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Abstract

We analyze a simple prefiltered variation of the least squares estimator for the problem of esti-
mation with biased, semi-parametric noise, an error model studied more broadly in causal statistics
and active learning. We prove an oracle inequality which demonstrates that this procedure provably
mitigates the variance introduced by long-term dependencies. We then demonstrate that prefiltered
least squares yields, to our knowledge, the first algorithm that provably estimates the parameters
of partially-observed linear systems that attains rates which do not not incur a worst-case depen-
dence on the rate at which these dependencies decay. The algorithm is provably consistent even
for systems which satisfy the weaker marginal stability condition obeyed by many classical models
based on Newtonian mechanics. In this context, our semi-parametric framework yields guarantees
for both stochastic and worst-case noise.

Keywords: Linear Dynamical Systems, Statistical Learning Theory, Variance Reduction, Time
Series, Semi-Parametric Statistics.

1. Introduction

Serial data are ubiquitous in machine learning, control theory, reinforcement learning, and the phys-
ical and social sciences. A major challenge is that such data exhibit long-term correlations, which
often obscure the effects of design variables on measured observations and drive up the variance of
statistical estimators.

In the study of linear, time-invariant dynamical (LTI) systems, for example, a vast literature of
both classical and contemporary work typically assumes that the system exhibits a property called
strict stability, which ensures that long term correlations decay geometrically (Verhaegen, 1993).
While recent works show this condition can be removed in the special case when the full system state
is perfectly observed (Simchowitz et al., 2018; Sarkar and Rakhlin, 2018; Faradonbeh et al., 2018),
it is not known whether the condition is necessary in general. Moreover, it is not fully understood
whether the rate of decay of correlations is the right quantity to parametrize the difficulty of learning,
even for strictly stable systems.

Among the many challenges introduced by both non-strictly stable and almost-unstable LTI
systems is that the more one probes, the more the long-term correlations compound to yield mea-
surements with large magnitudes, thereby driving up the variance of statistical estimators. This
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problem of growing variance arises in many other problem domains as well: for example, the rein-
forcement learning community has produced a great body of work dedicated to reducing variance in
the present of long time horizons and large reward baselines (Sutton and Barto, 1998; Greensmith
et al., 2004).

This work intervenes by making two contributions. First, we analyze a simple prefiltered
variation of the least squares estimator (PF-LS) for the problem of estimation with biased, semi-
parametric noise, an error model studied more broadly in causal statistics and active learning (Cher-
nozhukov et al., 2017; Krishnamurthy et al., 2018). We prove an oracle inequality which demon-
strates that this procedure provably mitigates the variance introduced by long-term dependencies.
Second, we demonstrate that prefiltered least squares yields, to our knowledge, the first algorithm
that provably estimates the parameters of partially-observed linear systems that attains rates which
do not incur a worst-case dependence on the rate at which these dependencies decay. The algorithm
is provably consistent even for systems which satisfy the weaker marginal stability condition obeyed
by many classical models based on Newtonian mechanics. In this context, our semi-parametric
framework yields guarantees for both stochastic and worst-case noise.

1.1. Problem Statement

We consider the problem of regressing a sequence of observations (y;) C R to a sequence of
inputs (u;) C RP for times ¢ € [N]. For a fixed T' € N, we define the concatenated input vectors

W = [w...|u_7.1] € RTP, and assume an serial, semi-parametric relationship between y; and
;; that is, there exists a filtration {F;} and a G, € R™* TP for which
yi =G +6;, weF, 0O €Fr. (1.1)

We choose inputs such that u¢|F;—1 ~ N(0, I,,) which ensures (i) the Neyman-orthogonality con-
dition E[6;1, ] = 0, indispensable for consistent semi-parametric estimation (Chernozhukov et al.,
2017) and (ii) that the inputs (u;) have well-conditioned covariance. This setting is motivated by
the problem of estimating the parameters (A, By, Cy, D) of a discrete-time linear system, which
evolves according to the updates

Xi+1 = Avx¢ + Bouy + Byywy
vt = Cux¢ + Dyug + Dz, (1.2)

where (u;) C R? is the sequence of inputs, (y;) C R™ the sequence of outputs, (x;) C R"is a
sequence of states, (w;) C R% and (z;) C R% are sequences of process noise and sensor noise,
respectively, and all above matrices are of appropriate dimension.! Crucially, we do not observe
the system states x; or the noises z; and w;. We shall assume that the process and sensor noises
can be chosen semi-adversarially in the sense that wy,z, € F;_7 (i.e. an adversary may only act
with a T'-step delay). This model captures both stochastic and worst-case oblivious noise. A simple
recursion shows that this condition implies that (1.1) holds in this setting, with G, equal to

G* = [D*, C*B*, C*A*B*, C*AEB*7 ey O*AZ‘72B*:| c RmXTp7

the length-7" response function from the inputs u;—741, ..., ur to the observation y;. Examining
the dynamical equations (1.2), we see that the error §; corresponds to the residual part of y; which
is does not depend on U, and is therefore { F;_ }-adapted.

1. We do not estimate B,, and D, which are in general unidentifiable without a specific noise model.
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An important recent result due to Oymak and Ozay (2018) demonstrates that for these LTI
systems, a consistent estimate of G* can produce a consistent estimate (A B C’ D) of an equivalent
realization of (A,, By, Cy, D,).> Furthermore, Oymak and Ozay (2018) show that if the operator
norm || A, ||op is strictly less than one, then ordinary least squares (OLS) can efficiently recover G

from the inputs uy, . . ., uy. Formally, if the process and sensor noises are i.i.d normally distributed,
the least squares estimator which uses samples uy, —7+1, - . ., uy for some N; < N/10,
N
GLs := argmin Z |Gy — yil|3, (1.3)

GER™*TP N,

converges to G, atarate of O (N -1/ ?). Unfortunately, the condition || A, ||op < 1 is quite stringent,
and the learning rates degrade as || A,||op approaches 1. Indeed, many systems of interest do not
even satisfy a weaker condition known as strict stability: p(A,) < 1, where p(-) denotes the spectral
radius. For example, simple oscillators, integrators, and elementary systems that arise from New-
ton’s laws yield realizations where p(A,) = 1. For example, the LTI system corresponding to the
discretization of the differential equation F' = mZ&, with sampling time A > 0, includes the matrix

A, = exp <A . [8 (1]} ) = [(1) ?} . This matrix violates the strict stability condition, yet satisfies

p(A,) = 1. As mentioned above, non-asymptotic bounds for learning LTI systems typically yield
rates which depend on the inverse stability gap 1/(1 — p(A,))(Oymak, 2018; Hardt et al., 2016;
Shah et al., 2012); for example, Oymak (2018) requires one to select a horizon length 7" for which
| Ax HT < .99, which necessitates that 7" 2 _pl(A*).

This work, on the other hand, suggests that a dependence on stability gap can be avoided in
many cases, and the difficulty of learning can instead by parametrized by quantities that are often
less conservative. Specifically, our results will extend to all marginally stable systems; that is,
systems which sastisfy p(A4,) < 1, including possibly p(A,) = 1.

1.2. Prefiltered Least Squares (PF-LS)

In light of the limitations of ordinary least squares, we analyze PF-LS, a simple prefiltering step to
improve the estimation of the matrix G, in the general semi-parametric setting (1.1). In Section 2,
we specialize our analysis to establish consistent recovery of any linear dynamical system for which
p(Ay) < 1. Prefiltering mitigates the magnitude of the errors §; by learning a coarse linear filter
of future outputs, denoted ¢rqg € R™ L, for L € N. This filter uses a sequence (k;) € RE
encoding past observations to estimate (y;) via the prediction ®rdg - k¢; while we shall first describe
our results for general features, we shall ultimately specialize our bounds to the features k; :=
v vyl orl-- 1yl )T € RE™ with L = Lm (see (2.7)).

We then estimate G, by regressing the filtered observations (y; — ¢rgg - k) to (U;). Concretely,
our procedure is achieved with the following two steps of least squares.

2. That is, a pair (4, B, C, D) such that D = D,, and for all j € {0,1,2,...}, C, AiB, = CA'B.
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N
brag < argmin »  |lye — ¢ - k|3 + ]| F (1.4)
d)ERmXL t=N;
N
Gpr  argmin > ||yt — drag - ki) — Gy|[3 (15)

GeRmXxTp =N,

Throughout, we let N=N— N; + 1, and we use the notation A € RVN*™ to denote the matrix

whose rows are 6;\—,1, cee 51—\; and K € RVXL the matrix whose rows are k}\—,l, .. ,k;\r,. Our first
contribution is the following inequality. Throughout, we use < to denote inequality up to universal
multiplicative constants.

Theorem 1.1 (Prefiltering Oracle Inequality, Informal) Consider the general semi-parametric
setting described in Section 1.1, and suppose that k; € F;_r. Then, with high probability,

~ Opt,, + Ovfit, ~ —
1Grr = Gallop § =22 O <\/:rm> .

Kl||op, and 1/ 1. The term
Ovfit, ~ O (\/ T(p+ L)||Gxllop) captures the extent to which prefiltering overfits to (uy), and

Here, 16) (+) hides logarithmic terms in N,

Opt, == min_[[A =Ko [lop + ]| llop (1.6)
d)GRmXL

describes the data-dependent prediction error of the best filter.

We defer a precise statement of Theorem 1.1 to Theorem 3.3. Note that this result makes no assump-
tions on the structure of the noise &; or the features k;, other than the measurability assumptions
that k;, wy, z; € F;_p. Moreover, the term Opt ., captures to the actual sequence of errors d, rather
than an a priori upper bound. For a sense of sense of scaling, the overfitting term Ovfit, is typically
dominated by Opt,,, and by setting ¢ = 0, Opt, < [[A[lop. When ; = O (1) on average, this
terms behaves as ~ /N, and thus ”épp — Gy||op decays at a rate of of O (N*I/z). In general, we
only need to ensure Optu ~ \/N .

1.3. Organization

Section 2 presents a precise statement of the PF-LS oracle inequality for LTI systems, Proposi-
tion 2.1, as well as bounds for the associated term Opt ., In terms of the phase rank of A, (Defini-
tion 2.3). Consistency of estimation for marginally stable LTI systems is presented as a consequence
(Corollary B.1). Section 3 walks the reader through the analysis of the PF-LS estimator, culminat-
ing in a formal statement of the oracle inequality, Theorem 3.3. Section 4 provides a proof sketch
for results described in Section 2, and Section 5 addresses related work. Complete proofs are de-
ferred to the Appendix, which is divided into three parts: Part I contains graphical illustrations of
phase rank (Appendix A), the proof of Corollary B.1, and the lower bound for OLS, Theorem C.1.
Part II pertains to the the oracle inequality and related material from Section 3. Part III addresses
results specific to LTI systems. The appendix begins with a preface which consolidates notation and
outlines the organization of the subsequent appendices in greater detail.
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2. Rates for Learning LTI Systems

In the setting of marginally stable systems, we can not guarantee that || A||o, grows as v/N due to
the possible accumulation of system inputs. Indeed, Theorem C.1 in the appendix shows that the
OLS estimator is inconsistent whenever p(A,) > 1 and the system satisfies a weak identifiability
criterion. Even for strictly systems, it is not clear whether the inverse stability gap (1 — p(A4,))~ 1,
correctly describes the difficulty of estimation. What we show is that by choosing a large enough
filter length L € N and features

ke o= [y, oly or|. . Iyl € R, (2.7

we can ensure both that Opt,, ~ N 1/2 for marginally stable systems and that Opt,, need not depend
on the stability gap 1 — p(A,). Our choice of k; in (2.7) corresponds to filtering a subsampled
history of the outputs in order to predict y;. This linear prefiltering step is in the spirit of many
schemes detailed in the system identification and time-series literature (see Section 5), many of
which ensure performance in both stochastic and adversarial settings for strictly stable systems.
From the perspective of prefiltered semi-parametric learning, we observe that L corresponds to
L - m, and that the dynamical equations (1.2) imply that features (2.7) are { F;_r }-adapted.

We begin the task of deriving explicit estimation rates for LTI systems by first establishing an
oracle inequality for the PF-LS scheme given by (1.4) and (1.5), for two particular noise models.

Definition 2.1 (Noise Models) In the stochastic noise model, w;|F;_7 and z,_|F;_r are con-
ditionally 1-subgaussian.’In the adversarial noise model, the noise processes satisfy the bounds
|wel|3 < dy and ||z¢||3 < d, with probability 1.

Observe that shaped and/or scaled noise can be addressed by altering B,, and D, appropriately.
The conditions ||w||3 < d,, and ||z¢||3 < d. make the adversarial and stochastic noise models
comparable, as in the stochastic noise model we have E[||w;||3] < d,, and E[||z]|3] < d. by
subgaussianity. We shall assume x; = 0 for the rest of the section, and we address general x; in
the Appendix. Now, we introduce the following parameter, which illustrates the dependence of our
bounds on the eigenstructure of A,, the conditioning of the eigenvalues, and the magnitude of the
noises encoded in B,, and D,.

Definition 2.2 (Mignitude Bound) Let A, = SJ,S™! denote the Jordan-normal decomposition
of As. We define M := ”C*SHOP (HS_lB*HOp + ”S_leHOP) + ||D*H0p + ||DZ||Op~

Lastly, our results apply once N satisfies a moderate lower bound. Specifically, we define Ny, =
max{10TL, cT'plog*(2Tp)}, where c is a sufficiently large constant. Our result bounds ||Gpp —
Gyllop for LTI systems in terms of Opt,,, M, and dimension quantities. Furthermore, we let
log, (z) := max{1,log(x)}. With these quantities defined, we state a specialized version of our
general oracle inequality, Theorem 3.3.

Proposition 2.1 Fix T and L, and suppose that N > Npin, N1 = TL, p(A,) < 1, and that the
largest Jordan block of A, is of size k. Choosing some p > 1 and defining

d:=p+ Lm(log, M +klog, N) = O (p+ Lmk), (2.8)

3. That is, E[exp(A(v, w)) | Fi—r] < exp(A?||v||3) for all v € R%*, and analogously for z;
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it holds with probability at least 1 — 6 — (2N p)*logQ(sz) 106*(2NP) iy the stochastic noise model
that

T(d +log §) L UG lop + p)(d +log 3)

N N

IGrr — Gallop S N7H/20pt, -

In the adversarial noise model, we instead take d := p + Lm (10g+(ﬁ +d, +dy) + klog, N).
Moreover, we have ||Gy||op S MTF-1/2,

We remark that the logarithmic terms in d can be refined further, but we we state the above
bound for its relative simplicity. In the following subsection, we show that for any marginally stable
system, one can ensure that Opt, ~ N 1/2 as long as L is chosen to be sufficiently large. The
parameter L can be chosen according to a structural minimization procedure (see Appendix H.4);
more detailed discussion of the choices of T" and L is deferred to Appendix B.1.

2.1. Learning without the stability gap

We shall now aim to answer the more question: how accurately does the inverse stability gap (1 —
p(A,))~! describe the intrinsic difficulty of learning an LTI system? To this end, we describe
an alternative criterion we call phase rank, which does not depend on the stability radius in the
worst case. We use phase rank to bound the term Opt,, and thus, through Proposition 2.1, upper
bound the learning rate of the estimator @pp. As a second alternative to the inverse stability gap,
in Appendix K we define a condition called strong observability, related to the classical notion of
observability in control theory (Hautus, 1983). This condition also allows us to bound estimation
rates in terms of quantities that do not degrade (in the worst case) as p(A,) — 1.

Phase Rank: Many approaches in the recent learning theory literature have developed bounds
which depend directly on the spectrum of A, and magnitudes of the state-space realization matri-
ces (Ay, By, Cy, D, ); however, many existing works have incurred dependencies on the minimal
polynomial of A,, which is exponentially large in the worst case. Our first approach adopts a new
measure of complexity we call phase rank, inspired by Hazan et al. (2018), derives bounds from
the spectrum of A, without paying for the size of the minimal polynomial. Rather than capturing
the effects of all eigenvalues, the phase rank groups together eigenvalues with approximately the
same phase, and only considers the eigenvalues of A, which lie near the boundary of the unit disk.
Formally, let D : {z € C : |z| < 1} denote the complex unit disk, and for a marginally stable A,,
let blkspec(A,) C C x N denote the set* of all pairs (), k), where ) is an eigenvalue of A, and k is
a size of an associated Jordan block. We define phase rank as follows:

Definition 2.3 (Phase Rank) Ler o > 1. We say that A, has (o, T)-phase rank d if there exists
U1 - - fhqg € D such that, for any (N, k) € blkspec(Ay) with |\| > 1 — ((1 + «)T) ™%, there exists
at least k elements fu;, , . .., ji, C {p1, ..., pna} satisfying

max min IAN—p] <a(l-—])N).

jelk] @:pT :Mij

4. As we will be taking the maximum over blkspec(A.), set is equivalent to multiset for our purposes.
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In the above definition, the parameter I" allows us to group together eigenvalues having ap-
proximately the same phase mod 27/7, and the « parameter controls the ‘width’ of the approx-
imation. The phase rank is typically small for many systems of interest; for example, for real
diagonalizable systems, it is at most 2, regardless of the stability radius, thereby obviating a de-
pendence on 1 — p(A,) in the worst case. Phase rank can also take advantage of benign systems
which do exhibit stability; for example, phase rank is equal to O for strictly stable systems with
p(Ay) < 1— ((1+4 a)T)~L. In Appendix A, we give some visual diagrams to aid the intuition
for this condition. Moreover, the (1,7") phase-rank is at most the degree of the “minimal-phase
polynomial” of A, the measure of complexity studied by Hazan et al. (2018) which inspired this
condition. With this definition in hand, we provide the following bound on Opt,,.

Proposition 2.2 (Bounds for Phase Rank) Suppose that A, has («,T) phase rank d and maxi-
mum Jordan block size k. Then, forany 6 € (0,1); with L > d, N > T(d+1+«) max{m,log(1/)},
and N1 > TL; it holds with probability 1 — § under the stochastic noise setting of Definition 2.1

1
that, with Ca,d,k‘ = 2d(k=2(1 + O[)k_% + dk‘—i)’
N—1/2opt“ < (M + MN—l/?) ) Tk_l/QCa,d,k-

We note that for strictly stable systems, one could instead establish bounds directly in terms of
the stability radius, rather than the phase rank. These bounds would roughly scale as N~/20pt 0 S

k2(1 — p(A*))k_%, and not depend directly on 7. For systems where the eigendirections of A,
can be ‘““disentangled” when observed by C, we show in Appendix I.1.4 that one may decouple
the eigenmodes of A, to only have to consider the phase rank restricted to smaller portions of the
spectrum of A,. For example, if there exists a well-conditioned matrix V' for which C,V and
VLA, are diagonal with blocks (C1, C>), (A1, As), respectively, then we only incur a penalty for
the maximum of the phase ranks of A; and A,. Appendix I also gives refinements of Proposition 2.2
that take more granular aspects of blkspec(A,) into account. For constant phase rank d, we have
the bound N~1/20pt,, ~ O (T"~'/2), which roughly matches the dependence on ||F|op in the
bounds in Oymak and Ozay (2018). Lastly, as mentioned above, Theorem C.1 shows that OLS
inconsistently estimates G, when p(A,) = 1, even with no process or sensor noise.

2.2. Recovering the System Parameters

Given our consistent estimates of G, we can recover the system parameters (Ay, By, Cy, D,) at a
rate of O(1/N 1/ 4), even for marginally stable systems. We prove Corollary B.1, a precise corol-
lary with all parameter dependencies made explicit, and discuss choices of parameters L and 7" in
Appendix B.

3. Oracle Inequality for Prefiltered Least Squares

The goal of this section is to present Theorem 3.3, a technical version of the general oracle inequal-
ity Theorem 1.1 for the estimator Gpr. To guide the proofs and intuition, we first consider the
performance of the estimator which uses an arbitrary, fixed filter ¢, rather than the data-dependent
filter chosen by (1.4):

N
Gei(¢) := argmin Z |(yt — ¢ - ki) — GUy|2. (3.9)

GEeR™ XTp =N,
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Note that for ¢ = 0, aﬁ](¢) = @LS is the OLS estimator. To analyze aﬁ1(¢), we must define
the associated error 4 := d; — ¢ - k;. Since d;,k; are F;_p-adapted, 4, is as well. Thus,
yi—¢-ky = G, U+ dg4 4 is a semi-parametric model describing the relationship between y; — ¢ -k
and u;. We shall now establish two crucial properties which ensure estimation. The first shows that
the matrix U := [Uy,]...|ty]" is well-conditioned with high probability.

Lemma 3.1 (Lemma C.2 in Oymak and Ozay (2018)) Define the event £ and number o as
gﬁ = {g] < ﬁTﬁ < 2]} 6ﬁ — (2Np)—log2(2Tp) logQ(QNp).

Then, if Ny < %N and the sample size N satisfies N > ¢/ Tplog?(2Tp) log?(2Np) for a suffi-
ciently large ' > 0, it holds that P[E&] < by
Inverting, we see that it suffices to take N > Ny, for a possibly larger constant ¢ to ensure the
condition N > ¢Tplog?(2Tp)log?(2Np) holds. The second property we shall use is Neyman

orthogonality, which states that
E[u;6,,] = E[E[u|F—r]d,,] =0.

This property is satisfied in our setting, since 4, is F;—r adapted and E[u;|F;_;] = 0. Cher-
nozhukov et al. (2017) show that under general conditions, Neyman orthogonality generally ensures
consistency of least squares, and Krishnamurthy et al. (2018) recently demonstrated that this idea
implies consistency in a time-series setting. Our first result adapts this argument to handle the fact
that our regression variables, U; have structure; namely, they are concatenated subsequences of (uy).

Denoting A, € RVX™ (6 be the matrix [(5;5r Ny e ] 6;; ~1 T, we show the following bound.

Proposition 3.2 (Error Bound for Fixed Filter) For any fixed filter € R™*E™ § € (0,1), and
k > 0, it holds with probability at least 1 — § that on &g,

(HN_1/2A¢>HOP + R)TI/Q
VN

where lil(z) := log, (log_ (x)) and p := pmin{T,log?(eTp) log?(Tp)}. In particular, the com-
plement of (3.10) occurs with probability at most 0 + dg.

~ ~ . Asllo
1Gs(9) = Gullop S VitmalogdnlBeley (310

For a sense of scaling, observe that whenever the sequence (d; ) is O(1) in magnitude on average,

then % is O(1) with high probability, yielding estimation rates of O < T(pNW)

Proof Sketch: Proposition 3.2 is derived as a special case of a more general result, Theorem E. 1,
which relies on self-normalized tail bounds for martingale sequences due to Abbasi-Adkori (2011).
This theorem is similar in spirit to the tail bounds obtained by Krishnamurthy et al. (2018) for
semi-parametric contextual bandits. The parameter > 0 arises from the use of these tools, but
it can be chosen quite small due to the doubly-logarithmic dependence in 1/k. The novelty of
our bound comes from a careful chaining argument in Appendix F.1 specific to semi-parametric
regression with the concatenated sequence (), based on the techniques in Krahmer et al. (2014).
This bound yields a dependence on p instead the larger quantity T'p. In service of this argument, we
give a recipe for applying Talagrand’s chaining (Talagrand, 2014) to self-normalized martingale tail
bounds in Appendix F, which may be of general interest.
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3.1. Statement of the Oracle Inequality

In Proposition 3.2, we bounded the error for the least squares estimate associated with a fixed
predictor, Gg1(¢), in terms of its associated error | Agllop- Specifically, Proposition 3.2 implied
that when || A y||op grows as 9] (N1/2), |Gai(¢) — Gy|lop decays as O (N—1/2),

In many cases, such as our setting of marginally stable systems, it is not possible to select a filter
¢ a priori in such a way that || A4|lop < O (N/2). Instead, in light of Proposition 3.2, one would
like to choose the filter ¢ which minimizes |Agllop, and pay for the magnitude of its associated
error | A $||0p. Our main result of this section is an oracle inequality, proved in Appendix D, which
shows that prefiltering the output sequence (y;) essentially accomplishes this goal.

