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Abstract

The Langevin Markov chain algorithms are widely deployed methods to sample from distribu-
tions in challenging high-dimensional and non-convex statistics and machine learning applications.
Despite this, current bounds for the Langevin algorithms are worse than those of competing algo-
rithms in many important situations, for instance when sampling from weakly log-concave distri-
butions, or when sampling or optimizing non-convex log-densities. We obtain improved bounds
in many of these situations, showing that the Metropolis-adjusted Langevin algorithm (MALA)
is faster than the best bounds for its competitor algorithms when the target distribution satisfies
weak third- and fourth- order regularity properties associated with the input data. In many settings,
our regularity conditions are weaker than the usual Euclidean operator norm regularity properties,
allowing us to show faster bounds for a much larger class of distributions than would be possi-
ble with the usual Euclidean operator norm approach, including in statistics and machine learn-
ing applications where the data satisfy a certain incoherence condition. In particular, we show
that using our regularity conditions one can obtain faster bounds for applications which include
sampling problems in Bayesian logistic regression with weakly convex priors, and the nonconvex
optimization problem of learning linear classifiers with zero-one loss functions. Our main techni-
cal contribution is an analysis of the Metropolis acceptance probability of MALA in terms of its
“energy-conservation error,” and a bound for this error in terms of third- and fourth- order regu-
larity conditions. The combination of this higher-order analysis of the energy conservation error
with the conductance method is key to obtaining bounds which have a sub-linear dependence on
the dimension d in the non-strongly logconcave setting.

1. Introduction

Sampling from a probability distribution is a fundamental algorithmic problem that arises in sev-
eral areas including machine learning, statistics, optimization, theoretical computer science, and
molecular dynamics. In many situations, for instance when the dimension d is large or the tar-
get distribution is nonconvex, sampling problems become computationally difficult, and MCMC
algorithms are among the most popular methods used to solve them.

Formally, we consider the problem of sampling from a distribution 7(z) o e
is given access to a function U : RY — R and its gradient VU.

_U(””), where one

Problem 1 Given access to a function U : R® — R and its gradient VU, an initial point X, and
e > 0, generate a sample with total variation error € from the distribution m(x) e U@,

We also consider the problem of optimizing a function U. Any generic sampling method can also
. . « . . . . . —1
be used as an optimization technique: if one samples from the distribution o e~7 U(@) for a low
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enough temperature parameter 7 > 0 then the samples will concentrate near the global optima.
Specifically, we consider the problem of optimizing a function U (x) on S C RY, where one is given
access to a function U : R? — R, its gradient VU, and a membership oracle for S:

Problem 2 Given access to a function U : R* — R and its gradient VU, a membership oracle
for S C R% an initial point Xy € S, and € > 0, generate an approximate minimizer 3* such that
U(z*) —infyesU(x) <e.

The Langevin Monte Carlo algorithms can be thought of as discretizations of the Langevin diffu-
sion with invariant measure m. The Langevin algorithms without Metropolis adjustment work by
approximating a particular outcome of this diffusion. For instance, each step of the unadjusted
Langevin algorithm (ULA) Markov chain X is given as Xi+1 = X; +nV; — n?/2VU ()N(Z), where
Vi ~ N(0, 1) is a Gaussian “velocity” term, and 1 > 0 is a step-size. At each step, the unadjusted
Langevin algorithm chain accumulates some error in its approximation of the Langevin diffusion.
To sample with accuracy ¢, the step size 1 should be small enough that the total error accumulated
by the time the Langevin diffusion reaches a new roughly independent point is no more than ¢.

The Metropolis-adjusted Langevin algorithm (MALA, Algorithm 1) avoids the accumulation of
error by introducing a Metropolis correction step. The Metropolis correction step ensures that the
MALA Markov chain has the correct stationary distribution. For this reason, MALA does not need
to approximate a particular outcome of the Langevin diffusion process in order to sample from the
correct stationary distribution. Instead, 7 only needs to be set small enough that each individual step
of the MALA Markov chain has a high enough (in practice, £2(1)) acceptance probability. In many
situations, this lack of error accumulation is thought to allow MALA to take longer steps than ULA
while still sampling from the correct stationary distribution (Roberts and Rosenthal (1998)).

Another advantage of the Metropolis correction is that it allows the MALA Markov chain to
converge exponentially quickly to the target distribution, meaning that MALA can sample with
accuracy ¢ in a number of steps that depends logarithmically on e~*. ULA, on the other hand,
requires a step size that is polynomial in e~ to approximate the Langevin diffusion with accuracy
e. This logarithmic dependence on e~! was shown in Dwivedi et al. (2018) to hold in the special
case when the target distribution is strongly logconcave.

In the case of MALA, the proposal step is X;11 = X; +nV; — 1?/2VU (X;), and the Metropolis
correction step is min (e (Xi+1.Vir)=H(XiVi) 1) where Vi1 = V; +1/2VU (X;) — n/2VU (Xi11).
The Hamiltonian functional # is defined as H(x, v) := U(x) + K(v), where U (x) is the “potential
energy” of a particle and KC(v) = 1/2||v||? is its “kinetic energy” (see for instance Neal (2011)).
The pair (Xi+1, ‘77:+1) approximates the position and velocity of a particle in classical mechanics
with initial position X; and initial velocity V;; this approximation is referred to as the “leapfrog
integrator” and is known to be a second-order method (that is, the error scales as n? in the limit
as 7 | 0). The acceptance probability for MALA therefore measures the extent to which our
approximation of the particle’s trajectory conserves the Hamiltonian.

Our contributions. In this paper we obtain improved mixing time bounds for MALA. In par-
ticular, to obtain faster bounds, we use the fact that the velocity term V; in the MALA algorithm
points in a random direction. Since the Hamiltonian changes much more quickly when the velocity
term points in a worst-case direction than in a typical random direction, bounding the change in the
Hamiltonian for this “average-case” velocity in many cases allows us to use a much larger step size
than would be possible using a worst-case analysis, while still having an (1) acceptance probabil-
ity. This is in contrast to previous analyses of Langevin-based algorithms (Raginsky et al. (2017);
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Zhang et al. (2017); Mangoubi and Vishnoi (2018a); Dwivedi et al. (2018); Cheng and Bartlett
(2018)), whose bounds are obtained by assuming V; travels in the worst-case direction at every step.

We bound the change in the Hamiltonian as a function of the third and fourth derivatives of
U. Our bounds rely on the fact that in many applications the third derivative V3U (z)[V;, Vi, Vi]
and fourth derivative V*U (z)[V;, V;, V;, Vi] are much larger if V; points in the worst-case directions
than if it points in a typical random direction. We obtain bounds in terms of regularity constants
Cs and Cy (Assumption 1), which, roughly speaking, bound these derivatives of U as a function
of [[XTV||so. The columns of the matrix X represent the “bad” directions in which the potential
function has larger higher-order derivatives. For instance, in Bayesian logistic regression, these
directions correspond to the independent variable data vectors. Since V; ~ N(0, I), the velocity
V; is unlikely to have a large component in any of these bad directions, meaning that || X V|| in
many cases is much smaller than the Euclidean norm || V;||2.

The regularity condition for the third derivative is similar to the condition introduced in Man-
goubi and Vishnoi (2018b) to analyze the Hamiltonian Monte Carlo algorithm in the special case
when the log-density U is strongly convex. However, in this paper, we prove bounds for the more
general case when U may be weakly convex or even non-convex. To obtain these bounds in this
more general case, we use the conductance method. This allows us to bound the mixing time of
MALA as a function of the Cheeger constant 1, (as defined in (1)) of the (possibly nonconvex)
target log-density. For many distributions, our bounds are faster than the current best bounds for
the problem of sampling from these distributions. For instance, when 7 is weakly log-concave
with identity covariance matrix, the log-density has M-Lipschitz gradient with M = O(1), third-
order smoothness ! C3 = O(+/d), and fourth-order smoothness C; = O(d), we show that MALA
can sample with TV accuracy ¢ in d”/® log(8/e) gradient evaluations given a 3-warm start > (Section
5.1), improving in this setting on the previous best bound of d?-> log(1/<) function evaluations which
were obtained for the Random walk Metropolis (RWM) algorithm (Lee and Vempala (2017)). As
one concrete application, we show that MALA can sample in d’/ log(B/¢) gradient evaluations for
a class of Bayesian logistic regression problems with weakly convex priors, obtaining the fastest
bounds for this class of problems (Theorem 3, Section 5.2). More generally, for these values of
M, Cs, and Cy, we show that the number of gradient evaluations required to sample from possibly
nonconvex targets is d”/*1)—2log(5/<) (Theorem 1). For this setting our bounds for MALA are faster
than the v 1%d'% log®(1/c) bounds of Raginsky et al. (2017) for the Stochastic gradient Langevin
dynamics algorithm, as well as the best current bound of d%¢2 log(1/<) for RWM (Algorithm 3) in
this setting, which we formally prove in Section J.

