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Abstract

We consider learning methods based on the regularization of a convex empirical risk by a squared
Hilbertian norm, a setting that includes linear predictors and non-linear predictors through positive-
definite kernels. In order to go beyond the generic analysis leading to convergence rates of the ex-
cessrisk as O(1/+/n) from n observations, we assume that the individual losses are self-concordant,
that is, their third-order derivatives are bounded by their second-order derivatives. This setting
includes least-squares, as well as all generalized linear models such as logistic and softmax re-
gression. For this class of losses, we provide a bias-variance decomposition and show that the
assumptions commonly made in least-squares regression, such as the source and capacity condi-
tions, can be adapted to obtain fast non-asymptotic rates of convergence by improving the bias
terms, the variance terms or both.

Keywords: Self-concordance, regularization, logistic regression, non-parametric estimation.

1. Introduction

Regularized empirical risk minimization remains a cornerstone of statistics and supervised learn-
ing, from the early days of linear regression (Hoerl and Kennard, 1976) and neural networks (Ge-
man et al., 1992), then to spline smoothing (Wahba, 1990) and more generally kernel-based meth-
ods (Shawe-Taylor and Cristianini, 2004). While the regularization by the squared Euclidean norm
is applied very widely, the statistical analysis of the resulting learning methods is still not complete.

The main goal of this paper is to provide a sharp non-asymptotic analysis of regularized em-
pirical risk minimization (ERM), or more generally regularized M -estimation, that is estimators
obtained as the unique solution of

.1
min —
0eH n

° A
Z%(Q) + 5HHHQ, ey
=1

where H is a Hilbert space (possibily infinite-dimensional) and 7, () is the convex loss associated
with an observation z and the estimator § € H. We assume that the observations z;, ¢ = 1,...,n
are independent and identically distributed, and that the minimum of the associated unregularized
expected risk L(6) is attained at a certain 8* € H.
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In this paper, we focus on dimension-independent results (thus ultimately extending the analysis
in the finite-dimensional setting from Ostrovskii and Bach, 2018). For this class of problems, two
main classes of problems have been studied, depending on the regularity assumptions on the loss.

Convex Lipschitz-continuous losses (with respect to the parameter ), such as for logistic re-
gression or the support vector machine, lead to general non-asymptotic bounds for the excess risk
of the form (Sridharan et al., 2009): =

* |2
-+ A, @)

where B is a uniform upper bound on the Lipschitz constant for all losses § — ¢,(6). The bound
above already has a form that takes into account two separate terms: a variance term B2/(\n)
which depends on the sample size n but not on the optimal predictor §*, and a bias term \||6*|?
which depends on the optimal predictor but not on the sample size n. All our bounds will have this
form but with smaller quantities (but asking fore more assumptions). Without further assumptions,
in Eq. (2), A is taken proportional to 1/4/n, and we get the usual optimal slow rate in excess risk of
O(1/+/n) associated with such a general set-up (see, e.g., Cesa-Bianchi et al., 2015).

For the specific case of quadratic losses of the form £, (0) = 3(y— 6 - ®(z))?, where z = (z,y),
and y € R and ®(z) € H, the situation is much richer. Without further assumptions, the same rate
O(1/+/n) is achieved, but stronger assumptions lead to faster rates (Caponnetto and De Vito, 2007).
In particular, the decay of the eigenvalues of the Hessian E [®(z) ® ®(z)] (often called the capacity
condition) leads to an improved variance term, while the finiteness of some bounds on * for norms
other than the plain Hilbertian norms ||0*|| (often called the source condition) leads to an improved
bias term. Both of these assumptions lead to faster rates than O(1/1/n) for the excess risk, with
the proper choice of the regularization parameter A. For least-squares, these rates are then optimal
and provide a better understanding of properties of the problem that influence the generalization
capabilities of regularized ERM (see, e.g. Smale and Zhou, 2007; Caponnetto and De Vito, 2007;
Steinwart et al., 2009; Fischer and Steinwart, 2017; Blanchard and Miicke, 2018).

Our main goal in this paper is to bridge the gap between Lipschitz-continuous and quadratic
losses by improving on slow rates for general classes of losses beyond least-squares. We first note
that: (a) there has to be an extra regularity assumption because of lower bounds (Cesa-Bianchi
et al., 2015), and (b) asymptotically, we should obtain bounds that approach the local quadratic
approximation of /() around 0* with the same optimal behavior as for plain least-squares.

Several frameworks are available for such an extension with extra assumptions on the losses,
such as “exp-concavity” (Koren and Levy, 2015; Mehta, 2016), strong convexity (Van de Geer,
2008) or a generalized notion of self-concordance (Bach, 2010; Ostrovskii and Bach, 2018). In this
paper, we focus on self-concordance, which links the second and third order derivatives of the loss.
This notion is quite general and corresponds to widely used losses in machine learning, and does
not suffer from constants which can be exponential in problem parameters (e.g., ||#*||) when applied
to generalized linear models like logistic regression. See Sec. 1.1 for a comparison to related work.

With this self-concordance assumption, we will show that our problem behaves like a quadratic
problem corresponding to the local approximation around 6*, in a totally non-asymptotic way, which
is the core technical contribution of this paper. As we have already mentioned, this phenomenon
is naturally expected in the asymptotic regime, but is hard to capture in the non-asymptotic setting
without constants which explode exponentially with the problem parameters.

The paper is organized as follows: in Sec. 2, we present our main assumptions and informal
results, as well as our bias-variance decomposition. In order to introduce precise results gradually,
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we start in Sec. 3 with a result similar to Eq. (2) for our set-up to show that we recover with a
simple argument the result from Sridharan et al. (2009), which itself applies more generally. Then,
in Sec. 4 we introduce the source condition allowing for a better control of the bias. Finally, in
Sec. 5, we detail the capacity condition leading to an improved variance term, which, together with
the improved bias leads to fast rates (which are optimal for least-squares).

1.1. Related work

Fast rates for empirical risk minimization. Rates faster than O(1/4/n) can be obtained with
a variety of added assumptions, such as some form of strong convexity (Sridharan et al., 2009;
Boucheron and Massart, 2011), noise conditions for classification (Steinwart and Scovel, 2007), or
extra conditions on the loss, such as self-concordance (Bach, 2010) or exp-concavity (Koren and
Levy, 2015; Mehta, 2016), whose partial goal is to avoid exponential constants. Note that Bach
(2010) already considers logistic regression with Hilbert spaces, but only for well-specified models
and a fixed design, and without the sharp and simpler results that we obtain in this paper.

Avoiding exponential constants for logistic regression. The problem of exponential constants
(i.e., leading factors in the rates scaling as e/*” where D is the radius of the optimal predictor,
and R the radius of the design) is long known. In fact, Hazan et al. (2014) showed a lower bound,
explicitly constructing an adversarial distribution (i.e., an ill-specified model) for which the problem
manifests in the finite-sample regime with n = O(eft?). Various attempts to address this problem
are found in the literature. For example, Ostrovskii and Bach (2018, App. C) prove the optimal
d/n rate in the non-regularized d-dimensional setting but, multiplied with the curvature parameter p
which is at worst exponential but is shown to grow at most as (RD)3/? in the case of Gaussian
design. Another approach is due to Foster et al. (2018): they establish “1-mixability” of the logistic
loss, then apply Vovk’s aggregating algorithm in the online setting, and then proceed via online-to-
batch conversion. While this result allows to obtain the fast O(d/n) rate (and its counterparts in the
nonparametric setting) without exponential constants, the resulting algorithm is improper (i.e., the
canonical parameter n = ®(z) - 6*, see below, is estimated by a non-linear functional of ®(x)).

A closely related approach is to use the notion of exp-concavity instead of mixability (Rakhlin
and Sridharan, 2015; Koren and Levy, 2015; Mehta, 2016). The two close notions are summarized
in the so-called central condition (due to Van Erven et al. (2015)) which fully characterizes when the
fast O(d/n) rates (up to log factors and in high probability) are available for improper algorithms.
However, when proper learning algorithms are concerned, this analysis requires n-mixability (or 7-
exp-concavity) of the overall loss ¢, (6) for which the 7 parameter scales with the radius of the set
of predictors. This scaling is exponential for the logistic loss, leading to exponential constants.

2. Main Assumptions and Results

Let Z be a Polish space and Z be a random variable on Z with distribution p. Let H be a separable
(non-necessarily finite-dimensional) Hilbert space, with norm || - ||, and let { : Z x H — R be a
loss function, we denote by £, () the function £(z, -). Our goal is to minimize the expected risk with

respect to 8 € H.:

inf 1(6) = E[£2(0)).

Given (%), € Z", we will consider the following estimator based on regularized empirical risk
minimization given A > 0 (note that the minimizer is unique in this case):
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~ 1 A
Y =argmin — Y £,.(0)+ =|0)%,
= argmin 3200+ 5191

where we assume the following.

Assumption 1 (i.i.d. data) The samples (z;)1<i<n are independently and identically distributed
according to p.

The goal of this work is to provide upper bounds in high probability for the so-called excess risk
L(6}) — inf L(6
(0%) — jnf L(0),

and thus to provide a general framework to measure the quality of the estimator (9}\ Algorithms
for obtaining such estimators have been extensively studied, in both finite-dimensional regimes,
where a direct optimization over 6 is performed, typically by gradient descent or stochastic versions
thereof (see, e.g., Bottou and Bousquet, 2008; Shalev-Shwartz et al., 2011) and infinite-dimensional
regimes, where kernel-based methods are traditionally used (see, e.g., Keerthi et al., 2005; Gerfo
et al., 2008; Dieuleveut and Bach, 2016; Tu et al., 2016; Rudi et al., 2017, and references therein).

Example 1 (Supervised learning) Although formulated as a general M -estimation problem (see,
e.g., Lehmann and Casella, 2006), our main motivation comes from supervised learning, with Z =
X x Y where X is the data space and ) the target space. We will consider, as examples, losses with
both real-valued outputs but also the multivariate case. For learning real-valued outputs, consider
we have a bounded representation of the input space ® : X — H (potentially implicit when using
kernel-based methods, Aronszajn, 1950). We will provide bounds for the following losses.

e The square loss (-(0) = 3 (y — 0 - ®(x))? which is not Lipschitz-continuous.

t

o The Huber losses £,(0) = ¢(y — 0 - ®(x)) where (t) = 1+ 12 — 1 or(t) = log etJrTe_
(Hampel et al., 2011), which are Lipschitz-continuous.

o The logistic loss 0. (0) = log(1 + e~¥9®*(®)) commonly used in binary classification where
y € {—1,1}, which is Lipschitz-continuous.

Our framework goes beyond real-valued outputs, and can be applied to all generalized linear mod-
els (GLM) (McCullagh and Nelder, 1989), including softmax regression: we consider a representa-
tion function ® : X x Y — H and an a priori measure pon ). The loss we consider in this case is

0:(0) = =0 - (z,y) +log [}, exp (0 - (2, y)) du(y'),

which corresponds to the negative conditional log-likelihood when modelling y given x by the dis-

] ; xp(0-®(x,
tribution p(y|z, 0) ~ T ex‘; (l;((b(mfy/%)c)m(y/)

linear models with almost surely bounded features ®(x,y), such as conditional random fields (Laf-

ferty et al., 2001).

du(y). Our framework applies to all of these generalized

We can now introduce the main technical assumption on the loss .

Assumption 2 (Generalized self-concordance) For any z € Z, the function (,(-) is convex and
three times differentiable. Moreover, there exists a set o(z) C H such that it holds :

V0 € H, Vh,k € H, |V20.(0)[k,h,h]| < sup |k-g| V2E.(0)[h, h].
g€p(2)

4
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This is a generalization of the assumptions introduced by Bach (2010), by allowing a varying
term Supge(») |k - g| instead of a uniform bound proportional to ||k|. This is crucial for the fast
rates we want to show.

Example 2 (Checking assumptions) For the losses in Example 1, this condition is satisfied with
the following corresponding set-function .

e For the square loss £.(0) = 1 (y — 0 - D(2))% p(2) = {0}.

e For the Huber losses (,(0) = (y — 0 - ®(x)), if ¥(t) = V1 +t2 — 1, then ¢(z) = {3®(x)}
and if (t) = log et+72e*f then o(z) = {2®(x)} (Ostrovskii and Bach, 2018). For the logistic
loss £,(0) = log(14 e Y0 ®@)) we have p(z) = {y®(z)} (here, p(2) is reduced to a point).

e For generalized linear models, V3(.(0) is a third-order cumulant, and thus |V3C.(0) [k, h, h]| <

IEp(y|z,0) |k3'(1)($a y) _k'Ep(y’\;v,G)q)(xa y/)’ |h-®($, y)_h'Ep(yﬂz,@)(I)(ma y/)|2 <2 SUPycy |k
O (x,y)| V2L, (0)[h, h]. Therefore p(z) = {2®(x,%), y' € YV} (which is not a singleton).