Theorem 3.3 (PF-LS Oracle Inequality) Ler Opt,, be as in (1.6), and define

OVt (5) 1= Gl - min { V12,742 o § 45+ Toget( + i 2KICT) 2}

det(Opt, T, ) ==+ m +1i1 % + Tlog, (Opt + YNKller ).

Then for any 6 € (0, 1), then following inequality holds probability with 1 — 6 — g, provided N
satisfies the conditions of Lemma 3.1:

N~1/2(Opt,, + Ovfit,(d)
VN

Here, the term Opt,, corresponds to the error achieved by the best filter ¢, and the term d.f captures
the “effective dimension” of the estimation problem, totaling the dimensions of the filter class, in-
puts (u¢), and observations (y). For the case of linear systems where k; = [y, |...|y, ;] and
L = Lm, in Appendix H.4 we give an algorithm for selecting the parameter L which admits an ora-
cle inequality, Proposition H.4. Moreover, the bound of Theorem 3.3 depends only logarithmically
on 1/, so 1 may be taken to be very small.

Proof Sketch: In proving Theorem 3.3, we first obtain an intermediate but analogous result in
terms of the intermediate quantity || Ay, [lop + £2[|¢rdglop, Which we bound in Appendix D.2 by
Opt,, + Ovfit, using KKT arguments and a variant of Proposition 3.2. To prove the the intermediate

~ +u - —
IGpr — Gallop S ). \/T (log  + degt (Opt,, + OVfit,(8), L, ) -

result, Appendix D.1 considers “slices” v' ¢ along directions v € S™ !, and establish uniform
bounds with respect to a hierarchy of coverings of RL™, each with a different scale and granular-
ity, such that the bounds hold for each covering in the hierarchy simultaneously. This lets us tailor
the granularity of the covering for each specific filter ¢, which (a) yields bounds depending on the
data-dependent errors || A4 ||op, (b) ensures tighter control on filters ¢ with smaller norm, and (c) tol-
erates logarithmically more error as ||¢||op grows. Specializing the uniform bound to ¢,q4g requires
loose control over ||¢ydg ||op (hence the regularization in (1.4)), which adding the regularization term
allows us to control. The choice of y trades off between the magnitude of Opt,, and the quantity

”I,{iﬁ inside the logarithmic term. This is somewhat of an artifact of the proof and is unnecessary
if omin(K) is bounded from below, for example. Again, since 1/ appears in a logarithmic term,
we shall tyically take p to be quite small (e.g. 1/N).
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4. Proof Sketch for Bounding Opt,

Since Opt,, = ming || Ay|op + 14]|@]|op, it suffices to exhibit some ¢ with reasonable operator norm
for which ||Ayllop grows as v N. To this end, we define the auxiliary signal X,,;; and associated

observation y,.; via
Anf(thL)

~ ~ ~ * Xt—TI, N Z t— LT
Ynit = C*Xn;ty Xnst = x,, n<t—LT .

Here, X; is the state as if the noise and inputs had been “shut off” at time ¢ — T'L. We further

define the features k; := v, T | v, orie | | v, TL;t]T and decompose the error term as
0pt =0 — ¢ ki = Err((;g + Err((;z, where
Err((;,g =Y — ¢ k;, and Err((;z = (8 — Yit) — ¢ (ke — Et)

Here, Errgz describes the approximation error y;.; — ¢ - l~<t incurred in predicting y.; from the shut-

off sequence y¢_7.t,Yt—27it - - - » Yt—T1L;t, and Err(22 accounts for the additional noise induced by

the shut-off sequence. In Propositions 4.1 (resp. G.i), we prove bounds on the total contributions of
these two errors under stochastic (resp. adversarial) noise models outlined in Assumption 2.1. For
any fixed ¢, the error terms Err((;g do not grow with time, since they only account for the contribution

of noise over T'L time steps; thus, the contribution of Err((;) to || Ay |lop grows as v V.

The terms Err((;z, on the other hand, may grow with time because they depend on the state

X;_7r, Which can grow in magnitude for marginally stable systems under consistent excitation.
Fortunately, by the Cayley-Hamilton theorem, we can observe that for large enough L, there always
exists a ¢ for which Err((;z — O forall t. Indeed, let f(z) = 2%+ f1 214 - -+ f, denote the minimal
polynomial of AT, and let ¢y = —[fiLn|f2Lm| ... |faln|0]. Then, if L > d, a short computation

shows that Errgf)t
polynomial of AT, which can be as large as n in general. Moreover, the minimal polynomial f

may have exponentially large coefficients, which can amplify the effect of noise in Errgi)i and also

= 0. Unfortunately, ¢ = ¢ requires L to be at least the degree of the minimal

affect the contribution of the regularization term f||¢||op. As introduced in Section 2.1, bounded
phase rank ensures that there exists a smaller (both in length and in norm) filter ¢ than one would
obtain by applying the minimal polynomial. Throughout, we shall consider the stochastic case; the
adversarial case is similar and deferred to the Appendix.

Applying Phase Rank: Proposition 2.2 in the introduction gave an explicit bound on Opt 10
terms of the largest Jordan block k of A, and the («, T") phase rank of the system. The formal proof
of this bound is deferred to Appendix 1. Here, we shall instead provide an informal intuition about
why phase rank is also a natural quantity. Consider the state transition matrix A, = [é 2. ], and
suppose B, = B,, = I>. The first coordinate corresponds to a marginally unstable eigenvalue 1,
and the second corresponds to an eigenvalue which is strictly stable by a small margin €. Taking
L = 1, we see the filter ¢ = I,,, corresponding to the polynomial g(z) = z — 1 not only exactly
cancels the first mode, it also downweights the second mode by a factor of (1 — (1 — €)7), as

Errgz = C,[2](1 — (1 —¢)T) - x;_7[2]. Moreover, we can express the second coordinate as X;[2] =
Z’;Zl(l — €)'7%(us[2] + ws[2]). Due to the geometric decay, this sum roughly depends on only
the last O (1/¢) terms in the sum. Therefore, even for adversarial noise, |X;[2]| should be at most

10
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O (1/€) on average. With this observation in hand, HErrSZH <(1-(1-¢%) 1< T onaverage:
this bound depends neither on the time step ¢ nor the parameter e.

Now, how does this connect to phase rank? We show in Appendix I that the salient feature
of our choice of ¢ was that the corresponding polynomial g(z) had a root with the same phase
as the eigenvalues of A,, which exactly offset the magnitude of the state along the corresponding
eigendirections. Generalizing to systems with Jordan blocks and multiple phases, we prove that
small phase rank lets us construct small-norm filters ¢ which yield small || Err((;) I8

Explicit Bounds on ||A||op: A central technical step in bounding Opt,, is obtaining explicit
upper bounds on ||Ag|lop. In what follows, we use bold sans-serif notation G = (A4, B, C, D) to
denote a dynamical system, where G, := (A, By, Cy, D). With ¢ = [¥y | --- | U], we define
[llbop = Sty | ¥ellop- Lastly, we define the associated observation matrix Cj, := C, AXT —
25:1 \I/gC*AiL_z)T € R™*™ which controls the size of the filtered output sequence (y; — ¢ - ky),
as well as the associated LTI systems G, := (A, By, Cy,0) and Fy, := (A4, By, Cy, 0). We remark
that the parameter L in Cy depends on the length of the filter ¢; e.g. for ¢ € R™*4m we replace
L by d. To state our bound on || A ||op, We shall also need to define, for arbitrary dynamical systems
G = (A, B, C, D), the Markov parameter matrix M, (G) := [D|CB|--- | CA*'B | CA*2B.].
For example, we see that M7 (G) = G,.. We shall also identify dynamical systems by their discrete-
time transfer functions; that is, we associate G = (A, B, C, D) with the real rational transfer func-
tion G(z) = C(2I — A)™' B + D, mapping C — R™*?. The notation M,(G) and G(z) allows us
to define the following control-theoretic norms:

Definition 4.1 (Control Norms) Consider a dynamical system G = (A, B, C, D) with p(A) < 1.
We define the norms ||Gl|3.,, 1= sup.cc:|2j=1 [|G(2)lop, and | Moo (G)|[op := limg 00 [ M (G) [|op-
We allow these norms to take on the value .

The Hoo-norm admits a variational interpretation. It corresponds the induced ¢4 — ¢5* norm for
LTI systems. We also remark that || M (G)||op is equal to the square root of the largest eigenvalue
of the so-called “infinite-horizon Gramian” and is an operator-norm representation of the #{s-norm
in control theory; see Zhou et al. (1996, Chapter 4) for a discussion on both the H ., and H5 system
norms. Note that p(A) < 1 guarantees that both norms are finite. We are now ready to state our
bound on the norm of the error ||A||op. The adversarial case is similar and is given in Proposi-
tion G.2; both are proven in Appendix G.

Proposition 4.1 (Stochastic Noise Bound) Consider a filter of the form ¢ = [Vq|...|¥,] €
R™*4™ for some 1 < d < L, and suppose that N > Td max{m, log(1/5)}. Then, in the stochastic
noise model of Assumption 2.1, the extended gAb/ = [0 | [0px(L—m)d] € REX™ satisfies the following
with probability 1 — 6:

1A llop S VN([Mos(Gg)llop + Moo (Fo)llop) + /m +10g(1/6)(Tn(Gy) + T'n(Fy))
+ \/N(l + H¢||b0p) (HMTd (G*)HOP + HMTd (F*)HOP + HDZHOP) )
where we define T 5 (G) := min{v/N|| Mz (G)|lop; |Gl } -

The parameter d optimizes for filters that arise from the phase rank of A, and allows for sharper
bounds (replacing d by L) in that setting. Note that for this proposition to not be vacuous, we must
choose ¢ such that the Ho- and || M (-)||op norms of the systems Gy, Fy, described above are
finite. This requires canceling out the effects of the modulus-1 eigenvalues of A,. This is why the
phase rank definition is at least as large as the number of such eigenvalues.

11
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5. Related Work

Identifying LTI systems from data has a decades-old history in both the time-series and system
identification communities (see Ljung (1999); Verhaegen (1993); Galrinho (2016) and references
therein) with least squares estimation being a central tool for dozens of algorithms, many of them
similar in spirit to PF-LS, (1.4),(1.5). One can regard PF-LS as a specific instance of a prefiltered
autoregressive model (such as ARX or ARMAX); much work has been done on explicit filtering
and debiasing schemes for these types of models Spinelli et al. (2005); Ding (2013); Zheng (2004);
Guo and Huang (1989); Zhang (2011); Wang (2011); Galrinho et al. (2014). However, analyses of
these schemes are often (i) asymptotic, (ii) for strictly stable systems only, or (iii) use a limited noise
model. A complementary viewpoint comes from a family of techniques techniques known broadly
as subspace identification (e.g. Qin (2006)), which take a singular value decomposition (SVD) of the
raw data; following Oymak and Ozay (2018) and the classical algorithm of Kung (1978), we instead
use SVD as a post-processing step via the Ho-Kalman algorithm. It is an interesting direction for
future work to explore of SVD-based algorithms can modified to enjoy guarantees for marginally
stable systems as well.

There has also been considerable recent work from the machine learning community on non-
asymptotic rates for prediction and estimation in LTI systems. While many have shown that strict
stability is not necessary when the full system state can be observed (Simchowitz et al., 2018;
Sarkar and Rakhlin, 2018; Faradonbeh et al., 2018), stability been central to other works providing
guarantees for when only (y;) are observed (Shah et al., 2012; Hardt et al., 2016; Oymak, 2018).
Strict stability can be removed at the expense of requiring a number of independent trajectories
which grows with desired accuracy Oymak (2018), or for online prediction problems in which A, is
diagonalizable and persistent process noise is minimal (Hazan et al., 2017, 2018). The regret bounds
in Hazan et al. (2018) depended on the ¢/;1-norm of the minimal phase polynomial, the inspiration
for the phase rank condition in this work.

Beyond linear systems, our prefiltering step bears similarities to the instrumental variables
technique in used in controls (Viberg et al., 1997), econometrics (Hansen and Singleton, 1982)
and causal statistics (Angrist et al., 1996), which is used more for debiasing than for denoising.
More broadly, variance reduction has become an indispensable component of reinforcement learn-
ing (Weaver and Tao, 2001; Greensmith et al., 2004; Tucker et al., 2017; Sutton and Barto, 1998),
including the theoretical study of tabular Markov Decision Processes (Kakade et al., 2018; Sidford
etal., 2018).
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Preface

The appendix is divided into three main parts. Part I begins with Appendix A, which provides
illustrated examples of the the phase rank condition for various systems. This is then followed by
proofs of our secondary results: the proof of Corollary B.1 from Proposition 2.1 and the proof of the
lower bound for ordinary least squares, Theorem C.1. Part II contains the supporting material for
the results in Section 3, as well as generalizations beyond the setting of linear dynamical systems.
Our bounds make use of a a general recipe for applying chaining to self-normalized martingale
inequalities, described in Appendix F. Lastly, Part III provides the analysis underlying the results
in Section 4. Appendix G gives the corresponding results bounding ||Ay|op in terms of various
control theoretic quantities. Appendix H gives a detailed proof of Proposition 2.1, a specific version
of our generalized oracle inequality for linear dynamical systems. The constant M, its analogue
M .4y for adversarial noise, as well as the intermediate constants Mg, M, Mp and M, are defined
in Appendix H.1. This section also includes Appendix H.4, which presents and analyzes a procedure
for selecting the parameter L in a data-dependent fashion, as well as defining refinements of the
constant M. Appendices I and J give more granular interpretations of our estimation bounds in
terms of the phase rank, as well as supporting technical proofs. Finally, Appendix K defines strong
observability and gives alternative interpretations of our estimation bounds in terms of this quantity.
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Notation

General Mathematical Notation

< denotes inequality up to a universal constant.
S 1= {v e R?: ||| = 1}

log, (z) := max{1,log(x)}

lil(z) := log, (log, (x))

n] :=={1,...,n}

|| - |lop denotes matrix operator norm

Il - || denotes matrix Frobenius norm

Il - |||2 denotes vector two-norm

or(+) denotes the k-th largest singular vector
Omin(A) denotes oy, pp, for A € C"*™

cond(A4) := NAllon_ genotes the condition number
Umln(A)

Semi-Parametric Notation
N € N denotes the sample size,

up,...,uy € RP denote inputs

¥Yi,--.,¥N € R™ denote observations

ky,, ..., ky € RY denote prefiltering features

w = [u/ [u/ 4|...[u/{]" € RTP, forlength T € N
U denotes the matrix whose rows are un,,..., Uy
Y denotes the matrix whose rows are yn,,...,yN

K denotes the matrix whose rows are ky,,...,ky

40; = y: — G,u, denotes semiparametric error

A denotes the matrix whose rows are oy, ,...,0n

{Fi} denotes our filtration, (d;) is {F;_r} adapted
(u¢) is {F; }-adapted, ug| Fe—1 ~ N (0, Ip)

k; € RE are {Fi_r}-adapted prefiltering features
N7 denotes first recorded observation

N=N- N is effective sample size

Nuin = ¢T'plog?(Tp) for a sufficiently large T'p
Ordg 1s the filter from (1.4)

@pp is the estimator from (1.5)

CA}LS is the least squares estimator from (1.3)
@ﬁ1(¢) is the fixed-filter estimator from (3.9)
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LTI System Notation

(u;) C RP denote inputs, (x;) C R™ denote states, (y;) C R™ denote observations
(w¢) C R% denote process noise, (z;) C R% denote sensor noise

The parameters (A, By, Cy, D) and (B, D) are clarified in (1.2)

Gy = [Dy | CiBy | CxA B, | -+ | CLAT2B,] € RmM*TP

k= [y o |y or - [yl "

G = (A, B,C, D) is a place holder variable for dynamical systems
G(2)=D+C(zI — A)"'BforG = (A,B,C,D)

G, =D, +Cy (2] — A)~'B,

F. =D, + Cy(2] — A)"'B,,.

H, = D, + Ci(2I — A)~'x;.
¢=[Wy |- | U] for ¢ € R™*E™,
Cyp=Ch— S U0,

G, = (A, B+, Cy, Dy)

Fy = (As, By, Cy, D)

H¢ = (A*, Bw, C¢, Xl)

M,(G)=[D|CB|CAB|---| CA"2B] forG = (A, B,C, D)
Mo (G)llop = [|Mn(G)l|op for G = (A, B, C, D)

Moo (G)llop = Timy—so0]| M (G)lop

||G||Hinf = SUPcC:fz|=1 1G(2) |l for G = (A4, B,C, D)

I'n(G) = min{v'N Mo (G)lop: [|Gll s }

IGllsgr = mas,egm-1 /o JZ 0T G(ein®)[3 for G = (4, B, C., D)
|Gllyer = Moo (G)|lop (Lemma 1.10)

blkspec(A,) denotes the set of pairs (A, k) corresponding

to eigenvalues of A, and corresponding Jordan block sizes k

A, = SJ,S~1 denotes the Jordan decomposition of A,

(note blkspec(A,) = blkspec(.J,))

Mg, Mc, Mp, Mg, M, M .4, are constants clarified in Appendix H.1.

Part I
Proof of Secondary Results

Appendix A. Examples of Phase Rank
We first recall the definition of phase rank.

Definition 2.3 (Phase Rank) Let o > 1. We say that A, has («,T)-phase rank d if there exists
P - fq € D such that, for any (\, k) € blkspec(Ay) with |\| > 1 — ((1 + «)T) ™%, there exists
at least k elements fu;, , . .., jti, C {p1,...,pa} satisfying

max min A —ul < a(l—=|\]).
. in, =B <o (L= )

Phase rank represents how many phases are required to cover “large eigenvalues”: eigenvalues
with magnitude at least 1 — ((1 + «)T)~!, where > 1 and T > 1 is an integer. Moreover, the
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Figure 1: Examples (a), (b), (c), and (d) of phase rank, ordered clockwise from the top-left.

condition i = uf means we actually only care about phases mod 27 /7. Graphically, this means
every p; contributes 7" “bumps” or “spokes” toward covering the eigenvalues of A,. Figure 1 gives
four example spectra for which we will calculate the phase rank. Each example shows the regions
in the complex disk we are covering by the choices of p; which witness the phase rank conditions.
First, we must be clear with graphical notation. The circular gray region® represents the region of
“small” eigenvalues, and we will assume spectra lie outside of this region without loss of generality.
Single eigenvalues are represented by a dot; doubly repeated eigenvalues by a square. Examples (a),
(¢), (d) have o = 1, whereas (b) depicts & = 2 to demonstrate the effect of increasing the parameter.

(a) In example (a), all eigenvalues lying on the unit circle means we must choose each p; to have
modulus 1. As aresult, 7" equally-spaced spokes are added to the covering region for each ;.
We then see the (1,2) phase rank is 2 and the (1,4) phase rank is 1.

5. These regions have been artificially shrunk in Figure 1 for the sake of legibility, but the examples are morally correct.
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The « parameter controls the width of the covering regions. We see in example (b) that increas-
ing « to 2 allows us to cover the two additional eigenvalues, such that the (2, 4) phase rank is
again 1.

When there are spectra with modulus strictly less than 1, the p; witnessing the phase rank
condition may also have modulus strictly less than one; this also results in the spoke regions
transforming into “bumps”. Example (c) illustrates the (1,3) phase rank being 2, as the p;
associated to the red bumps allows covering of the eigenvalues which are not quite at phases

{n/3,—7/3,7}.

Recall that we need to cover a repeated eigenvalue multiple times as to its multiplicity. However,
in example (d), we are able to do so while also covering other eigenvalues; the (1, 2) phase rank
is indeed 2.
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Appendix B. Proof of Corollary B.1

To state the corollary for system parameter recovery, we first need to define the Hankel matrices
used by the Ho-Kalman algorithm.

Definition B.1 (Hankel Matrices) Given T' > 4, let T} := |(T — 1)/2]. We define the Hankel
matrix K € RTimx(Ti+1D 16 e the block matrix® with

H[i, 7] .= Gyli + j] = CLATI 2B, |

and define H~ € RT'™*T1P 1o be the size Hankel matrix created by dropping the last block column
of .

In order to learn (A,, By, Cy, D,) that has state dimension (i.e. system order) n, we need to ensure
that 77 > n. This assumption, along with an assumed bound on the discrepancy between J{ and its
estimated version J{, are used in Oymak and Ozay (2018) to prove consistency of the Ho-Kalman
algorithm (see Appendix B for details). With these assumptions, we can now fully state a corollary
for the recovery of system parameters.

Corollary B.1 (Recovery of System Parameters) Consider a linear dynamical system given by
(A, By, Cy, D), and parameters T and L such that

e A, e RV C, e R™*" B, € R"*P D, € R"*P,

Let (A, B,C, D) denote the realization of (Ay, By, Cy, D) corresponding to the applying
the Ho-Kalman algorithm to G,.

* (A4, By, Cy, D,) is minimal (Definition B.2) with Hankel matrix H. We also assume that
|T — 1/2| > n, which ensures omin(H™) > 0.

(A\, g, 6, ﬁ) is the output of the Ho-Kalman algorithm on épF, with system order n.

We have p(A,) < 1, the largest Jordan block of A is size at most k > 1, and A, has
(a, T)-phase rank at most k < d < L.

e Let M be as in Definition 2.2, and define the parameter dy, := (p + Lmk) .
Then, under the stochastic noise model with x1 = 0, as long as Ny = T'L and
N > T(d+ 1+ o) max{m,log(1/0)} + Nuin,
it holds with probability 1 — § — dg;, there is a unitary matrix S € R"*" such that

(a) N_I/QOP'C“ S (M +1)-T" 120, 4y

T Coap(1+M) O (dp)"? | THY2(1+ M) O (dy)
N1/2 + N ’

/

(b) H@PF - G*HOP 5

‘lead term’ ’lower order term’

6. Note that this does not include D,.
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If, in addition, N is sufficiently large such that |G, — @Hop < Umin(f]{*)/(élﬁ), then
(¢) max{|B - SB|, || C ~ CS|lw,||D - Dllr }

< nbifa (cha,d,ku + ;M) O(dy)® Thi( +]\er) 0 (dL))
N2

d) ||A-4Alr S

=

n3 TV H lop [ (TFCoap(l +
3

Jmin(g{_)§ N

N

=

DR ICEN \/ TH/2(1 4 ) O (dy)

where the notation O (-) hides factors at most linear in log N, log(1/6), log T, and/or log, (M +
d, + dy). When x1 # 0, we use the more general definition of M from Definition H.1.