We also prove related bounds (Theorem 2) when MALA is used as an optimization technique
(Algorithm 2). Our bounds for the optimization problem are given in terms of the restricted Cheeger
constant (as defined in (2)), first introduced in Zhang et al. (2017). As one application, we obtain
the fastest running time bounds for the zero-one loss minimization problem analyzed in Awasthi
et al. (2015) and Zhang et al. (2017) (Theorem 4, Section 5.2).

2. Previous results

Previous results for sampling. In the setting where U is (weakly) convex (Table 1), Lee and
Vempala (2017) show that one can sample with TV error € in O(d?? log(6/<)) function evaluations

1. See Assumption 1 for a detailed definition of the smoothness constants C3 and Cl.
2. We say X is a -warm start if it is sampled from a distribution p10 where supgcga #0(5)/=(s) < .
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# of (stochastic) gradient
or function calls
Hit-and-run, Lovasz and Vempala (2003, 2006a,b) a3 log(8/e)
Ball walk or RWM, Lee and Vempala (2017) d*5 log(B/e)
ULA, Durmus et al. (2017), Dalalyan (2017) d3e*1og(b/e)
MALA, Dwivedi et al. (2018) d3e=15 log(8/e)
MALA, this paper max(C;/ Sde dle, Ci/le/ *) log(H/e)

Table 1: Number of gradient or function evaluations to sample from a weakly log-concave distri-
bution with TV error ¢, with S-warm start, if target density has identity covariance matrix. For
simplicity, we assume that 7 has exponential tails with decay rate 2(1/vd), and that M, v = O(1).

from a S-warm start if the target distribution 7 is in isotropic position (that is, it has covariance ma-
trix where the ratio of the largest to smallest eigenvalue is O(1)). Durmus et al. (2017) and Dalalyan
(2017) show that one can sample from a weakly log-concave distribution with d®c =4 log(5/e) gradi-
ent evaluations with the unadjusted Langevin algorithm (ULA) (see also Cheng and Bartlett (2018)
). Dwivedi et al. (2018) also analyze MALA in the weakly log-concave setting, and obtain a bound
of O(d®c~1%) log(h/e), if M = O(1) and the fourth moments of U are bounded by v = O(d?).

In the setting where U is non-convex (Table 2), Raginsky et al. (2017) show that the stochastic
gradient Langevin dynamics algorithm can sample with Wasserstein error & in O([\~ 1%d((b +
d)M? + \/oM~/b + d)e~*10og(1/)]?) stochastic gradient evaluations from a 3-warm start, where
Ay is the spectral gap of the Langevin diffusion on U, if U is (m, b)-dissipative * and the variance of
the stochastic gradient is bounded by o2 M?||x||3. Raginsky et al. (2017) show that A ! is bounded
above by the Poincaré constant. Since the Poincaré constant is bounded above by 12, this gives
Ar L < UV 2 (Ledoux (2000)). Therefore, in terms of the Cheeger constant, their bound gives
O([@D;Q%d((b + d)M? + /o M~/b+ d)e~*1og(1/8)]?). See also Bou-Rabee and Hairer (2013)
for geometric ergodicity results for MALA, and Eberle et al. (2014) for an analysis of MALA on
logdensities which are strongly convex outside a ball centered at the minimizer of the logdensity.

Previous results for nonconvex optimization. One can also consider the problem of optimizing
a function U : R¢ — R on some subset S C R?. Raginsky et al. (2017) show that they can obtain
an O((e+v2)d?/y2 + d)-approximate minimizer in O(d/(y2 2 <*)) stochastic gradient evaluations.

Zhang et al. (2017) show that, under certain assumptions on the constraint set S, given a (-
warm start, the stochastic gradient Langevin dynamics algorithm can be used to obtain an ap-
proximate minimizer £* such that U(2*) — min,es U(z) < ¢ with probability at least 1 — ¢ in
d%)~4(G* + M?)log(8/s) stochastic gradient evaluations. The quantity ¢ = 1),—v (S\U), is the
“restricted” version of the Cheeger constant for the log-density U, restricted to the set S\U/, where
U is a set consisting of only e-approximate minimizers of U, and G? is a bound on the variance of
the stochastic gradient.

3. Cheng and Bartlett (2018) show that ULA can sample in ¢M 2@4/56 gradient evaluations, if given a “Wasserstein
warm start” uo such that Wa (o, ) < 3, and U is M-smooth. If the target density is in isotropic position, and given
a 3-warm start and exponential tails with a = €(1), we have 3 = O(+v/dlog(f3)), meaning that the bound in Cheng
and Bartlett (2018) gives O(d*s%log*(8)) gradient evaluations for the usual warm start if M = O(1).

4. U is (m, b)-dissipative if VU (z) "z > m|z||3 — b.
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# of (stochastic) gradient # Markov chain| mode of

or function calls steps convergence
ULA Raginsky et al. (2017) - 10m=2d10log® (8/<) same Wasserstein
SGLD Raginsky et al. (2017) [ ¢ 19m=5d'0 log®(1/8) x (14+/7/a) same Wasserstein
RWM, this paper d*y-21og(6/e) same TV
MALA, this paper min(Cd"?, d¥?, C* )2 log(Z) same TV
RHMC Markov chain Not an algorithm in this setting déz/;; ’R log(g) TV
Lee and Vempala (2018)

Table 2: Number of gradient (or stochastic gradient) evaluations to sample with TV error ¢, from
a possibly nonconvex target distribution with Cheeger isoperimetric constant v, given a S-warm
start. R is a regularity parameter for U with respect to the Riemmannian metric used by RHMC,
and 1 is an isoperimetric constant for the target m with respect to this Riemmannian metric; note
that 1/77r is equal to ¥, when RHMC uses the Euclidean metric. For simplicity, we assume in this
table that A/ = O(1) and that 7 has exponential tails with decay rate 2(1/va) (thatis, a = (1) in
Assumption 2. For ULA and SGLD, we assume that 7 is (m, b)-dissipative with b = O(d).).

3. Algorithms
3.1. Sampling algorithm

We now state the usual version of the MALA algorithm which is used for sampling:

Algorithm 1 MALA for sampling

input: First-order oracle for gradient VU, step size 7 > 0, imax > 0, Initial point X, € R?
output: Markov chain Xg, X1, ..., X; .. with stationary distribution 7 oc e~V
for i = 010 ipax — 1 do

Sample V; ~ N (0, 1)

Set Xj1 = X; + Vi — in?VU(X;) and Viyy = V; — VU (X;) — in? VU(XM;_VU(X")

Set Xi41 = X;11 with probability min(1, e#XeV)=H(XiV0)) and X,,; = X; otherwise
end

Every time a proposal )A(Z-H is made, the MALA algorithm accepts the proposal with probability
min(1, eH(XiHMH)_H(X“m). One way to view this rule is that it is simply the Metropolis rule for
this proposal, which causes the Markov chain’s transition kernel K to satisfy the detailed balance
equations K (z,y)m(z) = K(y,z)n(y), ensuring MALA has stationary distribution 7.

One can also interpret the Metropolis acceptance rule in a different way, inspired by classical
mechanics, which is the approach we use to obtain our bounds in this paper. In this view H(x, v) :=
U(z) + K(v) gives the energy of a particle with position x and velocity v, where U(x) is the
“potential energy” of the particle and K(v) = 1/2||v||? is its “kinetic energy”. The values of X,
and Vi—i—l can be viewed as a second-order numerical approximation to the position and velocity of a
particle in classical mechanics, with initial position and velocity (X;, V;). The continuous dynamics,
determined by Hamilton’s equations, conserve the Hamiltonian. If (Xi—i-l, ‘A/Hl) approximate the
outcome of the continuous dynamics with low error, the acceptance probability will be €(1). The
goal is to choose 7 as large as possible while still having an (1) acceptance probability.
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3.2. Constrained optimization algorithm

One can also use MALA for constrained optimization, which we do in Algorithm 2:

Algorithm 2 MALA for constrained optimization

input: zeroth-order oracle for U : R — R, first-order oracle for gradient VU, membership oracle
for a constraint set S C RY, step size n > 0, Initial point X € R¢
output: An approximate global minimizer * € S
for : = 010 typax — 1 do
Sample V; ~ N(0, 1)

Set Xi11 = X; +nV; — in’VU(X;) and Vigr = Vi —nVU(X;) — %UZVU( ZH,)? VU

Set Z; 11 = Xi41 with probability min(1, e"(X:Vi)=H(Xi.Vi)y ‘and Z; | = X; otherwise
Set X101 =2, 1if 211 € S, and Xi+1 = X, otherwise

end

Set 2* = X;+, where i* = argminie{o

U(X:)

r~~:74max}

4. Assumptions and notation

4.1. Smoothness and tail bound assumptions

In our main result (Th. 1) we show that, under certain regularity conditions, MALA (Alg. 1) can
sample in O(d”*p-?log(B/<)) gradient evaluations. In this section we explain why these regularity
conditions are needed to obtain bounds for MALA with dimension dependence smaller than d'.

