gamarnik, 2003; Mohri
and Rostamizadeh, 2008, 2009; Steinwart and Christmann, 2009; Steinwart et al., 2009; Shalizi and
Kontorovich, 2013; Wolfer and Kontorovich, 2019). These have been used to provide generalization
guarantees that depend on the possibly unknown mixing properties of the process. In the Markovian
setting, the relevant quantity is usually the mixing time, and therefore empirical estimates of this
quantity yield corresponding data-dependent generalization bounds.

Other applications include MCMC diagnostics for non-reversible chains, which have recently
gained interest through accelerations methods. Chains generated by the classical Metropolis-
Hastings are reversible, which is instrumental in analyzing the stationary distribution. However,
non-reversible chains may enjoy better mixing properties as well as improved asymptotic variance.
For theoretical and experimental results in this direction, see Hildebrand (1997); Chen et al. (1999);
Diaconis et al. (2000); Neal (2004); Sun et al. (2010); Suwa and Todo (2010); Turitsyn et al. (2011);
Chen and Hwang (2013); Vucelja (2016).

The problem of obtaining empirical estimates on the mixing time (with confidence) was first
addressed in Hsu et al. (2015) for the reversible setting, by reducing the task to one of estimating
the absolute spectral gap and minimum stationary probability. Hsu et al. gave a point estimator for

the absolute spectral gap, up to fixed relative error, with sample complexity between {2 (% + ﬂ%)

and O ( L ) Following up, Levin and Peres (2016) sharpened the upper bound of o ( L ),

VI Vo Tk
again leveraging properties of the absolute spectral gap of the unknown chain. Additionally, Hsu

Tx YV

et al. (2015) presented a point estimator for 7, with sufficient sample complexity O (L) The
state of the art, as well as our improvements, are summarized in Table 1.

More recently, also in the reversible setting, algorithmic improvements in a different sampling
model were obtained (Qin et al., 2017; Combes and Touati, 2018), for which new estimation tech-
niques, derived from the power iteration method were introduced; these focus on computational
rather than statistical efficiency. Our stringent one-sequence sampling model is at the root of many
of the technical challenges encountered; allowing, for example, access to a restart mechanism of the
chain from any given state considerably simplifies the estimation problem (Batu et al., 2000, 2013;
Bhattacharya and Valiant, 2015).

4. Notation and definitions

We define [d] £ {1,...,d}, denote the simplex of all distributions over [d] by A4, and the collection
of all d x d row-stochastic matrices by M. N will refer to {1,2,3,...}, and in particular 0 ¢ N.
For p € Ay, we will write either p(7) or p;, as dictated by convenience. All vectors are rows unless
indicated otherwise. A Markov chain on d states being entirely specified by an initial distribution
p € Ay and a row-stochastic transition matrix M € M, we identify the chain with the pair
(M, p). Namely, by (X1, ..., X)) ~ (M, p), we mean that

P (X1, Xm) = (21, ., 2m)) = pla1) [[ M (s, 2144). 4.1
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We write Pz, (+) to denote probabilities over sequences induced by the Markov chain (M, ),
and omit the subscript when it is clear from context.

Skipped chains and associated random variables. For a Markov chain X,... X,, ~ (M, u),
forany k € Nand r € {0,...,k — 1} we can define the k-skipped r-offset Markov chain,

XT'+I€7 XT+2k7 e 7XT+H€7 B XT+|_(mf1”)/kjk ~ (Mk7 IJ‘MT)a
and we will write it ka’r), R XEZ;:)—T)/M’ or more simply Xl(k), .. ’ngz)/kj when » = 0. The
main random quantities in use throughout this work are now defined for clarity. For two states ¢ and
7, a skipping rate k, and an offset r, we define the number of visits to state © to be

N(kvr) é

i

, N® 2 Nk (4.2)

1

{1 <t<|[(m—r)/k]—1:x%"" :i}

and the number of transitions from i to j to be

(k) & (k) & pr(k0)
N A , NP AENSY @3

{1<t<tm—n/m -1 xF7 =i x5}

‘We will also use the shorthand notation
Ni 2 Ni(l)’ NZ] = NZ(Jl)’ ngﬁzx = mz[lzl}}{ Nl(k)’ Nr(nklzl = mflﬁ NZ(k)’ Nmax £ NI(Illa)X7 Nmin = Nr(nll)n
1€ 1€

4.4

Stationarity. The Markov chain (M, p) is stationary if p = pM (i.e. p is a left-eigenvector
associated to the eigenvalue 1). Unless noted otherwise, 7 is assumed to be a stationary distribution
of the Markov chain in context. We also define D = diag(7), the diagonal matrix whose entries
correspond to the stationary distribution, i.e. w# = 1 - D, with1 = (1,...,1).

Ergodicity. The Markov chain (M, p) is ergodic if M k> 0 (entry-wise positive) for some
k > 1. If M is ergodic, it has a unique stationary distribution 7 and moreover m, > 0, where
T = Min,e[q) 7 is called the minimum stationary probability. We henceforth only consider ergodic
chains.

Mixing time. When the chain is ergodic, we can define its mixing time as the number of steps it
requires to converge to its stationary distribution within a constant precision (traditionally taken to
be 1/4):
1

to 2 mi M < % 4.5

mix ?élél{fgfd Iz oy < 4} 4.5)
Reversibility. A reversible M € M, satisfies detailed balance for some distribution p: for
all i,j € [d], piM(i,5) = pjM(j,i) — in which case p is necessarily the unique stationary
distribution. The eigenvalues of a reversible M lie in (—1, 1], and these may be ordered (counting
multiplicities): 1 = Ay > Ao > ... > Aq. The spectral gap and absolute spectral gap are
respectively defined to be

yE 1A (M), Y 21 —max {Xo(M), [Ng(M)|}. (4.6)
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It follows from above that whenever M is lazy (Vi € [d], M (i,4) > 1/2), all eigenvalues of M are
positive and v = 4. The matrix DM consists of the doublet probabilities associated with M
and is symmetric when M is reversible. The rescaled transition matrix,

L2 DY*MD;Y?, (4.7)

is also symmetric for reversible M (but not in general). Since L and M are similar matrices, their
eigenvalue systems are identical.

Non-reversibility. Chains that do not satisfy the detailed balanced equations are said to be non-
reversible. In this case, the eigenvalues may be complex, and the transition matrix may not be
diagonalizable, even over C. Paulin (2015) defines the pseudo-spectral gap by

e ark
Yos 2 max {W} , (4.8)

where M is the time reversal of M, given by M (i, j) 2 m(j)M(j,)/(i) and ~ is defined at
(4.6); the expression M "M is called the multiplicative reversiblization of M. The chain M "M is
always reversible, and its eigenvalues are all real and non-negative (Fill, 1991). We also denote by
’y((MT)kPSMkPS)
bs
the multiplicative reversiblization achieves? its pseudo-spectral gap. Intuitively, the pseudo-spectral
gap is a generalization of the multiplicative reversiblization approach of Fill, and for a reversible
chain, the pseudo-spectral and absolute spectral gap are similar within a multiplicative factor of 2
(Lemma 15).

kps the smallest positive integer such that v, = ; this is the power of M for which

1/p
Norms and metrics. We use the standard /1, £ norms ||z, = (Zie[ d |zl|> ; in the context

of distributions (and up to a convention-dependent factor of 2), p = 1 corresponds to the total
variation norm. For A € R%*9, define the spectral radius p(A) to be the largest absolute value of
the eigenvalues of A, and recall the following operator norms for real matrices,

| All, = max Z |AG, )], Al = max Z |A(i, 5)],  |Ally = v p(ATA). (4.9)
e e iell e

We denote by (-, -) the inner product on R? defined by (f, g), £ > ica £(0)g (i) (i), and write
||, for its associated norm; ¢?(7) is the resulting Hilbert space. To any (M, i), we also associate

e/ mll5 . 2w /i, 4.10)

which provides a notion of “distance from stationarity” and satisfies ||p/7||, . < 1/7,. For two
[d]-supported distributions D = (p1,...,pq) and D' = (q1,...,qq), we also define respectively
the Hellinger distance and the KL divergence,

H(D,D') = \f\/z VB —V@)? Di (D||D') =Y piln <pl). 4.11)

i€(d]

2. Note that for ergodic chains the pseudo-spectral is always achieved for finite k so that ks is properly defined. Indeed,
as 1/(27ps) < tmix < 0o (Paulin, 2015) and directly from its definition kps < 1/7ps.
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Asymptotic notation. We use standard O(-), ©(+) and O(+) order-of-magnitude notation, as well
as their tilde variants O(-), Q(-), ©(-) where lower-order log factors of any variables are suppressed.
Note that as we are giving finite sample fully empirical bounds with explicit multiplicative constants,
the logarithm base is relevant and we write In (-) for the natural logarithm of base e.

5. Formal statement of the results

The results in this section are all summarized in terms of learning the parameters of interest up to
some ¢ relative error and confidence §. For absolute error point estimation learning bounds, we refer
the reader to Section C.

Theorem 1 (Minimum stationary probability estimation upper bound) There exists an estima-
tor y which, forall 0 < € < 2,0 < § < 1, satisfies the following. If v, receives as input a sequence
X = (X1,...,X.) of length at least myg drawn according to an unknown d-state Markov chain
(M, p) with minimal stationary probability 7, and pseudo-spectral gap ~ps, then |, — T, | < e,
holds with probability at least 1 — 6. The sample complexity is upper-bounded by

Cs d
Mygi=—7p—1In (5\/@—1), (5.1)

VpsE T

where C, is a universal constant.

From this theorem, and the fact that for reversible Markov chains the absolute and pseudo-
spectral gaps are within a constant multiplicative factor (see Lemma 15), we immediately recover
the point estimation upper bound for the minimum stationary probability provided by Hsu et al.
(2015) for reversible chains.