Under the adversarial noise model, the above bounds hold by (i) replacing M with M ,q,
(Definition H.1) and (ii) replacing the factors T* and Co.d ) in the ‘lead term’ in bound (b) with

TH1/2 and C;"j(‘i”k = 2¢ (’;—i(l +a)k + dk), respectively, and analogously for the subsequent
bounds (c) and (d).

As a consequence, we verify that combining prefiltered least squares with the Ho-Kalman al-
gorithm analyzed in Oymak and Ozay (2018) provides the consistent estimation of the underlying
system parameters themselves.

We remark that the condition that (A, By, Ck, D, ) is minimal is necessary to ensure identifia-
bility in the manner described by Corollary B.1. When minimality fails, we explain below that there
always exists a reduced system model equivalent (in an input-output sense) to (A, By, Cy, Dy),
which can be estimated in the sense of Corollary B.1.

Remark Concurrent with the preparation of this manuscript, Sarkar and Rakhlin (2018) intro-
duced an improved analysis of the Ho-Kalman algorithm which, in our setting, enables a rate of es-
timation of | A— A, |2 < C||G.—G)||, which enables a rate of estimation of | A— A, | < O(C'/v/N)
for some problem dependent constant C'. We do not pursue this more refined analysis here.

B.1. Dependence on and Selection of 7" and L

As mentioned above, the recovery of (A, By, Cy, D,) relies on three parameters: the feature length
L, the Markov matrix dimension 7', and the system order n. As noted above, the bounds are rather
insensitive to the choice of regularizer.

Following Oymak and Ozay (2018), we assume that n is known, and that 7" should be chosen
such that cyn < [(T'—1)/2] < T < cgn, for some constants cj, co > 1. These constants ensure
that the Hankel matrix ™ has opin(H ™) > 0. A more data-dependent approach for selecting 7'
and n, which is particularly useful for systems of unknown order, is pursued by Sarkar et al. (2019);
for simplicity, we do not follow this direction here. The parameter L is more straightforward to
select. While our given bounds require that L. > d, where d is the phase rank of A, we show
in Proposition H.4 that a simple structural risk minimization procedure can be used to tune the
parameter as to satisfy an oracle inequality with respect to the optimal choice of L. The details
are deferred to Appendix H.4. In particular, the oracle approach implies that for sufficiently large
sample sizes N, the bounds in Corollary B.1 hold with L replaced by O(d).
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B.2. Proof of Corollary B.1 (a)

This bound follows from Proposition 2.2 and choosing (say) p = 1.

B.3. Proof of Corollary B.1 (b)

We will choose to describe the constant of Corollary B.1 (b) in terms of phase rank rather than
strong observability, though both suffice to prove the corollary. Now, recall Proposition 2.1.

Proposition 2.1 Fix T and L, and suppose that N > Npin, N1 = TL, p(A,) < 1, and that the
largest Jordan block of A, is of size k. Choosing some p > 1 and defining

d:=p+ Lm(log, M+ klog, N) = O (p+ Lmk), (2.8)

it holds with probability at least 1 — 6 — (2N p)_logz(sz) 106*(2NP) iy the stochastic noise model
that

7(d +log 3) L LG lop + p)(d +log 3)

N N

||aPF = Gillop S N_l/QOPtu :
In the adversarial noise model, we instead take d := p + Lm (log+(ﬁ +d, +dy) + klog, N).
Moreover;, we have ||Gy||op < MTF1/2,
Now, taking (say) & = 1 so that uN~1/2 < 1, by Proposition 2.2 we have that
N71/2Optu S (M + 1) . Tk*1/2C’a’d’k .

Note that our choice of d ensures that (d + log (3)) is O (dy). Thus, using the above Proposition
(including the bound |Gy ||op < MT*~1/2) gives

TECpap(l+ M) O (dr)"?  THI/2(1 4+ M) O (dy)
N1/2 * N '
The required length /N then follows from the requirements on N for Propositions 2.2 and 2.1.

HéPF - G*”Op 5

B.4. Proof of Corollary B.1 (c¢) and (d)

We begin by formally introducing standard regularity conditions in control theory, observability,
controllability, and minimality:

Definition B.2 (Observability, Controllability, Minimality) A linear system (A, By, Cy, Dy) is
said to be controllable if

rank ([B* AB, --- Af_lB*]) =n.
A system is said to be observable if
Cy
CL A,
rank . =n.
C A1

A linear system (Ay, By, Cy, Dy) is said to be minimal if it is both observable and controllable.
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Even if (Ay, By, Cy, Dy) is not minimal, there always exists an n’ < n and an equivalent system
(A,B,C,D) with A € R™>"" such that (A, B,C, D) is minimal. In this case, the Ho-Kalman
algorithm correctly recovers this reduced, minimal system. Section 4 of in Oymak and Ozay (2018)
concerns the robustness of the Ho-Kalman algorithm Ho and Kalman (1966), which generates state-
space matrices A,, By, Cy, D, from the matrix of Markov parameters GG,. Oymak and Ozay show
how these estimates degrade when the matrix of Markov parameters is replaced by a noisy estimate.

Now, recall that 7} = |[(T — 1)/2]| and note that 277 + 1 < T'. Furthermore, recall that we
define the Hankel matrix H € R7r™*(T1+1)P (o be the block matrix’ with

Hi, j] := Gili + j] = CLAT 2B, |

and we now use  to denote its analogous estimated version. We also define H ™, H~ to be the size
(11, T1) Hankel matrices created by dropping the last block column of J, H respectively.

At this stage, we would like to note that, in contrast to our main results for estimate @, the
bound requires that | (7" — 1)/2] > n, where n is the order of the unknown system. Note that with
this choice, under the assumption that (A, By, Cy, D,) is minimal, the Hankel matrix is rank-n
and o, (H ™) > 0 (as noted in Section 4.1 of Oymak and Ozay (2018)). Now, we synthesize their
relevant results below, which makes use of our choice n <717 <T.

Proposition B.2 (Sections 4.1 and 4.2 of Oymak and Ozay (2018)) Let A, B, C, D be the state-
space realization corresponding to the output of the Ho-Kalman algorithm with input G and let
(/T, B , C , ﬁ) be the state-space realization corresponding to the output of Ho-Kalman with input
G. Suppose the system (A, By, Cy, D) is observable and controllable, and suppose

1H — Hlop < omin(H ) /4, (B.11)

which, as noted by Oymak and Ozay (2018, Lemma 4.2), is satisfied as soon as |G, — éuop <
Omin(37)/(4V/T). Then, there exists a unitary matrix S such that

max {||B = SB|r, |C -~ T8*|r } < 0> T4\/|IG, = Gllop
PTG, — Bl
1A A5 < H ) op 13€lep

*
Umin(j{_ 3/2

Since |D — D||p < |Gy — G||p, for N sufficiently large we can combine Proposition B.2 and
Section B.3 to arrive at Corollary B.1. The bounds (c) and (d) now follow from the above proposition

applied to Corollary B.1 (b) and the inequality \/z +y < /x + \/¥.

Appendix C. Lower Bound for OLS for Marginally Stable Systems

In this section, we show that OLS cannot recover a linear system for a marginally stable system,
even with zero process w; and sensor noise z;. Specifically, we have the following

7. Note that this does not include D,.
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Theorem C.1 Suppose that A, has a Jordan block of magnitude |\| = 1 and size k, and that
(A, By, Cy, D,) minimal. Suppose also that the process noise w; and sensor noise z, are iden-
tically zero. Then there exists a constant C depending on Ay, By, Cy, as well as the ambient di-
mension n and k such that, for all N sufficiently large, é’LS — Gillop > CN* =1 with constant
probability.

The zero-noise assumption is for simplicity, and the above lower bound can also be demonstrated
in the presence of Gaussian noise. The important takeaway is that even without noise, the ordinary
least squares estimator is inconsistent.

The proof of Theorem C.1 has two components. The first is a lower bound, based on small-ball
technicals, which bounds ||GLg — G||op in terms of the Gramian matrices

t
i =) C.AT*B.BlAIC, .
s=0

The following proposition is proved in Section C.1:

Proposition C.2 For N sufficiently large, and with no process or sensor noise, there with constant
probability

~ 1
”GLS - G*HOp Z N

where we define the Gramian matrix

The second component, which completes the proof of Theorem C.1, is a lower bound estimate on
the operator norm of the sum of the Gramian matrices, proved in Section C.2:

Lemma C.3 Suppose that A, has a Jordan block of magnitude |\| = 1 and size k, and that
(A, By, Cy, D,) minimal. Then there exists a constant C depending on Ay, By, Cy, as well as the
ambient dimension n and k such that, for all N > max{20n2, 2k},

N
1> Sellop > CN*.
=0
C.1. Proof of Proposition C.2
When N > N, Oymak and Ozay (2018, Lemma C.2) yields that oy, (ﬁ)2 < 2N with probability

_ 1 :
1 — o for o = N and on this event,

=T
T Al [UT Aoy
- 2N - 2N

where we recall that with our notation, U is the matrix corresponding to the first p columns of U.

~ ==t = —2 3771
|GLs — G*HOp =|U AHOp > omax(U) QHU AH0p

=T .
We now lower bound bound |U " Al|,,. Observe that when w; and z; = 0, we can write

t=T
(St = Z C*Ai_SB*uS.

s=1
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Observe that we can represent this quantity as a quadratic form in a long vector u;.y € RVP, We
now invoke the follow lemma

Lemma C.4 (Small Ball for Gaussian Quadratic Forms) There exists a universal constant c such
that, for any matrix M € R*>? and vector z ~ N(0, 1),

1
Pl(z" Mz)? > iE(ZTMZ)Q] >c
We now compute that
. N N T
v U Aw = Z v wd w = Z Z v, w) ((CLAL*B,) Tw, uy)
t=N1 t=Nj s=1
And thus, for v € SP~1,
N T
E(v o' Aw)? =R Z Z v,u)2((C, AL*B,) "w, u,)? + E[mean zero terms)
t=Ny s=
N T
= Z IC.AT*B,) w3
t=N 1 8= 1
N t-T N
Z C,ATB.BTAC] |w=w" Z G | w.
t=N; t=1 t=N1

Thus, optimizing for w to be a lead eigenvector of th\i N, Jt—1, we see that

1

N N
T 1
ﬁ H Z 9t—T||op >PloU Aw > 5” Z 9t—T||0p >c.

t=N1 t=N1

=T
U Allop =

for a universal constant c. Hence, we conclude that, with probability at least ¢ — 53,

U AH?)p > \/”Zt:Nl 9t7T”0p

. VI
- *||O Z -
|IGLs — Gyllop N 2N

C.1.1. PrROOF OF LEMMA C.4

We may assume that M is symmetric, since replacing M by %(M + MT) does not affect the
result. Since z has a unitary invariant distribution, we may also assume that M is diagonal whose
vector is a diagonal a € R?. Note that ||al|s = 1|[M + M "||p. Then, z" Mz = Y | a;z?. Let
Z = (z' Mz)?. The Paley-Zygmund inequality states that

P[Z > 0E[Z]] > (1 — 6%)
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First, we have that

EZ = EZa )+ E( Z a;a;z; —3Za Z a;a; = 2||al3 + Zal

i#j=1 1=1 i#j=1

On the other hand, a standard Xz—concentration (Laurent and Massart, 2000, Lemma 1) inequality
(adapted for nonnegative coefficients) yields:

Pllz" Mz — ) ;| > 2(|lall2vt + Jal|oot] < 27,
7

which crudely implies P[Z% > (3", a;)* + [|a|3t!] < 2e~*. Integrating, we find that E[Z?] <
(3=, a;)* + ||al|3- Thus, Paley-Zygmund and the lower bound on EZ imply for a universal constant
c that

BIZE g @B g

I E[Z)?

&=

for a universal constant c. Taking § = 1/2 concludes.

C.2. Proof of Lemma C.3

If A, € R™", then rank(Y" o §0) < n. and thus /[N Sellop > /2 tr( S1). We now
turn to lower bounding tr(Zi\i o 9t). We can bound

N N t—1
(> G) =tr(> Y C.AB.B](A3)TCy)
t=0 t=1 s=0
N—-1 t
= Z 1C AL Byl
t=0 s=0

0
((N=1)/n|-1n-1 nj

=D DD B) Dl [N T -A

=0 s=0

>y Z HCAE”*WB 12

HO

> 1C, AT TP B[

Next, we define the controllability matrix

@, :=rank ([B* AB, --- A"_IB*]) =n.

*
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and the observability matrix
o
C A,
O,, := rank . ,
C A1

By observability and controllability, M := 0,,(Oy,) - 0,(C;,) > 0. Moreover, we observe that

n—1n-1

> lC. AT B R | = 0,4 el = M7 AT R,

p=0 ¢g=0
Therefore,

L(N=1)/n|—-1 j—1

N
tr(z G¢) > M? Z Z 1AL 3
t=0 j=0

Next, we lower bound || A{"||%. Let A, = S~1.J,.S. Then,
1A e = (| T llpomin (S~ )omin(S) = cond(S)[[ 1" [p.

Lastly, we note that if .J, has a Jordan block of eigenvalue |\| = 1 and multiplicity, J" then it
contains an entry of magnitude ( ]ffl). Thus, we can crudely lower bound

N L(N=1)/n]=1j-1
tr(ZSt) > M?cond(S) 2 Z Z ( >
=0

N2 ([ N/2
2 Mzcond(S)_22(k /1> ,
n pe—

provided that N > max{20n?, 2k}. Hence,

N
Mcond(S)N [ N/2 i
”; Stllop 2 713/2(19 - 1> > CN¥,

where the last line is by Stirling’s approximation (where C depends on k).
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Part I1
General Bound for Prefiltered Least Squares

Appendix D. General Statement and Analysis PF-LS

In this section, we a more explicit version of Theorem 3.3, which decouples an oracle bound with
a bound on ||¢ggllop. First, we recall the definitions of Ovfit,(0) and of the optimal term Opt,,,
overfit term Ovfit, (0), and the effective dimension deg:

Optu = min_[|A - K(JSTHOp + sl Allop
d)ER’VTLXL

OVt (5) 1= Gl - min { V12TV o § 47+ Togdet (1 + i 2KICT) 2}

deg(Opt, L, ) == p+m + il o—i’t + Llog, (Opt +

\/JVIIKHop)
[ 2 )

For our slightly refined bound, we shall use a parameter « > 0 as in the bound Proposition 3.2) for
a fixed filter, and define a filter-specific effective dimension

1K op
K+ N2 Aglop

_ 1Al
deft (¢; Lefr, i1, k) :=p + m + 1l % + Lese log | (1| @lop + ).

In this setting, our main result is as follows:
Theorem D.1 (General Statement of Theorem 3.3) Let i1, k > 0 be fixed. Then

(a) Let ® C REX™ be g set of filters such that each slice ®,, := {¢'v : ¢ € ®} is contained in
a subspace of dimension Leg < L. Then, with probability 1 — §, the following holds on &g

lop < Y1 B0llop + 15

Vo e®, |Gy — Grlo) NI

Tl/Q\/log 3+ det (65 Letr, 1, ).

(b) On &g, the filter ¢rgg € RLxm satisfies max{ (|| Prdg|lops HA%gHop} < Opt,, + Ovfit,(0).
Thus, taking ® = RY*™ part (a) implies that on &g, with probability 1 — 9,

N*1/2(Optﬂ + Ovfit, (0)) + &
VN

. \/T (log% + der (Opt,, + Ovfit,(8), T, s, K)) .

HG* - aﬁl(@”Op 5

Theorem 3.3 is a direct consequence of combining parts (a) and (b) of the above theorem, setting
x = pu/+/N, and applying some routine simplifications to bound der (Opt,, + OVfit,, (5), Ly, k) <
(Opt,, + OVfit,(6), L, ju).
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D.1. Proof of Uniform Bound: Theorem D.1, Part (a)
Fix p, x > 0. Recall that

N
Gsi(¢) = argmin Y _ [|(y: — ¢ - ki) — Gy,
GeRTpxm t=N;
and thus
Cin(9) = G+ (Y — Ko )T (T'U)" = G, + AT

A =t
Thus, [|Gx — Ga(9)lop = [[As U |[op.
Step 0: Reduction To m = 1 and & = R’ : We claim that prove the bound in the setting
where m = 1 and ® = RLef . Indeed, given ¢ € & = R™*L and a direction v € S™1, let
v’ ¢ € R denote the filter along v. Lastly, define

M_luKHop
K+ N2 uTAglly”

~ . TA
et (3 1, 5, Lefs, v) = b +m + 22l 4 L glog, (ul|oT gl +

Suppose we can prove that for any fixed v € S™~1, it holds with probability 1 — § on & that

— TA N—1/2 —
JoT AT, < BTN sz fog 1t (g1 0)). (D.12)

Then, noting that |]vTA¢H2 < ||Ag]lop and &E((ﬁ;u,m,LefF,v) < a:f;(M,H,Leff), the theorem
follows from a standard covering argument. Moreover, the bound (D.12) is equivalent to the setting
where we observe y, v and make predictions v' ¢ - k;, where ¢ € ®, or equivalently, (v’ ) €
®, = {v'¢: ¢ € ®}. By assumption, there exists an Lg-dimensional subspace of R” containing
®,. By projecting K onto this subspace and applying a unitary change of coordinates, we may
assume without loss of generality that ®, C R%". Finally, since we are proving a uniform bound,
it is only stronger to prove the bound for all filter (v ' ¢) € REer,

Thus, to simplify notation, we assume m = 1 and ® C R%", and will let Ee;( .. ) correspond
to these one-dimensional predictions.

Step 1: Pointwise bound Let’s start of with a pointwise bound for a fixed filter. By Proposi-
tion 3.2, we have with probability at least 1 — 6,

(1Agll2N"Y2 + k)T
VN

_ ~ . Ayllo
1A, T, < C Vi+log k4 til(12eley, (D.13)

for a sufficiently large constant C'.
Step 2: Uniform bound over nets. For j > 1, let¢; = e . Let 7T; denote a 1/c¢; net of the set

¢jBgr /1 in the norm pl| - ||2. We shall argue a uniform concentration bound over the nets 7;, and
then uses the nets to approximate bounds for each ¢ € R%. Precisely, define the bound

(N2 A2 + w)T2

. _ VN
B(llAgll2, ) = \/p + Legr log(1 + 20]2) + log(%) +1il 14|

VN

VN
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and, for C' as in (D.13), define the event
Egood = {V5,¥6 € T; : | AU ||2 < CB(| All2, )}, (D.14)

By a standard volumetric argument (see e.g. Vershynin (2018, Corollary 4.2.13)),

log | 7| < Lefrlog(1 + 20?), and therefore by applying (D.13) with §; := 2\7’| for each ¢ € T;

uniformly, we see that £y,0q holds with probability at least 1 — 7{—;5 > 1 — 4. It remains to show
that on &y0q, (D.12) holds as well.

Step 3: Uniform bound over ¢ € R, We shall now need a covering argument to
translate (D.14) into a uniform guarantee over RZe#: To this end, we introduce the shorthand

Ry = || K/p||op.establish the following covering claim:

Claim D.2 For any ¢ € R with pl|¢|l2 < c;, there exists beT i satisfying || Ay — <z~5H2 <
Ry/c;.

Proof By definition, ||¢||s € < BRLeff Since 7; is a 1/¢; net of %IS’RLefr in the norm iH - ||2, there

exists 2 € Ty with 60— 3l < oL Thus, [ Ay — Agll = [K(6— )l < [Kllop ol = Ru.
[ |

As a consequence, we obtain a uniform bound as follows. Consider any ¢, and any j for which
1| @]l < ¢;. For this j, let ¢ denote the filter guaranteed by the above claim. Then on Egpod,

—t —t Ry Ry
AU (2 < |[AZU |2+ ——= < CB([|Ajll2,5) + —— =
¢ C_j Omin ( ) ¢ Cj Omin (U)
Ry . Ry
< OB+ )+

Thus we conclude that on Eyyq N &, the following holds simultaneously for all ¢ € &

AU |2 < inf Ayl + —, >—|—
805wt B (18l )+
vVINR
< inf 1Al2 + kil (D.15)
JeNtuH¢II2§0J Cj

where we note that B(A + B, j) + B/v'N < B(A+ B+ v NB,j) < B(A+ BVN,j).

Step 4: Tuning the bound. Lastly, we tune the bound in (D.15) to each specific ¢ € ®. Note
that the infimum over j in (D.15) is taken for each ¢ € ®, and thus we can tailor j to our filter ¢.
The remainder of the proof is simply choosing j appropriately. Define the random index

joi= it {j € N s max{ullglle, =ty < i}
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Then |]A¢ﬁT |l2 is bounded by (up to constants) by
RiVN

Jo
() (N2 Agllat 2 1x)
< £
~ \/N

B(lAgll2 + ,Jo)

. ~1/2 .
VT - \/ﬁ—k 70 Lefr + log% + lil(N ”Aﬂl”Rk/% )

(i) 12 ; 12
S %-ﬁ- \/ﬁ—i—eJOLefF—i—log%—i—lil(w +1)

~

(519 12 14 S A
< NPIANts T\ J5 4 oo L+ log § 4+ 11 54l

where (7) follows by combining the definition of B in (D.14) with the chain of inequalities

2

200°) < Leg log(cjy) + log (o) + log(1/9)
S Leffejo =+ 10g(1/5),

1 + Legrlog(1 + 2020) + log(

which uses the facts that Leg > 1 and ¢, = ¢ > jo. Furthermore, (ii) uses f—,“ < VN|Apll2+k
70
ands (477) uses lil(2z + 1) <lil(x) + 1. Lastly, by the definition of jo, we see that

. R Ko
o < o ol + =) = 108 0160+ S,
which concludes the proof.

D.2. Proof of ONpt " bound, Theorem D.1, Part (b)

Let (k;) C R be a sequence. For sequences (a;) C R™ and regularizer y > 0, and define the
ridge function:

N
ridge(A, p) := arg min_ > |6k — ayll3 + 2| ¢l[7,
¢€RmXLt:Nj

where A € RV*"™ is the matrix whose rows are (a;). Note then that

Grg = ridge(Y, p).

To prove the desired bound, we begin by stating some properties of ridge, which are derived from
the KKT conditions in Section D.2.1:

Lemma D.3 (Properties of the Ridge Estimator)
(a) ridge(A, p)" = (K"K 4 p2I)"'K T A. In particular, ridge is linear in its first argument.

(b) ridge(A, u) € arg min lveat [K¢ " — A, 1| ||op, where veat [A, B] := [AT|BT]T.

(f)ERme ‘
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The second point of Lemma D.3 implies that ridge(A, 1) is nearly optimal in the operator norm, up
to the regularization. In particular, recall

Optﬂ = min_[[Agllop + pl|@]lop-
dJGRmXL

Then it follows from Lemma D.3 that

s Avge s Jos 1l ridge( A ) o} < i [veat [K6T = A ju0 ] oy
= mX

— min_|veat [A¢,M¢T] lop < Opt,.  (D.16)
¢€R’m><L

Unfortunately, our algorithm does not have direct access to A, only Y. The following lemma
accounts for this discrepancy.