We start by noting that if one attempts to bound the number of gradient evaluations required
by MALA using a conventional Euclidean operator norm bound on the higher derivatives of U,
then the bounds that one obtains in terms of the Cheeger constant (Equation (1)) are no faster
than d@[)_Q gradient evaluations. Recall that X it1s Vz+1 can be viewed as a second-order numerical
approximation to the position & and velocity © of a particle in classical mechanics after time 7, which
has initial position and velocity (X;, V;). Bounding the numerical error Xl+1 —Z and Vl+1 — 0 gives
us a bound on the Hamiltonian error. In particular, for the kinetic energy error we have:

K(0) = K(Vig1) & |(Vigr — 9) TVE(®)| = [(Vigr — 0) 79|
~ | o Jo ViT[V2U(X;) — V2U(X; + Vi) Vidrdr |
~ [PVBU(X) Vi, Vi, Vil + n* VAU (X)) Vi, Vi, Vi, Vi .

If we assume the usual “operator norm” Euclidean bound on V3U and VU, we have
V3 (X,)[Vi, Vi, Vi] < Lsn?||Vi||3 and n*VAU(X;)[Vi, Vi, Vi, Vi] < n*L4||V;||3 for some num-
bers L3, Ly > 0. Since V; ~ N(0, 1), we have ||Vi||» = O(v/d) with high probability. Hence, to
obtain an O(1) bound on the kinetic energy error, we require n = d~"/?if L3, Ly = ©(1). Since the
distance traveled by the MALA Markov chain after ¢ steps is roughly proportional to 1v/dv/i, the
number of steps to explore a distribution with most of the probability measure in a ball of diameter
V/d is roughly i = d for this choice of 7 if Y~ = 1 (for instance, this is the case when 7 is a
standard Gaussian, and 1)1 = 1 by the Gaussian isoperimetric inequality).

To obtain an O(1) energy error for a larger step size 7, we need to control V3U (X;)[Vi, V;, Vi
and VAU (X;)[V;, Vi, Vi, V;] with respect to a norm which does not grow as quickly with the di-
mension as the Euclidean norm for a random N (0, I;) velocity vector V;. One way to do so
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would be to replace these bounds with an infinity-norm condition V3U (X;)[V;, Vi, Vi] < Cs||Vi|12,
and VAU (X;)[Vi, Vi, Vi, Vi] < C4||Vi||4. For this norm, ||Vi||cc = O(log(d)) with high prob-
ability since V; ~ N(0, 1), implying that n3V3U (X;)[V;, Vi, Vi] < Csnlog®(d) rather than
VAU (X)) [Vi, Vi, Vi] < Lan?d”?, and n*VAU (X;)[V;, Vi, Vi, Vi] < Cyn* log?(d) rather than
VAU (X)) [ Vi, Vi, Vi, Vi] < Lyn*d?. Since for many distributions of interest this condition does
not hold for small values of C3 and C4, we use a more general condition, to obtain smaller C5 and
C4 constants for a wider class of distributions. Specifically, we replace the norm ||V;|| with a more
general norm ||X T V;||o, for some matrix X. Roughly speaking, this regularity condition allows the
third and fourth derivatives to be large in r > 0 “bad” directions Xy, ..., X;, as long as they are
small in a typical random direction. More specifically, we assume that
Assumption 1 (C3,Cy > 0,X = [Xy,...,X,] where || X;|[o = 1 Vi € [r]) Forall x,u,v,w € RY,
we have |V3U () [u, v, w]| < C3||XTu||oo[|X T v||sc llw]|2 and | VAU (2)[u, u, u, u]| < Cy]|XTul4,.
We expect this assumption to hold with relatively small values of C's and C'y when the target function
U is of the form U (x) = Y_I_, fi(u, z) for functions f; : R — R with uniformly bounded third and
fourth derivatives. In particular, this class includes the target functions used in logistic regression as
well as smoothed versions of the nonconvex target functions used when learning linear classifiers
with zero-one loss. Finally, we note that our assumption on V3U includes both infinity norms and
a Euclidean norm, since our rough approximation of the error in this section ignores higher-order
terms which are best bounded with a slightly different assumption that incorporates both norms.
We also assume the target 7 has exponential tails® (here z* is a global minimizer of U on R%):

Assumption 2 (Exponential tails (a > 0)) Suppose X ~ m. Then P(|| X — z*||2 > s) < e Vi,
We also assume that U has Lipschitz gradient:

Assumption 3 (Lipschitz gradient (M > 0)) For all = € R we have | VU (x)|]2 < M.

For the constrained optimization problem on a subset S C R?, we assume the following about S:

Assumption 4 (Constraint set exit probability) For any z € S, let vy, := z + nv — 7*/2VU (2)
where v ~ N(0,1;). We assume that P(y, € S) > 1/10  Vz €S.

4.2. Cheeger constants

For any set A C R% define A, := {z € R? : infyea ||z — yll2 < €}. We define the Cheeger
constant 1 of a distribution 7 with support S C R? as follows:

.. . Se)—m(S
Yy = liminf, g 1nngS:0<7r(S)<1/2 % (1
For any Markov chain with transition kernel K and stationary distribution 7, we define the conduc-
tance V¢ of the Markov chain to be: ¥k := infgcs.ocn(s)<1/2 1{(5(72}5) Next, for any V' C R?

we define the “restricted Cheeger constant,” originally introduced in Zhang et al. (2017), as

'(LTI'(V) := lim inf6$0 infSQV:71'(S)>O %7 (2)

and the restricted conductance ¥ g := inf SCV :7(S)>0 K(f(ig}‘g)

5. Assumption 1 has two infinity-norms on the right hand side, and one Euclidean norm. One could instead make a
strictly stronger assumption which instead has three infinity norms. It is an interesting open question whether this
stronger assumption would lead to an even stronger bound on the number of gradient evaluations in special cases.

6. We note that Assumption 2 always holds for some value of a > 0 if the target distribution is logconcave.
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4.3. Other Notation

We say X is a S-warm start if it is sampled from a distribution o where supgcga #o(5)/x(s) < .
For any probability measure y : R¢ — R denote its covariance matrix by Xy and its total variation
norm by ||u||Tv := supgcpra 1(S). We denote the d x d identity matrix by I;. For any subset
U CR%and A > 0, we define the A-thickening of U by Un := {z € R? : inf,eyy ||y — z]]2 < A}
For any random variable Z, let £(Z) denote the distribution of this random variable.

5. Main results

5.1. Main Theorems for sampling and optimization

Theorem 1 (Sampling) Suppose that U satisfies Assumptions 1 and 2, and has M -Lipschitz gra-
dient on RY. Then given a -warm start, for any step-size parameter

n < O~(min(03_1/3d*1/6, d="/3, 04_1/4) min(1, M~"?)[loglog(1/a)] ") there exists T = O(((n~' +
nM)ipr) =2 log(B/e)) for which X; of Algorithm 1 satisfies |[L(X;) — ||rv < € forall i > T.