Theorem 2 (Minimum stationary probability estimation lower bound) Lerd € N,d > 4. For
every 0 < £ < 1/2,0 < m, < % and m, < yps < 1, there exists a (d + 1)-state Markov chain M
with pseudo-spectral gap ps and minimum stationary probability m, such that any estimator must
require a sequence X = (X1,..., X,,) drawn from the unknown M of length at least

My =0 (m (51)) (5.2)
LB-— 2 9 .
Vps€“ Tx

Sor |7t — my| < emy to hold with probability > 1 — 0.

The upper and lower bounds in (5.1) and (5.2) match up to logarithmic factors — and continue
to hold for the reversible case (Lemma 15).

Theorem 3 (Pseudo-spectral gap estimation upper bound) There exists an estimator yps which,
forall0 < e < 2,0 < 9§ < 1, satisfies the following. If Yps receives as input a sequence X =
(X1,...,X.) of length at least myy drawn according to an unknown d-state Markov chain (M, p)
with minimal stationary probability T, and pseudo-spectral gap ~yps, then |Yps — Yps| < €7ps holds
with probability at least 1 — J. The sample complexity is upper-bounded by

/-1
mUB::C’psmaX{l,C(M)}ln (d T >, (5.3)

7r*527gs Yps €24
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where C(M) < |[M|| min {d, [[M]|},
constant.

L i . .
(M|, = max(; j)e[a? {ﬂ—;}, and Cps is a universal

The quantity C(M) can be thought of as a measure of “distance to double stochasticity” of the
chain, or a measure of non-uniformity of its stationary distribution; for doubly-stochastic chains, we
have C(M) = 1. The proof of the theorem provides a more delicate yet less tractable expression
for C(M), given in (C.35).

Theorem 4 (Pseudo-spectral gap estimation lower bound) Ler d € N,d > 4. For every 0 <
€ < 1/4,0 < § < 1/d,0 < 7ps < 1/8, there exists a d-state Markov chains M with pseudo-
spectral gap ~yps such that every estimator 7ps must require in the worst case a sequence X =
(X1,...,X.) drawn from the unknown M of length at least

d 1
=0 In{ —
e <'Yps62 " (d5>> ’

in order for [Fps — Yps| < €7ps to hold with probability at least 1 — 6.

The proof of the above result also yields the lower bound of Q (%) is the reversible case, and
closes the minimax estimation gap, also in terms of the precision parameter ¢, at least for doubly-
stochastic Markov chains (for which 7, = 1/d), matching the upper bound of Hsu et al. (2018+) up

to logarithmic terms. For a comparison with existing results in the literature, see Table 1.

Remark 5 The minimax sample complexity in ~yps remains to be pinned down as our current bounds
exhibit a gap. In the reversible case, the dependence on vy, was improved from 2 in Hsu et al. (2015)
t0 v« in Levin and Peres (2016); Hsu et al. (2018+) via a “doubling trick” (Levin et al., 2009), which
exploited the identity v, (M*) = 1 — (1—~,(M))¥. The non-reversible analogue ~((M )" M*) =
Y((MTM)*) in general fails, and we leave the question of the minimax dependence on ~yps as an
open problem.

Remark 6 We conjecture that the dependence on C(M ) is an artifact of the current analysis and
that the correct rate is © (tmix/(m4€2)), similar to that of the reversible case. Indeed, suppose we
take a reversible chain and lightly perturb some of the entries; a heuristic continuity argument
would seem to argue against an abrupt increase in sample complexity.

6. Empirical procedure

The full procedure for estimating the pseudo-spectral gap is described below. For clarity, the compu-
tation of the confidence intervals is not made explicit in the pseudo-code and the reader is referred to
Theorem 8 for their expression. The estimator is based on a plug-in approach. Namely, we compute
an approximate pseudo-spectral gap over a prefix [K] C N, of multiplicative reversiblizations of
powers of the chain, which are estimated with the natural counts based on observed skipped chains,
and averaged over different possible offsets. We additionally introduce a smoothing parameter «,
which for simplicity is kept identical for each power, and whose purpose is to keep the confidence
intervals and estimator properly defined even in degenerate cases. The sub-procedure that computes
the spectral gap of the multiplicative reversiblization of a chain uses a few analytical shortcuts to
reduce its computational cost, which are developed in depth in Section C.3.4.
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Function PseudoSpectralGap (d, o, (X1,...,Xn), K):
Aps < 0
for k < 1to K do
A0
forr < Otok —1do
’3/;2’7“ — SpectralGapMultRev(d, «, (Xr+ka Xrioky--- er-i—L(m—r)/ka))
A+ A
end
Atk
Ve < ’Yk/
if 3] /k > ps then
| Fos « AL/K
end

end
return ps
Function SpectralGapMultRev (d, «a, (X1,...,X,)):
N « [da],
T « [a]dxd
fort < 1ton —1do
N[X;] < N[X¢] + 1
T[Xt, Xt+1] — T[Xt,Xt+1] +1

end
S+ /1/N
F < MatrixMultiply(ST,S)/n
D + Diag(1/N)
G + MatrixMultiply(S,TT,D,T,S)
4t < 1 — spectralRadius(G — F)
return 4
Algorithm 1: The estimation procedure outputting Yps

We construct fully empirical confidence intervals whose non-asymptotic form is deferred to
Theorem 8, and the asymptotic behavior is summarized as follows:

Theorem 7 (Confidence intervals, asymptotic behavior) In the non-reversible case, the interval
widths asymptotically behave as

) B Vd N ~ (1 \/7 1
WMm—m—O<mwn7 Vi s 2l = 0 g+ 2 (VM ) )

(6.1)
and in the reversible case, they asymptotically behave as
. ~( Vd R ~( [d 1
\/E’?T*—F*|:O< , VMY — 7] =0 <\/gHM]ﬂ.+ ) .
7*\/7?* Tk VxTTx
(6.2)

See Remark 14 for a discussion of how Theorem 7 improves the state of the art.
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7. Proof sketches

In this section we, provide proof sketches and explain the basic intuition. These are fully fleshed
out in Section C.

7.1. Point estimation
7.1.1. PROOF SKETCH OF THEOREM 1

We take the natural candidate 7, = -1 min;c(q |t € [m] : X; = i as our estimator. The proof fol-
lows along the lines of its counterpart in Hsu et al. (2015) for the reversible case, with the exception
that it makes use of a more general concentration inequality from Paulin (2015) that also applies to
non-reversible Markov chains.

7.1.2. PROOF SKETCH OF THEOREM 2

To prove the claim, we first focus on the estimation problem with absolute error, in the regime
2e < me < 7Yps. We construct the following star-shaped class of reversible Markov chain where a
single “hub” state is special, while the remaining “spoke” can only transition to themselves or to the
hub. Ford € N, d > 4,

a (I-a)p1 - (1-a)pa
Sq=1{Sa(D):0<a<1,D=(p,...,pa) € Ay} where Su(D)= | & "° ’
a 0 1 a
(7.1)
Any chain in S, is readily computed to have stationary distribution (v, (1 — a)p1,..., (1 — a)pq)
and pseudo-spectral gap vps(Sq (D)) = © (a). Consider D, D, € A, defined by

B 1-28  1-28 a . 1-23  1-28
D'_<B7/87 d_2a-"a d_2>)DE_</B+287/8 28) d_27"-7 d_2>7 (72)

with 2¢ < 8 < 1/d. Consider further the two (stationary) Markov chains Sy, S, € Sy indexed,
respectively, by D and D.. Then |7, (Sq) — mx (Sa,e)| = Q(g), and for all m, we exploit the
structure of S to derive a tensorization property of the KL divergence between trajectories X" ~
Spand YT' ~ Sy

DL (X7'|[Y7") < amDky (De||D) .

The argument is concluded with a direct computation of Dy, (D.||D) = O (%) and a KL version

of Le Cam’s two point method.

7.1.3. PROOF SKETCH OF THEOREM 3

We first solve the estimation problem with respect to the absolute error. The quantity we wish to
estimate is a maximum over the integers, while an empirical procedure can only consider a finite
search space [K] C N. To highlight the dependence of our estimator on the choice of K, we write

T
k - S\ T 2(8) gl
wié'v((M*) M’“>, vliév((!? )L > ’Yps[K}égel%{;}, (7.3)
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where L( ) the empirical version of the rescaled transition matrix (4.7) associated with the k-
skipped chain. We denote by 7 the empirical estimator, chosen in our case to be

s A
~ = £ 5. 7.4
Vps[K] I?el[aKX] k (7.4)
It is easily seen that |7ps[ K]~ 7p5| < % and so it suffices to consider K = [2/e], which yields
[£1

_ ik
P ([Fpsix) = s > ) < ) P (M - fy,i] > 28) . (7.5)
k=1

o [no

Via a standard application of Weyl’s eigenvalue perturbation inequality, Perron-Frobenius theory,
and properties of similar matrices, we obtain:

~ = (k)| 15 (k) 7 ()
O R R I
. . =(k) k
We continue by decomposing L™~ — L”,
LY - LF = &) + el LF - Lhel) + LR
—~ /2 / ~ —1/2
where 81(\]2,) = <D£f)> (M(k) - Mk) (D:)> ; (7.7)
~ 1/2 . —1/2
el = (DY) D7 -1 el =Dy (DY) -1
so that
0 ] e ), 2 (e 2
HL oH| < e, +2 |, + ], » where |l 2_max{ e, |lews 2}.
(7.8)

Now we must upper bound HS ](\]f[) 5,(1-]6) . and the “bad” event that a k-skipped chain did not

visit every state a “reasonable” amount of times (in which case, the estimator might not even be

’

, which we achieve via a row-
2
martingale process. After carefully controlling its second-order induced row and column processes,

we invoke a matrix martingale version of Freedman’s inequality (Tropp, 2011), concluding that

5 k
HSJ(\]Z,) H2 = O(ke) with high confidence for a trajectory of length m = Q <HMH1”M”"> The

properly defined). The most challenging quantity to bound is ng(\’/?

ke?

bound HS,(f) H2 = O (ke) follows from Hsu et al. (2018+, Section 6.3) and Theorem 17. The proof

is concluded with an absolute-to-relative error conversion — i.e., replacing € by eps.