Lemma D.4 We have that
(@) [ Aggllop < Opt, + K ridge(UG,, 1) "|op
(b)  pllprdgllop < Opt, + pl|ridge(TUG,, )0 -

Lastly, we require a bound on || K ridge(UG/ , 1) " ||op and p||ridge(UG] , 1) " ||op. This is accom-
plished by the following lemma:

LemmaD.5 With probability at least 1 — § on &g |K ridge(UG],p)"|lop and
| ridge(UG], 1) " ||op are both bounded as < Ovfit,,(5).

Theorem D.1, Part (b) is now an immediate consequence of the two lemmas above.

D.2.1. PROOF OF LEMMA D.3

The first statement is standard. For the second statement, observe that ridge(Awv, 1) = ridge(A, p)v.
Hence, we have

, min_[lveat Ko — A, g’ | vf5 = min 1K (¢ v) = Av3 + [|us o3
c mX

= min [|[Kw — Av[f3 + [|pwlf3
weRL

— |[Kridge(Av, u) — Av|3 + [[uridge(Av, o)1
= | Kridge(A, u)v — Av||3 + || pridge(A, )3
= |vcat [Kridge(A, 1) — A, pridge(A, )] v|3.  (D.17)
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To conclude, we see that
lveat [Keug — Y, g | lop = [Iveat [Kridge(Y, 1) — Y, pridge(Y, 1)) lop
= max1||vcat [Kridge(Y, n) — Y, uridge(Y, u)] v||2

veES™M™

—~

9 max min||vcat [quT - Y,MZ)T} vl|2
veSm—1l ¢

W T T
< min max ||vcat [qu Y, ué i|U”2
¢ veSm-1

= m(gn ||vcat [KqﬁT -Y, ,u¢>T] llops
where (7) uses (D.17) and (73) uses weak duality. Since, by definition,
min | veat (Ko™ =Y, 10" |lop < IIveat Koy, — Y, 165 o

they must be equal.

D.2.2. PROOF OF LEMMA D .4
Proof of (a): By Lemma D.3, ridge is linear in its first argument. Therefore,
¢rag = ridge(Y, u) = ridge(A + UG, , p) = ridge(A, 1) + ridge(UG,, ).

Therefore,

e
— | A - K (ridge(A, ) + ridge(TGT, 1)) Jlop
< A =K - ridge(A, 1)op + | Kridge(TGT , 1) op
— [ Avigge(a g llop + [Kridge(TGllop < Opt,, + [ Kridge(TGT, 1)]op:
by (D.16).

Proof of (b): Again, using the linearity of ridge and (D.16), we see that
1 | Sragllop, = pllvidge(A, 1) + ridge(UG], pillop
< pllridge(A, 1) [lop + p[lridge(TG,, 1)|op-
< Opt,, + plridge(UG,, 1) lop-

D.2.3. PROOF OF LEMMA D.5
For M € {K, p1}, we have
| Mridge(UG, , 1) "lop = [|M(K"K + p*) 'KTUG, ||op

< IME K+ 1) lop - [(KTK + 1)K T Ullop | Gllop
(D.18)

(i) _
< 1K K+ 12) 2K [lopl| U lop |G llop

(i) __
< [[UllopllGxllop-
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where (i) and (i) use the fact that | K(KTK + £2) 712 ||op, [|0(K K 4 12)71/2||4p, and
(K"K 4 12)~%/2KT||op are all upper bounded by 1. For example,

|| < HKHOP
O = —_
P Vomn(KTK + 122)

Thus, || Mridge(UG,, 1) lop < [|Ulop||Gullop Which is S v/N|Gylop on &g

For the second bound, starting from (D.18), we use the semi-parametric regression bound, part
(a) of Theorem E.1. Since k; is F;_7-adapted, by applying part (a) of Theorem E.1 with Vg < p2I
and A < K, we see that with probability at least 1 — 6,

KKK +42%) " lop < K lop | (K"K + u2)7'/2

I(KTK + 1)~ K Tlop < TI/Q\/ﬁJr log  +log det (I + p~2KKT)1/2,

Concluding we have that, on &, with probability at least 1 — 9,

| Mridge(TG], 1) llop < |G lop min{Tl/z\/ﬁ+ log § + log det(I 4+ p2KKT)1/2, VN
= Ovfit,(0).

Appendix E. Semi-Parametric Regression

In this section we prove Proposition 3.2 as consequence of a more general setting. Our main theorem
is as follows:

Theorem E.1 Suppose the semi-parametric model (1.1) holds, where u|F;_1 is mean-zero and 1
subgaussian, and let p := pmin{T,log?(eTp) log?(Tp)}. Then,

(a) For any fixed 6 € (0,1) and Vy € S'',, it holds with probability 1 — 0 that

[(ATA 4+ V) Y2ATT]op < T1/2\/5+ log 1 + logdet( + AV, 'AT)1/2

(b) For any fixed 6 € (0,1) and k > 0, it holds with probability 1 — § that

ey — ~ 7 1A]lop
(02T Allop < [ATTllop S TV2(| A lop + 1) (/5 + m + log & + i1 (L2lew )
where lil(z) := log(1 + log(1 + z)).

Proposition 3.2 corresponds exactly to part (b) of the above theorem, with the substitution &; <— &4 ;.
Indeed, we have that (a)

Gu(0) = (Y ~K¢) 7T (T'0) =6+ A]T,

(b) that the inputs w1 |F; ~ N(0, I,,) are 1-subgaussian and {F; }-adapted, and where we substi-
tute the errors 8, ; are F;_r-adapted. Hence, whenever &g occurs, applying Theorem E.1, part (b)
with & + kv/N and 8; + &, yields

. . __ ~ . Ayllo
NT Agllop £ Oumin(0)[A5T flop < T2(| Agllop + m/N>\/p+m+1og§ +Lil(15eler),
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which coincides with the statement of Proposition 3.2 after dividing both sides by V.

For comparison, observe that if one instead regressing (y;) to independent white noise u; i
N(0,Ir,) € RTP, we would have rates |GLs — Gillop = @(\/% \/(Tp +m) + log 1). In our
setting, martingale tail bounds incurs an addition log-factor (part (a) of Theorem E.1), which we
refine to lil(-) for operator norm error using Lemma E.6, below. In addition, correlation introduced
by the concatenated sequence forces us to pay an additional factor of 7" multiplying the m and log %
terms as well, which we conjecture is in the worst case. If handled naively, we would also have
to pay for T - (Tp) = pT?, and the major effort in the proof of Theorem E.1 is to use a careful
chaining argument based on (Krahmer et al., 2014) to ensure that we instead pay for the generally
smaller term T'p. This ensures that our bound is only suboptimal (up to more than log factors) once
m + log % > p.

We present the proof of part (a) in E.1, and derive (b) as a consequence in E.2. Part (a) relies on
detailed chaining arguments, which we defer to Appendix F.

E.1. Proof of Theorem E.1, Part (a)
We shall also use the notation
N=N-N;, and Ny=N, —T.

Adopting the setting of Theorem E.1, {;} be a filtration, and suppose that (u;) C RP is a {F;}-
adapted 1-subgaussian and (d;) C R™ is a sequence of {F;_r} adapted sequence.

We shall begin with the proof of part (a); the proof of part (b) will be derived as a consequence

in E.2. Begin by fixing Vy € S'', . For vectors v = [v] ... ,v;]T € RTP, we define the process

Ty7—
zy = || A U AT A v,
We see that

(ATA+ V) PATTlop = sup 2o

veSTr-1

Hence, it suffices to show that, with probability 1 — 4,

sup 75 S T2 log(1/0) + log det(I + (ATAV; )2 45

veSTr-1

The first step is to express Ut = Toepy (@)H, where u € ROV=Not1p jg the vector obtained
by concatenating uy,, . .., uy and Toepp(7) € RV*N=Not+1)p jg an []V x (N — Ny + 1)] block
Toeplitz matrix, where each of the size (1 x p) blocks on the k-th superdiagonal are equal to v;_ k
for0<k<T-1,1ie.

=

T
/UT “e e v

Toepy(v) :=

N
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We can then express A Toepy(7) € R™((N=No+Dp with blocks A;1(7)T € R™*P for t €
{No,...,N}, where

T

A1 (@) =) (ST jevg NV
=0

[y

<

Since A;_1(7) " depends only on terms &, for s < ¢t + T — 1, we see that A;_1(?) is F;_1-adapted.
Then we see that

N
A'Us = ATToepT(@)H = Z A1 (@) Ty
t=Np

We now introduce the variance process:

N
Va@®) =Y A 1(0) A 1(0) = AT Toepy(v) ' Toepr(D)A,
t=Np

which corresponds to a variance proxy for A" U%. Indeed, consider the simple case where uy are

deterministic and d; KN (0, 1) are independent Gaussian. Then, then the covariance matrix
E[(A"Us)(ATUD) ]

would be equal to V (v). In fact, if u; is any martingale sequence with E[u,u;] < I, and u; were
deterministic, then it still holds E[(ATUw)(ATUD) "] < Va(v).

In our general case where both §; and §,; are martingales, and d; is subgaussian, we can use
Va(v) as a data-dependent subgaussian variance proxy. Recall that d;|F;_; is subgaussian and
F: measurable. Crucially, we will also use that for each v, {A:(v)} is {F;}-adapted, since A;(7)
involves the terms only the terms &1, ..., 017, and {d,} is {Fs_r}-adapted. These two points
let us invoke the following lemma, which generalizes a bound due to Abbasi-Adkori (2011):

Lemma E.2 (Generalization of Theorem 3 in Abbasi-Adkori (2011)) Let F; denote an arbi-
trary filtration. Let {A;} C RP*™ and {u;} C R™ be F; adapted, and suppose further that

w|Fi—1 is mean zero and 1-subgaussian. Define the variance process Vi, = Zle AtT_lAt_l.
Then, for any {G, }-adapted stopping time T, one has
det(I + V.,V 1H)1/2
Al §210g< et + - ) wp. 1 —6.
t=1 (VT+‘/0)71

To prove part (a) of the proposition, we shall set 7 = N, and At_lj Ai—1(v) for t > Ny, and
A;_1 = 0fort < Ny. For this choice of A, then Zi\il AtT_lut = ATUvand V, = Vy = VA (7).
Thus, we have that for any V; > 0,

2 —1 1/2
‘ < 2log (det([ +Va0)Vy ) ) wp.1— 0. (E.19)

HATﬁE

(Va()+Vo)—t = o
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To use (E.19) to bound sup;cg7p-1 2z, we shall show that that the random variables zz; behave
like a subgaussian process, with a random offset p. This will allow us to apply a chaining argument
to bound their supremum. To this end, introduce ||7]|, := || Toeps (V)| op; it is straightforward to
check that ||-|| ; defines a norm on R”?. We shall need the following bound, proved in Section E.3:

Lemma E.3 (Bounds on [|-||) ||7]l2 < |[9]l5 < VT|[9]2.

By definition, VA (v) = AT Toep,(v) Toep,(v) " A, and thus the above lemma implies
VA (D) 2 [Toepr (1) [, ATA = [[7]% ATA.

Thus, we see

TTT T TUv
7z = || A UUH(ATAJFV())*I = HUH@ A UUH(||E||29ATA+||EH29V0)*1
_ Ty7—
< lollg 1A Uy 5 @)+ w112, v0) 1

Thus, by (E.19), we have that with probability 1 — 6,

det(I + Va(@)(|0]2 Vg /2
TF7— e 0
1A Ul @) iz vey - < 4| 2108 ( 5
i T —1y1/2
(:)\/210g<det(I+A5AVO ) )

< \/2log (det(I + ATAVy)V2) + \/210g(1/0),

where in (i) we use the fact that if Ay, B = 0 and Ay = Aj, then det(I + A1 B~!) < det(I +
A>B™1), together with the bound VA (7) < [[7])2 ATA.

Hence, introducing the random offset p := \/ 2logdet(I + (ATAVO_l)l/ 2, which does not
depend on T, we see that for any 7 € R”?,

Plzz > ||[9]| (1 + +/210g(1/9))]
=P[|ATUD||(amarvp)-1 = [l (1 + +/210g(1/5))] < 6. (E.20)

Therefore, we find that
P2~ 2, > |z —yllo (1 + 2108(1/9))|
—P[IATTz) ararv-+ — 1A Tylar asvy > Iz = ylls (#+ V210g(1/9) )|
<P||ATU@ = y)laravy > 7=yl (n+v/21(1/3))] <. (E21)

Intuitively this inequality says that z has subgaussian tails, modulo the offset . This enables us to
a chaining argument to the increments zz, which is detailed in Appendix F:
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Corollary E.4 There exists universal constants c1, co such that, with probability 1 — §

sup a0 < cr ((Viowea/0) + ) max el + (8™ 1) )

veSTr-1
where ~2(STP~1, ||| ) denotes Talagrand’s ~-functional (see, e.g. Talagrand (2014)).
By Lemma E.3, we have maxycgrp-1 |[|#]|5 < VT maxgegrp-1]0]l2 = vT. In Section F.1, we

sharpen a computation of Dudley’s bound due to Krahmer et al. (2014) to control 72 (S™7~1, ||-[| 5 ):

Proposition E.5 (Control of v, (S™771 ||| ;) We have the bound
Yo (STP7L, I-le) < V/Tp, wherep:= pmin{T, log?(eT'p) log?(eT)}.

Combining the above Proposition with Corollary E.4, we have with probability 1 — ¢,

sup 7 S ((Viog(e2/9) + w)VT + v/Tp)

veSTr-1

S T2\ 1og(1/6) + p + b

<1/ flog(1/6) + log det(I + ATAV; )2 +

= 7'\ /l0g(1/6) + logdet(I + ATV; A2 4 5, as needed.

E.2. Proof of Theorem E.1, Part (b)
We shall bound sup,,cgm-1-1 |w" ATU]||2. For w € S™~1, the m = 1 case of Theorem E.1 with
A — Aw and Vy = x? € R implies that with probability at least 1 — 6,
T ATT],
VuT AT Aw + k2

- H ((aw)" (Aw) + #2) 2 AT

op

< 712\ /10g(1/6) +log(1 + (Aw)T (Aw) k=2)1/2 +

All2
< TW\/ lo8(1/5) +log(1 + 1202112 | 5

[Allopy , ~

§T1/2\/log(1/5) + log(1 + ) + P,

where the last line uses v1 + 22 < 1+ 2 for x > 0. Since w' AT Aw < ||A\|gp, rearranging
shows we have that with probability 1 — 9,

U Allo _
lw ATTl; < A2, + RQTl/Q\/log(l/é) +log(1 + H/pr) 5

[Alop

< (HAHoerH)Tl/Z\/lOg(lM)+1Og(1+ )+D
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We now proceed to union bound over w. A standard covering argument (see e.g. Vershynin (2018,
Section 4.2)) shows that if 7 is an e-net of S™ 71, then || A TU]|op = supegm-1 |w ATU2

< 2 sup,er [[w ATU||;. A standard computation (see e.g. Vershynin (2018, Corollary 4.2.13))
lets us choose | 7| < mlog(1 + 2). Setting € = 1/2 and union bounding over w € T, we have that
with probability at least 1 — 4,

AT Olip 5 (1Al -+ R)T2 tog(1/5) + g1 + 12w 4 5
Recall the definition lil(z) := log, (log  (x)). The final bound follows directly from invoking the
following lemma with Z = ||ATU||op, C S TY2, D =m +p, and M = ||Al[op:

Lemma E.6 (Iterated Logarithm Conversion) Letr Z be a random variable and suppose that
there exists constants C, D and a random variable M such that, for any « > 0, it holds that

PZ > C(k+ M)\/log(l/é) + D +log(1 + 20)] < 6. Then, for any B,k > 0, one also has

P ZZC’((1+B)M+/£)\/Iog6+211I( M)+ D+log(1+4)| <6

In particular, if D 2 1, then by setting 5 =1, P [Z > C(M + k) \/log% + lil(%) + D} <.

Proof Define x; = e?~1k for j > 1, and 0j = 2]%. Then, ijl 0; < 0, and by a union bound,

1 M
PIZ > inf O(s; + M) ) Jlog & + D+ log(1+ X)) <.

In particular, choosing j = |log M /x|, we have that ’BTM < kj < max{r, BM}, which implies
M+ kj < M 4+ max{x,M}) < (1+ )M + « and log(1 + %) <log(1+ ) Moreover, §; =

2%.2 > Qmax{log(SﬁM/n,IP’ which implies log(1/d;) < log(2/6) + 2log(max{log(6M/m), 1}

log(2/6) 4+ 21il(5M/k). Hence,

| /\

P|Z > C((1+B)M + r)y/log(2/6) + 211(2X) + D + log(1 + §)| < 6.

|
E.3. Proof of Lemma E.3
To lower bound |[[v|l, = [Toepr(®)|lop > [[Ull.  observe that the first row of
Toep,(T) consists of the vector [vy, vy 1,...,v]] € RIP, followed by zeros. Hence,
IToepr(@)lop > lIlvf, vy—1,---,vi ]ll2 = [[Dll2. To upper bound |7l = [Toeps(v)llop. ob-

serve that by the norm-contraction inequality || Toepr(7)||op is bounded by the operator norm of the
Toeplitz matrix M € RIN=N1+1)x(N=No+1) (recall N9 = N; — T') whose ij-th entry is the norm
of the ij-th vector block of Toeps(¥). This is an upper triangular Toeplitz matrix with an associated
sequence a; = ||Vr_;||2 fori € {0,...,T—1},and a; = 0 fori > N. By a standard 1nequahty, the
operator norm of M is bounded by the /1 norm of the sequence ag, ai, . . ., which is Z U Vil

which in turn is at most \/TZ VN—il3 = /T|v3.
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E.4. Proof of Lemma E.2

The proof is essentially identical to that of Theorem 3 in Abbasi-Adkori (2011), with the ex-
ception that the variance-process is matrix-valued, and the noise process is vector-valued. Let
S = Zle A/ ju;. We begin by constructing a supermartingale for each direction w € R™:

Myfu) = exp ({80 = 5llwlk, )

Note that My = 1. To verify that M} (w) is a supermartingale with respect to the filtration Fj, we
see use the fact that S, = Sy._1 + Ar_jui and Vi, = Ak,lAg_l + V1 to write

[ 1
B[ 1) 7cr] = B [exp (0 AL v+ Sca) = 3o, oz a, )|

[ 1 1
— & [oxp (tw AL e+ 8e0) = gllwli, — Sl )]

[ 1
— & fexp ({0 AL yw) — Sl ) Mia(0)

(@) T Lo
= My_1(w)-E [exp <<w’Ak—1uk> - 2||w”A,lek1>}

1 (i7)
— My 1(w) E [exp (<Ak1w,uk> - zuAklwu?)] < My,

where (7) uses the fact that Mj,_; is Fj, measurable, and (77) uses that Mj,_; > 0 and (Ax_jw, u)
is || Ap_1w||*-subgaussian. Since My = 1, we conclude by the optional stopping theorem that for
any k € Nand w € R™, E[M}(w)] < 1. The remainder of the proof follows that of Theorem 3
in Abbasi-Adkori (2011) verbatim. Specifically, these steps show that

<1/2
15,1221 < 2log (det(v ") det(V,)
T v: =

5 ) , where V. =V, + Vj.

To conclude, we verify that

det(vy ) de 1/ 2 \/ det(V,)det(Vy 1) = \/ det(V, - V5 1)

— \/det((Vo +V,) -Vt = \/det(I+VTX/(;1).

Appendix F. Chaining for Self-Normalized Tail Inequalities

In this section, we introduce a generic inequality for martingales. Let’s consider the general set up.
Let (2, F) denote a probability space, X’ denote a separable space with metric d(-,-,), {Zs}zex
denote a real valued random process defined on (€2, F)

Definition F.1 Let o, u denote random variables taking values in R>o. We say that a process
{23 }rex is a (o, p)-offset subgaussian process on (X ,d) if, for any x,y € X and u > 0,

Plz, — z, > d(z,y)(ou + p)] < exp(—u?/2).
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Note that we do not require o, u, {z, } to be independent. We now define Talagrand’s o functional:

Definition F.2 Let X be a separable metric space. Talagrand’s ~s function is defined as

Yo (X,d) := inf sup > 2" 2diam (A, (),
( ) (»An):‘An|S22n IEX’N,ZZO ( ( )

where the inf is taken over all sequences of partitions (Ay) of X of size |A,| < 22" (with the
exception of | Ao| = 1).

Typically, computing the infimum in the definition of v may be challenging. Fortunately, there
exists a easier-to-manage upper bound on 72 due to Dudley:

Proposition F.1 (Dudley’s Bound) Ler X' be a separable metric space with diam(X') < oo. Then,

diam

()
72(X7d) < \% IOgN(X,d,U)dU,

0

where N (X, d, u) denotes the cardinality of the minimal u-covering of X, that is, the cardinality of
a minimal subset T of X satisfying sup,¢y infyerd(z,y) < w.

Finally, we introduce the main theorem of this section, which extends the generic chaining applied
to typical subgaussian processes to (o, pt)-offset-subgaussian process:

Theorem F.2 Let {z,},cx be a (o, p)-offset subgaussian process. Then, there exists universal
constants c such that

P[ sup |z, — 2y| > 1 (072(X,d) + diam(X)(ou + p))] < coe™.
T,yeX

. and Plz, > |all(ou + )] <

If in in addition X is normed spaced with d(z,y) = ||z — y
exp(—u?/2), then

2
< cge .

P [ sup |z, > ¢ <072(X,d) + (min ||z|| + diam(X))(ou + u)>
z,yeX reX

With Theorem F.2 in hand, the proof of Corollary E.4 is nearly immediate.
Proof Let X = STP~! C R”?, and define the norm |[|-||, := || Toeps(¥)||op. Recall the inequali-
ties (E.20) and (E.21), restated here for convenience with the ||-||; notation:

P 25> 21og(1/0) [0 o + 1] <6,

where u = p = \/2 log det(I + (ATAV; 1)1/2and & = 1. By setting u = 1/21og(1/6), we see
that z, is (o, pt)-offset normed subgaussian with respect to y2(&X', ||-[| ;). The corollary is therefore
a direct consequence of Theorem F.2, again substituting in v = /2 log(1/9). [
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F.1. Proof of Proposition E.5

Proof Our argument follows the proof of Theorem 4.1 in Krahmer et al. (2014), modifying the
argument to ensure tighter dependences on 7' and p. Notably, we remove a dependence on the
number of samples N which would arise from invoking Krahmer et al. (2014) without alteration.
We shall use Dudley’s inequality to bound

— diam(STPL ||| o)
WS < [ N (ST, [ wdu

V2T
— [ Jlos (STl uldu £\ To(min{ T, log? () log* (7))
u=0

Using the fact that [|-[|, < VT - ||2, and log N(STP=1 /Tl u) < Tplog(l + 4), one can

coarsely bound the above by /T’ f‘/ﬁ \/log(1 + \F < V/T?p fo \/1og(1 + 1)du < /T?p.