Moreover we require the following two technical assumptions to guarantee that L(6) and its first
and second derivatives are well defined for any 6 € H.

Assumption 3 (Boundedness) There exists R > 0 such that supge 7y ||gl| < R almost surely.
Assumption 4 (Definition in 0) [¢z(0)|, || V£z(0)|| and Tr(V?£(0)) are almost surely bounded.

The assumptions above are usually easy to check in practice. In particular, if the support of p
is bounded, the mappings z ~ £,(0), V£,(0), Tr(V2¢,(0)) are continuous, and ¢ is uniformly
bounded on bounded sets, then they hold. The main regularity assumption we make on our statistical
problems follows.

Assumption 5 (Existence of a minimizer) There exists 0* € H such that L(6*) = infgcy L(6).

While Assumption 3 is standard in the analysis of such models (Caponnetto and De Vito, 2007;
Sridharan et al., 2009; Steinwart et al., 2009; Bach, 2014), Assumption 5 imposes that the model is
“well-specified”, that is, for supervised learning situations from Example 1, we have chosen a rich
enough representation ®. It is possible to study the non-realizable case in our setting by requiring
additional technical assumptions (see Steinwart et al. (2009) or discussion after (6)), but this is out
of scope of this paper. Note that our well-specified assumption (for logistic regression for simplicity
of arguments) is weaker than requiring f*(x) = E[Y|X] being equal to 6* - ®(x). We can now
introduce the main definitions allowing our bias-variance decomposition.

Definition 1 (Hessian, Bias, Degrees of freedom) Let L) (6) = L(H)—i—% 01|12, define the expected
Hessian H(6), the regularized Hessian H)(0), the bias Biasy and the degrees of freedom df as:

H(0) = E[V?(5(0)], and Hx(0) = H(0) + A, 3)
Biasy = [HA(0") ">V LA(6")], (4)
dfy =E [HHA(e*)*WwZ(e*)H? . )
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Assumptions Bias  Variance Optimal A  Optimal Rate
None A ﬁ n1/2 n~1/2 Thm. 3 and Cor. 4
Source A2+l + n" T n” e Thm. 5 and Cor. 7
Source + Capacity | A n"TataT  p TatasT  Thm. 8 and Cor. 9

Table 1: Summary of convergence rates, without constants except A, for source condition (Asm. 6):
0* € Im(H(6*)"), r € (0,1/2], capacity condition (Asm. 7): dfy = O(A"1/®), a > 1.

Note that the bias and degrees of freedom only depend on the optimum 6* € 7 and not on the min-
imizer 03 of the regularized expected risk. Moreover, the degrees of freedom df \ correspond to the
usual Fisher information term commonly seen in the asymptotic analysis of M -estimation (Van der
Vaart, 2000; Lehmann and Casella, 2006), and correspond to the usual quantities introduced in the
analysis of least-squares (Caponnetto and De Vito, 2007). Indeed, in the least-squares case, we
recover exactly Biasy = /\HC;1/29*H and df, = Tr(CC; '), where C is the covariance operator
C=E[®(z)® ®(x)]and C\ = C + Al

Our results will rely on the quadratic approximation of the losses around 6*. Borrowing tools
from the analysis of Newton’s method (Nesterov and Nemirovskii, 1994), this will only be possible
in the vicinity of 6*. The proper notion of vicinity is the so-called radius of the Dikin ellipsoid,
which we define as follows:

rn(0) suchthat 1/r\(f) = sup sup ||[Hx"Y2(0)g]. (6)

z€supp(p) g€ ()
Our most refined bounds will depend whether the bias term is small enough compared to ry (6*). We
believe that in the non realizable setting, the results we obtain would still hold when the bias term

is smaller than the Dikin radius, although one would have to modify the definitions to incorporate
the fact that 6* is not in H. The following informal result summarizes all of our results.

Theorem 2 (General bound, informal) Lern € N, § € (0,1/2], A\ > 0. Under Assumptions 1

to 5, whenever R2df, log %
nzCo——,
then with probability at least 1 — 26, it holds
L(B%) — L(0*) < Cpas Bias3 + Cyar M,
where Cy, Cyias and Cyy are either universal or depend only on R)||0*||.

This mimics a usual bias-variance decomposition, with a bias term Biasi and a variance term pro-
portional to df y /n. In particular in the rest of the paper we quantify the constants and the rates under
various regularity assumptions, and specify the good choices of the regularization parameter . In
Table 1, we summarize the different assumptions and corresponding rates.

3. Slow convergence rates

Here we bound the quantity of interest without any regularity assumption (e.g., source of capacity
condition) beyond some boundedness assumptions on the learning problem. We consider the various
bounds on the derivatives of the loss ¢:



FAST RATES FOR REGULARIZED EMPIRICAL RISK MINIMIZATION THROUGH SELF-CONCORDANCE

Bi1(#) = sup [|VE.(0)], B2(#) = sup Tr(VQEZ(G)),glz sup Bi(f), Bo = sup Ba(6).
z€supp(p) z€supp(p) llo]1<][6*]| [10]]<[[6*]|

Example 3 (Bounded derivatives) In all the losses considered above, assume the feature represen-
tation (®(x) for the Huber losses and the square loss, y®(x) for the logistic loss, and ®(z,y) for
GLMs) is bounded by R. Then the losses considered above apart from the square loss are Lipschitz-
continuous and By is uniformly bounded by R. For these losses, By is also uniformly bounded
by R%. Using Example 2, one can take R to be equal to a constant times R (1/2 and 1/3 for the
respective Huber losses, 1 for logistic regression and 1/2 for canonical GLMs). For the square loss
(where R = 0 because the third-order derivative is zero), Bo < R? and By < R||yl|oo + R2||6*
where ||y||so is an almost sure bound on the output y.

>

Theorem 3 (Basic result) Letn € Nand 0 < \ < By. Let § € (0,1/2]. If

2 By, 8B RB, . 2
2 P2 2 2 1
n > 512 (||6*||°R* v 1) log 5 " > 247 log SV > 256 2 log 5
then with probability at least 1 — 26,

=2

~ B 2
L(6%) — L(9*) < 84 71 log % + 2X16% 1. (7
n

This result shown in Appendix C.3 as a consequence of Thm. 23 (also see the proof sketch in Sec. 6)
matches the one obtained with Lipschitz-continuous losses (Sridharan et al., 2009) and the one for
least-squares when assuming the existence of §* (Caponnetto and De Vito, 2007). The following
corollary (proved as Thm. 34 in Appendix E) gives the bound optimized in A, with explicit rates.

Corollary 4 (Basic Rates) Let 6 € (0,1/2]. Under Assumptions 1 to 5, when n > N,\ =
Co+/10g(2/8)/n, then with probability at least 1 — 2,

~ 2

L(0%) — L(0*) < Cy Y2 1og!/? =

with Co = 16B; max(1, R),Cy = 48B1 max (1, R) max(1, ||0*||?) and with N defined in Eq. (41)

and satisfying N=0O(poly(B1, Bz, R||0*||)) where poly denotes a polynomial function of the inputs.

Both bias and variance terms are of order O(1/+/n) and we recover up to constants terms the result
of Sridharan et al. (2009). In the next section, we will improve both bias and variance terms to
obtain faster rates.

4. Faster Rates with Source Conditions

Here we provide a more refined bound, where we introduce a source condition on 6* allowing to
improve the bias term and to achieve learning rates as fast as O(n~2/3). We first define the localized
versions of By, Bo:

BT = B1(6"), 5 = Ba(07),
and recall the definition of the bias
Biasy = |[HA(60%) Y2V Ly (6)]|. (8)
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Note that since 6* is the minimizer of L, we have VL(6*) = 0, so that VL, (6*) = VL(6*)+\0* =
A0*, and Biasy = \||[H,(6*)~'/20*||. This characterization is always bounded by \|6*||?, but
allows a finer control of the regularity of 6*, leading to improved rates compared to Sec. 3.

Note that in the least-squares case, we recover exactly the bias of ridge regression Biasy =

AHC;l/QH*H, where C is the covariance operator C = E [®(z) @ ®(z)].
Using self-concordance, we will relate quantities at 6* to quantities at 6} using:

ta= sup sup [(0y —0%)- g|
z€supp(p) gEp(z)

The following theorem, proved in Appendix D.4, relates Bias) to the excess risk.

Theorem 5 (Decomposition with refined bias) Lern € N, § € (0,1/2], 0 < A < B3. Whenever

B3 812B3 (B1R)? 2
nZA]_TlOgT, nZAQ )\2 10g57
then with probability at least 1 — 26, it holds
. By)? 2
L(0%) — L(6*) < Cpias Biass + Cyar ()\173 log 5 9)

where ) < eP/2, A1 < 2304e* (1/2 V R||6%|), Ao < 256€%, Cpias < 662, Cyar < 25638,

It turns out that the radius of the Dikin ellipsoid ry(6*) defined in Eq. (6) provides the suf-
ficient control over the constants above: when the bias is of the same order of the radius of the
Dikin ellipsoid, the quantities Cpias, Cvar, /N1, N2 become universal constants instead of depending
exponentially on R||6*||, as shown by the lemma below, proved in Lemma 26 in Appendix D.

Lemma 6 When Biasy < % then ty <log2 else ty < 2R|6*|.

Interestingly, regularity of 6*, like the source condition below, can induce this effect, allowing a
better dependence on A for the bias term.

Assumption 6 (Source condition) There exists r € (0,1/2] and v € H such that 0* = H(6*)"v.

In particular we denote by L := ||v||. Assumption 6 is commonly made in least-squares regres-
sion (Caponnetto and De Vito, 2007; Steinwart et al., 2009; Blanchard and Miicke, 2018) and
is equivalent to requiring that, when expressing 6* with respect to the eigenbasis of H(6*), i.e.,
0* = e ajuj, where \j, u; is the eigendecomposition of H(6*), and a; = 0 - uj, then «;
decays as A. In particular, with this assumption, defining 5; = v - u;,

) 2 O‘JQ‘ 2 )‘grﬁ? 2 /\JQ‘T 2 1420112
Bias} = X 30 1oy = M s < M (e ) 8 <P
j J j ] J J j

Note moreover that H(6*) < B35C, meaning that the usual sufficient conditions leading to the
source conditions for least-squares also apply here. For example, for logistic regression, if the
log-odds ratio is smooth enough, then it is in 4. So, when H corresponds to a Sobolev space of
smoothness m and the marginal of p on the input space is a density bounded away from 0 and
infinity with bounded support, then the source condition corresponds essentially to requiring 6* to
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be (1 + 2r)m-times differentiable (see discussion after Thm. 9 of Steinwart et al., 2009, for more
details). A precise example can be found in Sec. 4.1 of Pillaud-Vivien et al. (2018).

In conclusion, the effect of additional regularity for 6* as Assumption 6, has two beneficial
effects: (a) on one side it allows to obtain faster rates as shown in the next corollary, (b) as mentioned
before, somewhat surprisingly, it reduces the constants to universal, since it allows the bias to go
to zero faster than the Dikin radius (indeed, the squared radius r3 (6*) is always larger than \/R?,
which is strictly larger than A'*27||v[|? if 7 > 0 and A small enough). This is why we do not the get
exponential constants imposed by Hazan et al. (2014).

Corollary 7 (Rates with source condition) Ler § € (0,1/2]. Under Assumptions I to 5 and As-
sumption 6, whenever n > N and X\ = (Co/n)Y ?+2"), then with probability at least 1 — 24,

142r 2

L(@;) —L(#*) < Cp n 22 log 5

with Cy = 256 (B}/L)?, C1 = 8 (256)7((B})"L' ™),y = 33 and with N defined in Eq. (48)
and satisfying N = O(poly (B}, B3, L, R,log(1/4))).