10
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7.1.4. PROOF SKETCH OF THEOREM 4

For0 < a < % and d > 4, we define the following family of symmetric (and hence reversible)

stochastic d X d matrices:

! a “ % o 1. %
d—1 1/2 d—1 2(d-2) 2(d—2)
M () = : 2(d172) 2(d1—2) ; (7.9)
O.c 1 1 «a
d—1 2(d—2) 2(d—2) 1/2 - d—1

for which w = % -1, and yps = ©(cr). We then invoke a result of Kazakos (1978), reproduced in
Lemma 25, which provides with a method for recursively computing the Hellinger distance between
two distributions over words of length m sampled from different Markov chains in terms of the
entry-wise geometric mean of their transition matrices. The problem is then reduced to one of
controlling a spectral radius. Writing for convenience

p= YR \/(1—010)(1—041)75:\/(1/2—dofl> (v2- 325)

we compute the entry-wise geometric mean to be

rop p
s q q

[M (), M(ar)] = | q ° q (7.10)
p q q .. s

Observing that the rank of this matrix is less than 2 and employing some careful analysis, we are
2

able to bound the spectral radius p of [M (ag), M (a1)], , from below by p > 1—67%;. A Hellinger

version of Le Cam’s two-point method concludes the proof.

7.2. Empirical confidence intervals

Non-reversible setting. The complete algorithmic procedure is described in Algorithm 1. For-
mally, for a sample path (X7,...,X,,), a fixed k and a smoothing parameter «, we construct the
estimator

A WXty X)) 2 WX 1<t < (m - ) /K)), (7.11)

f

& ro 18 an estimator for the spectral gap of the multiplicative reversiblization of M * which

where

was constructed by observing the k-skipped r-offset Markov chain Xt(k’r), 1<t<|(m—r)/k],

11
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R =~ (k,r, T ~(k,r,
and applying Laplace a-smoothing. We then notice that fy,i o =Y <<L( a)> L( " a)> , where

(i(k,r,a))Ti(k,r,a) _ (D%,r,a)yl/z (N(kma))T (Dglv“””’o‘))_lN(’”M (Dg\’f”"’a))_m,

N(lc,r,oz) A [N(kﬂ") T+

¢ , DU 2 giag (Nl(’“") +da,... N 4 da) .

(7.12)

Jeo

The derivation of the confidence intervals starts with an empirical version of the decomposition
introduced for the point estimator. The subsequent analysis has two key components. The first
is a perturbation bound for the stationary distribution in terms of the pseudo-spectral gap and the
stability of the perturbation of matrix with respect to the ||-|| , norm. More precisely, Lemma 19
guarantees that

_ 1
“Vps <ﬁ>

The second component (Lemma 21) involves controlling the latter perturbation in terms of empiri-
cally observable quantities. In particular,

17~ 7l < O(1) |m-n| (7.13)

d
Nmin
holds with high probability — which is an empirical version of the result of Wolfer and Kontorovich
(2019, Theorem 1), achieved by constructing and analyzing appropriate row-martingales.

(7.14)

bt <00

Reversible setting. Our analysis also yields improvements over the state of the art estimation
procedure in the reversible setting, where Hsu et al. (2015) used the absolute spectral gap ~, of the
additive reversiblization of the empirical transition matrix W as the estimator for the mixing
time. Our analysis via row-martingales sharpens the confidence intervals roughly by a factor of
(9(\/&) over the previous method. The latter relied on entry-wise martingales together with the
metric inequality [|A]l, < dmax(; j)ejq2 |A(i,5)], A € R™. Additionally, we show that the
computation complexity of the task can be reduced over non-trivial parameter regimes. We achieve
this via iterative methods for computing the second largest eigenvalue, and by replacing an expen-
sive pseudo-inverse computation by the already-computed estimator for -y, itself (Corollary 24).
These computational improvements do not degrade the asymptotic behavior of the confidence inter-
vals.
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Quantity Hsu et al. (2015) | Levin and Peres (2016) Present work
~ 1 ~ 1
T, (rev.) @ < 2) - Q < 2) Th. 2
Tx V%€ TwY%E
~ 1
T, (non-rev.) - - C] ( 2) Th. 1, Th. 2
T4 YpsE

~ [ d 1 - 1 ~ d
Yy (TEV.) Q —+ O(—= Q 5 | Th. 4
Y * T YxE Y+E
~ max{ 5!
O (el COMD}Y gy 5
T+E%Yps
~ d
Yps (nON-TEV.) - - Q ( 2) Th. 4
Vps€

Table 1: Comparison with existing results in the literature.

Appendix B. Confidence intervals

The main algorithmic procedure whose description is given at Algorithm 1 yields the following
fully empirical confidence intervals.

Theorem 8 Let Cxc < 192 be a universal constant and define
Togn =1inf {t > 0: (1+ [In(2m/t)],) (d+1)e™" < 5}

Then 75, = O (ln (‘ﬂ%)) and with probability at least 1 — 6,

~(a)

k—1
1 1 2
< A(k/r:a) A(k,’!’,a) A(k,?‘,a)
K 21?&?%{@2(“ 2 (%)) ¢

r=0
(k,r) A

a(kr0) :\/gx?,:a;)ijzci(k,r,a)
k) — G (2 \/ 2<L<m—r3/kJ+d2a>> (ki)

Yos (1\7““*””) N +da

where ( ) jk.r.) plkr,o)

clbre) = Liax U, ,

2 €ld] Ni(k,r) 1 da Ni(k,r) 1 do e

[(m —r)/k] +da [[(m—r)/k] +da " |
1(kra) d 2ad
¢ ATs/a m—r) k) | RO g T WD) g
(B.1)
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The interval widths asymptotically behave as

o ~ d
\/ﬁ 7%3(( ) _ | =0 f
'YpS\/E
(B.2)
ViRl ] = 0 ([ L (VA 1Y),
ps[K] P K T & VpsTx
In the reversible case,
2 N
30 o] < 4@ 4 g0 4 (é(a>> Az | < b
~(a _ Nmax+da j(a
(q()  — \/&md( )
Sl e 2(m+d2«a o
b() _:Y\S(QK)ID<2 ]S7mm+da)>d()
(B.3)
where o . pl@) pl@)
Y = smax| . )
2 Uze[d] NZ + do NZ + do ~
S A X (%)
m+d?a | m+ 2«
+
o . d ad
d*) = 4Ta/d,Lme+ Nown +6

The interval widths asymptotically behave as

A Vi
_O<'V*\/7r7>’ vm

~ ()

Te = — Tk

&(ka) - Tx

vm

~o (/£ (vaima 1))

(B.4)

Appendix C. Proofs
C.1. Minimum stationary probability
C.1.1. PROOF OF THEOREM 1

Let (X1,...,Xm) ~ (M, p) be a d-state Markov chain, with pseudo-spectral gap 7,5 and station-
ary distribution 7r minorized by 7. Our estimator for 7, is defined as the minimum of the empirical
stationary distribution, or more formally,

1

~ A .o~ . o~ .

T, = min7w(:) =min7w(z)— |t € |m| : Xy = 1]. C.1
& min () = minRG) € ] X0 =i (<R
Without loss of generality, suppose that 7, = 7 < 7o < --- < 74 (renumber states if needed).

A Bernstein-type inequality (Paulin, 2015, Theorem 3.4), combined with Paulin (2015, Theo-
rem 3.10), yields that for all € [d] and ¢ > 0,

t27 s
Mo ([T = mi| > 1) < /2| /7]y exp < 16(1 + 1/ (mps))mi(1 — m1) + 40t> €2
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Taking m > %ps and putting

log (4,/211/7ll,.x)
bt = .t =/32mtm + 40t

VYps

yields (via a union bound) Pz ,, (|77 — ||, > t) < 0. We claim that
Vi € [d], |7 — m| < V/32mity, + 40t,, = | — T < 8V s + 136t,,. (C.3)

Indeed, Let i, be such that 7, = 7;,, and suppose that Vi € [d] : |7; — mi| < /327ty + 40t,,.
Since 7, < 71, we have

T — Tx <71 — 1 < /32t + A0ty < 4 + 48, (C.4)

where the last inequality follows from the AM-GM inequality. Furthermore, a < by\/a + ¢ =
a < b% + by/c + c (Bousquet et al., 2004) and

iy < V32mr/Tir + (i, + 40t,). (C.5)

Thus,

T, < 32t + (Ry + 40t) + V32t /T + 40t = T + T2t 4 /32t (Tx + 40t,,)
< Ty + /32t (2, + 88tyn) 4 T2t < Ty + /32 - 882, + /64l 7y + T2 (C.6)
=Ty + 16V 11t + 8Vtmmy + T2ty < Ty + 8ty + 136t,m

and therefore,

T — Tx < T4, — T, < 8Vt Tx + 1368, (C.7)
whence
[T — 7| < 8Vt + 136t,,. (C.8)

A direct computation shows that

1627, log (g, /2 Hu/rugm) .
> = 8ty < 3 (C.9)

m
o 'YpsEQ
and
2.136log (g 2|/ QJ) .
m > — 136t < =, (C.10)
Vps€ 2
tog (4,/2 /7.

so that for m >

max {272, 2567”* }, we have |7, — 7| < e with probability
Vps€
at least 1 — 4. The theorem then follows by choosing the precision to be e7,.
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C.1.2. PROOF OF THEOREM 2