It remains to prove the more refined bound of \/ Tplog? (eT) log?(eTp) To do so, we need to

control the associated covering numbers log V'(S7P~1 |||, u). To this end, we shall require two
ingredients. The first is known as Maurey’s Lemma,

Lemma K3 Krahmer et al. (2014, Lemma 4.2) Let U denote a finite subset of a normed space
(X, - |I), and suppose that that there exists an A > 0 such that, for any k € N and sequence
(ug,...,ux) € UF E[| Zle eiu;|]] < AVk, where €; are independent Rademacher random vari-
ables. Then,

A 2
log A'(conv(@), || - [, u) < (u) log 1.

In order to apply Maurey’s lemma, we shall choose U = {/Tp - ei}g;p 1 and
X = R'? with the metric |-||5.  Observe that S™P~! C conv(U), and thus
log N (STP7L |||, u) < log N (conv(U), |||l u). To estimate the latter quantity using
Lemma F.3, we shall require the following characterization of [|-|| 5:

Lemma F.4 There exists a set Z C RTP with | Z| < 167 (T'p)3/? such that I2]lcc < 1forallz € 2
and ||V, < 4max.ez 2" forallv € RTP.

Lemma F.4 is proven in the subsection below. We stress that it the lemma is crucial to removing
the N-dependence in our final bound; the proof of Theorem 4.1 in Krahmer et al. (2014) effectively
renders ||V, < max,cz 2% for some |Z'| ~ N

To obtain a covering estimate, observe that for any sequence uy,...,u, € U*, Lemma F4
implies

”ZEZUZH <Emax Zeluz = maxZew (z,u;)]
z€EZ

=1

For any fixed z € Z, we have |(z,u;)| < ||z]|o]|will1 < +/Tp. Thus, by a union bound and
Hoeffding’s inequality, we have that for any appropriate constant cy,

k
supZez' (z,u;) > /Tp- Vku] < ZP[Z € - (z,u;) > \/Tp-Vku] < |Z]e

ZGZ oy
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A standard tail integration argument reveals that E[sup,cz S°% € - (z,u;) > Viku] < Vi -
Vlog|Z| - /Tp for an appropriate constant co. Thus, ¢ and |[|-|| satisfy the conditions of

Lemma F.3 with A < /T'plog|Z]|, and thus

Tp log2 (eT'p)

Tplog|Z
T8 IEL tog ug 5 T8 JEIP),
U U

log N(STP74, |-l u) < log N (conv(U), ||l ) S

where we use the bound [U| = T'p and |Z| < (Tp)®/2. For u < 1, this bound is quite loose, and
instead we shall use the bound ||-|| < T'|| - |2 to obtain a standard covering bound:

by

log N (ST | ) < Tog N (STP ™, Tl - [l2,) < Tplog(~-

Invoking Dudley’s bound yields

V2r Tpl 2 T 1 T
_ plog”(eTp e
S S [ s [ oo
1 u 0 u
VT gy, !
=+/Tp log(eTp)/ — —I-/ \/log <&
1 U 0
V2T du 1
<\/Tp log(eTp)/ — 4+ logeT—i-/ \/log &
1 U 0
1
=+/Tp <log(eTp) log(V2T) + /logeT +/ \/log i)
0
< VTplog(eTp)log(eT),
where we use the fact that fol 4/log % is at most a universal constant. |

F.1.1. PROOF OF LEMMA F.4

We can embed Toep,(v) as a submatrix an infinite Toeplitz operator where a_; = v;41 for i €
{0,...,Tp}, and O elsewhere. It is well known that such a matrix has operator norm bounded

ZZE L U[k]e?*?|, where | - | denotes complex magnitude. Define

by the Ho, norm maxge|(o,2n

F(0) = Zgi 1 @[k]eike’. Our proof will have two ingredients:

1. For all § € [0,27], we can bound F () < ﬂsupge[4]<z97g,ﬁ>, where [|zg ¢|loc < 1 for
Ce 4.

2. We construct a covering 7 of [0, 27| such that supge 25 £'(0) < 2maxge7 F/(0), and |[T] <
4 (Tp)3/?

7)o < Q\ESUngz(Z,@, as well

Together, these two imply that, for Z = {29, : 6 € T,{ € [4]},
as ||z]|oc < 1forall z € Z, and |Z| = 4|T| < 167(Tp)3/2.
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Proof of Point 1: Given a complex number w, we have |[w| = /R(w)?+J(w)? <
V2max{|R(w)], |F(w)|]} = v2max{R(w), —R(w), (w), —3(w)}. Defining the complex vec-
tor zg = (e ““9);‘: ;- and 291 = %(ze) 292 = (20), 293 = —21,0, 249 = —2p2, We see that
F(0) < V2 maxgeqs {200, 7). < 1, as max{[R(e™?)], [3(e)]} < 1

for all k € R.

Proof of Point 2: It suffices to show that F/(6) is |[T||2 - (T'p)/?-Lipschitz. Indeed, if this is true
then by choosing a —1—=-net 7 of [0, 27], we have

2(T'p)
= F(6) <maxF in |F(6) — F(6&/
[lle = P (6) <maxF(6) A min |F'(6) — F(¢)]
1 3/2(1- L
SIGIIG%)'(F(G)—FW.(TP) [0l ST(?G%Z(F(G)"‘iH”H@,

where we used the bound that ||[]| > |[0]|2. After rearranging, ||v]|, < maxge7 2F (). Lastly,

1 ~ . 3/2
we note that we can construct a (T net of the interval [0, 27] of size at most |4 (T'p)>/?] <

47 (T'p)3/2. It remains to show that F(6) is Lipschitz. We can bound

Tp—1 Tp—1
|F(01) _ F(92)| < Z F[k‘](eikel _ 6ik02) < ||@||2 Z |6ik01 _ eik92’2
k=0

by Cauchy Schwartz.  Geometrically, ]eik@l - e““@?\ is the distance between the point

(cos kb1, sin k6 ) and the point (cos k62, sin kf2) on the unit sphere, which is at most the arc length
k|62 — 6 | between the two points. Hence, \/ZTP L1 — eik(02-01)]2] < \/ZTP YE2(0y — 01)2 <
(Tp)3/2102 — 61 ].

F.2. Proof of Theorem F.2

The second part of the theorem is a consequence of the first after noting that

< < mi —
max zy < ;Iél/ryl (\zx\ —i—meax]zy le) < ;Iél/ryllle +£ax |Zy — Zg),

and that max, ,cx |2y — 2| can be bounded by the first part of the theorem, whereas min, ¢y z,
can be bounded by the condition P[z, > ||z|/(ou + u)] < exp(—u?/2).

The proof of the first part of the theorem is analogous to the proof of Theorem 2.2.27 in Ta-
lagrand (2014). With a standard separability argument, we may assume without loss of gen-
erality that X is finite. Let N, := 22°. By the definition of the v functional, we may
choose a sequence (A,,) of partitions of X" of size at most |A,| < N, satisfying (A;)n>0 with
SUDcx Yz 2/ 2diam (A, (z)) < 292(X).

The key observation is that this is chosen to (nearly) minimize a bound involving only distances
between elements of X, and is not chosen based on the random variances o or offsets p.

Let (X, )n>0 denote any sequence of subsets of X, where X, comprises of exactly one element
of each set in \A,,; note then that | X,| < N,,. Define the unioned sets Uy, := | J,_, A. In particular,
Up = Xo, and [Uy| < 370 Ny < 2N,,. Lastly, we define the event

E(u) := {22 — 2| < 2d(z1, 22) (o (u+2V2) + ), Yn > 1,2,y € Up, 2.}
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Display (2.60) in Talagrand verifies that P[€(u)] < 237, o [Un|?exp(=2(2" + u?)) <
co exp(—2u?). Therefore, it suffices to show that there exists a constant c; such that, if for any
fixed o, ;1 > 0, then for any deterministic real-valued process {z, },cx satisfying the condition

|2z — Zy| <2d(z,y)(o(u+ 2n/2) +u), Vn>1,2,y € Uy, (F22)

it holds that sup,c y |22, — 2y| < ¢1 (072(X) + diam(X)(ou + p)).

First consider the case o = 0. For any z,y € X, it suffices to show |z, — 2,| < 2udiam(X).
Since |J,,Un = X and X is finite by assumption, there exists an n large enough for which z, y € U,,.
By (F.22), |2z — 2| < 2d(z, ) (o (u + 272) + p) = 2d(z, y)p < 2udiam(X).

Next, consider the case 0 > 0. Define 2/, := z,/0, and v’ = u + p/o. Then, the process 2.,
satisfies the condition:

|2 — 2| < 2d(z,y) (v + M) Vn > 1,x,y €Uy, (F.23)

The proof of Talagrand (2014, Theorem 2.2.27) shows that (F.23) implies that sup,, , ¢ y 2, — z,| <
c1(72(X) + diam(X)u'). Multiplying both sides by o, we have

9Js;lep/“( |22 — 2y| < €1(72(X) + odiam(X)u') = ¢1(72(X) + diam(X)(ou + p)) .
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Part 111
Prefiltered Least Squares for Linear Dynamical
Systems

Appendix G. Bounds on || A,||op

In this section, we extend Proposition 4.1 to the case where x; # 0, and to the adversarial noise
regime. Throughout, we assume that x; is deterministic (stochastic bounds can be developed by
reasoning over the randomness of x1). When x; # 0, we now have three LTI systems:

G¢ = (A*,B*,C¢,O)7 F¢ = (A*,Bu)gc’q‘)yo); H¢ = (A*7X]_,C¢,O) . (G24)
Our bound for stochastic noise with general x; # 0 is as follows:

Proposition G.1 (Stochastic Noise Bound) Consider a filter of the form ¢ = [Vq]...|¥4] €
R™*4m for some 1 < d < L, and suppose that N > Tdmax{m,log(1/d)}. Then, under the
stochastic noise model of Assumption 2.1, with probability at least 1 — 0 we have that the extended
filter ¢ := [¢ | [0y (1—m)d) € RLX™ satisfies
185 llop S VN ([Moo(G)llop + Moo (F)llop) + [|Mo0 (Hg) llop
+v/m +10g(1/6)(P'n(Gy) + TN (Fyp))
+ \/N(l + H¢Hb0p) (”MTd (G)HOp + HMTd (F)HOP + ||D2H0p) )

where we define T 5 (G) := min{v'N || Mo (G)|op, |Gl .. } -
For adversarial noise, we obtain the following analogous bound:

Proposition G.2 (Bound on Opt, for adversarial noise) Consider a filter of the form ¢ =
[(W1]...|Vg] for some 1 < d < L. With probability at least 1 — 6, if N > Tdmax{m,log(1/0)},
then in the adversarial noise model, the extended filter ¢ := [¢ | |0y, (L—m)d) € REX™ satisfies
1A llop SVN[Mos (Gg)llop + v/ NduwI'n (Fg) + Moo (Hg) llop
+ vm +10g(1/6)'n(Gy)
FVN (L [Dlhop) [ M (§)llop + /Ty Mt () + /A==y

G.1. Outline of the Proofs

We shall assume without loss of generality that d = L, because the extended filter qz e R™*Lm and
the original ¢ € R™*9™ yields the same errors. We now outline the proofs of Proposition 4.1 and
Proposition G.2. Throughout, we fix a filter ¢ € R™*L™  We are aiming to control

|Aslp = A Ko7

=[l[6n; — ¢ kny |0y +1 — @ - kny ] |08 — & - k]|l -

op
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Concretely, we take our features to be L previous output values equally 7T-spaced, i.e.
T T T 4T
ki == [yir | yi—or | | Yi-r7)]

We express our filter as ¢ = [¥y|...|¥], for U; € R"™*™. Thus, our prediction takes the form

L
¢ k= Wy, .
=1

Recall from Section 4 the auxiliary signal X,,.;, associated observation y,,., and auxiliary features
k; defined via

Xn;t =

. {Af(tLT)XtLT n>t— LT

X, n<t—LT
?n;t = C*in;t
ke =y | Yeory |- | Yirry]

We can now decompose the error term as

05t =0 — b k= (Fu — & -ke) + (0 — Fuu) — 6~ (ke — k)],

Ve Vz
(Err((;l) (Errfpyl)

where we have suppressed the dependence on ¢ in Errgl) and Err§2), as ¢ is fixed. We further define
the stacked errors®

Err(j)

o,t1:ta

= [Erré‘ill ]Errg;iﬁ .. ]Errgﬁz ,

and our goal will be to control ||Errg n.n, [lop < || Err((j)lj\,:]\,1 llop + I Err((;j\,:]\,1 |lop- Toward bounding
these two terms, we outline a general strategy to bound their individual components; the full details
can be found in the remainder of the section. Let uy.; € RV, wy.q € RV zy., € RV denote
the concatenated (from /N down to 1) sequences of input, process noise, and sensor noise vectors.
By the linearity of the system, we can express

Errd’aN:Nl = (G(l) + G(2))uN:1 + (F(l) + F(2))WN:1 + G;z)ZN:l + H(l)xl .

where G!) encodes the contribution of u N:1 to Err((;), G®@ encodes the contribution of uy. to

Errf), and so on. For example, G is a linear operator that maps R™V? to RY*™. Note that z x|
only contributes to the second error term and x; only contributes to the first.
Then, the key to bounding the error terms is that we can write, for example,

v GWuy, = (Gz(jl)uN:1> !

8. Here, we reverse the time ordering of the columns (which is norm-preserving) in order to cleanly write many quanti-
ties in terms of Toeplitz operators.
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for an appropriate block matrix Gq(,l) e RVxNp, Thus,

1GMupllop = sup (|G Pup.]lo- (G.25)
veSm—1
Our main tool to control this quantity is the following result, due to Krahmer et al. (2014) (somewhat
overloading our notation for M):

Proposition G.3 Let M C R™ ™ denote a class of matrices, and let & € R™ denote a subgaussian
vector. Then,

Bl sup [IME] 2 92(M |- op) +diam(M, | - l7) + og(1/0)diam(M. | - o)) < 1.
c

We observe that, even with the martingale structure, the vectors uy.; is a sub-Gaussian vector, as is
w1 in the stochastic model. Our strategy is outlined as follows:

1. We begin give a detailed proof to bound G in Section G.2.
2. We begin give a detailed proof to bound G® in Section G.3.

3. We explain how to bound the contributions of the remaining terms in Section G.4. Specif-
ically, we address process noise under both stochastic and adversarial models in G.4.1 and
adversarial noise in G.4.2. Lastly, we address the contributions of the initial state in G.4.3.

G.2. Bounding GV

Step 1: Recognize a block matrix structure Recalling that G, = (A, By, Cy,0), for each
vector v € R™, we define the block Toeplitz matrix

’UTMN_TL<G¢) ]
01xp v Mpy-1-71(Gy)
Gq(}) — : : c RNX(N-TL-1)p
01><(]’\772)p UTMN1+1—TL(G¢)

_le(ﬁ—l)p UTMN1—TL(G¢)

One can verify that 65,1) is the nonzero portion (i.e. submatrix) of GS}), which is sufficient for our

goal of bounding matrix norms.
Step 2: Bound the Frobenius and operator norms By considering each row of éS}), we imme-
diately see that

IGSVIE < Mo My (Gy)[f < NIl M (Gy)l1Z, -

Since || My, (Gg)||op is increasing in k, we can bound [ My (Gg)llop < [ Moo (Gg)|lop- However,
we would like to note that, in general, max,cgm-1|[v " My (Gy)||r could be much less than this
quantity, and using it instead would sharpen Proposition 4.1.

Now, concerning the operator norm, we have two options. First, we could simply take

GV lop < IGVle < J0IVN [ Moc (Gg)lop -
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On the other hand, we see that
~(1) @ T T -1
1Gy llop < [[v Gl = ‘Slllplllv Cop(zI — Ax)™ Buillop < [[v]l211Gp e -
zZ|l=

where (1) comes from the fact that 65}) is, in a sense, a “‘submatrix” of the infinite-dimensional

linear operator ’UTG¢ (see e.g. Tilli (1998) Corollary 4.2). Thus, recalling that
LN (Gy) = min{V'N Mo (Gy)llop: G|l }

we have that sup, e gm1[|GS” [|op < Tn(Gy).

Step 3: Bound the v, functional To bound (M, || - ||op) With M = {Gq(}) cv € 8™ we
first note that yo (M, || - [lop) < 72(S™ 1, ||GE.1))H2), as the linear map v — aMis only injective, in
general. Then, one can use Step 2 above to show (see Talagrand (2014) Exercise 2.2.23) that

(8™ IGDN) < Tn(Ge) 12(S™ 4 - [l2)

Finally, upper bounding the right hand side by Dudley’s integral and using the standard covering
number bound for the sphere gives

Y2 (M, [ llop) S TN (Gg)v/m.

We remark that one could instead use the generic chaining (see Talagrand (2014) Chapter 2) to
bound ~, directly and, instead of \/m, get the stable rank of some matrix, but we will be loose in
this aspect.

Putting these three steps together with Proposition G.3 shows that with probability at least 1 — 4,

IGM un1llop S VNI Moo (Go)llop + v/m +log (1/6)Tn(Gy) -

G.3. Bounding G®?

Now, we seek to bound [|GPup.1[|op = sup,cgm-1 || GPuyy |l2, and we repeat the previous three
steps.

Step 1 The explicit block matrix structure is a bit cumbersome to write out, but the key is to note
that the rows of GS,Q) are simply shifted versions of v G(?), where

~

G® := Mrq4(G) - blkdiag(0rwr, Irr-1)xr(r-1)) = > Yk[Omxrr | Mr(r_1)(G)] .
k=1

Note that the slight complication with blkdiag occurs due to the subtraction of G,u; in d;; this
blkdiag term is simply identity in the process noise case of G.4.1.
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Step 2 By the same argument as for the first error term, we have that HG HF <

V'N|[v|2]|G®||op. The operator norm requires slightly more care, and requires the following
lemma.

Lemma G.4 We have that||G HOP SVTL|v]|2]|GP||op.

Proof As stated before, GS,Q) is embeddable in a block Toeplitz matrix with shifted versions of
vTG®@ as its rows, where the nonzero portion of v G(?) has at most 7'L consecutive blocks. We

use the following elementary property of Toeplitz matrices to bound ||G5,2) l|op-

Lemma G.5 Let X and Y be Toeplitz matrices generated by x € R® and y € R®, where “gener-
ated” can include padding x and y with zeros on either end. Then,

[XY llop < llz*ylli < (a+b—1)lz2lyll2,
where * denotes convolution,

Taking X =Y T = GS,Z) (and making the appropriate adjustment for the vector case), we see that

1G22, = IGPGD lop < TLIwT G| < TLI|IG?|2,

Furthermore, by Holder’s inequality (with the convention that ¥ := 1),

L
IGPop < 11> Ck[Onxri | Moz (G)]llop
k=0
L
< (1 + ZH\PkHop> maXH[ mxTj | M- (G)]llop
k=1
< (1 + ||¢||bop)MTL(G) .

Thus, we have shown that HG Hop S VTL|v|2(1 + [|9llbop) MTL(G).

Step 3  As with the first term, we upper bound Talagrand’s 2 functional using the operator norm
calculation from Step 2.

Again putting the three steps together and appealing to Proposition G.3, we see that with prob-
ability at least 1 — 9,

16 uatllop < (VN +VTLm + /TL10g(1/3)) (1 + [|6]uop) Mz1(6)
S VN + [6llbop) MTL(G)

by the assumption on V.
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G.4. Additional terms
G.4.1. PROCESS NOISE

In the stochastic noise model, the previous calculations for G and G? apply directly as the mar-
tingale structure allows us to again use Proposition G.3; namely, the vectors w.; are 1-subgaussian.
In the adversarial noise model, we can bound (G.25) directly. First, we see that

HF(l)WN:IHOp = sup ) ||Fz(;1)WN:1H2 < VNdy, sup 1HF1(;1)||0p < v NdwFN(F¢) )
VES™ ™ vES™M—

by the same arguments as in the preceding section. Second, the same strategy outlined for G®?
establishes that

IFP W lop < VNTLdy (1 + [|llbop) | ML (Fi)lop-

G.4.2. OUTPUT NOISE

Let us first start with the stochastic noise model. The same calculations as in Section G.3 hold,
except now we are concerned with the matrix

L

GP =" U [Onsric | Dz | Oper(r—)—1] -
k=0

As such, we see that | Goallr < VN 0]|2|G|op and |GElop < VI|[v]|2]|G|op. Then,

L

HGQ)HOp = ||Z\I’k [Omka | D, | OmxT(L—k)—l] HOp < (1 + ||¢”b0p)HDZHOp7
k=0

so by Proposition G.3 we have

16 2x1llop S (VN + VIm + VI10g(1/8) ) (1 + 8]lbop) | D llop
S VN (4 [1lhbop) D= lop -

For the adversarial case, we instead have

2
1G22z llop S VNLd=(1+ [|6]lbop) || Dxlop -

G.4.3. CONTRIBUTION OF THE INITIAL STATE

We see that the nonzero contribution of x; to A is given by
H(l)x1 _ [C¢AN7TL71X1 ’ C¢AN7TL72X1 | . | Cd)AleTLlel] )

Thus, HH(I)Xl”op < HMN (H¢)HOP
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Appendix H. Definition of M, M .4y, and Proof of Proposition 2.1
H.1. Notation

Note that in the body of the text we assumed x; = 0. Here we allow x; # 0, and opt for the more
general definitions of M. Specifically, we define the constants

My = ||Sflx1|]
Mg(t) :== |S7'B,|| + Vt|S™'Byll, Mp:= Mp(1)
Mc = [|CiSllop
Mp(t) == || Dsllop + Vt|D:llop, Mp := Mp(1) (H.26)

which inherently reflect the conditioning of the chosen realization of GG,. We define the general
version of M and M .4, that take x; into account.

Definition H.1 Let A, = S.J,S~! denote the Jordan-normal decomposition of A,. We let
M := (N"Y2My + Mp)Mc + Mp
Magy = (N"Y2My + Mp(Tdd,))Mc + Mp(dd,) .

Note that the above definition reduces to the quantities used in the body of the paper in the case
x1 = 0. We shall require the following bound, which is a corollary of Proposition I.2 and Lemma 1.3
in the next section:

Corollary H.1 (Concrete Markov Bounds) Let A, have maximum Jordan block size k. Then, for
anyn > 1,

— _1
1M (G)llop S I1Dsllop + 157 Bullopl|CuSllop - KM/2n*~2

where an analogous bound holds for F, and H, replacing S~ B, by S~ B,, and S~'x;, respec-
tively.

H.2. Proof of Proposition 2.1

We first begin with the following lemma, which gives a generic bound on d.g and Ovfit, in terms
of the quantity

Opt := [[Yi[lop + [[Gxllop, where Y := [yn] ... [y1].

We have the following bound, in terms of an intermediate error quantity Ho~pt.