The corollary above, derived in Appendix F, is obtained by minimizing in A the r.h.s. side of Eq. (9)
in Thm. 5, and considering that when 6* satisfies the source condition, then Biasy < AH2T while
the variance is still of the form 1/(An). When r is close to 0, the rate 1/4/n is recovered. When
instead the target function is more regular, implying » = 1/2, a rate of n~—2/3 is achieved. Two
considerations are in order: (a) the obtained rate is the same as least-squares and minimax optimal
(Caponnetto and De Vito, 2007; Steinwart et al., 2009; Blanchard and Miicke, 2018), (b) the fact
that regularized ERM is adaptive to the regularity of the function up to » = 1/2 is a byproduct of
Tikhonov regularization as already shown for the least-squares case by Gerfo et al. (2008). Using
different regularization techniques may remove the limit r = 1/2.

5. Fast Rates with both Source and Capacity Conditions

In this section, we consider improved results with a finer control of the effective dimension df
(often called degrees of freedom), which, together with the source condition allows to achieve rates
as fast as 1/n:

dfy = E | [HA(0)71/2Vez(07) 2]

As mentioned earlier this definition of df  corresponds to the usual asymptotic term in M -estimation.
Moreover, in the case of least-squares, it corresponds to the standard notion of effective dimension
dfy = Tr(CC; ') (Caponnetto and De Vito, 2007; Blanchard and Miicke, 2018). Note that by
definition, we always have df ) < B{Q /A, but we can have in general a much finer control. For ex-
ample, for least-squares, dfy = O(A~Y/ @) if the eigenvalues of the covariance operator C decay as
Aj(C) = O(j~?), for « > 1. Moreover note that since C is trace-class, by Asm. 3, the eigenvalues
form a summable sequence and so C satisfies A;(C) = O(j~%) with « always larger than 1.

Example 4 (Generalized linear models) For generalized linear models, an extra assumption makes
the degrees of freedom particularly simple: if the probabilistic model is well-specified, that is, there

; _ _ exp(6*-®(x,y))
exists 0* such that almost surely, p(y|z) = p(y|z,6*) = T xp(0*-B (w7 )y
Bartlett identities (Bartlett, 1953) relating the expected squared derivatives and Hessians, we have
E [V, (6%) @ VL,(0*)] = H(0%), leading to dfy = Tr(H,(6*)"1H(0*)).

, then from the usual
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As we have seen in the previous example there are interesting problems for which df y = Tr(H(6*)+
M) ~TH(6*)). Since we have H(6*) < B3C, df, still enjoys a polynomial decay depending on the
eigenvalue decay of C as observed for least-squares. In the finite-dimensional setting where H is
of dimension d, note that in this case, df) is always bounded by d. Now we are ready to state our
result in the most general form, proved in Appendix D.4.
Theorem 8 (General bound) Lern € N, ¢ € (0,1/2], 0 < A < B3. Whenever
By  8012B} dfy v (Q*)? 2

log > Ng ————" log =
) Y N (7 A &
with (Q*)? = B}2/B3, then with probability at least 1 — 29, it holds
dfy v (Q*)? 2

log = 10
g5 (10)

n > NA1—=

L(8}) — L(6*) < Cpias Bias? + Cyar

where, Cpias, Cyar, (1 < 414, Ay, Ay < 5184 when Biasy < ry(6%)/2,
otherwise Chias, Cyar, D < 256551971 Ay Ay < 2304(1 + R|0%[]) 23R

As shown in the theorem above, the variance term depends on df\ /n, implying that, when df has
a better dependence in A than 1/, it is possible to achieve faster rates. We quantify this with the
following assumption.

Assumption 7 (Capacity condition) There exists o > 0 and Q > 0 such that df \ < QA Ve,

Assumption 7 is standard in the context of least-squares, (Caponnetto and De Vito, 2007) and in
many interesting settings is implied by the eigenvalue decay order of H(6*), or C as discussed
above. In the following corollary we quantify the effect of df in the learning rates.

Corollary 9 Let § € (0,1/2]. Under Assumptions 1 to 5, Assumption 6 and Assumption 7, when
n > N and \ = (Cy/n)*/ (1+a(+20) then with probability at least 1 — 24,

a(1+427)

~ 2
L(0y) — L(6%) < Cyin~ THe+20) log — 5
with Cy = 256(Q/L)?, Cy = 8(256)7 (Q L177)2, ~ = % and N defined in Eq. (48) and
satisfying N = O(poly(B7, B3, L, Q, R,log(1/9))).
The result above is derived in Cor. 39 in Appendix F and is obtained by bounding Biasy with A'*27L
due to the source condition, and df with A~/ due to the capacity condition and then optimizing
the r.h.s. of Eq. (10) in A. Note that (a) the learning rate under the considered assumptions is the
same as least-squares and minimax optimal (Caponnetto and De Vito, 2007), and (b) when o« = 1

the same rate of Cor. 7 is achieved, which can be as fast as n—2/ 3, otherwise, when o > 1, we
achieve a learning rate in the order of 1/n, for A = n~ /(1427

6. Sketch of the proof

In this section we will use the notation ||v| s := ||A'/?v||, with v € H and A a bounded positive
semi-definite operator on H. Here we prove that the excess risk decomposes using the bias term
Bias) defined in Eq. (8) and a variance term V), where V) is deﬁned as

Vo i= [VLA(O) g1 gr)» With Lx() ZE% *H

which in turn is a random variable that concentrate in high probablhty to y/dfy/n.

10
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Required tools. To proceed with the proof we need two main tools. The first is a result on the
equivalence of norms of the empirical Hessian Hy (#) = V2L, (0) w.r.t. the true Hessian H(6) =
V2L)(0) for A > 0 and & € H. The result is proven in Lemma 30 of Appendix D.3, using
Bernstein inequalities for Hermitian operators (Tropp, 2012), and essentially states that for 6 €

(0,1], whenever n > 245)\2(9) log szée) , then with probability 1 — 4, it holds

|| : HHA(G) < 2” ) Hﬁk(g)v H : ”ﬁ;l(g) < 2” ) HH;1(9)‘ (11)
The second result is about localization properties induced by generalized self-concordance on the
risk. We express the result with respect to a generic probability p (we will use it with © = p and
w= % > i1 92,). Let pu be a probability distribution with support contained in the support of p.
Denote by L,,(0) the risk L, (0) = E..,[(.(6)] and by L, A(6) = L,.(0) + 50| (then L, = Ly
when yt = p,or Ly whenp = 1377 5.).
Proposition 10  Under Assumptions 2 to 4, the following holds: (a) L, x(6), VL, x(0),H, A(0)
are defined for all 0 € H, A > 0, (b) for all X > 0, there exists a unique 0;7)\ € ‘H minimizing L,, »
over H, and (c) forall A > 0 and 0 € H,

H, A (0) =< e“H, (6], 5), (12)
Lua(0) = Lua(050) < ¥(to)ll0 = O5allE, 01 )0 (13)
Q(tO)HH - HZ,AHH;M(G) < HVLM,A(Q)HH;&(@’ (14)

(d) Egs. (12) and (13) hold also for A = 0, provided that 0270 exists. Here tg := t(6 — HZA) and
o(t) = (L —eD)/t, Y(t) = (e —t —1)/t%

The result above is proved in Appendix B.1 and is essentially an extension of results by Bach (2010)
applied to L,  under Assumptions 2 to 4.

Sketch of the proof. Now we are ready to decompose the excess risk using our bias and vari-
ance terms. In particular we will sketch the decomposition without studying the terms that lead
to constants terms. For the complete proof of the decomposition see Thm. 28 in Appendix D.1.
Since 6* exists by Assumption 5, using Eq. (13), applied with 4 = p and A\ = 0, we have
L(0) — L(6*) < (t(0 — 0%))]|0 — 9*”%{(9*) for any § € H. By setting § = HAf\, we obtain

R L(B3) = L(O7) < (t(05 — 0")I105 — 0" [[Fy(o- -

The term 9 (t(03 — 6*)) will become a constant. For the sake of simplicity, in this sketch of proof
we will not deal with it nor with other terms of the form t(-) leading to constants. On the other
hand, the term ||0} — 6* ||%I(9*) will yield our bias and variance terms. Using the fact that H(6*) <
H(0*) + A\ =: H)(6*), by adding and subtracting 6%, we have
16X — 0" llm(o) < 10X — 6" lmy00) < 16X — 0l 0) + 116X — OX[m, (049,

L(6%) — L(6%) < const. x (|[65 — 0" [IF, (g+) + 165 — O3]l (04))°-
By applying Eq. (12) with © = p and § = 6*, we have H,(6*) < e"H,(%) and so we further
bound [|6% — 03 || g1, (o+) With et /2105 — 03|11, (o7) obtaining

SO

L(B}) — L(0*) < const. x (|65 — 0% |lex,(ov) + €2/2[105 — O5llr, (o)) -

The term [|0} — 0*||g, (o~ Will lead to the bias terms, while the term ng\ — X llm, (o5) will lead to
the variance term.

11
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Bounding the bias terms. Recall the definition of bias Biasy = ||V L) (6*) HH;1(9*) and of the
constant t) := t(6* — 63). We bound [|6* — 0% ||g1, (9+) by applying Eq. (14) with = p and 0 = 0*

107 = OXllEa o) < /o) IVIAO ) 1) = 1/0(ta) Biasy.

Bounding the variance terms. To bound the term ng — 0% HHX(H;)’ we assume n large enough
to apply Eq. (11) in high probability. Thus, we obtain

185 — 85 iy cop) < 2185 — 051, g
Applying Eq. (14) with p = % Z?Zl 0, and § = 5;, since L, \ = EA for the given choice of p,
165~ Bl o) < IVIAGD g1 pe, / S5 — 65)),
and applying Eq. (11) in high probability again, we obtain
||VEA(9§)H1A{;1(9;) < 2| VIA(3) g, )

Bias-variance decomposition. A technical part of the proof relates HVZA(GX)HHA—l(QK) with

HVE A(0")[lgr,~1(g+) =t V. by many applications of Prop. 10. Here we assume it is done, obtaining

L(65) — L(#*) < const. x (Bias + V}2).
From V), to \/df/n. By construction, VEA(QX) = LS | G, with ¢ := V., (6%)+0%. More-
over since the z;’s are i.i.d. samples from p, E [(;] = VL (6%). Finally since 673 is the minimizer of
Ly, VL\(65) = 0. Thus VL, (6%) is the average of n i.i.d. zero-mean random vectors, and so the
variance of V), is exactly

1 _ df
B (V7] = & [IB5 20 ves09)7] =
Finally, by using Bernstein inequality for random vectors (e.g., Yurinsky, 1995, Thm. 3.3.4), we
bound V), roughly with \/df log(2/d)/n in high probability.
7. Conclusion

In this paper we have presented non-asymptotic bounds with faster rates than O(1/+/n), for regu-
larized empirical risk minimization with self-concordant losses such as the logistic loss. It would
be interesting to extend our work to algorithms used to minimize the empirical risk, in particular
stochastic gradient descent or Newton’s method.
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Organization of the Appendix

A Setting, definitions, assumptions
B Preliminary results on self concordant losses

B.1 Basic results on self-concordance (proof of Proposition 10)

B.2 Localization properties for t) (proof of Lemma 6)
C Main result, simplified

C.1 Analytic decomposition of the risk
C.2 Concentration lemmas
C.3 Final result (proof of Thm. 3)

D Main result, refined analysis

D.1 Analytic decomposition of the risk

D.2 Analytic decomposition of terms related to the variance
D.3 Concentration lemmas

D.4 Final result (proof of Thms. 5 and 8)

E Explicit bounds for the simplified case (proof of Cor. 4)
F Explicit bounds for the refined case (proof of Cors. 7 and 9)
G Additional lemmas

G.1 Self-concordance and sufficient conditions to define L

G.2 Bernstein inequalities for operators

Appendix A. Setting, definitions, assumptions

Let Z be a Polish space and Z a random variable on Z whith law p. Let H be a separable (non-
necessarily finite) Hilbert space and let £ : Z x H — R be a loss function; we denote by £, (-) the
function £(z, -). Our goal is to solve

01272 L(#), with L(0) =E[(2(6)].

Given (z;);"_; we will consider the following estimator

n

. - - 1 A
05 = argmin Ly(0), with Ly (6) ::;Zzzi(9)+§||9||2.

OeH P

The goal of this work is to give upper bounds in high probability to the so called excess risk

L5} — inf L(0).
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In the rest of this introduction we will introduce the basic assumptions required to make 5; and
the excess risk well defined, and we will introduce basic objects that are needed for the proofs.