We first prove the claim for absolute error in the regime 2e < m, < 7ps, and at the end obtain the
claimed result via an absolute-to-relative conversion. Consider a (d + 1)-state star-shaped class of
Markov chains with a single “hub” connected to “spoke” states, each of which can only transition
to itself and to the hub. Namely, we construct the family of (d + 1)-state Markov chains for d €
N,d > 4,

a (1-a)p1 -~ (1-a)pg

a l-a .. 0

Sqg={Sa(D):0<a<1,D=(p1,...,pq) € Aq}, where S, (D) =
a 0 . 1la

Notice that w(D) = (o, (1 — a)p1,...,(1 — a)pg) is a stationary distribution for S, (D), that
S (D) is reversible and that the spectrum of S, (D) consists of A\g = 1, A, = 1 —« (of multiplicity
d — 1), and Ay = 0. Thus, the absolute spectral gap is 7,(S (D)) = «, and the pseudo-spectral
gap Yps = O(v), by Lemma 15. We apply Le Cam’s two-point method as follows. Take D and D,
in A4 defined as follows,

28 1-28

1—
D:= _
<ﬂ7/87d_27 7d_2

1-23 1-23
d—2"" " d—2

),Dé—(ﬁ+2a5—2a ), (C.11)

with 2e < 8 < 1/d. For readability, we will abbreviate in this section
Sa:=8u(D), m:=n(D),So::=8Sa(D;), 7e:=n(D;),P (-) :=Pgs,  (-),Pc (") :=Ps, . ().

Consider the two stationary Markov chains (S, 7) and (S ¢, 7.) for o > (3. First notice that

min 7.(i) — min 7(i)| = 2e.

1€[d+1] i€[d+1]

We now exhibit a tensorization property of the KL divergence between trajectories of length m
sampled from the two chains. Let X 7" ~ (S, 7) and YT* ~ (S, ¢, ), from the definition of the
KL divergence and the Markov property,

Do (YPIXT) = Y P8<Ya”:z1”>1n(
(214eees2m ) E[d]™

P (Ym—l — Zm—l)
= P. Yyl = m : ! L a,e\fm—152m
Z ( 1 Zl ) n (P (X'in—l — m—l) zz S y (Z 1, % )

21

P (Y7"'=21")
P ( TZ%”))

(Zl,...,mel)E[d]mfl mé[d}

D (YT || XT) =
D e I L N
22 eldm—2 Zm—1€[d]

Sa’e(Zm—lv Zm)
> Sac(zm1,2m)In <s<mm>> }
Zm €[d]

=1{zm_1=1}Dk(D:||D)

(C.12)
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and as by structural property of the chains of the class Vz,,—2 € [d], Sqc(2m—2,1) = a,

D (YT|XT) = Dk (Y77 | X7 + oDk (D||D) > P (Y72 =272,

22 g[d)m—2

(C.13)

so by induction and stationarity, Dk, (Y"|| X7T") = maDxkr (D¢||D). It remains to compute the
KL divergence between the two distributions,

Dxi (D.||D) = (8 4 2¢)In (1 + 2;) +(8—2¢)In (1 + _525> < 8;2 (C.14)

Denote by M, .., the collection of all d-state Markov chains whose stationary distribution is
minorized by 7, and whose pseudo-spectral gap is at least 7yps, and define the minimax risk as

Ry =inf  sup  Pps (|7 — m| > €),
TR MeMy, . o (C.15)

then from the KL divergence version of Le Cam’s theorem (Tsybakov, 2009, Chapter 2),

1 1 Save? 1 87pse?
Ron > ~exp (—Di (YP|XT)) > Texp [~ 0 ) > Zexp (-2 ) 0 (c.16)
4 4 I5; 4 Ty
e ln (L o n (L ~ T
Hence, for m < *7(426), we have R, > 0, and so m = *7(25) =0 *2 is a
8’7p55 ’Ypsg ’Ypsg

lower bound for the problem, in the v,s > 7, regime, up to absolute error. When taking the accuracy

1
YpsTxE?
makes use of a reversible family confirms that the upper bound derived in Hsu et al. (2018+) is

minimax optimal up to a logarithmic a factor, in the parameters 7, s and €.

to be e, instead, the previous bound becomes ) ( ) and the fact that the proof exclusively

C.2. Pseudo-spectral gap
C.2.1. PROOF OF THEOREM 3

In this section, we analyze our point estimator for the pseudo-spectral gap.

Reduction to a maximum over a finite number of estimators. Recall the definitions from (7.3):

k T
T A k N Tk
e () M) o e {7

It follows from the definition of M that 7 is the stationary distribution of (M T)k MPF for all
k € N. We denote by 7] the empirical estimator for yp(7:

Xy, X
%mémmr““ )}, (C.17)

k€[K] k
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where WL(X 1, .., Xm) is an estimator for fy;i to be defined below. From the triangle inequality,

P ([Fpsfic] = Yos| > €) <P ([Fosi] = Yosi]| + [osix] = os| > €) - (C.18)

:
- %5‘ = Yps — Vps[k] S MaAXeN\[K] {AZ“}, and

since % < 1forall £k € N, we have "YPS[K] fyps‘ < %- Thus, for K > 2

~ ~ —~ 3
P ([Fosiic) = ps| > €) <P <!%sm — oslxc)| + g > 8) <P ([Fpsizc) = osixl] > 5)

(C.19)
and from another application of the triangle inequality, for K > %
2
gl H
~ ‘ kT ‘ € ~t
P ([Fpsix) — Ys| > ) <P [ max <SP "yk ’ > %) (20
ke[K] 2 —

Reduction to controlling spectral norms. Recall that *y,i = y((M*)t MP*) is the spectral gap of
the multiplicative reversiblization of M*, the k-skipped Markov chain associated with M. We now
introduce natural estimators for M* and 7r,

(k) (k)
/\(k) NN Nij A(k) NN Ni
M (i,j) = N and 7(i) = ——, (C.21)

i
where Ni(k) and Nl-(f) are defined in (4.2, 4.3). It is readily verified that 7*) is the stationary

k k) = (k
*) ( ))TM *) is a natural estimator for (M*)T M*. We also introduce

distribution of M, and so (1\7

~(k k ~(k

™ = (D D! ))1/2M( )( ;))_1/2, and will later show that the event miny, ;)c(x]xd] Ni(k) > 0
occurs with high probability for our sampling regime, in which case the above quantities will be
well-defined, making smoothing unnecessary. Notice (M ink = D;l/ Q(Lk)TLkD,lr/ 2, and

(Lk )TLk is symmetric, which makes Weyls’ inequality applicable:

CR N e

By the triangle inequality and sub-multiplicativity of the spectral norm,

b=l < (), |2 = 2, + ()= ) |

where for the second inequality we invoked the Perron-Frobenius theorem (/7 is an eigenvector
associated to eigenvalue 1 for (L*)TL*, k € [K] and ||L*||, = 1; the same holds for its empirical

_ (Lk)TLkHQ.

|z £

<o

Y

2
(C.22)

. . .o =(k . ...
version). We continue by decomposing L( ) L* into more manageable quantities,

LY rF = e® 4 e®) k4 phe®) 4 ) phel)
~ (k)\ 1/2 ~ (k)\ ~1/2
where 51(\]2) = (D?) <M(k) — Mk> (Dgf)) ; (C.23)

T, ™

€ ki _ <1A) k)>1/2 D;l/Z -1, g(k% _ D}T/Q <1A)(k:)>1/2 o
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i 4] = o e8],

and another application of the Perron-Frobenius theorem,

ﬂ,?% Hg}’ from the sub-multiplicativity of the spectral norm

/\(k

£ - 24, < 2], + 2], + el ©29

Consider the event
1 k)
Kt = NG~ Bagn [NO]| < SBara VO] 1
1/2 {(k7z)rél[fli{)](><[d] 1 M,7’l’|: 7 :| =9 M77'r|: i i|

Applying the law of total probability,

H

PM# (‘;Y\ps[K} - ’yps‘ > 8) < PM# (@) + (PMM <H5(k H > iy and 161/2>
k=1

+Pars (28], + 0] > %) )

A matrix martingale approach. Con51der for k € [K], the following sequence of random ma-

trices ng) = O,Y,gk) = [1{ 1 = z} (1 {Xt(k —j} - Mk(i’j)ﬂ(i,j)e[dp' Notice that

k
tU:nl/ k) ng) = diag (Nl(k) , N (k)> < ( ) - M k) From the Markov property, for any

REIN]

(C.25)

t>1 E [ng)] = 0, proving that ng) is a matrix martingale difference sequence, and we
can write

|m/k]

-1 -1
8}@—diag<\/N1(k),...,\/@> ZY diag( Nf’“,...,dNé’“) . (C.26)

At this point, we will invoke Freedman’s inequality for matrices (Tropp, 2011, Corollary 1.3), stated
here as Theorem 26. A direct computation shows that for £ > 2,
= m (x8) =g (3 =) (30
[e%¢] je
(C.27)

so that from Holder’s inequality for matrix norms,

Il < \/HYEMH1 Y| < 2. The

same trivially holds for ¢ = 1. Similarly, using the Kronecker symbol ¢;;, we compute

O A G R LR L
’ =1

[(Yik))T Yik)} = zd: 1 {Xff)l = e} (1 {X@ — z} 1 {Xt(k) _ j}
’ =1

—Mk(g,m{ P } M* (e, 9)1{ x® :i} +Mk(£,i)M’“(€,j)>.
(C.28)
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Recall the random variables Nr(flzl and Nﬁa)x defined in (4.4). As a consequence of (C.28), the two

k)

. . i ( (k) .
predictable quadratic variation processes Wml,Lm Ik and me,Lm /) are well-defined:

[m/k]
W] ) 2 ; B HY’EM ()] (m’)] =3 < |00 )
(/]
[Wffff,tmm(i,j)](ij)é i Et_1“<Y§"”)) ]m] Zd:N IME(0,0) (6,5 — M0, )
’ t=1 ’ =1
(C.29)
whence
[, = M2 [, Si N || (30

where we used the fact that A > B > 0 (entry-wise) = ||A[|, > ||B||, holds for all real valued
matrices.
Finally, as in the event where Vk € [K], Nr(mzl > 0, 51(\]2) is defined, and by sub- multlphcatwlty

of the spectral norm and the fact that for D = diag (vy,...,vq)
maxie[d] Vi,

s
HS H — ) ; y®| (C31)
mln = 2

Since IC{(/2 = (N(k-) > 2\m/k]m) A (N]f(fa?X < 3|m/k] maxe(q) {7 }), writing

min

IS msmlly 2 max{ W W]} (€32)
we have that
P (] - 5wt
<P Syl o ke lmiklm 3 |
<Pum, ZY > andeaX§2Lm/kJ1;ré%i>}<7rz
i (C.33)

|m/k

J (m — k)em,
<Py (|3 v 5 R
=1

3m
16 and HZLm/kJHQ < % )MkH max 7m;

1 i€[d]

me3n,k

< 2dexp _—
( 1M [[ 5],

) (Theorem 26),

k
and form > C L LR In ( Q) > the error probability is controlled by §, (k)

ke2m,
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Finishing up. Since we have

Pacn (26, < [580> 5) < P (], > ) s (Je, > /).
(C.34)

Theorem 1 together with Hsu et al. (2018+, Section 6.3) imply that for m > W% In (5(k) \/ —1)’

TI'*'YPSEQ ek

this quantity is upper bounded by d, ) Similarly, for K > = taklng m > - In (2 2T d)

and invoking Lemma 16 gives Pz, (K) < dk.

Finally, choosing (5;@2%, 55\]2).

Cos Rz dv/m .
mz> max{ M| kem]{k | =55 | Cos €R (C.35)

is sufficient to control the error up to absolute error € and confidence 1 — §, which translates into an

extra 7% factor for the relative error case.
ps

(5,@ €9 and taking the maximum of the three sample sizes,

Remark 9 Notice that for all k € N,

el =agp{Eareo) < g Erarrco} -

[[A¥]],

and HMkH1 < d, so that ~——* < min{d, || M|, }; this justifies the appearance of C(M) =
| M|, min{d, | M||,.} in the upper bound.

C.2.2. PROOF OF THEOREM 4

Kazakos (1978) proposed an efficient method for recursively computing the Hellinger distance
H?(X,Y) between two trajectories X = (X1,...,X,),Y = (Y1,...,Yy,) of length m sampled
respectively from two Markov chains (M, ) and (M1, pt;) in terms of the entry-wise geomet-
ric mean of their transition matrices and initial distributions, which we reproduce in Lemma 25.
Daskalakis et al. (2018, Proof of Claim 2) used this result to upper bound the Hellinger distance in
terms of the spectral radius p for symmetric stationary Markov chains:

m

1- HX(X,Y) > %. (C.36)

For0 < a < %, consider the following family of symmetric stochastic matrices of size d > 4:

1—a 2 1 %
= 12-3% s@m 0 ey

M(a)=| SIC=) = (C.37)
1 2(d£2) 2(d172) 1/2_ﬁ
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Being doubly-stochastic, all the chains described by this family are symmetric, reversible, and have
7 = (1/d,...,1/d) as their stationary distribution. The eigenvalues of M («) are given by \; =
d—1 d—1

1, A1 =1- d%‘lla,)\ayg =1- <m + dﬁ—l> Note that A\, 1 > A2 Whenever a < Nd=2)’

andsoa < 1 = y(M(a)) = d%‘lla. Notice that although the constructed chains are not lazy,
we still have A\, 1 > 0 and Ay 2 > 0, so that v, (M (a)) = v(M («)) and is (by Lemma 15) within

a factor of 2 of yps(M (). Letw = (1,0,...,0)T and v = \/%(0, 1,...,1)T and put

p= \C/ioiTof,q: 2(d1_2),r— \/(1—a0)(1—a1),s_\/<1/2—d0f1> <1/2—d0f1>.

We proceed to compute

/r' p o .. ... p
p S q e q
[M(ag), M(a1)],=[: ¢ ™ q
p q q ... S
= (r—s+quu’ +pvd— 1(uv" +vu’) + (d — 1)quv’ + (s — ¢)I.

(C.38)

So, [M(ao), M(a1)],, — (s — q)I has rank < 2 and its operator restriction to the subspace

. . r—s+q pvd-— 1) .
span {u, v} has a matrix representation R = . For d > 4, and since
pan {u, v} P < W1 (d-1)g =

r — s+ q > 0, R is entry-wise positive. Hence

pi=p (IM(a0), M(1)] /) =5~ a+ p(R), (€39)
with
T 1'2 2
p(R) = ma { T [Ty TR JIER) b cany
so that

(r —s+dg) +/Ir —s — (d — 2)q]’ +4(d — 1)p?
2
(r+5+1/2)+/(r — s — 1/2)? + 152
i |

p=s—q-+
(C.41)

Lemma 13 shows that, ford > 4,0 < a < 1/8,0 <e < 1/2,and ap = (1 — &), 1 = (1 +¢),
we have

Oé52

d—1

p=p(IM(a0), M(ar)],)) > 16
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The minimax risk for the problem of estimating the pseudo-spectral gap is defined as

RE&mf  sup Pary(Fs(Xiee Xm) = 1M >2), ()
Yps (;L,M)GMd,«,ps,-:r* |

where the inf is taken over all measurable functions 7ps : (X1,...,X,,) — (0,1), and the sup
over the set Mg ., of d-state Markov chains whose minimum stationary probability is 74, and of
pseudo-spectral gap at least yps. Using Le Cam’s two point method (Tsybakov, 2009, Chapter 2),

1 1 P P
R%z2(L—¢H%XAme@Jﬁwwum»)22(1— 1—>z4d
(C.43)

d
exp (m In (1 — 65270‘» exp (—9%20‘>
> > ,
. 4d - 4d

where the last inequality holds because 6522 < 3/8 and In(1 — t) > —3¢,¢ € (0,1). Thus, for

)
§ < 2. a sample of size at least m = Q (5% In (;J5)) is necessary to achieve a confidence of
1-9.

Lemma 10 Ford > 4,0 < ap, a1 < 1/4, and s = \/<1/2— d°f1> (1/2— %), we have

1 g + o g — Q1 2 1 oo + a1
— 11— -2 <s< —-(1- . 44
2( d—1 (<ﬁ4‘>>—3—2( d—1> (€44

Proof We begin by showing that s < % (1 — %) By the AM-GM inequality, 4apay < (o +

a1)?, whence
2
20 201 2(ap + 1) 4o
1-— 1-— =1-
<¢ d—1¢ d—l) i—1 -1y

2
<1- 2(ap + 1) n ap + o (C.45)
d—1 d—1

_ (11— oo + o1 2
B d—1 )"’
which, together with % < 1, proves the upper bound. For the lower bound, observe that
9\ 2 2
17040—1—0&172 ag — o _ \/1 2a \/1 201
d—1 d—1 B d—1 d—1

() [ e

(C.46)

2
Now ford > 4, 0 < ag, a1 < 1/4, we have 4(a;j1a1) +4 (0‘3:?1) < 3 and the lemma is proved.
|
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Lemmall Ford > 4,0 < a<1/8,0<e<1/2anday = a(l —¢),a; = a(l +¢),r =
V(1 —ap)(1 — ay), we have

dagan + (o + a1)(r — 1) apag 4oy 3 1
—1)2 >(1— - =  —
\/(T S d—1 Fa—mpe 20N+ |3 —gleota) g
(C.47
Proof Squaring (C.47), the claim will follow immediately from
4 3 21
200+ )1 —7) + gojli > ( 1ozgarl - i(ao + a1)> 1 + dapa;. (C.48)
Fix ag, a1 and define
4a0a1
o(t) =2(ap+a1)(1 —7) — 4oy +t |apag — T, ag + aq) 0, 4+00).
: do(t) - _ (4opar _ 3 1
The sign of =3~ is the same as that of o = ao + o) Since ¢ < 2, it is
straightforward to verify that 4(1 — ¢)(1 + ¢) — V(1 +¢e)(1—¢). Additionally, = =

1-2a+a?(14e)(1—¢) < (1—a)? , so that & < Cly an dw 3< V(1 +e)(1—e)
Squaring this inequality yields, for our range of parameters, dW(t) > 0, and so @ is minimized at
t =0, and p(t) > ¢(0) = 2(ap + a1)(1 — r) — dapa;.