Theorem 1 states that, from a S-warm start, the MALA Markov chain generates a sample from 7
with TV error ¢ in O(((n~! + nM)1) "2 log(5/<)) gradient evaluations if U = — log(n) satis-
fies Assumptions 1 and 2 and has M -Lipschitz gradient (Assumption 3). Recall from Section 4.2
that v, is the Cheeger constant of . In particular, when 7 is weakly log-concave with identity
covariance matrix, we have that 1), = Q(d~"/*) by Theorem 7 in Lee and Vempala (2017). If we
also have that the log-density has M -Lipschitz gradient with M = O(1), third-order smoothness
C3 = O(V/d), and fourth-order smoothness Cy = O(d), then MALA can sample with TV accuracy
e in d”/% log(8/c) gradient evaluations given a 3-warm start.
Next, we state our main theorem for the problem of optimizing a function on a subset S C R%:

Theorem 2 (Optimization) Suppose that U : R® — R satisfies Assumptions 1 and 2, and has
M -Lipschitz gradient on R?, and that S C R? satisfies Assumption 4. Choose a step-size 1 <

O(min(C;/gd—l/G,d_l/3,04_1/4) min(1, M~7?)[loglog(1/a)] 1) in Alg. 2. Let n(z) x e V(®@)1g
and let U C S. Then given an initial point which is -warm with respect to T, for any § > 0

4log(§)

azse U4

we have inf{i : X; € Ua} < T with probability at least 1 — 6, where T =
A=s(Gnt 4+ nM)L

Theorem 2 states that, if U satisfies the higher-order smoothness Assumptions 1 and 2, has M-
Lipschitz gradient (Assumption 3), and the constraint set S satisfies Assumption 4, then, roughly
speaking, one can find an approximate minimizer for U on a subset S. More specifically, if U(z)
is R-Lipschitz on S, and we take U/ to be the sublevel set i/ = {z € S : U(x) < einfyes U(y)}

consisting of e-minimizers of U on S and one chooses 7 small enough that A < ¢/R, then Theorem 2
4 log(g) )
A292(S\U)
In Section 5.2 we apply Theorem 2 to obtain improved bounds on the number of gradient evaluations
for a class of non-convex optimization problems for linear classifiers with binary loss (Theorem 4).

says the number of gradient evaluations to obtain a 2e-minimizer of U is bounded by O(

5.2. Applications

Applications to Bayesian regression. In Bayesian regression, one would like to sample from the
target log-density U (0) = Fy(0) — Y__ Vip(0T Xi) + (1 — V;)p(—0" X;), where the data vectors
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X, ... X, € R?%are thought of as independent variables, the binary data )1, . .., Y, € {0,1} are de-
pendent variables, ¢ : R — R is the loss function, and Fj is the Bayesian log-prior. We will assume
that  has its first four derivatives uniformly bounded by 1. Two smooth loss functions of interest
in applications are the (convex) logistic loss function ¢(s) = —log(e™* + 1)~! used in logistic
regression, and the non-convex sigmoid loss function ¢(s) = (¢~% + 1)~! which is more robust to
outliers. We define the incoherence of the data as inc(X1,... X;) 1= max;cpy D5y X" x| We
bound the value of the constant C3 in terms of the incoherence:

Theorem 3 (Empirical function regularity bounds, Th. 2 of Mangoubi and Vishnoi (2018b))
Let U(z) = Fo(z) + 1 Vip(0T &) + (1 — Vi)@p(—0T X;), where  : R — R is a function that
satisfies | " (x)| < 1, and Fy is a quadratic function. Let inc(X1,...,X,) < ® for some ® > 0.
Then Ass. 1 is satisfied with C3 = \/Tv/® and “bad” directions X; = Xi/|| 2,2, and with Cy < r.

The proof of Theorem 3 for the bound on Cj is given in the arXiv version of Mangoubi and Vishnoi
(2018b); see Appendix H for the bound on Cy.

As an example, consider the case when all 7 = ©(d? log(¢/s)) unit vectors are isotropically dis-
tributed, and we have an improper prior, that is, Fy = 0. Since Fy = 0, the target distribution is not
strongly log-concave; it is only weakly log-concave. Suppose that ||6*||2 = O(1). Since the vectors
are isotropically distributed, with probability 1 — § the covariance matrix >, of the distribution 7
satisfies ¢; %Id <Y = cngd for some universal constants ¢, co (see for instance the Matrix Cher-
noff inequality in Tropp (2012) for the upper bound on the eigenvalues, and Lemma 9.4 of Lee et al.
(2019) for the lower bound on the eigenvalues). We can precondition 7 by replacing U (z) with the

log-density U(x) « U( %m) and sampling from the distribution 7(z) < %;

ance matrix of this preconditioned 7 now satisfies c1 Iy < YXr < ¢oly, implying that ¢, = Q(dfl/ )
by Theorem 7 in Lee and Vempala (2017). For this preconditioned U, we have C3 = O(1) and
C4 = O(1), implying that by Theorem 1 we require at most O(d”*v2 log(8/=)) = O(d"/¢ log(8/e))
gradient evaluations to sample with TV error €. In this case we therefore have an improvement on
the previous best bound for the non-strongly logconcave setting,” proved for the ball walk or RWM
Markov chain, which requires O(d?v 2 log(5/<)) = O(d*5 log(8/z)) gradient evaluations (Lee and
Vempala (2017)) (note, however, that this bound for the ball walk holds more generally for any
log-concave distribution with identity covariance matrix). 8

the covari-

Linear classifiers with binary loss. In Awasthi et al. (2015) and Zhang et al. (2017) the authors
study the problem of learning linear classifiers with zero-one loss functions. The goal is to estimate
an unknown parameter #*, from data vectors X1, ... X, € R? thought of as independent variables,
and binary response data )i, ..., ), € {—1,1}. Here (&X;,);) are drawn i.i.d. from some probabil-
ity distribution P. More specifically, the response variable in their model satisfies ); = sign(XiT 0*)
with probability (1+a(¥:))/2 and ); = —sign(X;" 0*) otherwise, where q : R — [0, 1]. Here q is
assumed to satisfy q(z) > qo|a ' 0*| for some qg > 0. Awasthi et al. (2015) and Zhang et al. (2017)
assume the r data vectors are i.i.d. uniformly distributed on the unit sphere, with 7 > d*/(q2¢*).

7. Whenever one bounds the Cheeger constant of 7 (z) o e~Y@  the same bound holds, up to an Q(1) factor, for a
(possibly nonconvex) perturbation 7 (x) o e~ V@@ if the perturbation ¢ : R? — R is uniformly bounded by
some b = ©(1) (Applegate and Kannan, 1991).

8. In this example one must compute the gradients of r = ©(d* log(%)) component functions w((%m)TXi) in order
to compute VU (z). Therefore, it may be possible to improve on our dependence on d by using a stochastic gradient-
based method. However, if one uses a stochastic gradient method, which lacks a Metropolis step, the dependence of
the gradient evaluation bounds on ¢~ would no longer be logarithmic and would instead be polynomial.
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The goal is to find an estimate for * which (approximately) minimizes the following popu-
lation expected loss function: F'(z) := E(,)~pf(z;(a,b)). To find this estimate, Zhang et al.
(2017) employ a stochastic gradient Langevin dynamics method, to obtain an approximate mini-
mizer § such that F(f) — F(6%) < e with probability at least 1 — § in O(4***/=16log(5/s)) in-
ner product evaluations, and O(d"*°/c161og(8/s)) arithmetic operations given a S-warm start, if

o = O(1) °. We instead use Algorithm 2, and show that one can use this algorithm to obtain
an approximate minimizer in O (d25/ o+ e=2/3=410g(8/s) log(1/5)) inner-product evaluations and
0 (d25/6+56_22/3_4 log(8/5) log(1/5)) < 0, (d%2e~ 114 1og(8/5)log(1/5)) operations. This improves
on the dependence of the previous best bound on d and &, at the expense of a log(1/s) factor.

To obtain their result, Zhang et al. (2017) attempt to find an approximate minimizer for the zero-
one empirical risk function f(z) := >_._, (x; (X;,))). Although this empirical function is not
smooth, they use a stochastic gradient which acts as a smoothing operator, and they then use SGLD
to find an approximate minimizer for the smoothed empirical function.

In our approach we instead obtain a smoothed version of F' by approximating the zero-one
loss with a very steep logistic loss, and show that minimizing this smoothed function gives an
approximate minimizer for the zero-one population loss function f(x) := 1/7»27;:1@ (Az; (X5, Vi)
for some scaling constant A > 0, where £(a; (s, b)) := bp(0 " a) — (1 — b)p(—0" a).

Towards this end, we consider the problem of optimizing the function F(z) := F'(z/)) on the set
S := T'?A|B\1/2B], where B is the unit ball. To find an approximate global minimizer of F, we
run the MALA chain with stationary distribution o< e~V (®), where U (z) := T~ f(«/(d"/*))) at the

3
inverse temperature T ! =cad? /(q0e2), with \ = 100vd /(T log(T)). We show the following bound on
the number of gradient evaluations required to find an &- approx1mate global minimizer for F:

Theorem 4 (Zero-one loss minimization) Suppose that ¢ < 1/10. Let U(z) := T~ f(2/(a"*x)).
Then for any 6 > 0 with probability at least 1 — § Algorithm 2 generates a point T* such that
F(2*) —infyes F(z) <einI = ON(d%/Gq(l)l/sa‘_m/3 log(1/s) log(8/s)) evaluations of U and VU.

6. Technical overview

6.1. Proof for sampling

To prove Theorem 1, we use the conductance approach (see Vempala (2005) for a survey): We first
bound the chain’s conductance in terms of the Cheeger constant, then bound its mixing time in terms
of its conductance.