First we introduce some notation we will use in the rest of the appendix: let A > 0, 0 € H
and A be a bounded positive semidefinite Hermitian operator on H, we denote by I, the identity
operator and

1£lla == A2 £, (15)

Ay = A+, (16)
A

£0) = £:(0) + 51101, (17)
A

Ly (0) := L(0) + S [10]*. (18)

Now we recall the assumptions we require on the loss function ¢, p, (2i)1<i<n.

Assumption 1 (i.i.d. data) The samples (z;)1<i<n are independently and identically distributed
according to p.

Assumption 8 (Generalized self-concordance) The mapping z — (,(0) is measurable for all
0 € H and for any z € Z, the function £, is convex and three times differentiable. Moreover, there
exists a set p(z) C H such that it holds:

VO € H, Yh,k € H,

VAL O) kb bl < sup [k - g| V2L (0)[h, .
g€P(2)

Assumption 3 (Boundedness) There exists R > 0 such that supyc ,(z) ||lg|l < R almost surely.

Assumption 4 (Definition in 0) [(z(0)], |[V£z(0)|| and Tr(V?(7(0)) are almost surely bounded.

>

Introduce the following definitions.

Definition 11 Let A > 0, 0 € H. We introduce

B1(0) = sup ||V£.(0)], Bo(0) = sup Tr(V2C.(0)). (19)
z€supp(p) zEsupp(p)

H(0) = E [V*(5(0)] H,(0) = H(0) + AL (20)

0y = argmin L) (6). 2D

0cH

Proposition 12 Under Assumptions 3, 4 and 8, B1(0),B2(0), L(0), VL(0), H(0), 0% exist for any
6 € H,\ > 0. Moreover VL = E[V{z(0)], H(0) = V2L(0) and H(0) is trace class.

Proof We start by proving, using the assumptions, that By, By and 6 — sup,cqpp(,) [€2(0)] are all
locally bounded (see Lemmas 41 to 43). This allows us to show that £, (6), V£, (0) and Tr(V2(,(0))
are uniformly integrable on any ball of finite radius. The fact that 0} exists is due to the strong
convexity of the function L. |
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Proposition 13 Under Assumptions 1, 4 and 8, when \ > (), 673‘\ exists and is unique.

Proof By Assumption 1 we know that 21, .. zn are in the support of p. Thus, by Assumption 4,
L =Y omy L, is finite valued in 0. Since * ZZ 1 £, is convex three times differentiable as a sum of

such functions, it is real-valued on H and hence L A 1s real-valued on H; by strong convexity, 9*
exists and is unique. .

Recall that we also make the following regularity assumption.
Assumption 5 (Existence of a minimizer) There exists 0* € H such that L(0*) = infgcy L(0).
Finally we conclude with the following definitions that will be used later.

Definition 14 For 6 € H, denote by t(0) the function

t() = sup | sup |0-g|],
z€supp(p) \g€p(2)

and define
BiaS)\ = HVL/\(G*)‘|H/\71(9*)7 (22)
Vany = [ B2 (6 H, 0012 1 VIAG) a0 05 (23)
dfs = E [[V42(07) I3, -1 00 (24)
th = t(0" — 6%), (25)
ra(0) suchthat 1/ry(0) = sup sup ||gllg,-1(0) | - (26)
z€supp(p) \g€p(2)

Appendix B. Preliminary results on self concordant losses

In this section, we show how our definition/assumption of self concordance (see Assumption 8)
enables a fine control on the excess risk. In particular, we clearly relate the difference in function
values to the quadratic approximation at the optimum as well as the renormalized gradient. We start
by presenting a general bounds in Appendix B.1 before applying them to the problem of localizing
the optimum Appendix B.2.

B.1. Basic results on self-concordance

In this section, as in the rest of the appendix, we are under the conditions of Assumption 8. In this
section only, we give ourselves a probability measure p on Z. We will apply the results of this
section to i = p, p, 0., where p = % >, 9, and z is sampled from p.

First of all, let us introduce the following notation. For any probability measure ;¢ on Z and any
0 € H, define

o RI= SUPzesupp(p) (Supg@p ||gH>
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i t“(e) = SUPzesupp(u) <Supg€g0(z) |0 ’ g‘) :

In order to be able to define L, (0) = EE,, [¢;(¢)] and to derive under the expectation, we assume
that Assumptions 3 and 4 are satisfied for u (replace p by p in the assumption).

Since p and ¢ satisfy Assumptions 3, 4 and 8, Proposition 44 ensures that we can define
L,(0) = E, [£.(0)] and L, x(0) = L,(0) + 3]10]|, as well as their respective Hessians H,,(6)
and H% )\(9)

The following result is greatly inspired from results in (Bach, 2010) on generalized self concor-
dant losses, and their refinement in (Ostrovskii and Bach, 2018). However, while Egs. (27), (29)
and (30) appear more or less explicitly, Eq. (28) provides an easier way to deal with certain bounds
afterwards and was not used in this form before.

Proposition 15 (using the self-concordance of /) Let 6,0, € H and \ > 0. Assume that ({,),
and p satisfy Assumptions 3, 4 and 8. We have the following inequalities:

e Bounds on Hessians
H,, A (61) < exp (t"(61 — o)) Hy A (60). (7)
e Bounds on gradients (if A > 0)

& (t"(01 = 60)) 1101 — bolls, s 00) < IVLuA(O1) = VLA i1 0y, (28)
IV LuA01) = VLA (00) g1 g < 6 (¢ (01— 00)) 101 —bollm, \00)» (29
where ¢(t) = (¢! — 1)/t and ¢(t) = (1 — e™") /.
e Bounds on function values
Ly (1) = Ly (o) = VLux(80) (01 — o) < 9 (¥(61 — 00)) 101 — bollFy, , ,): B0
where (t) = (et —t — 1)/t

Proof First of all, note that for any x4 and A, given § € H and &k, h € H,

(VLA O b K| = [Eany [VRE2(0)10, b, K]
S EZNH HV?’KZ(Q) [ha k? k] H

<E.op [ sup |h - g V%(@)Uak]]
9€P(2)
< t4(h) Bany [V2L.(0) [k, K]] = t(h) V2L, (0) I, k].
This yields the following fundamental inequality :

V2 Lun(0)[h, K, K]| < t4(h) V2L, A(0)[k, k]. 31)

We now define, for any t € R, 0y := 0y + t(61 — 0p).
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Point 1. For the first inequality, let h € H be a fixed vector, and consider the function ¢ : t €
R — V2L, \(0;)[h,h]. Since ¢'(t) = V3L, \(0;)[01 — 6o, h, h], using Eq. (31), we get that
O (t) < tH(01 — By) p(t). Using Lemma 40, we directly find that (1) < exp(t*(61 — 6p))p(0),
which, rewriting the definition of ¢, yields

V2L, (01)[h, h] < exp(t“(81 — 00)) V2L, x(00)[h, h].
This being true for any direction h, we have (27).

Point 2. To prove Eq. (28), let us look at the quantity (61 —6p)- (VL 1 (61) — VL, A(0)). Since
VLx(01) = VL, A(00) = fo V2L, A(0:) (61 — 6p)dt, we have

(61— 00) - (VLA (61) — VLuA(00)) / v? L, (0:)[01 — 60,601 — bpldt.
Applying Eq. (27) to 8y and 6, and the reverse, we find that
vt € [0,1], e OTT2L 1\ (60) < V2L, (6:).
Hence, integrating the previous equation, we have
(61 —0o) - (VLua(01) — VLuA(00)) > ¢ (tH(01 — 0o)) [|61 — HOH%{M(QO)

Finally, bounding (61—60)-(V Ly, (01) — VL, 7(60)) by [|61—00llm,, , (60) HVLM,)\(Ql)—VLu,)\(HO)HH;&(QO)’

and simplifying by ||, — 90||Hu we obtain Eq. (28).

A(00)>

Point 3. To prove Eq. (29), first write
1
—1/2
IVLuA(01) = VL (00) -1 (gy) = ”/o HW\/ (60)H 7 (6:) (01 — bo)dt]|
1
1/2 —1/2 1/2
= /0 H,, 3/ (00)H,, (6 H,, ) (60) H, 3 (60) (61 — 6o)dt|

—1 2 —1 2
( / L2 (60)HL (6, 2(00) | dt) 161 — Bolles, o0
Then apply Eq. (27) to have
vVt € [0,1], Hya(0,) < O, \(6y).

This implies
vt € [0,1], H,:71A/2(90)Hu,x(9t)H;lA/2(90) < ett"(61=60) .

And hence in particular
vt € [0,1], [H, Y (60)Hn (0 H, V2 (60)]| < e @100,
Finally, integrating this, we get
1
/ 1L, /% (00)H,, 0 (0)HL, Y (60)| dt < 6 (£ (01 — 6)).
0

Thus Eq. (29) is proved.
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Point 4. To prove Eq. (30), define Vt € R, o(t) = L, z(0:) — Ly 0(00) —t VL, x(00)(01 — 6o)

We have () = [|61 — 603 o) S et ¥(01=00) " (00). Then using the fact that (0), ¢’(0) = 0
s

and integrating this inequality two times, we get the result. |

Proof of Proposition 10. First note that since the support of u is included in the support of p,
Assumption 3 and Assumption 4 also hold for p. Hence, since Assumptions 2 to 4 are satisfied, by
Proposition 44, L, , VL, » and VQL“’ » are well-defined.

Assuming the existence of a minimizer OZ, ) of L, », the reported equations are the same than
those of Proposition 15 when taking 61 = ¢ and 6y = 6 ,, with the fact that t"(v) < t(v) for any
v € H since the support of 1 is a subset of the support of p, and VL, ,\(0;7 ) = 0. Note that since
L, » is defined on H, if A > 0, then 9;’ , always exists and is unique by strong convexity. |

B.2. Localization properties for t)

The aim of this section is to localize the optima 6} and 5:{ using the re-normalized gradient. This
type of result is inspired by Proposition 2 of (Bach, 2010) or Proposition 3.5 of (Ostrovskii and
Bach, 2018). However, their proof is based on a slightly different result, namely Eq. (28), and its
formulation is slightly different. Indeed, while the two propositions mentioned above concentrate
on performing a quadratic approximation directly, we bound the term that could have been too large
in that quadratic approximation.

Proposition 16 (localisation) Let 6 € H, then the following holds

ry(0
HVLA(Q)HH;(Q)gAé) =6 =ty <log2, (32)
o~ ~ __ r 9 o
IVEA®) ety ) 1B OB 20)2 < 20— 49 - 5y <1052, (33)

Proof To prove Eq. (32), we first write

t0-05)= s sup [(0-03) 9l <1005l s sup glg ey
zesupp(p) g€ (2) zesupp(p) g€p(2)

Now we use Eq. (14) to bound ||/ — 0% ||g1, (9)» and putting things together, we get
IVLA(6) HH;1(9) ‘
rA(0)

Using the fact that t¢(t) = 1 — e~" is an increasing function, we see that if ¢¢(¢) < 1/2, then
t < log 2 hence the result.

t(0 = 03)¢ (t(6 - 03)) <

To prove Eq. (33), we use the same reasoning. First, we bound

t(9—§§) = sup sup

-1 .
z€supp(p) g€p(z) » (0

x x r—1/2
(0= 03) 9| < 10-3llg1, ) I, OO sup  sup gl
z€supp(p) gep(z)

Now using Eq. (14) to the function L A, We get

1
ra(0)

t(0 =830 (0 - 3)) < IVLAO) g1 ) IFLL 2 (0)HL2(0)
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Now using the fact that t(§ — é\f\) < t(0 — 5;) and that ¢ is a decreasing function, and that

IVIA®) 1,0y < IFL 2 OHN2(0) | IVIAW®) 31, 1), this yields
* x T y—1/2 1
60— 0306 (40 = 3)) < IVEA(B) sy o) IH 2OV 2(0))° — -
rA(0)
We conclude using the same argument as before. |

Appendix C. Main result, simplified

In this section, we perform a simplified analysis in the case where we assume nothing on Bias)
more than just the fact that 6* exists. In this section we assume that £, and p satisfy Assumptions 3
to 5 and 8.

Definition 17 (Definition of By, B, and df)) Under assumptions Assumptions 3 to 5 and 8, the
following quantities are well-defined and real-valued.