By the AM-GM inequality, \/agar < 2954 — (1 —ap)(1 —ay) < (1 - %)2, and
sor <1-— 0‘0+°‘1 , and another application of AM-GM yields 1 — r > 2-22%L We conclude that

ap+o1

©(0) >0, whlch proves the claim. [ |

Lemmal2 Ford > 4,0 < a < 1/8,0<e < 1/2andap = a(l —¢),a1 = a(l +¢),r =
V(1 —a)(1 — ay), we have

ao+an — 27 < dfa. (C.49)

Proof Observe that a(ac? + 2) < 1 holds for our assumed range of parameters, which implies
2(1 — ) — e2a? > 1, and further

(1—a-a??)?=(1-0a)?-a??2(1 —a) —?a?] < (1 —a)? —a?? =72 (C.50)

1 1 l—ae
As a consequence, = = qrioy 2 g

[eXi]eg]

ap +aq — 2 < 20 —2a(1 +¢)(1 —)(1 — ae?) = 20e*(1 + a — ae?) < 4ae®. (C.51)
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Lemma 13 Ford > 4,0 < a < 1/8,0 < e < 1/2 pasdefinedin (C.41), and g = a(1—¢), 1 =
a(l+e),r = /(1 —ag)(l — ay), we have

2apax 1 1 (ag—o1\? aeg?
pzl—[(ao+a1>— 137}]65_1—2( 2_11) > 16— (C52)

Proof

1/2
20=(r+s+1/2)+ ((r— 1/2)2 4+ s —2(r —1/2)s + 4040041)

) ()

2(r+8+1/2)+<(7‘—1/2)2+<

C.53)
1/2 (
oo + a1 4oy
—2(r—=1/2)(1-
(r /)< d—1>+d—1)
dapaq + (o + a1)(r — 1) apar \ 2
= 1/2 —1)?
(r+s+ /)+<(r )°+ 1 +(d_1)2 ;
where the inequality is due to Lemma 10. Invoking Lemmas 10, and 11, we have
1 ap + aq g — ap 2
2p > —1- —2
”—T+2< d—1 (d—l) *
4 1
1/2+ (1 - [ ot a0+a1)} ; (C.54)
d—1
2ap001 1 1 fapg—a
>1- — - =
p= [(O‘°+a1) 1—r]d—1 2<d—1>
Finally, Lemma 12 implies a lower bound on p:
2 2.2 2
ace a‘e ac
>1—-4 —4 >1—-6 . C.55
Pt T @12 T d—1 (€53)
|

C.3. Analysis of the empirical procedure

Before delving into the proofs, we provide some preliminary motivation and analysis behind the
main estimation procedure in Algorithm 1.
Although we only have access to a single path from M, by considering skipped chains with

offsets r € {0,...,k — 1} we effectively obtain k different paths from which to estimate M k.
Define the averaged estimator

(X1, Xp) & La (Xt(’”), 1<t<[(m— r)/k:J) : (C.56)
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where ﬁl o 18 the spectral gap of the multiplicative reversiblization of the a-smoothed empirical

transition matrix constructed from Xt(k’r):
k,r k
— (k,r,a) Nz(] ) + « ~(kra) A Nz( i) + do

M 3,7) & —e T, = (C.57)
( NI+ da [(m —)/k] + @

Notice that %gk’T’a) requires more aggressive smoothing than for the transition matrix in order to
ensure stationarity. We now derive the smoothed empirical form of (C.72) for a generic skipping
rate k and offset 7:

ST 2 kra)] 1 4 (N7 +a) (NG +a)
[(L ) L } Ly (k.r (k.r) Z Ng(k’r)—kdja ’

(C.58)

where ]\fi(k’r)7 Nz.(f’r) are defined in (4.2, 4.3). The expression can be alternatively be written in its
vectorized form:

<i(l€,r,a)) T i(k,r,a) _ (DS\’;’T’O‘)> -1/2 (N(kma)> T (D%’T’a)) -1 N (ko) <DE\’;’T’Q)> -1/2

with N(kra) 2 [N.(f”’) +a

>

, DT 2 giag (Nl(’”) +da,... NPT 4 da) .

(C.59)

)

](i,j)
C.3.1. PROOF OF THEOREMS 7 AND 8

We begin with a decomposition very similar to the one employed in Section C.2.1. From the defini-
tion of 5}; o, In (C.56), it follows that for all K € N, we have

1 1= (k,r00) (k,r0) (k,r0)
< %o (2SS (i), 2ot + o)

where 8](\]/“[’7""") L (ﬁgf’“a)ym (A’Z(kﬂ",a) B M’“) (IA)$1€,,1,C,L)>—1/27

g

Tps[K] T s

~ 1/2 - —1/2
Sq(rzf,lr,a) _ (fo’m)) D;1/2 3 57(:?,;,&) _ D;/Q (Dgrk,r,a)) _1,
(C.60)
opkra) o (kra) : k
and M D, are the a-smoothed estimators for M ™ and D, constructed from the sample

path X F").
Cho and Meyer (2001, Section 3.3) prove the perturbation bound

170 =7l < &

~

where & £ %maxje[d] {Afj — min;eg {:&i}} and ﬁ# is the empirical (Drazin) group inverse

of M (Meyer, 1975). Since computing 4 via matrix inversion is computationally expensive, we
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show in Lemma 19 that

[atre) ] <Oy, (2 \/%L(m—r)/kﬁd?a))Hﬁm,r,a)_ g

o — (k,r,a) (k.,r) o ’
oe (3277 N+ do
(C.61)
where Cy is the universal constant from Lemma 16. From the triangle inequality,
— (k,r,@) , . i
M) - MG
1
(k1) iy (C.62)
N — (k,r ad||(1/d)-1— M"(z,-
S M0 - MR+ I/ )(,M) ( >H1,
N7 +da 1 N7 +da
and writing
. d 2ad
d®r) £ 4750 (mry i + ,
(L= N g NED | g
C.63
) & Ok g <2 \/ 2(L(m —(kr))/kj + d200> (ki) (€69
A(kvrv ) o ’
“ps <M “ > Npip” + da
it follows via Lemma 21 that H?r(k’r’o‘) —T ‘ < plkra)
Define &¢h2) 2 Lmax Uica {%I;’Sijzi), [;,<ma§$jizzk,r,a>]+ } and recall from Hsu et al.
(2018+), that H%Uw) —WH < hhre) — )57(,’“’““> | < &®re). By sub-multiplicativity

of the spectral norm and norm properties of diagonal matrices, we have

(k,r) 2
r.o Nmax Y AMIAR —
HEJ(\Z’ 7 )H < + da . \/CEHM(IC ) WL L(m Z)/kJ +d a‘ (C.64)
2= Tm —r)/k] + &a NED L
Putting
(k) A
d(k7r’a) ey ﬁw(ﬂkﬂ"va), (C65)
Nmig + dov

(k,r,a)

we have that HS M < (k79 holds with probability at least 1 — §.

Turning to the simpler reversible case, consider the a-smoothed version of the estimator
% (]\/Z f +M ) where the (i, j)th entry is NZ%NZV“ Reversibility allows us to apply Weyl’s in-
equality:

A (; (1\7T +J\7_r>> Y (M)‘ -

i€ [d].
(C.66)

2 2’

A (1 (ET+E)) Y (L)' <|Z-1]

The interval widths can now be deduced from Corollary 23 and Corollary 24.
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C.3.2. ASYMPTOTIC INTERVAL WIDTHS

Non-reversible setting. The definition of the pseudo-spectral gap implies that yps(M B>
k~yps (M), and assuming a smoothing parameter ov < 1/d, a straightforward computation (ignoring
logarithmic factors) yields

md(k,r,a) _ (7) <\/E||M||1r d) ’

Nz

. ~ Vd

mbFre) < O C.67
Vvm. < N ( )

wwwm§@< ‘@wﬂ-

\/%’Ypsﬂ'*
It follows that
e el-o ()
Ypsv/ Tx

P (C.68)

~ (1 d 1
:o<+,/<ﬁHM\,,+ ))
K Tlx YpsTx
Reversible setting. Here,

~ (o 2 Mﬂ'd 7( 2 \/a Ao 2 \/&
ﬁmwzo<ﬂg*), wmwzo< ), Ww:o<wﬂ,

Vx T x
(C.69)
so that
~(a A \/g ~(a 2 d 1
\/MWS()_W*:(Q( ) \/EV»(&)_'Y*:O <\/gHMH‘IT+> :
’Y*\/W»* T V%
(C.70)

Remark 14 Let us compare the intervals obtained in Hsu et al. (2018+, Theorem 4.1) for the re-

versible case with ours. For estimating m,, we obtain an improvement of a factor of @) (\/&), and

for yps, we witness a similar improvement when toyix = €) (\/3 max;e(q] 7r(z)> — l.e. in the case

where the chain is not rapidly mixing. When comparing to Hsu et al. (2018+, Theorem 4.2), which
intersects the point-estimate intervals with the empirical ones, our results are asymptotically equiv-
alent. However, this is a somewhat misleading comparison, since the aforementioned intersection,
being asymptotic in nature, is oblivious to the rate decay of the empirical intervals.

C.3.3. COMPUTATIONAL COMPLEXITY IN THE REVERSIBLE SETTING

The best current time complexity of multiplying (and inverting, and diagonalizing) d x d matrices
is O(d¥) where 2 < w < 2.3728639 (Le Gall, 2014).
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Time complexity. In the reversible case, the time complexity of our algorithm is
@) (m +d*>+C ,\*), where C,, is the complexity of computing the second largest-magnitude eigen-
value of a symmetric matrix. For this task, we consider here the Lanczos algorithm. Let A1,..., A\g
be the eigenvalues of a symmetric real matrix ordered by magnitude, and denote by \j* 5 the
algorithm’s approximation for A;. Then, for a stochastic matrix, it is known (Kaniel, 1966; Paige,
1971; Saad, 1980) that

AL = A < ClanenosB2Y, €7D

where Cianczos @ Universal constant, n is the number of iterations (in practice often n < d), R =
1+2r+2vVr2+r,andr = ﬁ;%;\i. So in order to attain additive accuracy 7, it suffices iterate the

In(Cn~1 In(n~1 .
method n > 1+ 1% =0 <1£1(R)>> times.

A single iteration involves multiplying a vector by a matrix, incurring a cost of O (d2), and

ln(’rfl)

so the full complexity of the Lanczos algorithm is O <m + d? () > More refined complexity

analyses may be found in Kuczyniski and WozZniakowski (1992); Arora et al. (2005)

The previous approach of Hsu et al. (2018+) involved computing the Drazin inverse via matrix
inversion, incurring a cost of O (m + d*). Thus, our proposed computational method is faster over
a non-trivial regime.

Space complexity. When estimating the absolute spectral gap of a reversible case, the space com-
plexity remains O (d2), as the full empirical transition matrix is being constructed.