Bounding the conductance. To bound the conductance, we can use a result from Lee and Vem-
pala (2018) (reproduced here as Lemma 7) which says that if for any x, y with ||z — y||2 < A we
have | K (z,-) — K(y,-)|[Tv < 0.97, then the Markov chain with transition kernel K has conduc-
tance U = Q(A,). The bulk of our proof involves showing that if K is the transition kernel of
MALA with step size roughly

< O(min(Cy P*d=Ye,d="/*,C;y /*) min(1, M~"2)[log log(1/a)] 1),

then || K (z,-) — K(y,-)||rv < 0.97 whenever ||z — y[2 < A, for A = 1L (3~ + 1nM)~!

9. Each inner product takes d arithmetic operations to perform.

10
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There are two steps in showing the conditions of Lemma 7 hold: We first show that if 7 is small
enough that the acceptance probability is at least 0.99, then || K (x, -) — K (y, -)||Tv < 0.97 whenever
|z —yll2 < Afor A = 555(3n~' + 3nM)~! (Lemma 12). We then show that, for our choice of 7,
MALA’s proposals have a 0.99 acceptance probability whenever the position X;, and velocity V;,

stay inside a certain “good set” GG containing most of the probability measure o 7 (z) X e llvl®,

Bounding the acceptance probability using Hamiltonian dynamics. To bound the acceptance
probability, we consider each step of the MALA Markov chain as an approximation to a particle
trajectory in classical mechanics. Each proposed step )AQ-H of the MALA chain approximates the
trajectory of a particle with initial position X; and initial velocity V;. The total energy of this particle
is H(z,v) := U(x)+K(v), where U(x) is the “potential energy” of the particle and /C(v) = 1/2||v||?
is its “kinetic energy”. The Hamiltonian is conserved for the continuous dynamics of this particle.

Recall that each step in MALA can be thought of as originating from one iteration of the leapfrog
integrator, which approximates the position and velocity of this particle after time 7,

Xip1= X, + nV; —*2VU(X;), (3)
‘A/;lJrl: v — UVU(Xl) _ %n2 VU(XiJrl?)Y—VU(Xi) ~V;— UVU(Xz) _ %UQVZU(Xz)Vz

The algorithm accepts the proposed step X¢+1 with probability min(eH(XiH’V;H)_H(XiM), 1). The
velocity component Vi+1 is discarded after the accept-reject step and serves only to compute the ac-
ceptance probability. To bound the acceptance probability e(Xi+1:Vit1)=H(Xi.Vi) we would like to
bound the error H(XHL VZ) — H(X;,V;) in the energy conservation for one step of the leapfrog
integrator. To do so, we use the fact that the continuous Hamiltonian dynamics conserves the Hamil-
tonian H exactly. Let £, ¥ be the position and velocity of the particle with continuous Hamiltonian

dynamics after time 7). That is, (&,0) = (gy, py) are the solutions to Hamilton’s equations

% = pq and % = —VU(q),
evaluated at ¢t = 7, with initial conditions (qo, po) = (Xj, V). Since Hamilton’s equations conserve
the Hamiltonian, we have H(X; 11, Vi) — H(X;, Vi) = H(Xi11, Vi) — H (&, D).

To bound H(X'Hl, V,) — H(&,0), we separately bound the error )A(H_l — X; in the position
and the error V; — ¥ in the velocity. To get tight bounds on these terms, we cannot simply bound
their Euclidean norms, since the error in the Hamiltonian H(Xi+1, YZ) is much larger when the
position and momentum errors point in the worst-case direction where the Hamiltonian changes

most quickly, than in a typical random direction (worst-case direction is roughly VU (X;;1) for
position error and V; for momentum, since the Hamiltonian’s gradient is

VH(Xis1, Vi) = [VU(Xit1); Vi]).

Bounding the kinetic energy error. We start by describing how to bound the kinetic energy error,
since that is the most difficult task (Lemma 17). Since VK (0) = v, we have

K(5) = K(Vis )|~ |(Vigs — 0)TVE(D)] = |(Vigs — 0) T4 @)
~ U(;7 f(f Vz‘T[VQU(Xi) — V2U(X; + Vir)|Vidrdr

)

where the last step is due to our approximation for ‘Z;+1 in terms of the Hessian-vector product

V2U(X;)V;, and the fact that ‘fg;f = V2U(q) ~ V2U(X; + V;t) (Equation (3)).

11
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Next, we bound the quantity in the integrand:

VT [V2U(Xy) = VPU(X; + Vir) Vil )
= |TV3U Xi) Vi, Vi, Vil + 7 [§ V3U(X; + sVi) Vi, Vi, Vi] — V3U (X)) [V;, Vi, Vil ds|
~ |TV3U(XZ>[‘/M ‘/:h ‘/;,] + 72V4U<Xi)[v;7 ‘/iv ‘/Z'a ‘/ZH
< 7C3|IXT V|3 X Vil2 + 72 Cal X T Vi[5

where the inequality holds by Assumption 1. Combining Inequalitites (4) and (5), we have

K(5) — K(Vis1)| < 0*Cs|XT V|2 IXT Vill2 + n* Cu I XT Vi 2. (6)

We show that the Kinetic energy error is O(1) as long as the Markov chain X; and the velocity
variable Vj stay inside the “good set” G. Roughly, we define G to be the subset of R?? where

IXTVilloo < O(log($), [IVill2 < O(Vdlog(})), and | X; — 2*[|2 < O(¥f log(})). Thus, when-

ever (X;,V;) are in the good set, the first term on the right-hand side of Inequality (6) is O(1) if
roughly n < O(Cy V3 =Y pp=e log™!(4/s)). The second term is O(1) if n < O(C,, 1/4)

Bounding the potential energy error. To bound the potential energy error (Lemma 16), we ob-
serve that X; 1 — & ~ f(;7 fg VU(q,) — VU(X;)d7dt and hence that

UKi)-U@) |f§ J3IVU(ar) = VU (X0)] VU (X;)drdt|
~ ‘fo JIVU(X; +7Vi) = VU(X))] T VU(X; drdt’% [ [V2U (Xi)nVi] T VU (X5)|
< |n*M?|| X201,

for some g; ~ N(0,1). Hence, if we choose n < ds min(1, M_%) log(%) the potential energy
error is O(1) with probability at least 1 — 6.

Bounding the probability of escaping the “good set”. Finally, we show that, since our Markov
chain is given a warm start, and 7 has exponential tails, the Markov chain X; stays inside the good
set G with probability at least 1 — ¢ (Lemmas 11 and 15).

6.2. Proof for optimization

The proof for optimization is similar to the proof for sampling, except that we bound the restricted
Cheeger constant and restricted conductance, in place of the usual Cheeger constant and conduc-
tance. We then apply a result from Zhang et al. (2017) (reproduced here as Lemma 10) to bound the
hitting time to the set ¢/ as a function of the restricted conductance W (S\U/).

The acceptance probability is bounded in the same way as in the proof for sampling, using
the same choice of step size n. The main difference is that we prove an analogue of Lemma 7
which allows us to bound the restricted conductance in terms of the restricted Cheeger constant.
Specifically we show that if for any z,y € S with ||z — y[|2 < A we have || K (z, ) — K(y,")[ITv <
0.99, then the restricted conductance of our Markov chain is W (V) = (A@ZJW(VA)) (Lemma 8).
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Appendix A. Defining the ‘“‘good set”” and warm start.
Definition 5 (8 > 0) We say that Xy ~ pg is a B-warm start if

s () =2

In this case, there exists an event F with w(E) > % such that o = 7| E.
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Definition 6 For a > /2, R > 0, define the “good set” G as follows:

3 R
G =< (z,0) e Res.t. X pi(z,0)]|oo < aforte[0,T], z,0) — 2o < —=——, ||v <R}.
{0 € RYst IXT(o o)l < afort € 071 o) — a7l < S5 ol <

We set the step size as follows:

2 — 1

_1 1
n<O (min (03 SR_%,R_E,CZL 4) min(M ™2, l)a_1> ,
where o > 0 will be fixed later in Section F.

Appendix B. Bounding conductance in terms of Cheeger constants
We recall the following bound for the conductance:

Lemma 7 (Lemma 13 in Lee and Vempala (2018)) Let X be a time-reversible Markov chain
with transition kernel K and stationary distribution w. Suppose that for any x,y with ||z —ylj2 < A
we have || K (x,-) — K(y,-)||tv < 0.9. Then the conductance of X is ¥ = Q(A)y).