Bi= swp Bi(f) Ba= swp Buff), dfa=E |[VELO)IG 1) -
len<lie=|i len<iiex A
Proposition 18 The quantities in Definition 17 are finite and moreover
=2
— B
dfy < =L
AN
Proof These are well defined thanks to Lemmas 41 and 42. |

Definition 19 (Constants) [n this section, we will use the following constants.

_ 1+ ¢(log2) B < 1)
K=oz <4 A=2V2(1+ 7 ) <4

var

K.
Cbias =1+ 3 < 2, Cvar = 2[{varAQ < 84.

C.1. Analytic results
Theorem 20 (Analytic decomposition) For any A > 0 andn € N, if %@,\ <L

L(B%) — L(0*) < Kyu Vars + A|67]2, (34)

where Ky is defined in Definition 19.
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Proof R
First decompose the excess risk of 3 in the following way:

LB3) ~ L(0*) = LaB3) — L)+ L) — L0*) + 5 (1317 — 135112)

~
mixed

variance bias

1) Variance term: For the variance term, use Eq. (13)
Ln(B) — L(63) < v (2005 — 93)) 105 — 03, 03)-
2) Bias term: For the bias term, note that since || 05| < |6,
L(63) — L(07) = La(63) — LA(07) + %HO*H2 SIO3IP < ||9*||2-

3) Mixed term: For the mixed term, since [|0%||m, (o5)-1 < IHA(05) 2| 10%) < A=V2)10%) <
)\71/2”9* ,

2 (s = 1317 = 5 (63 - 35) - (03 +3)
2065~ Bslasacogy (185 — 050y gy + 2068 azy o))

1 * x * * I
§||9,\ - AH%—IA(G* + V0% [10x - NI NT)

| /\

IN

IN

163 — HAHH)\(G*)_'_ ||9*||2

. . . 2 b2
where we get the last inequality by using ab < % + 5.
4) Putting things together

LB3) = 1(0%) < (1+ 0 (205 = 8)) ) 1103 = B3, (o5, + AIO* 1%
By using Eq. (14) we have

~ -1/2 9
165 — 85 e, o) < IH2G0FL 2B 163~ B3,
1

= o (7o)

JEL2G0B G0 VA g o).

Note that by multiplying and dividing for Hy'/2 (6%),

IVIAG) -1 1) = IHL 2O VIAGD)] = [Hy 260 HA V2 (03)HA2(63) VIA63)
< |[E 203 HA2(03)]]|HLY2(05) VIA6)) |
= [ 200 E 2OV LA e, -
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Then,
o 1 a2 2 *
165 — O3 ller, 05) < —————— IIEL 200 H 20012 IVIAO) g, -1 (00
A(03) Q(t( 0*)) A (6%)
- v

o (165 - )

Now we know that using Eq. (33), if @A < m(20§), then t(63 — §§\) < log 2, which yields the
following bound:

(1+14 (log2)) o~

V * (|2
(log2)? rx + AJJOF]]7.

L(B%) — L(6*) <

Finally, we can bound ( 5 <X
A

C.2. Probabilistic results
Lemma 21 (bounding ||V L (0%) ||, (65)) Letn € N, A>0and s € (0,1]. Fork > 1, if

By, 2 2
n > 2472 logg n > k?2log 5

then with probability at least 1 — 6,

I 72 —
o lpes dfy v (B /By) log3 2 .
B (63) 29 L 63 SA/z\/ BuB2) 085 4 2 )
where N\ is defined in Definition 19.

Proof 1) First use Bernstein inequality for random vectors (e.g. Thm. 3.3.4 of Yurinsky, 1995): for
any n € Nand 6 € (0, 1], with probability at least 1 — &, we have

~ 2M log 2 2log 2
[ELL(03) "2V T (60)]] < % g ﬁ,

1/2
where M = Sup-caupp(y) [ VE(O3) 51, 105 and o = E [V I3, 1 0] -

2) Using the fact that V£2(05) = V£,(0%) + A\0%, we bound M as follows:

M= sup [IVEE)ay0p < sup [IVEE) a0+ MO, 105 < +\fH9*H

zesupp(p) zesupp(p) \F

where in the last inequality, we use the fact that ||63} HH)\—l(g* IHO | < IHH*H Similarly, we
bound o

. 1/2 1/2
o <E[IVEODI3, 1] |+ MOS0y < I+ VA,
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3) Injecting these bounds in the concentration inequality,

— 72 — J—

- 2By log 2 [2(Bj/By) log 2 2dfy, log 2
H, (0%) "2V L, (0%)] < 5\/ 1 3 g
[EA(03) VIO < ) e

2log 2 2log 2
G e R e
n n
2B° log 2 2By log 2 [ 2(B:/Ba) log 2 .
where we have decomposed T S = ST - o for the first term. Reordering

the terms, this yields

J— 72 —
2B, log2 ) | 200V (B1/B2) log 3

An n
2 2
+\F>\||9*|| 2log5+ 2log 5
n n

B 2 2
n > 2472 log g,n > k2210g 5

LA (63) VLA BRI < | 1+

4) Now assuming that

this yields

— 72 J—
NS 1 2df\ v (B]/Bz) log2 2
H, (0%) "2V L, 09 < (1 \/ ! I 4 ZVA|67.
[ HL\(63) A < +2\/g o +,€f|! |

Combining the two previous lemmas, we get:

Lemma 22 (Bounding Var,) Letn € Nand 0 < A < By. Let § € (0, 1]. Iffor k > 1

B B.
n > 242 logg

2
> 2 —
b\ )\67 n 2k logé,

then with probability at least 1 — 26,

—_ 727
_ dfy v (B;/By) log2 4
Var,\SA\/ \V (B1/Bs) Og5+%\[\H9*H7
n

where /\ is a constant defined in Definition 19.

Proof Recall that Vary, = |[H,"/2(62)H, /*(63) )12 |V L (6%)

llg—1.9sy- Using Lemma 30, under

N H)\ (9)\)

the conditions of this lemma, we have |[H,'/ 2(05)H, Y 2(0§)|]2 < 2. Combining this with the

bound for HVLA(Gf\)Hﬁ_1(9*) obtained in Lemma 21, we get the result (the probability 1 — 24
A A

comes from the fact that we perform a union bound).
|
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C.3. Final result

Theorem 23 (General bound, simplified setting) Letn € Nand 0 < A < Bo. Let 6 € (0,1]. If
J— 72 p—

,dfy v (B]/B2) 2

2 B. B
n > 512 (||6*]*R? v 1) log s, n> 2472 log % n>16A%R \ log %,

then with probability at least 1 — 26,

_ =2 =
df\ v (B{/B 2
dir vV (B1/B2) 10 2 L eIt

L(6%) — L(6") < Cuar -

where /\, Cpias, Cvar are defined in Definition 19.

Proof 1) Recall the analytical decomposition in Thm. 20. For any A > O and n € N, if %Va\m < i

-~ —2
L(0%) — L(6*) < Ky Vary + M6,

where K, is defined in Definition 19.
2) Now apply Lemma 22 for a given k > 1. If

B B.
n > 24-2 log&

2
> 2k%log =
3 o n > 2k log(g7

then with probability at least 1 — 20,

J— 727
_ dfy v (B7/Bz2) log2 4
VarASA\/ 2V EB) T8 A R,

where A is a constant defined in Definition 19.

In order to satisfy the condition to have the analytical decomposition, namely %Var A < %, it

is therefore sufficient to have
J— 72 —
dfy v (B]/B2) log2 1
AR 4 < = :
\/ n -4’ k — 4
3) Thus, if we choose k = 16(R||6*|| V 1), we have both £ > 1 and the second condition in the

previous equation. Moreover, the condition n > 2k?log 2 becomes n > 512(R%(|6*||? v 1) log 2.
Hence, under the conditions of this theorem, we can apply the analytical decomposition :

—_ 72 —
. 9 dfy v (B]/Bs) log 2 32
L(6%) — L(0%) < Kya Vary + A0 < 2Ky A2 —2 (B1/B2) log5 | (4, Kyaes | A6
n k2
—2

In the last inequality, we have used (a + b)? < 2a® + 2b? to separate the terms coming from Var, .

Finally, using the fact that £ > 16 and hence that %3 < %, we get the constants in the theorem.
|

=2 . o9 2
Proof of Thm. 3 Since VA > 0, dfy < %, and since A < B, dfy Vv B?/Bg < %. From
Definition 19, we get that A < 4, Cpias < 2, Cyar < 84. Thus, we can use these bounds in Thm. 23
to obtain the result.
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Appendix D. Main result, refined analysis

In subsection Appendix D.1 we split the excess risk in terms of bias and variance, that will be
controlled in Appendix D.3, the final result is Thm. 8 in Appendix D.4, while in Appendix F a
version with explicit dependence in A, n is reported.

Constants First, we introduce three constants that will be crucial for the final bound.

Definition 24
BT = B1(0"), B =B2(0"), Q" =Bj/y/Bs.

In the following sections, we also will use the following functions of t and t, which we will
treat as constants (see Proposition 27).

Definition 25
W(ta +log 2) 5t Y(ty + log 2)etr 2t
Kps(ty) = 22— 02 < 963t Kylty) = 222 027 < 8e2tr,
bas( /\) ?(tA)Q = z€ va( /\) ?(10g2)2
Oy (ty) = e»/2, Oa(ty) = €P/2 (14 ) < 250/2
2 et 641 (ty + log 2)e* .
Chias = ¥(tx + log 2 < + > < 6™, Cyar = < 2563t
bas = V1022 (567 T Gllog o(log2)?
Ay = 576003002(1/2 V ty)? < 2304e™ (ty vV 1/2)2, Ny = 256007 < 256e%*.

Note that theses functions are all increasing in ty and ty, and are lower bounded by strictly
positive constants.

For the second bounds, we use the fact that ¢ (t) < %t and 1/¢(t) < e’ to bound all the quanti-
ties using only exponentials of t.

A priori, these constants will depend on A\. However, we can always bound t) and ty in the
following way.

Lemma 26 Recall the definitions of ty := t(03 — 0*) and t) = r‘ii(a‘;ﬁ). We have the following
cases.

° If?,\ < %, then t) <log2,

o else, Ty < R||0*|| and ty < 2R]|6*|.

Proof The first point is a direct application of Eq. (32). One can obtain the second by noting that
t(0% — 0*) < R||9% — 0*||. Since ||0%]| < ||0*||, we have the bound on t,. For the bound on t,, since
Bias) < V/A[|0*| and ﬁ < %, we have the wanted bound. .

Hence, we can always bound the constants in Definition 25 by constants independant of \.
Proposition 27 Ifty < 1/2, thenty <log?2 and

Kpias(ta) < 4, Kyar(ty) <7, Oi(ty) <2, Oa(tr)

Aq(ta,t) < 5184, Na(ty) < 1024, Cpias < 6, Crar
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Else,
Fiian(t) < 265011 Koy (1) < 8641771, Oy (1) < R,
Oa(ty) < 2RI A (ty,T2) < 2304(R|6%])2SRI 0 Ag(ty) < 2566 B10°1
Cbias < 6€4R”9*”, Cvar < 25666R”9*”.

Proof For the first bound, we use the fact that t) < log 2 and plug that in the expressions above as
these functions are increasing in t). We compute them numerically from the definition.

For the second set of bounds, we simply inject the bounds for ty and ty in the second bounds of
Definition 25. |

D.1. Analytic decomposition of the risk

In this section, we make use of self-concordance to control certain quantities required to control the
variance, with respect to our main quantities Biasy, ry and dfy. The excess risk has been already
decomposed in Sec. 6.

Theorem 28 (Analytic decomposﬂii)n) Let A > 0 and Kyias and Ky, be the increasing functions
of ty described in Eq. (37). When Vary < ry(03)/2, then
~ —2
L(6Y) — L(0*) < Kpias(ty) Biasi + Kyu(ty) Var,. (35)

Moreover Kyias(ty), Kvar(ty) < 7 if Biasy < %rA(ﬂ*), otherwise Kpis(ty), Kyar(ty) < 8e0llo*ll B
(see Proposition 27 in Appendix D for more precise bounds).