C.3.4. COMPUTATIONAL COMPLEXITY IN THE NON-REVERSIBLE SETTING

Time complexity. For the non-reversible setting, we are estimating multiplicative reversib-
lizations of powers of chains which involves matrix multiplication. Our time complexity is
O (K2 (m + d*)).

Space complexity. In the non-reversible case, O (K 2) matrices are being constructed, so that the
overall space complexity is O (K 2d2).

Reducing computation of a pseudo-spectral gap to the computation of spectral radii. We
now show that, in order to compute v, it suffices to compute the value of K spectral radii.
For a Markov chain M with stationary distribution 7 and corresponding L, we observe that
F((MFY M¥) = ((LF)TLF) and compute,

[(Lk) ](M Z 7”M \f M(¢ ke N. (C.72)

Since (L*)TL* is a symmetric positive semi-definite matrix, its eigenvalues may be ordered such
that 1 > 5 > ...vg > 0. From (C.72) it follows that /7 is a left eigenvector for eigenvalue 1,
and by the Perron-Frobenius theorem, p((L*)TLF) = 1. By symmetry, we can express (L*)TLF
over an orthogonal left row eigen-basis vy, . . . , vy With the associated eigenvalues vy, . . . , V4, Where

(v1,01) = (L, V/7):
< ) zd: (v]v; hencep(( ) fo)—ug (C.73)
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We have thus shown that at the cost of computing /7t "+/7 does not depend on k € [K], reducing
the problem to computing the largest eigenvalue of a real symmetric matrix. The latter may be
achieved via the Lanczos method, and is more efficient than the power iteration methods in the
symmetric case. In summary, we have shown that

1 _p((Lk)TLk _ \/ETﬁ>
Yosk] (M) = max . : (C.74)

;
Discussion. Recall also that for any k£ € N, %’“ is a lower bound for the pseudo-spectral gap, hence
an upper one for the mixing time, so that any k£ would yield a usable and conservative value for it. In
practice this implies that the procedure makes iterative improvements to its known value of £ x.

Appendix D. Additional auxiliary results
D.1. Pseudo-spectral gap of reversible chains.

An immediate consequence of (1.1) and (1.4) is that in the reversible case,

* In(1/m,)+1
<y < : e < ( { 2) +2>, (D.1)
Tx n

ie. Yps = é(’y*). Lemma 15 below establishes the stronger fact that for reversible Markov chains,
the absolute spectral gap and the pseudo-spectral gap are within a multiplicative factor of 2; more-
over, the pseudo-spectral gap has a closed form in terms of the absolute spectral gap:

Lemma 15 For reversible M, we have
Yo(M) < Yps(M) = 7 (M)[2 = 7 (M)] < 27, (M). (D.2)

k
Proof Reversibility implies M\ = M, and so Yps = Maxp>1 {V(AZQ )}. Denoting by 1 = A\ >

Ao > -+ > \gthe eigenvalues of M, we have that for all i € [d] and k > 1, )\%k is an eigenvalue for
M, and furthermore 2% with \, = max {\o(M), |\g(M)|} is necessarily the second largest.
We claim that

L— A 2
Yos = r;clgic 2 =1-X (D.3)
— that is, the maximum is achieved at k = 1. Indeed, 1 — \2F = (1 — \2) (Zi:ol )\i) and the

latter sum is at most k since A\, < 1. As a result, yps(M) = 1 — X2 =1 — (1 — 1 (M))? =
V(M) [2 — 7 (M)] and also v (M) < ~vps(M) < 27, (M). |

D.2. Controlling the number of visits to all k-skipped r-offset chains.

The following Lemma 16 is instrumental in proving Theorem 3. It quantifies the trajectory
length sufficient to guarantee that that all states of an ergodic Markov chain with skipping rate
k € [K] have been visited approximately according to their expected value with high confidence.
Recall that ks, defined immediately following (4.8), is the smallest positive integer such that

Vs =7 ((MT)kPS Mkps)/kps-
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Lemma 16 For (d, K) € N2, let X1,..., X, ~ (M, ) be a d-state time homogeneous ergodic
Markov chain with pseudo-spectral gap vps and stationary distribution 7 minorized by m,. For
0 < n < 1, consider the event

= LWQ%X (] ‘Ni(k) ~EnMn {N i(k)} ‘ < NEM,x [ka)} } :

where N, (k) 45 defined in (4.2). Then, for m > C’;I,{Y - In ( 2”31“{), we have that ICé( holds with

probability at least 1 — 6, where Cxc < 192 is a universal constant.

Proof By two applications of the union bound, followed by Paulin (2015, Proposition 3.10), we
have

Py (@) miipuz HNi(k) —Emox |:Ni(k)” > Enrn [Ni(k)H . (D4
k=1 i=

This accounts for non-stationary starting distributions, and it remains to upper bound each of the

summands. Fixing k and 4, define ¢4(X;) = 1{t =0 (mod k) and X; =i}, ¢ € [m|. Putting

= >t ¢e(Xt), we obtain Epg r [¢] = 1{t =0 (mod k)} m; from the ergodic theorem

for stationary chains. Thus, for j € [d], we have |¢:(j) — Eprx [¢¢]] < 1. We cannot directly

apply Paulin (2015, Theorem 3.4) for reasons that we detail in Remark 18, and instead derive in
Theorem 17 (using his methods) a concentration bound tailored to our needs.

Let 6, defined as in Theorem 17. For any ¢, we compute the closed form for the variance of ¢;:

Varps [0t = Eprn [0 (1 —Eprn [¢4]) =1{t =0 (mod k)} mi(1 —m;). (D.5)
Thus, for 1 < r < kps, we have

gr =mi(1 —m) [{0 < s < |[(m —7)/kps] 17+ skps =0 (mod k)}| <

Invoking Theorem 17,

Prn (‘Ni(k) —Entr [N;k:)“ > nEp [Ni(k)D < 2exp <_2 o Tlﬁg?ﬁ;?ﬁ;mm)

m7rm27ps>

< 2exp <_ 96k2

D.7)

+
: . . gl _
where the second inequality relies on the fact that m > max {QK , %ps }, and yps = s < Kips 1

Fops
It follows that

Par, (KE) < \/2n ey M) Sy K mr s g
v () < /2rt o3 o (550" ) < v/or Kdown (F5 7 ) - @)
1

k=1 i=
|
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Theorem 17 (Bernstein-type bound for non-reversible Markov chain.) For d € N, let
Xi,...,Xm ~ (M,) be a d-state stationary time homogeneous ergodic Markov chain with
pseudo-spectral gap ~ps. Suppose that ¢1,. .. ¢m, = [d] — R are such that for some C' > 0 and all
J € [d],t € [m], we have |¢(j) — Eng e [¢4]] < C. Define, for 1 < r < kps, the quantities

L(m—r)/kps]

o Z Varng « [Gr sk
s=0

and

~ A ~
0 = kps max oy,
1§7‘§k}p5

Vf

where kps is the smallest positive integer such that vps = ;p‘;s. Then

e e R
PM,ﬂ' Z (bt(Xt) >e | <2exp <—> . (D.9)
t=t

80 + 20eC
Proof Our proof proceeds along the lines of Paulin (2015, Theorem 3.4). We begin by partitioning
the sequence (¢1(X1),. .., ¢m (X)) into kps skipped sub-sequences indexed by 1 < 7 < ks,

m

> 6(Xi) — Epngor

t=t

(X rtshpa) ) oo (mr) k) (D.10)
with
Kops -1
(XTJFS]“PS)OSSSL(m—T)/kPSJ ~ (M, wM"™) (D.11)
from Jensen’s inequality, for any distribution o = (a1, . . ., ag,,) € Ag,, and 6§ > 0,
m kps 0 L(m_r)/kPSJ
En e |exp (92@(&))] <Y aBra [exp | — D Gk (Xrpok)
t=1 r=1 i 5=0
(D.12)
In particular for ¢ € [kps] and o = kips’ it follows from Paulin (2015, (5.6), (5.7)) that
m | & 202k, 25 100kps
En o |exp | 0 Z oe(Xp) || < — Z exp = 1- =
: 2 ; T
t=t PS =1 Vheps Vs (D.13)
S exp 292]{2,)5 maxlSTSkpS 5} (1 _ 100) -1 '
Vps Vps

From the estimate on its moment generating function, the random variable > ;" , ¢;(X;) is sub-
4kps MAaX] <r<fps Gr

Yps

exp (9%@(}@)] < exp <2(1”_9j%)> .

t=t

gamma with variance factor v:= and scale parameter B::vl—o, ie.
ps

EM,ﬂ'

An application of Markov’s inequality concludes the proof. |
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Remark 18 Curiously, Paulin (2015, Theorem 3.4), in its most general form, does not seem to yield
useful bounds for our particular problem. Indeed, one is faced with bounding the ratio Mmk’ii’k”s)

D 1<r<hy, VOT .
where R(m, k, kps) = — ="= ___ However, for our considered ¢1, . .., ¢m, the latter quan-
mlnlgrgkps \VOr

tity is computed to be

Y 1<rchy VO <5 < [(m = 1) kps] i 7+ skps =0 (mod k)]
miny <y <py /{0 < 5 < [(m = 7)/kps] 7+ skps =0 (mod k)}]’

R(m7 k, kps) =

and in particular, the the denominator might be zero. (For a concrete example, take k = kps = 5,
and r = 1.) We hope that our observation is a step towards answering Paulin (2015, Remark 3.7).

D.3. Empirical bounds for learning the stationary distribution of a chain.

The technical results of this section are at the core of three different improvements. First, to extend
the perturbation results of Hsu et al. (2015) to the non-reversible setting, second, to improve the
width of their confidence intervals for m, roughly by a factor @(\/&) in the reversible case through
the use of a vector-valued martingale technique, and third, to reduce the computation cost of their
intervals from O(d®) to O(d?), by showing that we can trade the computation of a pseudo-inverse
with the already computed estimator for the absolute spectral gap.