Lemma H.2 On &g, we have

5

derr(Opt,, + Ovfit,, Lm, p) < dg; := B + Lmlog., (Opt) + Lmlog, (YAE)

Ovfit, < min{N, /T(dgy; +10g $)H|Gxllop -
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We defer the proof of the above lemma until Section H.3. Now, recall that by Theorem 3.3 with
L <+ Lm, on the event &g

N~=1/2(0pt,, + Ovfit,(8) + 1)
VN

with probability at least 1 — § — . Combining with Lemma H.2, we have

IGpF — Gillop S

/T (log & + desr(Opt,, + Ovfit, (6). Z, )

(Opt, + /T(dgy +10g 1) Gullop + 1) | T (log } +dy)
VN ' N '
It now suffices to show that with probability 1 — § (absorbing union bounds into log(1/4)), that
when 4 > 1,

HCA;PF - G*”Op 5

d~<d —p+Lm(log+M+k‘log+N), (H.27)

Opt ~
where £k is the largest Jordan block of A,. Indeed, with this inequality, we have

(Opt,, + /T(d +log §)|Gullop + 1) [T (log L + d)
VN N

T(d+log3)  T(|Gxllop +)(d+1log )
N N ’
Proof of (H.27): For 4+ > 1, using the bound N > L, we have

d p+Lm10g+(Opt) +Lmlog+(\//?)

||éPF - G*HOp S

_ —-1/2

,S p+Lm log+(0pt) + Lmlog, N
Thus, it remains to establish the bound
log, M + klog, N (stochastic noise)

log | 6\th S
log, Maay + k log + N (adversarial noise) .

. We will do so in terms of the

block Toeplitz matrix

- D, C.B, CAB, ... CAY —QB*-
Ogxa D Cy B, . CLANT3B,
Tn(Gy) = | : : c RNMXNp
D, C, By
_0d><d R EE Odxd D |

and its analog for Ty (F,), as well as My (Hy,).
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Proposition H.3 Suppose that N > max{m,log(1/0)}. With probability at least 1 — §, we have
that

(i) (Stochastic model)
1Y llop S VAV (IT5(Ga)lop + 17w (Fu)op + 11 Dellop) + [IMuv+1 (HL) lop
< VN (VM (G)lop + VN IM (F)llop + 1Dz llop ) + [ Mav+1 (H.) op

(ii) (Adversarial model) ||'Y . ||op is bounded as
<V (I (G llop + VAl (F)lop + VD op) + [ M1 (H) oy
< VN (VM (62)llop + VAV NMy (F)llop + V- Dsllop ) + M1 (H)lop

Proof The argument mirrors those in Appendix G. The dependence on H, is through the Markov
operator || My (H,)||op due to the argument given in Section G.4.3. For the other terms, we bound
the G term as a representative example. Letting Y™ being the operator that maps uy.; to Y, the
key is to again note that Yz(,u) = (I ® v")Tn(Gy). Thus, by the now-standard arguments, one can
show that
sup Vi lop < ITx(G)llop and  sup [IYS¥[|p < VN||Tx(Gs)lop -
vesm! ves§m—1

Proposition G.3 along with the simplification N > max{m,log(1/d)} then gives the desired
bounds. Bounding ||Tx(Gy)|lop < VN[ My (Gy)|lop follows by considering each row of T
separately and then noting that each row of Ty is a submatrix of the first.

|

We now bound Opt = 1Y +]lop + VN||Gx|lop in the stochastic case using Proposition H.3 and
Corollary H.1:
1Y tllop+ VN[IGellop

Prop. H.3

\/N (\/NHMN(G*)HOP + \/NHMN(F*)HOP + HDZHOP + HG*HOp) + HMN+1 (H*)”op

N

i

< VN (2VN M (G)llop + VNIIMn (Fa) op + 1D-lop ) + M1 (HL)lop

—~
~

IN

2N (M (Go)llop + VN IMu (F) lop + N2 [ M1 (Ho)llop + 1D lop

Cor 1.1 k—1/2 ~1/2 k—1/2
< ON (Mo MpN*=Y2 4 N=Y2 . MoMeN*=Y2 1 M)

Defn. H.1

< oNk+1/2 (McMB + N71/2M0 + MD> INkH/23 1 ,

where (i) uses ||Gy||op = M7 (Gy)lop < [[Mn (Gy)|lop as N > T, and where in the penultimate,
last line My, My, and M p are the constants in (H.26). Hence, we have that
log, 6\th Slog, IN?MHDT < klog N + log, M

The adversarial case is analogous, where we replace Mp < Mp(dy,) and Mp < Mp(d,), which
yield the extra factors of v/d,, and v/d..

Finally, the bound ||Gy|lop = [|M7 (Gy)llop S MT*1/2 follows immediately from Proposi-
tion I.2 and Lemma 1.3.
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H.3. Proof of Lemma H.2
Proof Recall the definition

deﬁ(opt,f, M) = ﬁ-f— m + lil % +Z]0g+(0pt + %)’

which we bound with Opt < Opt,, 4+ Ovfit, and L < Lm. Since Ovfit,, < V'N||Gy|lop> We can
write

Opt, + Ovfit, < min 1A = ¢Kllop + ull¢llop + VNIIGrllop

< | Allop + VN||Gillop  (taking ¢ = 0)

< |A + G.Ullop + | GulloplTllop + VN |G llop
S Y lop + VN[ Gillop  (on Eg)

< 1Y flop + VN[ Gilop = Opt.

Moreover, since K consists of L submatrices, each of which is a submatrix of Y, we see that
|K|lop < VL|[Y+|lop- Lastly, recall log, x > 1. Therefore, we can bound

det (Opt,, + Ovfit,, Lm, p) < p +1il Opt + Lm]log,. Opt + ml'f;”"p) (absorbing m)

<p+lil % + Lm]log,. Opt + myf;ﬂlop)

<F+1il Opt + Lm log, (Opt(1 + YAL))

(
(
(
< p+lil Opt +Lm log+(0pt) + Lmlog+(‘/l?).

Lastly, we observe that since lil is submultiplicative, 1il 22 < 1il Opt+1il 1 < log, Opt+log, 1 <

1
"
Lm(log Opt + log + L) Partially absorbing this lil term we find that

: - — 1
de (Opt,, + Ovfit,, Lm, p) < p+ Lmlog, (Opt) + Lmlog_ ( ;%L) + Lmlog, m

Now, note that if y > 1, Lm logJr L—Im<Lm log , ( ”lféL) On the other hand, if ¢z < 1, then

v > 1 and thus Lmlog+ < Lmlog+(‘/;) In either case, LmlogJr < Lmlog, vi\QfL,
so

dest (Opt,, + Ovfit,,, Lm, 1) $ B+ Lmlog. (Opt) + Lm log, (Y2L) .

For the second bound of Lemma H.2, we use the fact that if A is a matrix of rank Lm,

log det(T 4+ A)Y/2 = ngm + (M) < Zlog,/l + [Allop < Lmlog. || Allop-
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Applying the above equation with A = = ?KK T, we find that

OVt (8) 1= G i { VIV, VT flog -+ -+ og den(T + KK )2}

G K||?

S 1Gillop - min VN, VT log% +p+ Lmlog, H MLOP
L||Y .||

< [|Gullop - min § VN, VT [log § + p + Lmlog,. ”M;’Op

< ||Gsllop min{\/ﬁ, \/T\/log% +p+ Lmlog,||[Y (]2, + Lmlog, %},

from which the result follows by taking Lmlog [[Y |12, < Lmlog, [[Y|op < Lmlog, Opt

~

andLmlongﬁnglogJr vL]L\QIL,asNzL. |

H.4. Selecting the parameter L

In this section, we give an informal discussion of how to select the parameter L. Observe that
the confidence bounds from Theorem 3.3 are almost data-dependent, but in fact depends on the
quantity Opt,, + Ovfit,, which is not known to the learner. In order to select L, one shall need to
replace these quantities with data-dependent ones, and then use a standard procedure (e.g. structural
risk minimization) to tune L. First, considering L fixed, define the following empirical proxy for
Opt,, + Ovfit,,

Opt, == [|Y — K¢rdgllop + 12l Pragllop-
Our first main result of this section is that
Opt, 2 |GxllopVN + Opt,
with high probability. Formally, our guarantee is

Proposition H.4  For constants Cy, Cs, suppose that there exists an K € {e,e?, ...} such that L
and N satisfy

(1) N>CiT(p+m+ LmK +logl/d)
(2) K > log pi dragllop, and either

ClBloe  op (b): K > log C2lElep |

(3) (a): K = log 7vc i 1Opt

Then, with probability 1 — 20, whenever Sﬁ holds,

(/)P\tu 2 Opt, + HG*”OP\/N'
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Note that condition (3a) gives a condition which is more amenable to analysis (requiring only a
lower bound on |G, ||op), Whereas condition (3b) can be evaluated by the learner, as K and Opt are
empirical quantities. We sketch the proof of the above result in the following subsection. Now, note
that by the triangle inequality, we also have

C/)Etu S./ HG*HOp\/N + Optu,

and moreover, ||Gy|lopv/N < Ovfit,, by definition. Hence we can use structural risk minimiza-
tion Shawe-Taylor et al. (1998) tgielect L.

To sketch this approach, let Optu; . K1, Optﬁ , @ILDF, and Np,in (L) be the corresponding quan-
tities defined for a given L. We define the set

S(6) = {L eN:COiT(F+m+ Lm (1og+ C/lloiiipi“ +log, u\|¢ﬁjg”op) +log k) < N} ,
L

which represents the set of admissible lengths L for which Proposition H.4 guarantees that 6\pt ;L
is a good proxy for Opt,, + Ovfit,,. We may then select Las
L € argmin{Conf(L, 1) : L € S(8)},
where we have defined the upper confidence bound
N71/2(Optu;L + /’I’)
VN

We can briefly analyze the outcome using a sketch of arguments similar to those in Section H.
Denote the L-indexed dimension quantity from Proposition 2.1,

d(L) :==p+ Lm (log, M + klog, N +log,) :(5(p+Lmk).

Conf(L, M) = : \/T (10g % + deﬁ(@tu;La Lm7 N)) :

It can be shown that for an appropriate constant Cy, with probability 1 — ¢ on &, it holds that
{L: N> Cy(T(d(L) + Lmlog || Gylloy +10g §))} C S(6).

This can in turn be used to establish the following analogue of Proposition 2.1, whose proof we
omit.

Proposition H.5 Fix a § € (0,1), and T, Lyax € N. Suppose that N > Npin(Lmax), N1 =
T Liax, p(Ax) < 1, and that the largest Jordan block of A, is of size k. Then, once

N > Co(T(A(Lumax) + Linaxm log., [|Gallo) +log 1),

the estimator GIQF, where L is selected in the manner described above, satisfies with probability at
2 2 . . .
least 1 — § — (2Np)~ 108" @TP)10g"CND) iy the stochastic noise model that

Opts + VN Gullop + 1) \/T(d(L) 1 log L)
N N

In the adversarial noise model, we instead take H(L) = p +

Lm (log, M +log, (d. + dw) + klog, N).

We remark that the parameter L, in the above proposition appears merely in the analysis. More-
over, one can also search L in powers binary powers 2* for added computational efficiency.

G‘Z _q < min
IGpr sllop = Le{0,1,....Lmax} <
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H.4.1. PROOF SKETCH OF PROPOSITION H.4

By the reverse triangle inequality,
Optu = [[Y - K¢Hop + NH‘bHOp > A - K¢Hop + MH¢H0p - HG*”op = Optu - HG*”op‘

Thus if 6;(“ < Opt, + |G llopV'N, then Opt, < |Gy llopV'N. Hence, it suffices to show that
6&# > ||G+llopV'N with probability 1 — ¢ on &. Moreover, it suffices to prove the theorem
if (3a) holds; indeed, if (3b) holds, then either 6& < HG*HOP\/N , it which case (3a) holds, or
Opt > |Gy llopV/'N as desired.

Fix av € ™! for which |Gy |lop = ||v" Gy ||2. In this simplified setting, we show the follow-
ing lemma.

Lemma H.6 Fixv € S™~!. Then with, probability 1 — 6, for any j € N satisfying

8/ Klop

e/ > log <
pllGsoll2

) and & > og | $ragvllz,

where N 2 T(p +m + Lme’ +1og1/6), then ||(Y — Korag)vllz > 1llv" Gillo.

T

This implies Proposition H.4, since ¢/ > log || ¢rdg|lop implies e/ > log 111l D rag

vl|2, and v was

chosen so that ||[v" G4||2 = ||Gx||op- We now prove the above lemma:
Proof We shall use the following intermediate lemma, which we prove following the proof of
Lemma H.6.

Lemma H.7 Suppose m = 1. Then for any fixed ¢ and any N = T(p + log %) it holds with
probability at least 1 — 0 on Eg that ||(Y — Ko¢)vl[2 > ﬁHG*H\/ﬁ

Next, we mirror the proof of Theorem D.1, For j > 1, let ¢; = ¢ and let 7} denote a 1/ c; net
of the set ¢jBgr.q/p in the norm || - ||2. Following the computations in that proof, it holds with
probability at least 1 — ¢ that, for all j which satisfy

N 2 T(p+ Lmeé’ +log1/6),

it holds that for all ¢ € 7; that

~ 1
IY —Ko'| = ﬁIIG*H\/N-

Hence, if for some A > 0 we have

~1
el > log <H:u AI<||0P> ’

and if ¢ryg € c;Bpr /11, We have with probability 1 — & on &g,

1Y K3 > Y ~ K|~ [Kllopll g — 2
_IGIVE

Z|’Y_K$TH_A— 2\/5
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_ IG«IVN
8

Finally, setting A yields the desired bound of Proposition H.4. |

Proof [Proof of Lemma H.7] Since m = 1, we work with the 2-norm. Here,
IY -Kro'|3 = |A+TG, ~Ko' |3
=[G/ |5+ lA - K¢ |5+ 2(UG,, Ay)°
1 1 1
= SIUGT I3+ S1Al3 (= 3T)
1 — 1 —
+SITGT I3+ S1Agl3 +2(TCT, A0)* (= Ta).
We shall show that with probability 1 — ¢ on &, the term T3 is nonnegative. This suffices since on
&g %Tl > %(HG*HQ\/N )2. To show that 7% is nonnegative with high probability, we may assume

that G, # 0, for otherwise this holds trivially. On &g, we have that [[UG] || > %\/N |G|l == a
Now, set 3 = ||A4]|2. We may also assume that 3 < 16¢, since otherwise

L~ T2, L 2 T 2, @ ? a® | B
SNUG 2+ SAgll2 +2(UG,, Ag)" 2 o + — = BIGI[Ullop 2 =+ = — 250 (on &),
which is nonnegative for 3 > 16a. Next, by Theorem E.1 with & < «, A + Ay, [|[Ap|lop < 5,

and m = 1, we have with probability 1 — ¢ that

|ATU2 S TY2(8 + )\ +log L +1i1(2).

Using the fact that 3 < 16¢, that the above bound is at most CT/ 2, /P + log % for a universal

constant C'. Noting that |G| = 1/2/Na, we find that with probability 1 — ¢ on &,

052

2
[0
Ty(v) > T —2(UGT,Ay)? > T — |Gl AT U

— 1 2T (p + log L
2%—\/2/Na-CT1/2a\/;Tog%:a2 Ly (ch>g5) |

[\

which is nonnegative as soon as N > C'T'(p + log %) for some universal constant C”. |

Appendix I. Polynomial Approximations and Phase Rank

In this section, we present demonstrate how to bound Opt ., using the (cr, T') phase rank of A,. Our
bounds will be in terms of the M .)-constants defined in Section H.1 above.

1. Section I.1 presents our main findings in terms of two types quantities: K (- - -) captures the
“complexity” of a polynomial required to cancel out large dynamical modes of A, (formalized
in Proposition 1.1), and K»(-) describes the growth rate of finite-length Markov parameter
matrices (Proposition 1.2). We also present findings based on worst-case upper bounds on
Ki(---) and K»(-), via Lemma L.3. Specifically,
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(a) Theorems 1.4 and 1.5 present refined bounds for the stochastic and adversarial noise
models respectively, which are simplified into Proposition 2.2 for stochastic noise, and
Corollary 1.6 for adversarial noise.

(b) We also derive Theorem 1.8, and a simplified consequence Corollary 1.9, under the con-
dition that the modes of A, can be “disentangled”, even when observed through the
matrix Cl.

2. Section 1.2 introduces the main technical tools which . The idea is to show the existence

of filters ¢ for control-theoretic norms of the systems Gy, Fy, Hy defined in (G.24) can be

bounded by a quantity H }(JD (...), which roughly describes how well a polynomial of bounded

degree and coefficient magnitude can “cover” a certain set of poles in the complex plane. We
focus on scalar filters (Section 1.2.1), and discuss possibly sharper bounds for richer, non-
scalar filters (Section 1.2.2). Section 1.2.1 also includes Proposition I.13, which bounds the
covering-like quantity H (... ) with the more transparent K;(«, d, T).

3. Finally, Section 1.3 gives a proof of Theorem 1.4 for stochastic noise; this proof only depends
on results stated in the first section of this appendix, I.1.

With the exception of the proof Theorem 1.4, all further proofs are deferred to Appendix J. Lastly,
again, we recall the definition of phase rank:

Definition 2.3 (Phase Rank) Let o« > 1. We say that A, has («,T)-phase rank d if there exists
U1 - - fhqg € D such that, for any (\, k) € blkspec(Ay) with |\| > 1 — ((1 + a)T) 7%, there exists
at least k elements fu;, , . .., ji, C {p1,...,pa} satisfying

max min IA—p <a(l—]A]).

j€ UC} ﬁ:ﬁ,T :H’ij

I.1. Main Results
We start by presenting our main results for the stochastic case. Let A, = S.J,S~! denote the Jordan
decomposition of A,. Since blkspec(A,) = blkspec(.J,), we shall use the two interchangeably.

I.1.1. Ki{ AND K5: CONTROLLING POLES AND MARKOV OPERATOR NORMS

We begin by introducing two central quantities. First, we introduce a term K (d, T, a, ¢) which
reflects how well a d-length linear filter can predict observations of the Jordan-normal linear system
J, when it has («, T') phase rank d. Here, prediction is defined by the || M (+)||op and H oo norms,
indexed by g € {2, oo}, respectively. Formally, we define

0 A =1
_I(g=2) ,
Ki(d,T,a,q) := max k:2ch (TA+a)r "2 277 A e(1- ﬁa 1] ,
(A\,k)€Eblkspec(Ax) od 1
AP A< 1= e
/ 2
where ¢y =1 and cp, :=4/1+ —.
s

65



LEARNING LINEAR DYNAMICAL SYSTEMS WITH SEMI-PARAMETRIC LEAST SQUARES

Taking ¢ = oo correspond to the H,-norm, whereas taking ¢ = 2 corresponds to the norm
| Moo(-) Hlop- This notation is because ||Moo (Gy)||op can be rendered as a norm we call Hs",
defined in (I.32), on the transfer function G(z). This norm is similar to but slightly sharper than the
standard Hs-norm in control theory; see Chapter 4 of Zhou et al. (1996) for a discussion on transfer
function norms, including Hs. In Section 1.2.1, we then show the following bound.

Proposition L1 Suppose A, has (o, T)-phase rank d. Then, there exists a filter ¢ € R™* ™ with
1+ [[¢llbop < 2% such that

HMoo(G¢>)H0p < HSilB*HOP : HC*S”OpKl(dv T,Oé72)
||G¢||Hoo < ||S_1B*”0p ’ HC*SHOPKl(dv T,a,oo).

Analogous bounds hold for F, and Hy where ||S™B,||op is replaced by ||S™'Byllop and
15711 ||op, respectively.

Second, we (somewhat tediously) define a term K (IV),

N1/2 k=1

— k—1

M(k,N) = { Nk=1/2 (kfl> 2<k<N+1 (1.28)
N1/22N k>N+1

E___AM(k,N) 0<|[A<1

Mk, N) = { (-A)<2 (1.29)
M(k,N) Al=1,
Ky(N):=  max  M(k,\ N). (1.30)

(A, k)€eblkspec(Ay)

The term Ko(N') describes the entire magnitude of an length- N trajectory generated by the Jordan-
normal linear system J,. Indeed, in Section J.2, we prove

Proposition 1.2 (Bound on Magnitude of Markov Parameters) Consider a dynamical system of
the form G = (Ay, B,C, D), where A, = SJ.S~L is in Jordan normal form. Then, for all n > 1,

M (G)llop < [[Mn41(G)llop < [1Pllop + 1S Bllop | CSllop Ka(n).
It is immediate to then check that K7 and K5 admit the following worst case bounds:

Lemma 1.3 (Worst-Case Bounds on K, K3) Suppose that Ay has p(A,) < 1, and has largest
Jordan block of size k. Then,

Ks(n) < enfz

If further A, has (o, T)-phase rank at most d > k for some a > 1, then forn > 1,

K1(d, T, 0,q) < K2(T(1 + )7 22,
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I.1.2. MAIN RESULTS: STOCHASTIC NOISE WITH BLOCK-SCALAR FILTERS

We begin by presenting bounds on Opt,, for stochastic noise that arise from considering block-scalar
filters of the form

5: (6] 0] Rmem,where¢: [film | foIm | - - falm) € Rmxdm

We state two bounds: first, a theorem in terms of the more precise bounds K;(NN) and Ko(N), and
then a corollary which applies the bounds from Lemma 1.3, which is proved in Section 1.3:

Theorem 1.4 (Bounds for Stochastic Noise) Suppose that A, has («,T) phase rank at most 1 <
d < L. Then, for any § € (0,1) and N > T'dmax{m,log(1/6)}, it holds with probability 1 — §
that

N~Y20pt, < Mo(Mp + N7V2 M) K1 (d, T 0, 2)
+ min{K1(d, T, ,2), N"2K,(d, T, ., 00) } Mo Mp/m + log(1/6)
+2d (MCMBKQ(Td) + Mp + MN_1/2> .

By replacing the above bounds with worst case bounds from Lemma 1.3, we obtain the bound

N='20pt, S Mo(Mp + N~V2Mo)k*(T(1 + o))~ 22
+ NY2EH(T(1 4 a))F2¢McMp+/m + log(1/0)
+ 2 (MCMB(Td)’f—% + Mp + MN_W) .

For N > T'(1+«) max{m,log(1/d)}, we can absorb the second line into the first term. This yields
that N~1/20pt,, is bounded by <

Mo (Mp + N"YV2MOK2(T(1 + a))k~227 4 24 (MCMB(Td)k’% + Mp + MN*W)
< 2di—% <k2(1 + a)k:—% + dk—%) (M+MN_1/2),

from which we directly obtain Proposition 2.2 as stated in the body of the paper, which we restate
here for convenience.

Proposition 2.2 (Bounds for Phase Rank) Suppose that A, has («,T) phase rank d and
maximum Jordan block size k. Then, for any 6 € (0,1); with L >
N > T(d + 1+ a)max{m,log(1/0)}, and N1 > TL; it holds with probability 1 — § under

1
the stochastic noise setting of Definition 2.1 that, with Cp, 1, := 2¢(k*(1 + a)k_% +dF2),
N7Y20pt, < (M + pN=2) - T*120, 4.

I.1.3. RESULTS FOR ADVERSARIAL NOISE

We now present the analogue of Theorem 1.4 for adversarial noise; the proof is essentially identical,
and omitted in the interest of brevity:
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Theorem L.5 (Bounds for Adversarial Noise) In the setting of Theorem 1.4 (with the adversarial
noise model), we have that

N7Y20pt, < Mc(|S™ Bullop + N™Y2Mo)K1(d, T, o, 2)
+ Mc||S7LB, |lop - min{ K1 (d, T, o, 2), N"Y2K,(d, T, or, 00) }
+ Mc||S™ Bullop K1 (d, T, c, 00)\/dyy
+2d (MCMB(Tddw)KQ(Td) + Mp(dd,) + MN*/?) :

where Mp(-) and Mp(-) are as in (H.26).