Proof Since 6* exists by Assumption 5, using Eq. (13), applied with u = pand A = 0, we have
L(6) — L(6*) < (t(0 — 0%))]|0 — H*H%{(Q*), for any 6 € H. By setting § = 0}, we obtain

L(B3) — L(6%) < 9(t(6} — )63 — 0" [y
Using the fact that H(6*) < H(6*) + A\ =: H,(6*), by adding and subtracting 6%, we have
10X — 0% [[(o) < 10% — 0" 1z, o0y < 10X — O [l|, 04) + 110X — OX |1, 0%)>
and analogously since t(+) is a (semi)norm, t(@f\ —0%) <ty+ t(gj —6%),s0
L(63) — L(6") < w(tx + (05 —03)) (165 — 0" [, o) + 105 — O3 [1er, 0)”.
By applying Eq. (12) with 1 = p and 6 = 6*, we have H, (6*) < e"*H (%) and so
LO3) = L(0%) < (e + (05— 03)) (105 = 0" [rr,00) + /20105 = O3y 03))" G6)

The terms ty and ||y — 0*||g, (9+) are related to the bias terms, while the terms t(§§ — 6%) and

A* * ;
163 — 03 |lm, (o5 are related to the variance term.
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Bounding the bias terms. Recall the definition of the bias Biasy = ||[VL A(Q*)Hﬂgl(e*)' We

bound t) = t(f} — 0*), by Lemma 6 and the term ||60* — 05 ||, (5~ by applying Eq. (14) with = p
and 0 = 0*

10— Olliry0) < 1/B(00) IVIAOlgrorpey = 1/6(t2) Biasy.

Bounding the variance terms. First we bound the term ||§f\ = OXllm, 0y = H A(O0Y 2(@; -

%) ||, by multiplying and dividing for H A(6%)71/2, we have

16% — M, oy = [ (05)Y2H (6%) Y2 H,\ (6%) V2 (65 — 63|

< [[EA(05) 2800 (03) 185 05151, -
Applying Eq. (14) with u = % Ym0, and 0 = 5; since L, \ = L » for the given choice of u, we
have R R R

165~ Bl o) < IVEA@Dllgioror) / S0 — B)

and since HVE,\(HX) ) = ||ﬁ;1/2(9§\)VE,\(9§)||, by multiplying and dividing by H)(67%),

e o5

we have:

IEL, 2 (03) VL@ = 1L 2 (03)HA(03) /2 H (63) 72V LA (63)|

r—1/2 /g% T *
< ||H, Y (HA)H)\(QK)l/z”HVLA(Q/\)‘|HA*1(0;)'
Then
* _ pg* 1 1/2 gk —1/2/ 9%\ 12 IO T . (0* \//;,\
1% = OXllesop) < = B OHAT 2O IVIAO) a1 05) = SO —50)
QoY — O}

G(£(03 = B3))
To conclude this part of the prgof we need to bound t(@j —07%). Since we require Var, /ra(0y) < 1/2,
by Proposition 16 we have t(6} — 6}) < log 2.
Gathering the terms. By gathering the results of the previous paragraphs

L(B) — L") < w(ta+log2) (1/g(ty) Biasy + e™/?/¢(log2) Vary )?

Using the fact that (a + b)? < 2a? + 2b%, we have the desired result, with

Khias(ta) = 20(ty +10g2)/d(tr)?, Kuar(tr) = 2¢(ty + log 2)e™ /¢ (log 2)*. (37)

which are bounded in Definition 25 and Proposition 27 of Appendix D. |

D.2. Analytic bounds for terms related to the variance

In this lemma, we aim to control the essential supremum and the variance of the random vector
H, Y 2(0%)V£2(05) relating it to quantities at 6*. The results will be used to control the variance
via Bernstein concentration inequalities, so we are going to control its essential supremum and its
variance.
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Lemma 29 (Control of H) (0%)~/2V¢2(0%)) Forany 0 < \ < B}, we have

1. A bound on the essential supremum:

B* B*
sup || VL (09)|lg. —17pey < 01 —= 4 200, —2Biasy.
z€supp(p) VIO VA A

2. A bound on the variance
1/2
B [IVE00I, ] < O v+ vED, | ias,

where (1, 0y are increasing functions of ty : Oy (ty) = e/2 Oy(ty) = et/2 (1 + ).

. . _ B
Proof Start by noting that if A < B3, then sup.cgupp(p) [IHx 12(0%)W200(0%)1 /22 < 1+ = <
2%. Moreover, note that for any vector h € 7, multiplying and dividing by V2, (6*)/2,

e, -1 pe = I TY2(6%) Bl = [HA™Y2(67) V2L(6%)2 V2e.(6%) 712 |
< [HLTV2(07) V2(07) 2] Ve (67) 7Y

*
<\ 22 w0 |

2B3
=\ 5Pl

where the last bound is mentioned at the beginning of the proof. Similarly, we can show

QB* 2B3
[hlls2e, %) < 2 ||, (0% [l -1 ) < Hth% @)1 - (38)

Essential supremum. Let z € supp(p). First note that using Eq. (27), we have
IVE2(63) I, 1 03) < €IV O e, 1 6v)-
Now bound
IV 2O, 16y < IVE(O5) = VEE) 1,1 (9v) + V20 e, 16

Since V£2(0*) = V£,(0*) 4+ \0*, the last term is bounded by

B*
Biasx + sup [ VL.(6")|lgg,~1(g-) < Biasy + —*

zesupp(p) * B VA

For the first term, start by using Eq. (38).

2B*

IVEX(83) = VL (0" 1, -1 (60) < 2 (IVE(85) = V() w20 6y
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Using Eq. (29) on £, we find
IVE2(0%) = V(") vz 60)-1 < (tr) 165 — 0% w203 62
Applying once again Eq. (38), we bound

2B%
103 — 0" llv2e 04y < )\2 10X — 0%|11, (6%

Finally, using Eq. (28) on L), we get

1 .
||9§ — 0*‘|H>\(9*) S 7B|as,\.

o(tx)
Hence, putting things together, we get
2B3 o(ty) . 2B5 . .
VE2(03) — V(O ) i, 100 < 2 Biasy = —2¢"™Biasy.
IV E2(0%) 2 ( )HHA Yot = Ty Q(tx) 1asy b\ e blasy
We the combine all our different computation to get the bound.
Variance. We start by using Eq. (27) to show that
1/2 1/2
E 190013, -1p ] < 2B IV, -] -

Then we use the triangle inequality
. 1/2 . . 1/2 ) 1/2
E[IVAO) 5, 1] <E[IVEE) = VNG, 0] +E[IVEENE, 0] -

We can easily bound the last term on the right hand side by Biasy + df. For the first term, we
proceed as in the previous case to obtain

* * QB** * *
Vz € supp(p), |VE2(65) — V(0 N, -100) < )\2¢(tA)H9A — 0" |lv20x (0%

Now taking the expectancy of this inequality squared,

. 1/2 2B% . 1/2
E[IVE(05) = VEO") -1 00| <\ SEAEIE [105 = 012034
2B%—
= )\2¢(tA)||9§ — 0" || 1, 6%)

where the last equality comes from E [V%% (6*)] = Hx(6*). Now applying Eq. (28) to L, we
obtain ,
||9§ — 0*‘|H>\(9*) S 7Bias,\.

9(tr)

Regrouping all these bounds, we obtain

1/2 2B3
B [IVE05) — VO, ] < e/ S2Bias

Hence the final bound is proved, regrouping all our computations.
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D.3. Concentration lemmas
Here we concentrate in high probability the quantities obtained in the analytical decomposition.

Details on the proof technique are given in Sec. 6 of the paper.

Lemma 30 (Equivalence of empirical and expected Hessian) Ler 0 € H and n € N. For any
de (0,1, x>0, if

Ba(0) log 8B2(0)

>
n > 24 3 VR

(39)

then with probability at least 1 — §: Hy(6) < 2ITI,\(0), or equivalently
[E 2 @B @) < 2.
Proof By Remark 48 and the definition of B2 (6), the condition we require on n is sufficient to apply

Proposition 47, in particular Eq. (51), to H(6), Hx(0), for t = 1/2, which provides the desired
result. |

Lemma 31 (Concentration of the empirical gradient) Lern € N,§ € (0,1}, 0 < XA < B3. For
any k > 4, ifn > k*003 % log %, then with probability at least 1 — 6, we have

~ 23 . dfy Vv (Q*)2 log 2
IVEXO) e, —1(05) < —5— Biasa + 200 \/ ) . (40)

n
Here, 01,0 are defined in Lemma 29 in Appendix D and (Q*)? = (B})?/Bs.
Proof 1) First let us concentrate H ), (9;)_1/ 2L A(0%) using a Bernstein-type inequality.

We can see H), (%)~ 2L A(03%) as the mean of n i.i.d. random variables distributed from the
law of the vector H(6%)~1/2V(,(6%).

As we have shown in Lemma 29, the essential supremum and variance of this vector is bounded,
then we can use Bernstein inequality for random vectors (e.g. Thm. 3.3.4 of Yurinsky, 1995): for
any A > 0, any n € N and § € (0, 1], with probability at least 1 — §, we have

- 2M log 2 2log 2
[HA(63) 2V IA@)] < =228 4oy [ 2208,

. . 1/2
where M = Sup. cyupp(p) | V22 (05) ||, 1oz and 0 = E [HV@(%)H?{X—I(Q;J .

2) Using the bounds obtained in Lemma 29,

B* B* B*
M<0 7% + 200, %Bias)\, o < O Vdfy + v20, V\F/\QBiasA.

3) Injecting these in the Bernstein inequality,
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12Tk 2 (Dl Bi/VA+ 20, (Bg/)\)BiaS,\> log 2
HA(03) VLA < -

2log 2
+ <Dl df/? + vao, Bg/ABiasA> \f (;g 5

40, Bj log 2 N 4002 Bj log 2

- An An Bias)
N 2072 df log 2 N 2Bj log2 [2007 (B})?/B% log 2
n An n '

In the last inequality, we have regrouped the terms with a factor Biasy and we have separated the
first term of the decomposition in the following way :

20,Bjlogs  [2Bj3log3 [20% (Q*)? log 3
Van o An n '

Hence, we can bound the second line of the last inequality:

\/ZD%df,\log§+\/2Bglog§\/QD%(Q*)Qlogg - 1+\/2B;10g§ \/2D%df,\\/(Q*)2log§.

n n n n n

Thus, if we assume that n > k:ZD%% log %,

. 9012 dfy v (B*)2/Bj log 2
[H(65) 2V LA (0%)]| < (4 + z> Bias, -+ (1 + ﬂ) \/ 1 dfA v (BY)?/Bj log s

k2 k n

In particular, for k& > 4,

dfy V (Q*)? log 2
. .

~ 3 .
HH)\(HX)—l/ZVL)\(QK)H < %Blas/\ + 2[4 \/

Lemma 32 (control of V;A) Letn € N, 0 € (0,1] and 0 < A < BS. Assume that for a certain
k> 5,

283
&P
Then with probability at least 1 — 26, we have

812B%

> k20
"= Y

log

dfy Vv (Q*)? 10g%
- .

o 6
Var)\ < EBias,\ + 4|:|1 \/

Here, 11,y are defined in Lemma 29
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Proof

e First we apply Lemma 30 to § = 5. Since Bo(0%) < e By = 07 B3, we see that the

condition B, (6%) 8B(6%)
2\Y)\ 2\Y\
> 24 1
S U AV
1s satisfied if )
B3 {CI¢B3%
n > 24D%72 log %

Because k£ > 5 and [y > [y, and we see that the assumption of this lemAma imply the condi-
tions above and hence Lemma 30 is satisfied. In particular, HH)\(GX)I/QHA(G;)_I/2 1> < 2.

e Note that the condition of this proposition also imply the conditions of Lemma 31, because
2R*
A < Bjand ; > 1 imply D}\?Q > %.

D.4. Final results

First, we find conditions on 7 such that the hypothesis VAar,\ < % is satisfied.

Lemma33 LetneN, §e (0,1], 0 < X < B}and

By . 8?B} dfy v (Q*)? 2
> A —2log —12 >Ny —2— 27 Jog =
D U DV L N S PR

then with probability at least 1 — 20

Vary, Vary, 1
x\ = 1 * S a)
r/\(‘g,\) r)\(e ) 2

where (11, /A1, Ao are constants defined in Definition 25.

Proof Recall that t, = Ei(aesb )

Using Lemma 32, we see that under the conditions of this lemma, we have

o, Var, _ 60, Bias) D2\/dev(Q*)2 log 3

"n(0%) Tk (0Y) ! n r(6%)2

Thus, taking k = 2400, (1/2 VB\) and n > 256D‘11 fi?;/*?; log %, both terms in the sum are bounded
by 1/4 hence the result.