Lemma 19 (Perturbation bound for stationary distribution of ergodic Markov chain) Let
M (resp. M) be an ergodic Markov chain with stationary distribution 1 (resp. ) minorized
by m, (M) (resp. m(M32)) and pseudo-spectral gap ~yps(M 1) (resp. Yps(M2)). Then

Ck 2
|71 — 2l <

~ max {Yps(M1),Vps(M2)} In (2\/max{7r*(M1)7ﬂ-*(M2)}> | M1 — M|,

(D.14)

where Cic is the universal constant in Lemma 16.

Proof The proof follows a similar argument as to the one at (Hsu et al., 2018+, Lemma 8.9)
except that (D.7), valid for non-reversible Markov chains, is used instead of Levin et al. (2009,
Chapter 12). Cho and Meyer (2001, Section 3.3) have shown established that |7 — s <
k1 ||M1 — M3, where k1 = %maxje[d] {mjmax;»; Eng, 5, [7j]}, 6 is the distribution whose
support consists of state 7, and 7; is the first time state j is visited by the Markov chain. We proceed
by with upper bounding Epy, s, [75]. Setting n:=k:=1 in (D.7), we have, for (m, i, j) € N x [d]?,
that

Pury s, (15 >m) =Par, s, (N; =0) < Pagy s, (INj — mym| > mym). (D.15)
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. C .
Further, since [|0;/m1ly,., = ml(i) for m > g In <2 %(Z)» it follows that

Par, s, (1j > m) < 3. Hence,

:E]w17 Z].:)]w17 7']>£ Z ].:)]\417 Tj>f —|—Z Z 1:)]\/[17 (Tj>£)

£>0 0<t<m k>1 km<{<(k+1)m
§m—i—z Z Par, s, (15 > km).
k>1 km<0<(k+1)m
(D.16)

By the Markov property, Paz, 5, (7; > m) < 1/2 = Pag, 5, (17 > km) < 2% k> 1, and so
271 —limy o0 27

EMl,éi[Tj]§m+m22_k:m+m 1_1/2

k>1

= 2m, (D.17)

which completes the proof. |

The following corollary is a natural extension of a similar result of Hsu et al. (2015) to matrix-
valued martingales.

Corollary 20 (to Theorem 26) Consider a matrix martingale difference  sequence

{Y:t=1,2,3,...} with dimensions di X dy, such that ||Y||, < 1 almost surely for
t=1,2,.... Then with || £,,||, as defined in Theorem 26, for all e > 0 and o > 0,
m

/ 5
P < > 4/2 ”EmHQ Tsm + 37_6,m> < 67
t=1

>y
where T, = inf {t > 0: (14 [In(2m/t)],) (di + da)e " <6} = O ( ((dl—'—?)lnm)) )

(D.18)

Proof Let m € N. From properties of the spectral norm (sub-additivity, sub-multiplicativity,
invariance under transpose), an application of Jensen’s inequality, and || Y|, < 1, we have

k k k
IWeorklly = D B [YiY]]|| <D Bl YiYT, =D Ea|Yills <k, (D.19)

t=1 t=1 t=1
and similarly [|W ||, < k. concluding that ||Z||, < k. Lete > 0 and o > 0. Define 6? £ e;—a
fori € {0,1,...,[In(2m/e)], }, and 02, £ — oco. Observing that \/Qmax {03, e||Zkll,e} <
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V2|25 € + €, we have

<ak e

[n(2m/e)]
< > P (% e [ml,

=0

[n(2m/e)]
> P <3k e [m],
=0

[n(2m/e)]
Z P (Elk‘ € [m],

=0

5
>/2[Zklpe + 35>

WE

i
I\

2

M~
=

IN

2
> \/2max{ao,eoz 1}5+ Zeand || Zg|, € (61 1,03])

~~
Il
—

2

M~
=

IA

2
20%e + 3¢ and [|3]|, < af) .

-
Il
—

¥

(D.20)

Applying Theorem 26 deviation size v/ 202¢ + ¢ yields

<3k € Z Yt > /2| Zklly e + }) < (14 [In(2m/e)],) (di + d2)e™®, (D.21)

which concludes the proof. |

The following lemma gives an empirical high-confidence bound for the problem of learning an
unknown Markov chain M with respect to the ||-|| , norm.

Lemma 21 Let Xy,...,X,, ~ (M, p) a d-state Markov chain and M defined as in Section C.2.1.
Then, with probability at least 1 — 9,

d

, (D.22)
Nmin

[t
o

where 75, = inf {t > 0: (14 [In(2m/t)],) (d+ 1)e™" < 6}, and Ny is defined in (4.4).

Proof For a fixed ¢, define the row vector sequence Y by

1
V2
Notice that Y ;" | Yy = [N;; — N; M (i, 7)l; and from the Markov property E;_1 [Y¢] = 0, so that

Y'; defines a vector valued martingale dlfference. Let W m, W,m and || 3,,]|, be as defined in
Theorem 26. Then

Yo=0Y, == [1{X,o =i} (1{X, = j} - M(i,))]. (D.23)

1 . . . .
Yi¥] = [|¥ef} = 514X = i} (1+ |MGi.)l5 - 2M G, X0) ) < 1{Xi1 =i}

1{X;1 =

[YTYt](J 0= 9 i [1{X: =4} — M(i,7)1{X; = {} — M(i’g)](jyf) ’

(D.24)
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YTY:ll, <1{X;_1 =i}, and ||X,,||, < N; (sub-additivity of the norm and Jensen’s inequality).
i 2 2 y quality
Corollary 20 and another application of Holder’s inequality, yields, for all ¢ € [d],

so that W, < N;. Further, [|[Y]Y,|, < \/HYtTYtHlHYIYtHOO (Holder’s inequality),

> 2dT(S/d,m T 57—5/d,m\/g

_ . . 5 \/&
<Py (HM(z, )= MG, )| > ( 2 [ Zmlly 7o/ + 375/d,m) N) (D.25)
5 5
<P > 1/2 1 Znlly 75/dm T 376/d;m < I

Finally, the observation that

Pary | [ 326G - MG

m

Sy,

t=1

2

2d7—6/d,m + 57—6/(1,711\/a d

< d4r —— (D.26)
Nmin 3]\']’min o/dm Nrnin

completes the proof. |

Remark 22 In the discrete distribution learning model Kearns et al. (1994); Waggoner (2015), the
minimax complexity for learning a [d]-supported distribution up to precision € with high confidence
is of order m = 0 (6%) and so the bound in Lemma 21 is in a sense optimal, and can be thought of
as an empirical version of the bounds derived in Wolfer and Kontorovich (2019).

Corollary 23 (to Lemma 21) Let X1,..., X, ~ (M, p) a d-state Markov chain and ]/\ZTT is such
that ]/\ZJr (i,5) = % Then, with probability at least 1 — 6,

d

ol
M - MTH <4 , (D.27)
H oo Té/d;m Nmin
where M is the time reversal of M, 75, is as in Lemma 21, and Ny, is defined in (4.4).
Proof The only change is to consider the time-reversed martingale
1 . . .
Yo=0Y, = [1{X; =i} (1 {Xi1 = j} - M'(3,5))| (D.28)
V2 j
and mimic the proof of Lemma 21. This yields the claim with probability at least 1 — 0. |

The next lemma provides a perturbation bound for the stationary distribution of a reversible
Markov chain in terms of the symmetrized estimator of the absolute spectral gap.
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Corollary 24 Let Xy, ..., X, ~ M an ergodic reversible Markov chain with stationary distribu-
tion ™ minorized by T, and absolute-spectral gap vy, and let M , T the normalized-count estimators
for M, 7. Then

_ ) _ _
17—l < & ln< m ) (HM—MH n HMT —MTH ) (D.29)
'7* Nmin oo 0o

where Ci is the universal constant in Lemma 16, and 7y £ Y (% (J\/Z + J/\Z T)) the absolute

spectral gap of the additive reversiblization of M.

Proof As 7 is also the stationary distribution of 3 (]/\Zf +M T) we have the the perturbation bound

% <J/\Z + J/\ZT> MH , where k = K ( (M + MT>) By reversibility of M

and norm sub-additivity,

7 =7l < &

_ 1 (< —
17 — 7l < A5 (|37 - | +HMT—MTH ). (D.30)

The proof is concluded by invoking Lemmas 19 and 15. |

Appendix E. Results from the literature

Lemma 25 (from Kazakos, 1978) Let (M, ) and (M1, py) two d-state Markov chains, and
define

oo tuily 2 (Vi@ )] and [Mo, M), 2 [V )M )

(ig)€ld)?”
Thenfor X = (X1,...,Xm),Y = (Y1,...,Yn) two trajectories of length m sampled respectively
from two (M, p) and (M 1, ), it holds that

1= HA(X,Y) = [, )T, (Mo, M) )" - 1.

Theorem 26 (Rectangular Matrix Freedman, Tropp (2011, Corollary 1.3)) Consider a matrix
martingale {X;:t=0,1,2,...} whose values are matrices with dimension dy X da, and let
{Y,:t=1,2,3,...} be the difference sequence. Assume that the difference sequence is uniformly
bounded with respect to the spectral norm, i.e. AR > 0,

|Y¢||, < R almost surely fort =1,2,. ..
Define two predictable quadratic variation processes for this martingale:

L(ylm_ZEt lYt andmem_ZEt lYYt]fOI”m—123 (El)
t=1

and write ||,y = max {[|Wemlly , |Wiwmll, }- Then, for alle > 0 and 62 > 0,

<max Z Yt

o2+ Re/3

2
>cand ||Z)], < 02> < (dy + da) exp < /2 ) (E.2)
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