Recalling the definition of definition of M ,q, := (N~ Y2My + Mp(Tdd,,))Mc + Mp(dd.) from
Definition H.1, we obtain the following analogue of Proposition 2.2:

Corollary 1.6 In the setting of the previous theorem, where A, has (o, T) phase rank d, and
maximum Jordan block size k, we have that

Nﬁl/QOptu < (Magy + uN~12). TkCgij‘l”k, where

k2
Cca%, =21 <2k(1 +a)f + dk> :

I.1.4. BOUNDS FOR DISENTANGLING FILTERS

For the case when, after a similarity transformation, the invariant subspaces of A, can be decom-
posed onto the rows of C,, we can construct individual filters for each element in the decomposition.
This is a generalization of the often-studied case (e.g. Sarkar and Rakhlin (2018)) of full-state ob-
servation: after transformation, we can observe each mode of A, directly. We begin by describing
partitions of its associated Jordan matrix J, into invariant subspaces.

Definition I.1 (Admissible Spectral Partition) Ler J € R"*" be a matrix in Jordan normal form.
We say that a set Sy, := {S1,...,S5;} C [n] is an admissible spectral partition if, for each i € [r],
the matrix J(S;) = (Jap)abes; xS; € CISilxISil s a Jordan matrix.

In other words, Sy, C [n] is an admissible spectral partition if each S; corresponds to coordinates
indexing a J-invariant subspace of C".

Next, we introduce a notion under which an admissible spectral partition can be “disentangled”
by a transformation V, such that subsets of rows of V', are supported on invariant subspaces of
A, corresponding to the partition {Sy,...,S;}.

Definition 1.2 (Disentangling Matrix) Let A, = SJ,S™!. We see that an invertible matrix V &
R™*™ disentangles an admissible spectral partition Sy., of Ji if we we have the decomposition
VC,.S =[C[|C)]|...|C]]T, where each matrix C; is supported on entries in S;. We let cond (V)
denote the condition number of V, and denote the associated quantity

—(v1,00y) €S

MC(SLT;V) = ”V71HOP max (Z HUZTC’LH2> .
v i=1
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Finally, we let K;i(d,T,«,q;S;) denote the analogue of K restricted to pairs (A, k) €
blkspec(J(S;)), and note that K1 (d, T, o, ¢; S;) also satisfies the bound in Lemma 1.3. With these
definitions in place, we have the following analogue of Proposition 1.1, the result motivating the
definition of K.

Proposition 1.7 Suppose {S1,...,S,} C [n] is an admissible partition of J,, disentangled by
a matrix V, and that each J(S;) has (o;,T) phase rank at most d. Then, there exists a filter
¢ € R™ ™ with ||¢|lhop < k(V) min(r, d)2¢ such that

HG(;SHng S HSilB*HOpMC(Sl:T; V) : m?XKl(da T7 (679 278Z)
HG¢”HOO < HS_lB*HOPMC<81:r; V) : mzaXKl(dv T7 «, OO;Si)a

with analogous bounds for F 4 and Hy.

Following along the lines of the proof of Theorem 1.4, we have the following bound for stochastic
noise (we omit adversarial noise for brevity).

Theorem 1.8 (Bounds for Stochastic Noise with Disentangling Predictors) Suppose
{81,...,8} C [n] is an admissible partition of J,, disentangled by a matrix V, and that
each J(S;) has (o, T') phase rank at most 1 < d < L. Introduce the shorthand

Ki(q) == mz[ﬂle(dv T, 0, q;S;)
1€

Then, for any 6 € (0,1) and N > T'dmax{m,log(1/6)}, it holds with probability 1 — 0 that

N=20pt, < Mc (S V) (Mg + N~Y2Mo)K:(2)
< min{K(2), N"V2K;(00)} M (S1.; V) Mpy/m + log(1/6)
< cond (V) min(r, d)2¢ (MCMBKQ(N) + Mp + MN’1/2> . 3D

Corollary 1.9 Letting amax := max;ey) {a;}, k denote the size of the largest Jordan block of A,
and supposing N > T(1 + amax), (1.31) can be bounded by

VN

+ (cond(V)(r A d)2° (MCMBKQ(N) + Mp + MN‘I/Q))} :

k
Nfl/QOptu < k172 Kkz (H;‘Hm) Mc(S13 V) (Mg + ))

L.2. Polynomial Approximations for Linear Dynamical Systems

In this section, we present bounds on the terms ||Gg||7.., ||Fg|/7.., and |[Hg||7... Our strategy is
to relate these quantities to how well polynomials can approximate a set of complex numbers. To
begin, we define Mon(L, B) as the set of degree- L monic polynomials on C,

f)=2L+ 4 fr
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with real coefficients and £;-norm at most B, i.e. ||f|lz, := 1 + >, |fi| < B. Furthermore,
for a finite set C C D x N (usually C = blkspec(A,)), we define the following complexity terms,
corresponding to Hz and Ho.. For ¢ € {2,00}, and constants c3,, defined above, we define the
complexity terms

0 f(2) has root order > k at A
H](CQ) (€,T) := max { |A| = 1, f(2) has root order < k at A
(Wk)eC c max R otherwise.

2= A=Al (1-pE
The term H](cq) (blkspec(A,), T') roughly describes how effectively a polynomial f cancels the

poles in A,. Due to the T-step subsampling, we shall typically be interested in H, éq) for polynomials

of the form g(z) = f(z7). We recall the definition of the H..-norm for a real rational transfer
function G(z) : C — C™*P:

|G[30 :=sup[|G(2)l|op, -
zeT

If the poles of A, are all strictly inside ID, this quantity is finite. Above, we use the operator norm
on C? — C™. Now, we define the H5” norm for such a transfer function via

1
Gl = rganxl\/% GOl 132)
= TG
][g\/%r | #leTE@) 0T E)
= ég%nXIHU G(2) |72

where again we use the standard ¢5-norm on CP and the definition of the canonical Hs-norm (see
Section 4.3 of Zhou et al. (1996) for both the frequency-domain and time-domain definitions).
Crucially, 5" is equal to the operator norm of the infinite-horizon Markov “matrix”.

Lemma 1.10 (Equivalence of H5" and | M () |lop) Let G = (A4, B, C, D), and suppose p(A) <
1. Then,

[Moo(G)llop = lIGllagr -

Proof Using (7) to denote block indexing, we see that

k—2
0T Mi(G)|3 = tr [Z MPWTGMP (v G)*
=0

= [[0T M (G)[3 = tr [Z ME W' G)MY (' 6y
1=0

(%)
= " Gll3,
= ”Moo(G)ng = ”GH?{;P )

70



LEARNING LINEAR DYNAMICAL SYSTEMS WITH SEMI-PARAMETRIC LEAST SQUARES

where the limiting step holds as p(A) < 1, and () comes from the time-domain characterization of
the o norm. |

(9)

At the center of our analysis is the following proposition, that demonstrates that A fq
describe the ability of polynomials f to cancel poles.

does, in fact,

Proposition 1.11 (Polynomial Approximation of Jordan Blocks) Ler f : C — C be an analytic
function and J € R™ ™ be a Jordan block matrix. Then || f(J)(zI — J) Y|, < HJ(COO)(C, 1) and
() (=] — J)_IHH;p < H}Q) (C,1). Moreover, if f is a polynomial of degree at most d < k, then
the factor of k? in H](cq) can be replaced with k(d + 1).

The above proposition is proved in Appendix J.1.4. Note that each of the H5"- and H.-norms
is finite as long as its argument has all of its poles strictly inside the unit disk. Therefore, some poles
of A, with modulus 1 may need to be canceled in order to achieve a finite ng or Hso-norm; we
shall use the (standard) convention that the argument of the norm, as a real rational function of z,
should be “evaluated” before computing the norm.

1.2.1. APPROXIMATIONS USING BLOCK-SCALAR FILTERS: PROOF OF PROPOSITION I.1

Our first theorem bounds the Hoo- and Hy"-norms of Fy, Gy and Hy in terms of the quantity
H }(;1) (blkspec(A,), T') by considering simple, block-weighted identity filters of the form

¢ = - [flIme|fQIm><m‘ s |fLIm><m} € RmXLm’ (133)
where f1,. .., fr correspond to the coefficients of a polynomial f € Mon(L, B).

Theorem .12 Let (A,, By, Cy) be a dynamical system, where A, = SJ,.S ~1 denotes the Jordan
decomposition of A,. Then, for any f € Mon(L, B) , the filter ¢ € R™*E™ from (1.33) satisfies
14 |¢llbop < B and

_ 2
1Gsllaze < 157" Bul - 1C.S o H}” (blkspec( ), T)
1Gs 130 < [IST'Bull - |CSllopH > (blkspec(.J,), T),
and similarly for F 4 and Hy, where B, is replaced by B,, and X1, respectively.

The theorem above is proven in Section J.1.1. Note that this theorem does not preclude the case
where Hy(blkspec(Jy),T) = oo, and thus the polynomial f must be chosen appropriately. In
particular, by choosing f(z) = Hle(z — ,uZT), where (1, . . ., g are the complex numbers which
witness the («, T")-phase rank condition, we show in Section J.1.2 that for systems of bounded phase
rank and Jordan block size, H s (blkspec(J,), T, is bounded. This is summarized in the following

proposition.

Proposition .13 Suppose that J, has (o, T)-phase rank d. Then there exists a polynomial f €
Mon(d, 27) such that H|" (blkspec(J,), T) < K1(d, T, o, q).

Proposition 1.1 is now a direct consequence of combining Proposition 1.13 with Theorem 1.12 (with
L = ad).
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1.2.2. APPROXIMATIONS USING DISENTANGLING FILTERS

We present an analogue of Theorem 1.12 for disentangling filters.

Theorem L.14 Let G, = (A,, By, C,), and let A, = SJ,S~! denote the Jordan decomposi-
tion of A.. Suppose V disentangles a spectral partition Si1.. of Ji. Then, for any polynomials
fO . 0 € Mon(L, B), there exists a filter ¢ € R™E™ with ||¢|1op < cond(V') min(r, L) B
satisfying

1Gollree < IV lopll S~ Bullop _ max ZWcuz(H}?‘é(blkspecu*wn),cr))

_(17 7r€8m1

and similarly for F 4, and Hg, where By is replaced by B,, and X1, respectively. This also holds for
the H3¥ analogues, replacing H (e0) by H ). Here cond (V') denotes the condition number.

The proof is given in Section J.1.3. Proposition 1.7 is now a corollary of this theorem and Proposi-
tion 1.13.

1.3. Proof of Theorem 1.4

We shall prove the stochastic case; the adversarial case follows from essentially the same arguments.
Let A, have p(A,) < 1 and («,T) phase rank d, and consider the filter ¢ from Proposition I.1,
which satisfies 1 + ||¢|| < 27 and

HMoo(G¢>)H0p < HSilB*HOP : HC*S”OpKl(dv T,Oé72) (1.34)
1Gy 1700 < 157" Bullop - IC:SllopK1(d, T, t, 00),

and analogously for Fy and H,. Consider the extended filter 5 = [¢|0] obtained by embedding ¢
in R™*L™ Then, ||¢||op = [|¢lop»> and thus

N_l/QOPtu < N_l/z(HAgHOp + 11l 9llop)-
Therefore, by the assumption N > T'd maxlog(1/6), m, bounding N—1/2
tion 4.1 implies
N7Y20pt, < [Moo(Go)lop + Moo (Fo)llop + N[ Moo (H) o

(a)
I'n(Gy) +I'n(Fyp))

(0)
+ (L4 1 llbop) (1M 74 (G)llop + 1M (F)lop + | Dz llop) + N2 u¢llop) -
(c)

HA%”OP with Proposi-

m + log(1/9)
—

For term (a), we have that

(IMoc(Go)llop + 1Moo (Fo)llop) + N2 Mo (Hg) lop

(1.34)
SNCSllop(N 25 X1 [lop + 17 Bullop + 157" Bul) K1 (d, T, v, 2)
< Mc(Mp + N7V2Mo) Ky (d, T, o, 2) .
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Similarly, for the term (b), recalling Iy (G) = min{v/ NMny(G), |G|z},

080 (1, (Gy) + T (o)

< min{K;(d, T, o, 2), N~ V2K (d, T, t,00) } - | CSlop (|[S ™ Bul| + IS~ Bullop)y/m + log
=min{K;(d, T, «,2), N_1/2K1(d, T, a,00)} MpMcy/m + log %,

where we take | My (Gg)llop < [[Moo (Gg)llop to use (1.34). For term (c), we have 1 + ||¢|[pop <
2% and ||¢||op < [|#]lbop < 2% so that

(M7 (G)|lop + | Mza (F)llop + || Dzllop) + N~24l|¢lop
M4 () + Mz (Pl + Dl + N1/2)

(1+[¢llbop

< 2¢
< 21 (MM K(Td) + | Dallop + 1D llop + N™/211)

<2¢

TN N N

MpMcEKs(Td) + Mp + +N_1/2,u> ,

where the bound || Mg (G)|lop + |Mrd (F)llop S MpMcKo(T'd) follows from Proposition 1.2.
Combining parts (a), (b), and (c) then yields Theorem 1.4.

Appendix J. Supporting Proofs
J.1. Proofs for Section 1.2

J.1.1. PROOF OF THEOREM [.12

We prove the bound for G, without loss of generality. Let f € Mon(L, B), and define the corre-
sponding filter

¢ = - [flIme|f21m><m‘ ce e |fLIm><m] S RmXLm .
Since f € Mon(L, B), we have that

L L
1+ H‘ZSHbOp =1+ ZHflImmeOp =1+ Z lAil=1fl < B.

/=1 /=1

With this filter, the corresponding observation matrix Cy is given by (with a reasonable abuse of
notation)

Cp=CAT + O AAT T+ AT 4 Oufr = Cup(AD).
Therefore,

Gy(2) = O f(AD) (21 — A) ™' By = C.Sf(J]) (21 — J,) 1 S™!B,.
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We can now bound the H.-norm of G in terms of f:
Gole, = max [CLSF (D) = J) 787 Blop
< N1C.Slop 1S~ Bullop max | £ (I (= = 1) lop
= [1CxSllopll S ™ Bullop I f () (2T = o) [lp4c-
A similar argument shows that

1Goll3ge < 1CSllopllS™ Bullopll f (1) (21 = J) ™ Hlggp-

To control the Ho, and HoP terms at the heart of the above bound, we will recall the following
proposition, proved in Section J.1.4 below.

Proposition 1.11 (Polynomial Approximation of Jordan Blocks) Ler f : C — C be an analytic
function and J € R™™ be a Jordan block matrix. Then || f(J)(zI — J) |y, < H](too) (C,1) and
| f(J)(=] — J)_lﬂﬂgp < H](?) (C,1). Moreover, if f is a polynomial of degree at most d < k, then
the factor of k? in H ](cq) can be replaced with k(d + 1).

In particular, we apply Proposition I.11 with the analytic function f(z) := f(27). This implies
that [| £ (JT) (2] — 1) |lp, < HP(C,T). Hence, we find that

1Gollree < 1C:S loplS ™ BullopH™ (€, T).
and similarly for H }2) .

J.1.2. PROOF OF PROPOSITION I.13

Let 1, . .., g witness the (o, T')-phase rank condition of blkspec(A,). We now consider the cor-
responding polynomial f(z) := Hle(z — ). Note that f is monic and has degree d; thus, the

fact that f € Mon(d, 2%) follow from the following bound on its £1-norm.

Lemma J.1 Let f be a degree-d polynomial whose roots all lie in D. Then max,cp |f(2)] <
1 £lle <27

Proof The bound max,cp | f(z)| < || f||¢, holds for any polynomial by the triangle inequality. Then,
. d d d
since |pi| < 1, [flle = im0 | 2se (i ies 1l < 2o (5) =27 u

Next, for any (A, k) € C, we shall bound each term in the maximum of H(C,T).
For |A| = 1, the approximate phase rank condition implies that there are at least k elements
i such that AT = uiT. Thus, f(27) has a root of order > k at A, and the corresponding term in

H J(cq) (C,T) evaluates to zero. We shall therefore show that for |A| < 1, one has

J.35)

_2¢ ’A|<1_#

2| £(,T 1+ a)kTR2dkg N e[l — 1,1
max | )ll < ( ) Al e 1 = ey D _
zz=A<1-A] (1 = [A]) T(1+a)

(1=[AD*
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This immediately implies the desired bound on H j(foo) (blkspec(Ay), T) in Proposition 1.13. For the
correct bound for ¢ = 2, we note that since we need only consider |A\| < 1, by factoring out a
(1 —|A])'/? we have

c_lH(Q)(blkspec(A*) T) = max max M
s ’ (A k)eblkspec(A,):[A[<1 z:|z—A|<1—|A| (1 — |A|)F—1/2

(1.35) 14 a)fTk2d=kE N e[l — =i, 1
S (1 i |>\|)1/2 {( ) | ‘ [ T(1+a) )

24 1
=) Al <1 = wi7ay
B {(1 — [ADY2(1 + a)kbTk2d=FE N €1 - ﬁ 1)
_ .
P17 A< 1= 7005
{(1 + )k 12pk=1/20d=k g\ € (1 — (1+ 7+ 1)
= 2d )
TP Al <1 7

where the last line uses that (1 — [\)%/2 < (1 + )~ /2T~1/2 for |\| € [
We now turn our attention to the proof of (J.35). For A < 1 —

-1 1)
T(14a) 7/
d z € C such that
TFaT + y7 an
|z — A] <1 —|\|, we note that z € D. Thus, 27 € D implies f(z7) < 2¢ by Lemma J.1. Hence,

T 2d
k2 max | f(z)] < 2 '
zlz=A<1-A] (1 — [A])F (1= [A]*

Lastly, we consider the case A\ € [1 — W, 1). Since (A, k) € C and {u1,...,p1q} wit-
nesses the (o, T')-phase rank condition, without loss of generality (by permuting labels) we have

maxje[k] ming e, A — | < a(1—|A]). Letting ; denote a complex number satisfying
~T

no= ,ul- which minimizes |\ — | (breaking ties arbitrarily), it then follows that

max [\ — ;| <a(l—]\]) .
i€[k]

‘We shall then factor

where
k ZT . /J/T d
i=1 Hi i=k+1
We first estimate the magnitude of F'(z).
Lemma J.2 F(z) < T*2%F forany z : |z — \| < 1 — |\

Proof First, observe that any z : |z — A\| < 1 — || lies in D. Hence,

. 2 — i T d—k STl
PG < [T 524 H 2T+ ufl| < 20 [T =24
i=1 Hi i=k+1 i=1 Wi
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Next, we observe that that for i € [k], we have i} = u?. Thus,

T_ T T _ =T
2T — ] 21— _ r
R 1l Il CE e TR PR e B
Z M Z = Hi
Hence |F(z)| < 2¢-kT*, |

Next, we we estimate the contribution of }Hle (z — ;)

k — 1L
Lemma J.3 Let z satisfy |z — A| < 1 — |\|. Then, iy (e )51)|‘ < (1+a)k

(1=[A|

Proof Forz : [z — A\| < 1— |\

, we have

k

[1G-m)

i=1

IN
Ea\v

(lz = AL+ [A = i)

~
Il
—

(1= [AD) + a1 = [A]) = (1 +a)*(1 — ]A)*.

IA

S
Il
—

Combining these two estimates, we find that

ymax. . y<a— f ()]

< 2 1 ka2d—k.
0 )k <k +a)

In summary, we have shown that for any (), k) € C with |A| < 1, one has

_ 24 2\ <

kkod—k 1
mar EUEDL 2{(1—1—a) T A>T - iy
zla=A<1-A (1 = [A]) < T+ay

(1=[AD*

J.1.3. PROOF OF THEOREM I.14

We shall prove the bound for H(>); the bound for H?) is similar. As in the statement of the
theorem, let A, = SJ, 571, let S := blkspec(A,), and suppose there exists subsets S1, ..., S, C S
and an invertible transformation V' for which VC,.S = [C]'|Cy | ...|CT]T, where C; is supported
on entries corresponding to S;, and C; € R™:*™_ Finally, let f(!), ..., f(") denote the polynomials
in Mon(L, B), and define the block diagonal matrix

Xy := blkdiag (£ Iy s £ Tongsxcmas -+ £ Tmy) »
and let

¢ =— [V‘leV\V_1X2V| e |V_1XLV] .
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We can then compute that

Cy=C AT vixyve, AR 4 voixve,

—y-1 (VC*SS*lAZLS FXVC,S8 T AF VT s Ly V*levc*S) 51

— v (VesuIt 4 xive sl vl ve,s) s

TL 2 T(L—1 2
_ V_l C2<‘]* + f1 CQe‘]* NI fL ‘CQ S_l
cart] | g, ro e,
[C1f W ()
_ Cgf(2)(J*) .
[Cr fT (L)
Hence,
-le(l)(J*)-
Cof A (J
”G¢”0p = Sup v 2 . () Sil(ZI_ A*)AB*
zeT :
_Crf(r)(t]*)_ o
[C O ()]
Cof A (J
= sup vt f , () (2 —J,)"'s7'B,
zE€ .
_C’Tf(T)(J*)_ o
CrfW () (2] = J)™!
_ _ Cof @ (J) (I = J) 7!
< HV 1||0p||S IB*Hopsup i .
zeT :
Crf (T (1 = )7,
= [V " Yopll S Billo TC DTN (=T — J) Yo
V" opl I pSUp omax o, II;UZ STz )72

v=(v1,...,up)ESM 1

< HV_1||OPHS_1B*H01D Sug max Z ‘|1}:Cif(i)(J*)(zI — 1) 2.
=€ i=1

Note that the sizes of v; are given by the admissible spectral partition of A,. By assumption, for
each 4, C; is supported on coordinates in S;. Hence, we see that

[0 Cif () (I — J)Hl2 = v Cof O (T(S)) (I — J(S) " 2,
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since J(S;) is J, supported on S;. Thus, for any z € D,

sup  max > |lof Cif (L) (T = J) 7|2

2€T v=(v1,...,0r)€S™ ™1 i1

< max ZHvIciuQHsugHf<i><J<si>><zf—J(&))fluop

v=(v1,...,up)ES™1 £

IN

Ol H (blkspec(J, (S; ,
(o1 ey ST~ Z”” I2 f<>( spec(J«(S5i)), T)

where for each term we invoke Proposition I.11 and argue as in Theorem 1.12. Therefore,

IGalhe < IV oplIS™ Bulop - mave D ol CulloHT (blkspec(J.(S)), T)
=(V1,...,Ur =1

Moreover, by the construction in Theorem .12, we see that

L

L
|#]|bop < cond(V) ZHXgHOp = cond(V) rnz[u]( |f€ | < cond(V)min(r,L)B .
€
/=1

J.1.4. PROOF OF PROPOSITION .11

We wish to show that as long as f(z) has a root of order at least k at each (A, k) € blkspec with
|A| = 1, then

k| f (w)|
w:\w?}\?gl—Pd (1 - |>‘|) 7
k| f(w)]

FINGI = J) yer <o, max  — ————tp
H ( )( ) HH? 2w:|w—/\|§l—\)\| (1 . |/\|)k—%

1F (T = T e < cpn and

where k2 can be replaced by k(d + 1) if f is given by a polynomial of degree d. Note that the right-
hand sides of the above displays use argument w instead of z to avoid confusion with the parameter
z on the right-hand side. We start with following lemma:

Lemma J.4 Let B(z) € R"*" be a block-diagonal transfer function with blocks B1(z), . .., By(z).
B(2) oo = maxicpy) [|B(2)[|l#o and || B(2)|lgr = maxiep) [ B(2)]l3gp -

Proof
For H oo,

1B (2)l|3100 = max||B(z)llop = mg%ﬂéﬁHB 5 (2)llop

= B; = B;
= maxmax]| B;(2)lop = max || B;(2)l-
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For 3", let v = (v1,...,v,) be a decomposition of v along the blocks B; € R"*"i. Then:
I , .
1B(2) |30 = B2 / tr(uT B(e)* B(e?)v)do
2m .
= e gﬂ/ ) Bi(e)s)

2r T
< max ol max o / S tr(w] By(e) By (e?yuy)
veES™T wJES =1

= Dax, lojlI311B; (2) 3,50 = max 1B;(2)I3450

where the last holds since 3 [|v; |2 = |[v]|? = 1. To see the converse holds, one may choose v to
be supported on the coordinates of one block B;. |

We now return to the proof of Proposition I.11. Let f be an analytic function of degree d, where
we take d = oo if f is not a finite-length polynomial. Since f(.J)(2I — J)~! has the same Jordan
block structure as .J, the above lemma lets us assume without loss of generality that J consists of
a single Jordan block corresponding to an eigenvalue A of order k. If f has a zero of order k at
A, then f is divisible by (z — A)¥, which by Cayley-Hamilton implies that f(.J) = 0 and thus
IF (D) (T = T)Hlgge < 1 F(I) (2] = J) " 3., = 0. We shall now show that for any |A| < 1 and
z €T,

1 fw)lk(k Ad+1)

< - J.36
oo = N e N (= PR (1.36)

[F(T)h=(T)

We first show how to conclude the proof assumption the above display (J.36), and then turn to
establishing the inequality.
1. Concluding the proof from (J.36): To bound H ., we see that

) |Fw) (kA d+1)
Wf (D h(I)|ne = glé%%”f(J)hz(J)HOp < max (1—|\)F ’

wi|w—A|<1—|A]|

since we have |z — A\| > 1 — |\| for all z € T and A € D. Noting that c3_ = 1, the above display
is precisely the quantity corresponding to H (o) by taking k(k A (d + 1)) < k2, but it allows one to

replace k2 by k(d + 1) for d < k.
To bound H5", we use the following lemma, proved at the end of the section.