Next, we show a related bound on the restricted conductance:

Lemma 8 (Restricted conductance) Let 7 be a probability distribution on S C RY let V C S,
and let X be a time-reversible Markov chain with transition Kernel K and stationary distribution
. Suppose that for any x,y € S with ||z — y|l2 < A we have || K (z,-) — K(y,-)|ITv < 0.99. Then
the restricted conductance of X is U (V) = QA (Va)).

Proof Let p, = K(z,-) be the transition distribution at z. For any S C S, let

SW = {z € 8:py(S\S) < 0.05},
S = {z €S\S: pa(S) < 0.05},
SB3) — 5\(5(1) U 5(2))_

Then the Euclidean distance between S and Ss is at least A.
Without loss of generality, we may assume that 7(S7) > %7‘((5 ), since otherwise we would have
J p2(S\S)dm(z) = Q(1), implying a conductance of (1).
7(5@) > w(SY) = 7(SW) > A x i (Va) x w(5M).

‘We can now bound the restricted conductance:

Reversibility } (z
/S pa(S\S)dr(r) "I ( /S po(S\S)dn(x) + /

S\S

px(S)dW($)>

1
> 1 / 0.05d7(x)
2 Js»

= 0.0257(S®)
> 0.025A x r(Va) x 7(SD)
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> 0.0125A X 1 (Va) x 7(S).

Hence, we have

i (5) = ot 1S

> 0.0125A X b (Va).

Appendix C. Bounding the mixing and hitting times as a function of conductance

Lemma 9 (Theorem 1.4 in Lovasz and Simonovits (1993)) Let X be a Markov chain with tran-
sition kernel K and stationary distribution 7 and initial distribution 1ig. Suppose that X is given a
B-warm start (that is, pio(x) < B (x) for every x € R%). Then for any é > 0 we have

1 )
[1£(X;) = mllrv < €+ \/g (1 - 4\11%() Vi € N.

Lemma 10 (Lemma 11 in Zhang et al. (2017)) Let X be a time-reversible lazy Markov chain on
S C R? with stationary distribution  with initial distribution . Let U C S. Suppose that X is
given a B-warm start on S\U (that is, po(z) < pm(x) for every x € S\U). Then for any § > 0, the
hitting time of X to the set U is

4 log(%)

inf{i: X; eU} < —02
3 (S\U)

with probability at least 1 — 9.

Appendix D. Exit probability from good set

_16a2-1 R2_d

Lemma 1l Letz ~ w v ~ N(0,1;). Then P((z,v) € G) > 1 — Nre~ s —e s —
a _R
Ne Vaviai, where N = 50[(R + 1)Mzn).

Proof
LetZ := {#,24,...,N£}, where N = [RM%TH. Then pi(x,v) ~ N(0,1;) forall t € 7.
Therefore by the Hanson-wright inequality we have that

2
~

P(IX pe(,v)lloo <7) <re " fory > V2,

and hence that

P(max X pe(e,v)o <7) < Nre™s fory > V2. @)
€
By the Hanson-Wright inequality,
_g-a
Plljv]| > ¢ <e” s for £ > v2d.
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Suppose that ||g;(z,v) — 2*||2 < \/% for all t € Z (by Assumption 2, this occurs with probability

a _R
atleast 1 — Ne Vd VM),
Then H(z,v) = U(z)+ 3 ||v||3 < pi*M||z —z*||3+ 3R < 11R?. Thus, [|p;(z,v)|2 < V22R
for all t € R. Thus,

i R
— — <2—— R.
lae,0) =o'l € <+ TVBRS 2 Wie

R?_d a
Therefore, by the conservation of the Hamiltonian, with probability atleast 1—e™ 8 —Ne ~Va ,

for all t € R we have ||¢;(,v) — 2*|s < 22, and hence that | VU () ||z < 2M &

ﬁ\w

. VM’ VM’
Thus, since Hpt++ —pille < IVU(qr)]|2 >< < 2MW
M2+2d

we have

2_
P( m[ax IXTpe(z,0)|loo <7 +2) < Nre~ = for v > /2. (8)
telo

_16a2-1 _R%2-4 _a R
Thus, P((z,v) € G) >1—Nre~ " s —e 8 —e Vavum,

Appendix E. Conductance bounds

Let a,, : R? — [0,1], and let a, = E,~ N(0, I )[a,,]. Let Vo,Vi,... ~ N(0,1;) iid. and
consider the following Markov chain:

~ {Zi +nV; — 37*VU(Z;) with probability az, v,
i+l =

Z; otherwise,

and let K7 denote the probability transition Kernel of Z. Let p, be the probability distribution of
the next point in this Markov chain given that the current point is z € R?, that is, p, = Kz(z, -).

Lemma 12 Suppose that for some 1 > 0 and z,y € R* we have a,, ay > 0.99 and ||z — yll2 <
1,—1

5 (3071 + SnM) 7L Then we have | pr — pyllTv < 1a5-

Proof
For any z € R?, let v, := 2z + nv — %nQVU(:r) where v ~ N (0, I).
Then v, ~ N(z — $7*VU(2),n*14).
Therefore, by Theorem 1.3 in Devroye et al. (2018), we have

|z =y — $n*(VU(z) — VU (¥))ll2
- <
1£(72) = L(v)llTv < o
< |z —yll2 + 37?VU (z) — VU (y)]|2
< o
IIfU —yll2 + 37° M|z — yl|2
2n

17



NONCONVEX MALA

1, 1
— \= - - .
(Gn~ + gnMllz —yll2

Hence, since ||z — yll2 < 155(3n~ " + 37M) ", we have

1
— < —.
1£6) = £ow)lry < 15

Thus, since a,, a, > 0.99, we have

2 3

1
.= <<
oz = pullrv = 355+ 156 < 100

Lemma 13 Ler w be the distribution 7(x) e"U@) Suppose that for some 1 > 0 and any

z,y € R? the acceptance probability from both = and vy is a, ay > 0.97. Then the conductance
\IJKZ is Q((%Ufl + inM)ilwW)-

Proof This follows by applying Lemma 12 to Lemma 7. |

Now consider the Markov chain Z defined by the recursion

. Zi+nV;— 42VU(Z;)  with probability
Zit1 =1 4 :
Z; otherwise,
5 Z;  ifZ;esS
Zit1 =1 4 _
Z; otherwise.

and let K'5 denote the probability transition Kernel of Z.

Lemma 14 Let 7 be the distribution 7t(x) oc e=V(*) x 1s(x). Suppose that for some 1 > 0 and
any z,y € R that a,,a, > 0.99. Let v ~ N(0, 1), and suppose that x + nv — %nQVU(:r) €S
with probability at least 11 Then for any subset V' C S, the restricted conductance is U Kz(V) =
Q(AYR(VA)), where A = k(30 + inan)

Proof First, we note that for vy, vy ~ N (0, I;) we have x +nuv; — %n2VU(x) € S with probability
at least 1—10 and y + nva — %nQVU (y) € S with probability at least %

By Lemma 12, we have ||p, — py|lTv < 155 whenever ||z —yl2 < A, where A = {35(3n71 +
3nM)~. Hence, whenever ||z — y||2 < A we have

7

lpe — pyllTv) <1 — — < 0.99.

1K) = Kl <1 (5 - o<

10

Thus by Lemma 8, we have that for any subset V' C S, the restricted conductance is U KZ(V) =
Q(AY(Va)). u
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Lemma 15 Consider any Markov chain Z on R% and denote by K (-, -) its transition kernel, and
by m its stationary distribution. Suppose that K satisfies the detailed balance equations, that is,

7(x)K (z,y) = m(y) K (y, x) for all z,y € RY. Then for every k € Z*,
sup (Nk(A)> <8

AcRd r(A)20 \ T(A)

Proof
We will prove this by induction. Suppose (towards an induction) that for some k € Z* we have

’;’“((yy)) <B  VyeR%st m(y)#0. )

Since we have a S-warm start, Inequality (9) is satisfied for £ = 0. Now we will show that if our
inductive assumption (9) is satisfied for some k € Z*, it is also satisfied for k& + 1.
The proof follows from the fact that the Markov chain satisfies the detailed balance equations:

m(x)K(z,y) = m(y)K(y, x) Vz,y € RY. (10)

Then
B0 [ K(z,y)

i (y)dy i (y)dy

m(z) re 7(Y)

sl _ [ Kl
)  Jpa
[ Kewsay=p [ Ky =5

Bl

Appendix F. Proof of main theorem for sampling

Proof [Proof of Theorem 1]

Without loss of generality, we may assume that U has a global minimizer z* at * = 0 (since
we assume that the initial point X has a S-warm start with respect to U but do not assume anything
about the location of X with respect to the origin).

SetZ = 10%((n~" +nL)y)~ log(g).