Note that here, we have defined
A1 = 57600203(1/2 V'ty)?, Ag = 25601,

hence the constants in the definition above. [ |
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Proof of Thm. 8 First we recall that Ay, Ag, 1, Cpias and C,y are defined in Definition 25, and
bounded in Proposition 27.
First note that, given the requirements on n, by Lemma 33, we have Var) < 203 ith proba-

2
bility at least 1 — 24. Thus, we are in a position to apply Thm. 28 :
o —2
L(0Y) — L(0%) < Kpias Biasi + Kyar Vary,

with Kpias, Kyar defined in the proof of the theorem. Note that in the proof of Lemma 33, we have
taken k = 2400;(1/2 vV t\) > 12. Hence, using Lemma 32, we find

dfy v (Q*)?2 log%
- )

— 1
Var)\ < iBias,\ +4Dl \/

Hence,
dfy v (Q*)? log%

—2 1
Var, < §Bias?\ + 32072
which yields the wanted result with Cpias = Kpias + %Kvar and Cy,, = 32D%Kvar.
Proof of Thm. 5
(BY)?

We get this theorem as a corollary of Thm. 8. Indeed, VA < B3, dfy Vv (Q*)* < +—» hence
the result.

|
Appendix E. Explicit bounds for the simplified case
In this section, assume that Assumptions 1, 3 to 5 and 8 hold.
Define the following constant N :
272 21 1 2 * |2 P2 2
N =36A%log” | 6A 5) Vv 25675 log 5 Vv 512 (|l6*I°R* v 1) log i 41)
where A = %.
1
We have the following slow rates theorem.
Theorem 34 (Quantitative slow rates result) Letn € N. Let § € (0,1]. Setting
=, 1 2
A=16((RV1)B;) —= log"/? =
(RV1)B1) = log* %
if n > N, with probability at least 1 — 26,
—~ - 1 2
L(6%) — L(0*) < 48 max(R, 1) max(||6*]|?, 1)B;— log'/% =, (42)

NG 5

and N = O (poly(By, B2, R||0*|)) is given explicitly in Eq. (41). Here, poly denotes a certain
rational function of the inputs.
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2 72

Proof Note that df, < 1 . Hence, if A\ < By, then df V ( 1/82) )\
1) Let us reformulate Thm 23.Letn € Nand 0 < XA < By. Let § € (0,1]. If

2 B. 8B R?B | 2
2 p2 2 2 2 1
n > 512 (||6*|°R* Vv 1) logg, n>24)\ log VR n > 16A 32 logg,

then with probability at least 1 — 20,
B 2
L(QX) - L(Q*) < Cvar )\7717] 10g g + CbiasAHe*’P,

where A, Cpias, Cyar are (1£:ﬁned in Definition 19.
2) Now setting A = 16 RB; logl/ 2 %nfm, we see that the inequality

RQB log 2
2 %

is automatically satisfied since /A < 4. Hence, if

n > 16A2

2 B 8B -
n_512(\|9\|Rv1)1og5, n 24A1 VR 0 <\ < By,
then

Cvar
256

Dk Cvar

~ 256 R?

A+cbmx|ya*|12 < +cbm> max( 16%]1)A.

R?’

Since by Definition 19, Cy, < 84 and Cyjps < 2, we get
L(B}) — L(8") < 3max< 6411

. BiR log1/2 2 .. .
3) Having our fixed A = 16——577—, let us look for conditions for which

2 B. B
n 2512 (|6*°R* V1) log 5, n> 2452 1o 352

< B
N 085 0<As<By,

are satisfied. _ B
To deal with n > 24% log %, bound

B i B 1/2 1 By nl/2

B

where we have used the fact that logl/ 2 % s
1

. apply Lemma 49 with a; = 3,a2 = 1, A = 0

get the following condition:

2a1a2 A
n > 4a3 A? log? <ala2> ,

J

which we express as

n > 36A2log? <6A2(15> .
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To deal with the bound A < By, we need only apply the definition to obtain

2B 9
n > 256R72 L log —.
B, 0

Thus, we can concentrate all these bounds as n > N where

1 1 2 2
_ 2 2 2 2 p2
N = 36A°log <6A 5) Vo 256— 1og5 v 512 ([|0*]]PR* v 1) 1og5,

_ By
where A = e
4) Since R is only an upper bound, we can replace R by R V 1. In this case, we see that A < =2

1
and max (g7, (R V 1)[|6*]|%) < (R Vv 1)(]|¢*|| v 1)? hence the final bounds.
|

Appendix F. Explicit bounds for the refined case

In this part, we continue to assume Assumptions 1, 3 to 5 and 8. We present a classification of
distributions p and show that we can achieve better rates than the classical slow rates.

Definition 35 (class of distributions) Let « € [1,+oco] and r € [0,1/2].
We denote with P, the set of probability distributions p such that there exists L,Q > 0,

. 1427
e Biasy <L A2

o dfy < Q2N Ve,
where this holds for any 0 < \ < 1. For simplicity, if o = 400, we assume that Q > Q™.

Note that given our assumptions, we always have

p € Pio, L=1]6"], Q=Bj. (43)

We also define
2c
A1 = <§*> A1, 44)
such that

2
*\2 Q
VA <A dfy V(@) < T

37



FAST RATES FOR REGULARIZED EMPIRICAL RISK MINIMIZATION THROUGH SELF-CONCORDANCE

Interpretation of the classes

e The bias term Bias), characterizes the regularity of the objective 8*. In a sense, if r is big, then
this means 6™ is very regular and will be easier to estimate. The following results reformulates
this intuition.

Remark 36 (source condition) Assume there exists 0 < r < 1/2 and v € ‘H such that
PH(Q*)Q* = H(H*)TU.

Then we have
1427

VA>0, Biasy <L A 2, L= |H(@®) 6"

e The effective dimension df, characterizes the size of the space H with respect to the problem.
The higher «, the smaller the space. If H is finite dimensional for instance, o = +-o0.

We will give explicit bounds for the performance of 5} depending on which class p belongs to,
i.e., as a function of o, r.

Well -behaved problems ry(6*) has a limiting role. However, as soon as we have some sort of

regularity, this role is no longer limiting, i.e. this quantity does not appear in the final rates and the

constants in these rates have no dependence on the problem. This motivates the following definition.
We say that a problem is well behaved if the following equation holds.

L)\1/2+r
S ((9*)
Remark 37 (well-behaved problems) Note that Eq. (45) is satisfied if one of the following holds.

Vs € (0, %], Tro(8) € (0, 1], Y0 < A < Ao(6), 5)

| =

2
10g5 <

o If R = 0, then the condition holds for \g = 1.
e [fr > 0, then the condition holds for \o = (2LR log %)‘UT AL

o [f there exists yu € [0,1) and F > 0 such that r\(6*) > %)\“/2, then this holds for Ao =
(2RFlog 2)=2/(=n+2r) A 1.

Moreover, if Eq. (45) is satisfied, than for any A < \g, t) < log2.

Note that the first possible condition corresponds to the case where the loss functions are
quadratic in @ (if the loss is the square loss for instance). The second condition corresponds to
having a strict source condition, i.e. something strictly better than just * € H. Finally, the third
condition corresponds to the fact that the radius r) decreases slower than the original bound of
ry > Lﬂ, and hence it is not limiting.

Note that a priori, using only the assumptions, our problems do not satisfy Eq. (45) (see Eq. (43),
and the fact that ry > %).
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F.1. Quantitative bounds

In this section, for any given pair («, r) characterizing the regularity and size of the problem, we

associate
1 a(l + 2r)
/8 - ) Y= .
1+2r+1/a a(l+2r)+1

In what follows, we define

256Q° . 18 1 1 L1\ Y0P

2c

where A = = (Q*)Qa'

QQﬁ , Ag 1s given by Eq. (45) and A1 is given by Eq. (44) : \; =

Theorem 38 (Quantitative results when Eq. (45) is satisfied and o < coor v > 0) Letp € P,
and that we have either o < o0 orr > 0. Let § € (0, 3].

If Eq. (45) is satisfied, and
2 B
n >N, )\:(256 <Q> 1) )
L n

then with probability at least 1 — 26,

~ 1 2
L(BY) — L(6*) < 8 (256)" (Q" L'™7)” —log 5,

where N is defined in Eq. (46).

Proof
Using the definition of A, as soon as A < A1 we have df , vV (Q*)? < Q2N Ve,

Let us formulate Thm. 8 using the fact that p € P, ..

Letd € (0,1],0 < A < B5 A A; and n € N such that

By 8?B} Q2 2
> A —2log —12 >Ny —>  Jog =
" DY N e Aar, (6%)2 08 5
then with probability at least 1 — 26
o* * 2y1+2r Q? 2
L(H)\) - L(9 ) g Cbias L=\ + Cva_r — IOg*,
A/ap )

where Cpias, Cyar are defined in Definition 25. Now let us distinguish the two cases of our
theorem.
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Assume that p satisfies Eq. (45) . In this case the proof proceeds as follows. Note that as soon as

A < Ao, we have Ei("";j) < % and hence the bounds in Proposition 27 apply.

1) First, we find a simple condition to guarantee

1. 2
(072N > Ny QQﬁ log .

Using the fact that Eq. (45) is satisfied, we see that if A < A, then ry > 2LAY2*" log 2. Hence,
this condition is satisfied if

A < )\07 4L2)\1+2T+1/a > A2 Q2l
n

2) Now fix C) = 256 > A, /4 (see Proposition 27) and fix

Q21 Q21 B
A1+2r+1/o¢:C X 4 A= (= = )
)‘LQn{:> M2 g

where 8 =1/(14+2r+1/X) € [1/2,1).
Using our restatement of Thm. 8, we have that with probability at least 1 — 26,

~ 1 2 2
L(ai) - L<9*> S (Cbias + ?Cvar 108; 5) |—2)\1+2T S K IOg g |_2)\1+2T7
A
where we have set K = (Cpias + ﬁcw) < 8 (see Proposition 27).

This result holds provided

80785

Ad “7)

B*
0 <A< BSANAM, nzﬁlflog
Indeed, we have shown in the previous point that since Cy > %, r (9*)2)\1/ o> /Ny Q2% log %.
3) Let us now work to guarantee the conditions in Eq. (47).
* 2R*
First, to guarantee n > Al% log %, bound

BY  BsL2nf 2 BiLY

-2 " 2 P
A Qs log” 2 ~ cy Q¥

12 *| 28
Then apply Lemma 50 with a; = QC%, ag = %, A=5L

&om Since 8 > 1/2, using the

bounds in Proposition 27, we find a1 < 6Zf8 and as < 4, hence the following sufficient condition:

> — — A= .
n > (12961_6A10g <51841—[3A 5))

Then, to guarantee the condition
A< B§ A Xg A A1,

we simply need
256Q*

n > =5 (B5 Ao A M)A
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Hence, defining

N = 25532 (B5 A X AA)™ VY (12961_16Alog (51841_15142(15))1/( )
where A = B(;IQ'BB , we see that as soon as n > N, Eq. (47) holds.
|
We now state the following corollary, for r > 0. We define N in the following way:
N = 25552 (B5A X AN)™ B <12961_1ﬂA10g (51845A2 >>1/(1_ ) (48)
where A = QQB , A\p = (2LRlog )~ rAland A\ = (Qf;a

Corollary 39 Assume p € Py, withr > 0. Let § € (0,0.5] and n > N, where N is defined in
Eq. (48). For
2 B
1
A= <256 <Q> ) ,
L n
1 2

L(BY) — L(6*) < 8 (256) (Q" L'™7)” —log

with probability at least 1 — 26,

Moreover, N = O (poly (B{, B3,L,Q, R,log %)) which means that N is bounded by a rational
function of the arguments of poly.

Proof of Cor. 7 We simply apply Cor. 39 for @ = 1 and Q = Bj. |

Appendix G. Additional lemmas

G.1. Self-concordance, sufficient conditions to define L and related quantities

In this section, we will consider an arbitrary probability measure 1 on Z. We assume that £, satisfies
Assumption 8 with a certain given function . Recall that R = Sup,cqupp(u) SWPgep(z) 9 In
this section, we will also assume that R* < oco.

Lemma 40 (Gronwall lemma) Ler ¢ : R — R be a differentiable function such that
vt € R, ¢'(t) < Co(t).

Then
Y(to, t1) € R%, p(ty) < eCltolo(ty).