Lemma J.5 (H» integration) For cy, \/1+ \/27r T rsdd < ewy [y for all
xeD: |\ <1
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We note that in our context, the variable over which we integrate is the subscript z in f(J)h.(J).
Using the integral computation,

2T
LDl = ma, 5= [ 0T (Do (D) (F(Dhao( T
2T

1
< % H(f(J)hezg(J)H(Z)p
0
(136) Ifw)k(kAd+1))\* 1 [ 1
— [ADF ) 27T/0 [z = AP

< ( max
wilw—A|<1—|)|
Lerrg].S |f(w ’k(k A (d + 1)) ? 62 1
— T 1=

~—

~_ T

max
wi|w—A|<1—|A]|

—~

|f (w)|k(k A (d+ 1)))2 >

max C
<w:w—)\|§1—|>\ (1 — [A[)F-1/2 He

as needed.

2. Proving (J.36): Since |A| < 1, the function %, (A) := —1 is analytic on T, and thus we can
write f(J)(zI —J)~! = f(J)h.(J). By Lemma G.5 and the formula for functions of Jordan block
matrices, we see that (dropping the A argument for brevity)for any z € T,

LA RS ] 0
ol < 23 =5
L] pG) [21] p(-9)
- JZ_;) FAP= il

=y K7 | 00

Iz = A7¢, (1.37)

where the last line uses the fact that if f is a degree d polynomial, all £() vanish for j > d. Next,

. . ()
we use Cauchy’s integral formula to bound the magnitudes of the terms ‘f]—f ‘:

Lemma J.6 (Cauchy’s Integral Formula, see e.g. Stein and Shakarchi (2003)) Ler f : C — C
be an analytic function. Then £ ()\) < :f—,l MaX g \—a|—r | f(@)].

By setting = 1 — |\|, we have that

f(j)()\)
4!

|f (w)]

< max — .
T wilw=A|<1-[A (1 — [A])J
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Furthermore, if f is a polynomial of degree d, moreover, then fU) vanishes for all j > d. Therefore,
picking up where we left off from our bound on || f(.J)h(J)||op in Equation (J.37), we bound

f -7 dNk—1k—j
— < —¢
b3l 7Zz—kl S NGOl DI DIEES YRR B
§=0 0= J=0 (=1
1 k—1INd k—j
AL e -
= 1—|AD)™
|z—)\| Jw— A\<1 |>\| w)| Z Z|Z A A
=0 /(=1
< — M) 1—€—j
T |z = A w:\wil}\?%(l—PJ w)l Z Z — 1Al
=0 /(=1
1 |f(w)|k(kANd+ 1)

< ma. 9
T |z = A w:\w—)\\%(l—|>\| (1 —|A)k-L

where (i) follows since follows since min,c [z — A| = 1 — |A| for A € D, and the last inequality

comes from taking the maximum over the at most w < k(kAd+1) terms in the double sum.
Lastly, we complete the argument by turning to the proof of Lemma J.5.

Proof [Proof of Lemma J.5] By rotation invariance of the integral, we may assume A\ is real and

non-negative. Fix a 6y € (0, 5] to be chosen later. Then, we decompose our integral as

2 1 2w 1
—=df = do
/0 lei? — \|2 /0 sin? @ + (1 — \cos 6)2

(@)

4 1
df
/0 sin? 6 4 (1 — Acos )2

Do o /ﬁ/z df
- (1—X)2 9, sin?f

to
= 2<(1)\)2+C0t90+ﬂ'),

where (i) uses the symmetry of the 1ntegral and (i7) breaks the integral into [0, 6y], [0p, 7], and
[7, 2], bounding the integrand above by /\, 12 5> and 1 on each respective portion.

Now, setting 6y = arcsin(1 — \) € (0, 2] we have that cot 0y < 1/sinfy = 1/(1 — A).
Moreover, sinflg = 1 — ), so

0o 1 0o 1
= : < ,
(1-X)2 1—X sinfp ~ 1-2X

since sin x < z. Combining the above bounds,

1 [ 1 2 1
— : dp < 1< -(1+ =
27r/0 lei? — X277 — 7 TS )\( )

as needed. |
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J.2. Bounds on Finite System Norms: Proof of Proposition 1.2

Here we prove a bound on the operator norm of a Markov matrix, in terms of the terms M, M , Ko
in (1.29), (1.28), and (1.30) respectively. We recall the proposition we aim to prove:

Proposition 1.2 (Bound on Magnitude of Markov Parameters) Consider a dynamical system
of the form G = (A, B,C, D), where A, = SJ,S! is in Jordan normal form. Then, for all
n>1,

IMa(G)llop < Mns1(G)llop < 1 Dllop + 157" Bllop||CSllop K2 (n).

Proof We have that
[ Mur1(G)llop = | [D | CB| CAB| - | CAZ'B] oy

< |[Dllop + [[CB | CAB | -+ | CAY'B]lop
= ||Dllop + [|[CSS™'B, | CSJ.S™IB |-+ | CSIF1STIB,]op
= 1Dllop + 1CS - [I | T |-+ | T2 - (Tnsen © ST'B)lop
< [ Dllop + 1CSllop - NI | T |+ | T2 llopll Znxn ® S7'Bllop
= [1Dllop + 1CSllopll S~ Bllop - 1171 T [+ [ T2~ llop -

Next, we see that since J! is block diagonal, the operator norm of [I | o |-+ Jf‘l] is equal to

the largest operator norm of a block row corresponding to one the blocks of .J,° Consequently, it
suffices to prove that .J, = J consists of a single Jordan block (), k) € blkspec(A,). We shall first
consider a bound that holds for |A| < 1, and then a general bound for arbitrary A. For |A| < 1, by
Lemma .10 we have

LT 1T o < Y [T [T flop = (21 = J) ™ lgggp -

Applying Proposition I.11 with the trivial polynomial f(z) = 1, which has degree d = 0, gives

) k(k Ad+1) k
i £(2) _ |
||(Z ) ||’}-[2P =~ CH, Z:|Z—I§\1‘aé)§—|>\| (1 . |>\|)k_]_/2 (1 B ‘)\’)k_l/g

Now for A € [0, 1], we need to bound

LT |- [T, < M(k,n)?,
where we recall the definition
nl/2 k=1
—~ k—1
M(k,n) = ¢nb=12 () 2<k<n+1 .
nl/2on k>n+1

9. Indeed, the operator norm is invariant under permutations of rows and columns, and since J} is block diagonal, one
can permute the columns of [I | Je ]| Jll’l} to render it a block diagonal (rectangular) matrix. It is then well
known that the operator norm rectangular block diagonal operators is equal to the operator norm of its largest block.

82



LEARNING LINEAR DYNAMICAL SYSTEMS WITH SEMI-PARAMETRIC LEAST SQUARES

Recalling the formula for the powers of Jordan blocks, we have that

NN N (D
0NN (e
Jh=: : : (J1.38)
N GPS
0 0 pX

where we use the convention (;) = 0 for j > t. Bounding ||.J*||op by the ¢1 norm of its first row
gives

k—1

17 lop < Z( >|)\|t it > 5) Za],t, (1.39)

Jj=0

where oy j = ( VAL > 4) < (;)]I(t > j). Since ay ; is increasing in ¢, we can use the crude
bound

n—1

-1 k-

LT L T2l < D IAE, < Z Z
t=0 ;=0
2

t=0
k-1
§ , Qn,j
j=0

For k > n + 1, Z ( ) = 2, yielding a bound of n(2”) . For k = 1, the above sum is n, and
for 2 < k < n+ 1, we have the standard bound bound 3% 10 (?) < (+2%)F71, yielding a bound of

(nk_% (%5)%~1)2. Taking a square root of each of the three cases concludes the proof. [ |

Appendix K. Bounds under Strong Observability

In this section, we formally define a notion called strong observability, inspired by the control theory
community, which describes how difficult it is to estimate the hidden state in a linear system with
known dynamics. We then use this notion to develop a bound on Opt,, in terms of the quantities
introduced. We begin by defining the d-step observability matrix

O4(A,C) = [CTI(CA)T]...|(CATHT]T ¢ Rmdxn

for conforming A, C. Furthermore, we introduce the definition of an invariant decomposition:
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invariant de-

Definition K.1 (Invariant Decomposition) We say that (AL, A_,C,C_) is an
= A_A, =0, and

composition of (A, Cy) if Ay = AL +A_, C. = CL +C_, ALA_
rowspace(Cy) C rowspace(Ay) and C_A,.

In other words, A4 and A_ contain complementary invariant subspaces of A,, C provides in-
formation only about A, and C_ provides no information about A .'® One should associate A,
with large dynamical modes we need to filter and A_ with smaller modes we can disregard. Strong
observability is then defined as follows.

Definition K.2 (Strong Observability) Given a pair (A;,Cy) with rowspace(Cy) C

rowspace(A ), we say that (A4, Cy) is (0, T, d)-strongly observable if 7, (Oq(AL,Cy)) > o >
0, with n := rank(A4).

Here, oy (-) denotes the k-th largest singular value. Strong observability states that given d obser-
vations sampled every 7' time steps, one can reconstruct the hidden state x; in a numerically stable
fashion. Restricted to the pair (A4, C}), strong observability is a quantitative version of a funda-
mental observability condition in control theory, and state estimation in particular (see, e.g. Hautus
(1983)). As an example, one can show that the transition matrix A, = [(1J %] and observation matrix
C, = [1 0], which correspond to Newton’s equation F' = ma when the position x is observed,
satisfies (o, T', 2)-strong observability whenever T'A is bounded away from zero.

We begin by stating a simplified bound on Opt,, under the strong observability condition, in

terms of the control-theoretic norm || Moo (+) ||op-

Proposition K.1 (Bounds for Strong Observability) Let d < L, N
(A4, A_,C1,C) be an invariant decomposition of (A, Cyx), with p(A_)
tems

Ldlog(1/5) and

>
< 1. Define the sys-

G_=(A_,B,,C_,0), and F_=(A_,B,,C_,0).
Then if (A4, A_) is (0, T, d)-strongly observable for (A4, A_), then with probability at least 1 — 0,

1€+ AT Jlop

g

N_l/QOpt# <d <1 + > < (m+ log%)CA, + Cra + N_1/2u> , where

Ca = [Moo(G)llop + [Moo(F-)llop and Crq := [ Mza(Gy)llop + [ Mza(Fi)llop + | Dzllop-

If L is greater than the degree d_y of the minimal polynomial of A, then the above bound also holds
with d(1 + ||C+ AL ||op/0) (resp. d) replaced by 2%+ (resp. d...), even if strongly observability fails.

We note that by choosing the invariant partition (A, A_) to ensure that A_ is stable (i.e., placing
all unstable modes into A ), then the operator norms of the infinite-horizon quantities G_ and F_
are finite; moreover, by placing near-unstable modes into A, one can obviate the dependence on
instability in these terms as well.

In the following subsection, we shall a state more precise variant of the above bound, including
analogues for adversarial noise. Subsequent subsections contain the deferred proofs.

10. We note that if Ay and A_ satisfies AyA_ = A_Ay = 0and A, = A_ 4+ A, then we can obtain an invari-
ant decomposition (A4, A—,C4,C_) by letting C. = Proj,, C is the matrix obtained by projecting C' onto the
rowspace of A4, and and C_ = C, — C the projection onto its complement.
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K.1. Granular Bounds for Strong Observability

In this section, we present bounds under the strong observability criterion, Definition K.2. We define
the corresponding stochastic observability error term,

ObsErrstoc (8,1, N) := VN (|| Moo(G-) lop + | Moo (F-) lop) + Moo (H-)llop
+ v +10g(1/6)(In(G-) + T (F-))
+ VN (|IM7d (G)llop + [Mra (F) lop + 1Dz llop) »

and the adversarial observability error term,

ObsErragy (0, m, N) := \/N”MOO (G)lop + VNdWI'n(F-) + | Moo (H2)|lop
+v/m+1og(1/5)I'n(G)
+ VN [[1Mz4(G)llop + v/Tddy | Mra (F) lop + /A= Dellop]

where we recall the definition
I'v(G) := min{VN| Moo (G)llop; ||Gll7.0 }
Our main theorem is as follows:

Theorem K.2 Suppose that N > Tdmax{m,log(1/6)}. Then, if (Ay,Cy) is (o,T,d)-strongly
observable for d < L, then with probability 1 — §, we have that in the stochastic model,

duc+Aiuop>

g

Optu < (ObSErrstoc(5v m, N) + “) (1 +

where the analogous bound holds with ObsErr,q, under adversarial noise.
In general, even if (A4, Cy) may not be (o, d)-strongly observable, we argue as follows. Let
f denote the minimal polynomial of A If L > deg(f™), then
Opt,, < (ObsErrsoc(d, m, N) + I f L,
< (ObsErretoc (8, m, N) + 11)2980+) < (ObsErrgioc (6, m, N) 4 p)272nk(A+)

and analogously for adversarial noise.

Proposition K.1 follows directly by bounding 'y (G) < v/N | M (G)||op and dropping the H_
term under the assumption made in the body that x; = 0. We now turn the proof of the theorem.
The above theorem is prove in the following subsection.

K.2. Proof of Theorem K.2

Let ¢ = [Wq]...|Py|0]; in view of the discussion in Section G, we can assume L = d for our
analysis. Since Ay A_ = A_A, = 0, it follows that for any power k > 1, A¥ = Ak + Ak,
Moreover, since rowspace(C) C rowspace(A;) € ker(A_)T (and similarly when the signs are
swapped), it follows that C; A_ = C_ A = 0. It then follows that

C AP =c Ak +c AR forall k > 0.
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This allows us to decompose Cy as C, := C; +Cy, where foro € {+,—}

L
CF = Co AL = W, C, AT e R
/=1

The following proposition gives us a control on [|Ag|lop in terms of the systems Cg. Its proof is
deferred to the following subsection:

Proposition K.3  Suppose that ¢ € R™ ™ satisfies CylAy] = 0 and that N >
T'dmax{m,log(1/d)}. Then, in the stochastic noise model,

[Agllop < (1 + l|¢llbop)ObsErtsoc(d,m, N) ,
and in the adversarial noise model,
[Agllop < (14 [|¢]lbop)ObsErragy (5, m, V) .
Hence, for stochastic noise, we get that with probability at least 1 — 4,
Opt,, < pll¢llop + | Agllop < (1 + [|@llbop) (1 + ObsErrsoc(d, m, N)),

and similarly for adversarial noise. To conclude, it remains to bound ||¢|[/pop. Considering an
invariant partition A, = A4 + A_, we invoke the following lemma, which is a consequence of the
Moore-Penrose pseudoinverse.

Lemma K4 [If (A.,Cy) is (o,T,d)-strongly observable, then there exists a matrix
|C+A1d||0p
—

6= [Uy]... [0y € R sarisfying Cy AT — S0 W, AT = 0 and ||¢]|op < !

Using this lemma (proved in Appendix K.3.1) and the error bounds from Proposition 4.1 below,
we conclude the proof of Proposition K.1 in Appendix K.3.2. This lemma directly yields the first
part of our theorem, since

d|CLAL|
L+ [[@llbop < (1 4+ dll¢flop) <1+ ———=.
Proof [Proof of Lemma K.4] Recall the observability matrix
Cy

CLAL

Cp A%
Observe that since rowspace(Cy) C  rowspace(Ay), Oq(A4,Cy) has rank at most
dim(rowspace(44)) = rank(Ay) = ny. By assumption, O4(Ay,Cy) has rank at
least ny as well. It follows that rowspace(O4(A+,Cy)) = rowspace(A,), and therefore

C+ A% € range(Oy(A+, Cy)). This implies that for the filter

¢ = C+Ai(’)d(A+, C+)T S Rdem,
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we have
$O0a(Ay,Cy) = CyALO4(Ay, C1) Og(Ay, Cy) = CLAL .
The above then implies that
Cf = C4AL — 6 04(A4,C1) = 0.
Moreover, as we have established that rank(O4(A4, Cx)) = n4, we have
I18llop = 1C+ AL Oa( A, C1)lop
< [C+ AL lopl|Oa(As, C1) lop < 1C+AL flopon, (Oal(As, C+)) 7"

Recalling that our strong observability assumption implies that o,,, (O4(A+,C1)) ™' > o, we find
that the above quantity is at most ||Cy A% ||op /0 by assumption. [

The second part of our theorem follows by constructing ¢ to use the minimal polynomial of A.

Lemma K.5 There exists a ¢ with 1 + || ¢|lbop = || fT|le, < 298U+) < 27+ and C; = 0, where
f is the the minimal polynomial of A.

Proof Let f* denote the minimal polynomial of A, and let
o= [f1+Im|f2+Im’ te ‘f(;g(f+)lm|0]'

Then, CJ = O, f+(Ay) = 0. Since f has all of its roots in the complex disk (as the spectrum of

A is a subset of the spectrum of A,), Lemma J.1 implies that 1+ ||¢|[nop = || 7|, < 298U+) <
2n+, |

These two possible methods of bounding ||¢||op conclude the proof.

K.3. Proof of Proposition K.3

Again, we assume L = d. Using the properties of an invariant decomposition, we can modify our
error calculations as follows; the proof in stated in Section K.3.2.

Lemma K.6 Suppose that Cy[A]| = 0. Then, the conclusions of Propositions G.1 and G.2 hold
with Gy, Fy and Hy, replaced by the following systems:

G; = (A_,B*,C;,O), Fy = (A_,Bw,C(;,O), H, = (A_,XI,C(;,O) :
We can now bound the control norms of these “minus”-systems (proof in Section K.3.1):

Lemma K7 [|Mos (G5 )lop < (1 + 18llbop) [ Moo (G-)llop and [[(65) 1o < (1 +
| llbop) |G = |30, and similarly for the corresponding F and H systems.

Now bounding T'x(G) < v/N|[My (G)||op, We can simplify the bound in the stochastic model to

obtain
1A llop <\/—1
—_— 3 N(m +1log ) (|IMoo(G)|lop + [|Moo(F-)]o
1+ [[8llbop ( ) (IMoo(G)llop + Moo (F-)llop)
+ VN (|IM7a (G)llop + [Mza (F)lop + [1D=lop) -
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K.3.1. PROOF OF LEMMA K.7

Let us take G; as a representative example. Using the formula

L
O = C_ALT N w,c AT
/=1

we have (with the convention ¥y = I,,,),
[Moc (G5 )llop = lim M (G5)llop

L
= Tim Mo (A, By Wp (O AL,0)) [op
/=0

L
= Tim W llopll M (A, BL,C-A,0)) o
£=0

@ &
< lim > 1%L tlloplMinpe ((A-, By, €, 0)) lop
(=0

L
= i 3 ellopMae (G-)llop
=0

L
= ZH‘I’L—ZHOP nh_{rolo”MnM (G-)lop
=0

L

= [Moe (6-)llop - D1 L—tllop = Moo (G-)llop(L + [&lbop),
£=0

where in (i) we have used the fact that M,,((A_, B,, C_ A’ ,0)) is a submatrix of the matrix
Mio((A_, B, C_ A" | 0)). This argument can be applied for the H,.-norm, viewed as the asymp-
totic limit of the operator norm of the associated Toeplitz operator (see e.g. Tilli (1998) Corollary
4.2).

K.3.2. PROOF OF LEMMA K.6

Examining the arguments in Section G, it suffices to modify the control of the term Err(). Recall
the shut-off sequence

~ {AZ_(t_LT)Xt_LT n>t— LT

Xpit =
it Xp, n<t-—LT
yn;t = C*in;t
T =~ =T =T T
k; = [Yt—T;t | Yi—or;t |- Yt—LT;t] )
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Defining the terms ~y; := By, Wy + By, since Cy[A,] = C’; we have that

E”El) = Vit — 6k = CylAxi—rL = CyXi—11

t—LT-2
=C, ( > Ayt Ai_TL_1X1>
i=0

t—LT—2 ‘
= C(; (’Yt_l + Z Ai’Yt—l—i + AiTLl}(l)
i=1

t—LT—-2

=Cy vt Y D A+ AT X
oe{+,—} =1

Observe now that the term corresponding to o = + is canceled by C’;, because it involves only
terms which have the products A_ A, or C_A,. Thus,

Errf) = C4[A] (-1 + Ao+ AT ).

This term can be then be controlled analogously to the term Errgl) in Section G, replacing A, with

A_ and Cj with C’q:.
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