Choose o = log(IBTN) and R = v/dlog(% max(1, %)), where N = (RM%vﬂ.

By Lemmas 11 and 15, we have that,

16021 _R%2-4

a R
P(X;,V;) eGV0<i<I—-1)>1-ZxfBx[Nre s —e 8 —e Vivi|>1—¢.

Therefore, by Lemmas 16 and 17 with probability at least 1 — £, the acceptance probability is
min(1, eH(Xi’Vi)_H(X“Vi)) > e~ > 0.8
Let i* = min{7 : (X;,V;) ¢ G}. Then with probability at least 1 —Z x = = 1 — ¢, we have that

T < i*. Consider the toy Markov chain X, where

xT =

X, ifi<i*
Y; if i > i*,
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and where Y7,Ys ... ~ 7 are i.i.d. and independent of Xy, ..., X;»_1. Denote the transition kernel
of XT by KT,
Then by Lemma 13 we have that the conductance ¥ 1 of the X T chainis Q((3n~'+3nL) ~1¢,).
Then by Theorem 11 in Lee and Vempala (2018), we have

1 1 ‘
Hﬁ(Xj) — 7THTV <e+ gﬁ (1 — 2\Ili(f) .

Hence,

le(x)) = nlov <26 Vi>Q <\1;K2T 1Og(§)) '

Therefore, since with probability at least 1 — € we have X; = X ZT , it must be that

|1L(Xz) —7|rv < 3e.

F.1. Bounding the potential energy error

For every t > 0, define

N 1
Gt := qo + tpo — §t2VU(QO)

) 1
e :=po — tVU (qo) — §t2V2U(qO)po-

Lemma 16 (Potential energy error) If (X;,V;) € G, then with probability at least 1 — = we have
U(X,) - U(X)] < 5.

Proof First, we note that
t r
qt+ = qo + tp() — / / VU(qT)der
o Jo
1 t r
= qo + tpog — [2t2VU(qo) + / / VU(q;) — VU (qp)drdr| ,
o Jo
1
d: = qo + tpo — 51tQVU(qo) vt > 0.

Thus,

1
Ulq)-Uldr) = /O (60 — @) VU (s(qe — ) + do)ds

1 1
- /0 (¢ — @) VU (qo)ds + /0 (6 — @) VU (s(ar — d) + @) — VU (go)]ds
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_ </Ot /0 VU(qs) VU(qO)der)T VU (q0)
T

+ /01 (/Ot /0 VU(gr) — VU(qo)d7'> [VU(s(q: — G:) + G¢) — VU (qo)]ds

— _/Ot /0 VU (g:) — VU(q0)] ' VU (qo) drdr
(1

1 st pr
+/0 /0/0 [VU(qT)—VU(qO)]T[VU((;(Qt—dt)+ét)—VU(qa)]derds.

We start by bounding term (1):

(D] = [YU(0) " [VUar) = VU ()]

VU (q0)" [VzU(qo)Tpg +7 /OT (V2U(qs) — VQU(qo)) pods]

< TM|VU(q0)lllg1] + 72 VU (g0)]|2 * T Sup Ipsll2 < C3llgll2
SSST

< 7M?|qoll2lgr| + T*Mlgoll2 x T sup [|psll2 x Cs[lg]lo-
0<s<t

for some g ~ N(0, I4), since the random vector pg is probabilistically independent of the row-
vector VU (qo) " V2U (qo).
Next, we bound term (2):
(2)] = [VU(47) = VU (90)] " VU (s(q — @) + G) = VU (0)]
= [VU(4r) = VU(90)] "[(VU (@) — VU (0))
+ (VU (s(qe — @) + @) — VU(qr))]
< Mllge — qoll x M(llge — qoll + llge — Gell)

t
< Ml — qol x M (nqt ol + /0 VU (ar) — VU(CIO)HdT)
< Mg — qoll x M (nqt ~all ¢ sup [VUGar) - quo)rr)

< Mt sup |pr]| x M (t sup ||p-|| + Mt? sup ||pT||>
0<r<t 0<r<t 0<r<t

Therefore,

U (g) = U(Gr)] < M| qoll2lgr] + Mol 2 * T Sup Ipsll2 < Callgll2
SSST

#001 sup ool 3 (1 sup Ll + M2 sup [r])
0<r<t 0<r<t 0<r<t

1
< —.
— 100
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with probability at least 1 — = whenever (qo, po) € G. [ ]

F.2. Bounding the kinetic energy error

Lemma 17 (Kinetic energy error) If (X;,V;) € G, then with probability at least 1 — = we have
3113 = 2 1X613] < 16

Proof Recall that K(p) := £||p||3 denotes the kinetic energy. Then
1
o) = (i) = [ (o0 = 1) VK (slor = ) + ) (an
0
1
= /0 (e — be) " (s(pe — ) + Pr)ds
1
= (pt — Pr) " P +/0 sllpe — pl|*ds
T, L R
= (pr —Pr) "o+ §Hpt — Pl
1 .
= (p = [p = tVU(q0) = 5t*V?Ulg0)po)) " 1
} 2 VU(4t) — VU (qo)

1 99 7. 1 2
¢ — o2V ~lpe —
+[2 ; 5 (qo)po] ' Dt + 2”pt D]

= (pt — [po —tVU(qo) — %tQVZU(QO)pO])T[PO —tVU(qo) — %tQVQU(qO)Po]

1 1 ,VU(G) — VU 1
= (P = [P0 — VU (q0) = 5t*V*U a0)po]) " [51° () . @) _ 5tV?U (q0)po]
1,VU(§) — VU 1 1 )
+ [P T =SUD) 2 2207 g+ e = il

= (/0 /OT[V2U(QO) — VQU(qT)]podrdr)T[pO —tVU(q0) — %t2V2U(q0)p0]

1 1 ,VU(¢q)— VU 1
— (pt — [po — tVU(qo0) — §t2V2U(qO)p0])T[§t2 (%) ; @) _ §t2V2U(QO)p0]
1 ,VU(¢q)— VU 1 .1 ;
+ [§t2 (Qt) . (QO) o §t2v2U(QO)pU]Tpt + §||pt _ ptHQ

t r T
:(Z;A[V%“%)—V%N%%ﬂmﬂWMHh> mr%VUWM—%ﬁv%K%md

- (/0 /OT[(VQU(QT) — V2U(qo + por))|podrdr) " [po — tVU (qo) — %t2V2U(q0)p0]

1 1 ,VU(g)— VU 1
~ (e~ Ipo ~ 19U 0) — 12V qolpol) T3 L= VO ooy gy
1 ,VU(g:)— VU 1 .1 R
+ [5752 () 7 @) _ §t2V2U(QO)pO]TPt + §||pt - pel?

t r
:/0 /0 po [V2U (q0) — VU (qo + poT)]po drdr
4)
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-
t r 1
+ /0 /0 [VQU(qO) — VU (qo + por)|podrdr | [—tVU(q) — itQVQU(qo)po]
(5a) (5b)

—( / / ' [V2U(g;) — V2U(qo + po7)]po drdr) " [po — tVU (go) — %tQVQU(QO)PO]
0 0

(6a) 0
1 1 ,VU(§) — VU 1
— (pt — [po — tVU(qo) — §t2v2U(q0)p0])T [§t2 (G¢) : (q0) !
(7a) (7b)
1752 VU (G:) — VU (qo)
2 t

+1

1 .1 .
— §t2V2U(qO)p0]TPt + §||pt — el

®) ©)
We now bound (1)-(9)

1. We start by bounding term (4):

[(4)] = |pg [V2U (q0) — V*U (g0 + Tp0)]po|
= |7V3U(q0)[po, po; po] + T/ V32U (o + spo)[po, po, po] — VU (90) [po, po, polds
0

< 7IV3U (q0)[po: po, pol| + T Egtimit((g0,q0+sp0]) | VU (40) [P0 Po, po, Dol
< 7C3]1X " pol|Z. X poll2 + T2 Cul I X pol|,,

where Unif([qo, go + spo]) is the uniform distribution on the line segment connecting gy and
qo + spo.