Lemma 41 Assume that there exists 0 such that sup,,cqypp(,) Tt (V22.(6p)) < oo

® SUD.coupp(p) LT (V20.(0)) < oo forany 6 € H;
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e For any given radius T > 0, and any ||0y|| < T, we have

V]|0]| < T,Vz € 2, Tr (V2£.(0)) < exp (2R'T) Tr (V*,(6))) < oo.

Proof
Let z € supp(u) be fixed. Using the same reasoning as in the proof of Eq. (27), we can show

V0o, 60, € H, VL,(hy) < exp ( sup |g- (61 — 90)|> V20.(0y) < exp (RM||61 — 6ol|) V2L.(6o)
g€p(2)

Where we have used the fact that R* = Sup_cqupp(u) SUPgeq(2) 191l < oo Thus, in particular
Vz € supp(p), V0o, 01 € H, Tr (V2£.(61)) < exp (R*(|61 — 0o|)) Tr (VZL.(60))

which leads to the desired bounds.

Lemma 42 Assume that there exists 0y such that

sup  Tr (V?£.(6p)) < oo, sup [|VL1(0p)] < oo.
z€supp(p) z€supp(p)

Then
® SUD.coupp(p) IVE.(8)| < oo forany 6 € H
e Forany T > 0 and any ||6p]|, ||0|| < T,z € supp(u),
[VL.0)]) < [VE(60)] + 2T Tr (V2.(6))
+4R* (2R*T) Tr (V2(.(6)) R*.

Proof
Fix z € Z, 09,01 € H and h € H. Let us look at the function

[t e0,1] = (VL(6:) — VL(60) — tVL.(6p) (61 — 69)) -
We have f”(t) = V30,(6;)[01 — 6o, 01 — 0o, h]. By the self-concordant assumption, we have

|f'(t)] < sup |g-h|VZE(6:)[01 — b0, 01 — o]

9€p(2)
< sup |g-hlexp(t sup |g- 61— 60|)[161 — B[z 5
g€p(2) g€P(2)

Integrating this knowing f'(0) = f(0) = 0 yields

F < sup g-hlw( sup |g- (61— 60))]I61 — bolZaq. gy)-
g€P(2) g€p(2)
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Hence :

IV£:(01)=VE-(00) | < V2L (60) | 01—+l (2)]] sup |9-(81=60)]) [IV£= (o) 1|61 60|
gep(z

where (t) = (e! —t — 1)/t. Then, noting that || V2¢(0)|| < Tr(V?£,(0)), we have proved our
lemma.
|

Lemma 43 Assume that there exists 0y such that

sup Tr (VQEZ(GO)) < 00, sup  [|[VE(60)] < oo, sup |0:(6p)| < oo.
z€supp () z€supp(p) z€supp(u)

Then
e For any 0 (S H; Supzesupp('u,) |€Z(0)’ <00

e Forany by € H, T > ||6o]], 0] <T, z € supp(u), we have:
[2(0)] < 1€:(00)] + 2[[VE=(00)|IT + (2R T) Ta(VE(60)) T*.

Proof Proceeding as in the proof of Eq. (30), we get

Vz < Z, V90,91 S H, 0 S @(01)—62(90)—V€Z(00)(01—90) S 1/)( su%)) ’g~(91—90)‘)”91—90H2v262(90)
gep(z

where 1 (t) = (e —t — 1)/t%.

To conclude, we give the following result.

Proposition 44 Let A > 0. If a probability measure 1 and ¢ satisfy Assumptions 3, 4 and 8, the
function L, x(0) := E, [(.(0)] + \||0]|? and VL,, \(6), V2L, ¢(0) are well-defined for any 6 € H,
and we can differentiate under the expectation. Moreover,

VO eH, sup |0.(0)], sup |VL(0)|, sup Tr(V2€Z(0))<oo.
z€supp(p) zEsupp(p) z€supp(p)

Proof We combine the results given in Lemmas 41 to 43. |

G.2. Bernstein inequalities for operators

We start by proposing a slight modification of Proposition 6 in (Rudi and Rosasco, 2017). First we
need to introduce the following quantitity and some notation for Hermitian operators. We denote
by = is the partial order between positive semidefinite Hermitian operators. Let A, B be bounded
Hermitian operators on H,

A=<B <= v-(Av)<wv-(Bv), YveH <= B — Ais positive semidefinite.

Let ¢ be a random positive semi-definite operator and let Q := E|[q¢], denote by F(\) the
function of A defined as

F(N) :=esssup Tr (Q;1/2qQ;1/2) ,

where ess sup is the essential support of q.
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Remark 45 Note that if Tr(q) < co, for a cg > 0 almost surely, then F(\) < co/\. Vice versa,
if F(Xo) < oo for a given N\g > 0, then Tr(q) < (||Q|l + Xo)F (o) almost surely, moreover

F(A) < ”‘%l”Jrf F(Xo) for any X > 0.

Proposition 46 (Prop. 6 of (Rudi and Rosasco, 2017)) Let q1, ..., q,, be identically distributed ran-
dom positive semi-definite operators on a separable Hilbert space H such that the q are trace class
and Q = E[q]. Let Q, = 13" | ¢; and take 0 < X < Q|| and assume F(\) < oo. For any
& > 0, the following holds with probability at least 1 — §:

2B(1+F ) | [2Fu) 5 8F)

~1/2 ;v —1/2
10, (@ - Q) @)l < =5 i), :

Proof Use Proposition 3 of (Rudi and Rosasco, 2017) and proceed as in the proof of Proposition
6 of (Rudi and Rosasco 2017) except that we bound Tr(Q,'Q) < Fxo()) instead of bounding

Tr(Q) 1Q) < =) we find this result. -

Here we slightly extend the results of Prop. 8 and Prop. 6 of (Rudi and Rosasco, 2017), to extend
the range of \ for which the result on the partial order between operators holds, from 0 < A < ||Q|
to A > 0.

Proposition 47 (Prop. 8 together with Prop. 6 of (Rudi and Rosasco, 2017)) Letqq, ..., g, be iden-
tically distributed random positive semi-definite operators on a separable Hilbert space H such that
the q are trace class and Q = E [q]. Let Q, = 23" | ¢;. Letany 6 € (0,1], ¢t > 0,0 < A < ||Q]
and assume F(\) < oo, when

n > 8Fs () log 8]:05()\) <412 + 1) (49)

then the following holds with probability at least 1 — §:

19, (Q - Qn) Q2 < t. (50)

Moreover let A > 0,9 € (0,1] and Eq. (49) is satisfied for t < 1/2, then the following holds
with probability at least 1 — 9,

Q\<2Qn, = Q. Q)Y%? <2 (51)

Finally, let A > 0,6 € (0, 1], Eq. (49) is satisfied fort < 1/2 and
2
0
log <
1Ql* ~4

n > 16

with co = ess sup Tr(q), then the following holds with probability at least 1 — 6,

Qa0 = QR <32 (52)
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Proof
Point 1) Let § € (0,1] and 0 < A < Q. Using Proposition 46, we have that with probability at least
1-9,
_ _ 2B8(1 4+ Foo(A 2BF o (A 8F o (A
10572(Q ~ Qu @52 < P Ty N = 10g ),
n n o
Now note that if A < ||Q]|, we have
1_ el -1 -1
< <T < Fuo(N).
Thus we can bound 1 + F () < 3F(\), and we rewrite the previous bound
_ _ 2B F (A 2BFoo(A 8F oo (A
10512 (@~ Qu @y 2y < 27 2T gy B,

Point 2) Now lett > 0,6 € (0,1] and 0 < X < ||Q]|. If

w8708 (41 )

then

19,7 (Q - Qn) Q2 < t.

Indeed, assume we want to find ng > 0 for which for all n > ng, % + \/ . <1 5 Where A, B>0.

setting x = +/n, this is equivalent to finding z( such that Vz > x, o A > 0. A sufficient

condition for this is that z > v/ B+ VB + 2A. Thus, since A, B > 0, the condmon x> 2B+ 2A
is sufficient, hence the condition n > 4(B + 2A). Then we apply this to the following A and B to
obtain the condition.

o BFa()

t ’ 22
Point 3) When A > ||Q]|, the result is obtained noting that

P EE S
A

19,/%Q

When, on the other hand 0 < A < ||Q]|,

Prop. 8 of (Rudi and Rosasco, 2017), or equivalently applying Eq. (50), with ¢ = 1/2, for which the

following holds with probability 1 — §: HQ_l/ 2 (Q-—Qn) Q;l 2|| < t and noting that,

_ 1
1Qy°Q,, V2% < - <2
1- Q2 (Q-Q.) Q"

To conclude this point, we recall that, given two Hermitian operators A, B and ¢ > 0, the inequality
A < tB is equivalent to B~/2AB~1/2 < tI, when B is invertible. Since B~'/2AB~1/2 and tI
are commutative, then B~/2AB~1/2 < {[ is equivalent to v - (B~'/2AB~1/2y) < t||v||? for any
v € H, which in turn is equivalent to | B~1/2AB~1/2|| < t. So

|AYV2B72|2 <t «— A=<tB.
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Point 4) First note that

1Q,2QY312 < 1+ 19,2 (@ - Qu) Q2. (53)

= 1/2, we have with probability 1 — ¢:
||Q;1/2 (Q—-Qn) Q;1/2|| < t, moreover by Eq. (53) we have

1Q,"*Q 1/2H2 <1+t<3/2

When instead A > ||Q||, we consider the following decomposition

12,72(Q - Q) Q2 < 11Q - Qull < ~11Q — Qullus.

where we denote by || - || s, the Hilbert-Schmidt norm (i.e. || Al|% ¢ = Tr(A*A)) and [|Q — Q, || ms
is well defined since both Q, Q,, are trace class. Now since the space of Hilbert-Schmidt operators
on a separable Hilbert space is itself a separable Hilbert space and ¢ are bounded almost surely by
cp := esssup Tr(q), we can concentrate ||Q — Q|| s via Bernstein inequality for random vectors
(e.g. Thm. 3.3.4 of Yurinsky, 1995), obtaining with probability at least 1 — §

2¢o log 2 2¢2 log 2
1Q - Qullns < =285 1 [Z2%5 < q| /2,

where the last step is due to the fact that we require n > 16¢3(log %)/||Q||, and the fact that by
construction || Q|| < B. Then,

The final result on < is obtained as for Point 5. [ |

Remark 48 Ler Tr(q) < co almost surely, for a co > 0. Then F(X\) < co/\. So Eq. (49) is

satisfied when
n> 2080 (L 1
X 8 xs\ar )

since F(A) < co/\ as observed in Remark 45. In particular, when t = 1/2, Eq. (49) is satisfied

when
2400 800

n > )\log/\(s

G.3. Sufficient conditions to bound 7 in order to guarantee n > Cn? log Cmp

Lemmad49 Letay,a2, A>0andé > 0. If

2a1a9 A
n > 4a3 A% log? <a1a2> ,

J

then n > a; An'/?log “2‘4" vz
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Proof Indeed, note that

Anl/2 A Anl/2
n > ay An'/? log 42 ; = ai/Q log 42 : <1
n

Now use the fact that for A, B > 0, k > 2Alog(2AB) implies 4 log(Bk) < 1. Indeed, log(Bk) =
log(2AB) + log 2 2AB =log(2AB) + log % <log(2AB) + ﬁ. Hence, multiplying by %, we get
the result.

We apply this to A = a1 A, B = %24 and k = n'/2 to get the bound. |

Lemma 50 Letaj,a2,A>0andd > 0. Letp € [%, 1). If

1 1
n'7P > 21 palAlog (2@1((12 V 1)1_A25>

then AnP
n > a1 AnP log @

Proof 1) Let C;,Cy > 0,and p € [0,1). Then

O, P
n > CynPlog(Con?) <— nll:p log (C’él*p)/pnl_p> <1

Now use the fact that for A, B > 0, k > 2Alog(2AB) implies 4 Z log(Bk) < 1 (see proof of
Lemma 49).

Thus, nt=? > 201% log (2C1ﬁC§1_p)/p> is a sufficient condition.
2) Now taking C1 = a1 A and Cy = “2‘4 , we find that

nl7P > 21 a1 Alog <2a1agl—p)/ppAl/p((ls)(l—p)/p> )

D 1—p

Since 0.5 < p < 1, we see that 1;% < 1and % < 2 and thus we get our final sufficient condition.

nl7P > 2 1
-1

— palAlog <2a1(a2 Vv 1)A25>

1—
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