2. Next, we bound term (5a). For any v € R? we have
[0 (5a)| = |2"[V*U(g0) — V*U(go + po7)]pol = | /OT V3U (g0 + pos) [po, po, v]ds|
< [ 190 o+ sl ollds < 7ol ol
3. Next, we bound term (5b)

1
1GB)ll2 = VU (q0) 12 + 5£*1V*U (q0)poll 2

1
< tM||qoll2 + 5752MHP0||2‘

4. Next, we bound term (6a). First, observe that

lar — (g0 + po)rll2 < | / / VU(g)drdslls < M sup gl (12)
0 0

s€|0,7
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For any v € R? we have
[0 (6a)| = [T [V2U (gr) — V*Ulgo + poT)]pol
= /01 VAU ((1 — 8)g- + s(qo + poT))[po, po, v]ds
< Csllar — (g0 + po)7[l2lIX " poll3 1X T vl
Eq. 12

< C3m*M sup ||gsll2 x [|X pollZ||v]l2-
s€[0,7]

5. Next, we bound term (6b)

1
X9 = X7l = 190 an) — 59 ol

1
< lpoll2 + tllqol|2M + §t2M|\p0||2-

2

6. Next, we bound term (7a). By the proof of Lemma 9.1 in the arXiv version of Mangoubi and
Vishnoi (2018c), we have

mas ([[(7a)la. (7)1, V/(9)) < 5

Cs sup X" pel|%, + (M)* sup Hthz] , (13)
te[0,n] te[0,n]

and finally, that [|p¢]|2 < [|(6b)l2 + [I(7b)]l2 < llpoll2 + tllqoll2M + 5> M |[poll2 + || (7b)]|2-

7. Next, we bound term (8)

First, we note that

1o VU (q0 + tpo — 5t*VU(q0)) — VU (q0)

B¢ — poll2 = ||tVU (qo) — B 7 (14)

1 1
< t[[VU(qo)ll2 + 5752M||p0 — §tVU(QO)\|2
1 1
< t[|[VU(qo)ll2 + 5752M||P0H2 + 5753M\|VU(Q0)H2
1
<2t|VU(qo)ll2 + §t2M||poH2

1
< 2tM||qol|2 + 5t?MHpon-

Hence,

R T
(8) = BtZVU(Qt) ; VU(q) ;t2V2U(qo)po] b

. 1 n

= [Qt(VU@O +tpo) — VU(q0)) — QtZVQU(qom)] b
1 T
+5tVU (g0 + tpo) — VU ()] pr
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1 1 !
= [Qt(VU(QO +tpo) — VU(q0)) — 2t2v2U(QO>PO] Po

1 1 T

+ |5HVU a0+ tm) = YU (@) - 389U o] 1= )
1 .

+ §t[VU(CI0 +tpo) — VU ()] po
1 . R

+ 5t VU (g0 + tpo) = VU (@)]" (Br = po)

1 2 ! 3
=5t ; V2U(qo + spo)[po, po, po]ds

1 t .
+ 2t2/ V23U (g0 + spo)[po, po, Pt — polds
0

1 1
+ 5tVU (0 + tpo) = VU (qo + tpo — itZVU(qo))]Tpo

N %t[VU(qO +tpo) — VU (6)] T (pe — po)

1

1 .
< ~3C3]1X " pol|oopoll2 + 6t303||XTp0||Zo||pt — poll2

=N

1t 1 !
s 5t [ AT+t - s32TU @]
0

+ %t[VU(qo +tpo) — VU(@)] " (B¢ — po)

1

1 R
< —£2C3)IX " po | 21X " poll2 + 6t303|’XTp0||go||pt — poll2

(=N

1 1
+ 4t3/ pOTVQU(qO) x VU (qp)ds
0

1 ! 1
+ 4t3/ Py [V2U(QO +tpo = 55t°VU(q0)) = V*U(q0) | x VU (q0)ds
0

N %t[VU(qO +tpo) — VU (6)] T (pe — po)

1 1 .
< 6t303\|XTpo|\go”P0||2 + 6t303||XTp0||Zo||pt —poll2
1
+ 1753M||VU((10)||2|9|
1 1
+ 51 CslX polloc (Hx%ponoo + HZtZVU(QO)Hz) VU ()12
1 Lo .
+ 5t x ”575 VU (qo)|l2M % ||pr — pol|2
Eq. 14 | 1 1
< 6t303||XTp0||go||poH2 + 6t303\|XT290H20 x (2tM||qoll2 + §t2MHp0||2)
1
+ 1t3M2HQOH x |9

1 1
+ 1ECX ol (IX 0l + 52 M ol ) Ml
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11 1
+ 5t X itzllquzMz x (2tM||qoll2 + §t2MHP0||2)
1
< TN
— 100

with probability at least 1 — =, whenever (qo, po) € G, where g ~ N (0, 1). The last inequality
holds because of our choice of 77 and by the Hanson-Wright inequality.

Combining terms. We now combine our bounds for the individual terms to bound the error in the

Kinetic energy:
) 1 1
Kpe) = K(pr) < G ClIX polSllpolla + gt Call X pollS
1 1
+PCIX Tl x (Ml + 50l

1 1
+—Cst*M sup [lgsll2 x X poll% ( X polleo + tllqoll2M + =M |[pol|2
6 s€[0,7] 2

2

5(1
+ (5t |Cs sup X pell% + (M) sup lgell2

2\3 t€[0,n] t€[0,n]

s T, 112 2 Lo 1
+ 50 |G sup [XTpule + (M) sup llarll2| x| lIpollz + tllaollzM + 522M lpollz | + 555

t€(0,1] t€[0,n]
2

< P
— 100

with probability at least 1 — =, whenever (o, po) € G.

Appendix G. Proof of main theorem for optimization
Proof [Proof of Theorem 2]
Without loss of generality, we may assume that U has a global minimizer z* at z* = 0 (see

comment at the beginning of the proof of Theorem 1).
We define the following lazy Markov chain X:
Let V1,Va...~ N(0, 1), and let Xy = Xj. For every 1, let

~ 1 -

Xip1=X; +nV; — 5772VU(X1‘),

B EHQVU(XZ-H) — VU(X;)
2

)

Vz‘+1 =V;- UVU(Xi)

(1’ 67—[()21,‘72)*7{()(17‘/1))

P X with probability min
e X; otherwise,

Z- _ Zz+1 if ZiJrl €S
o X; otherwise,

T Ziv1 with probability 1
e X; otherwise.
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Note that this Markov chain is lazy and satisfies the detailed balance equations for its stationary

distribution () oc e~V @)1s(@),
B 410g(§)
S = s

Choose o = log(I’BTN) and R = v/dlog(3 max(1, %)) where N = [RM%M.
By Lemma 15, we have that

16021 R2-d _

P(X;,V;) eGVO0<i<I—1)>1-IxfBx[Nre 5§ —e 5 —e

_R_
avai] > 1 - 4.

S

Therefore, by Lemmas 16 and 17 with probability at least 1 — %, the acceptance probability is
min(1, eH(Xi’Vi)*H(X"’m) >e 19> 0.99.

Let i* = min{i : (X;,V;) ¢ G}. Then with probability at least 1 — Z x % = 1 — ¢, we have that
Z < i*. Consider the toy Markov chain X, where

%t = X, ifi<idt
Y; ifi>i,

where Y7,Y5 ... ~ 7 are i.i.d. and each Y; is independent of X'O, ... ,)N(i,l. Denote the transition
kernel of Xt by K.

Then by Lemma 14 we have that the restricted conductance ¥ #+(S\[Ua])) of the X1 chain is
Q(AYR(S\U)), where A = (L (Ln~! + Inan) .

Thus, by Lemma 10, we have:

inf{i: X' cu —
B e TGN

Hence,

4log(2)

e 7
inf{i: X/ eUn} < m

Therefore, since with probability at least 1 — & we have X; = X : , it must be that

4log(§)

infl{i: X; eUpl < — 287
{ ALS s

15)

with probability at least 1 — 24.

Since X is the lazy version of the Markov chain X, and both chains start at the same initial
point, inequality (15) implies that
4log (8
inf{i: X; elUn} < AL%),
A2 (S\U)

with probability at least 1 — 24.
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Appendix H. Proof of Theorem 3

Proof The proof of this theorem for C'3 for general loss functions ¢ is identical to the proof of
Theorem 2 of Mangoubi and Vishnoi (2018b), which was stated for the special case where ¢ is the
logistic loss function.

To bound C}4, we note that

VAU @)y wyuyu)] < Y0 [FW T 2)] % XTult <01 (XT3 = rlIX Tl
i=1 i=1

Appendix I. Proof of Theorem 4

Without loss of generality, we may assume that U has a global minimizer x* at x* = 0 (see comment
at the beginning of the proof of Theorem 1).
Let B = {x € R%: ||z|2 < 1} be the unit ball.

vio

Lemma 18 Letr v > 0 and suppose that \ > wog‘(/l%. Then we have

f@)— fa)| <2 Vae B\%B.

Proof From Lemma 8 in Zhang et al. (2017), we have that I is 6-Lipschitz on S = B\%B . Let z
be a point uniformly distributed on the unit sphere 0B.
Then for any unit vector u, we have P(ju'z| <

100Vd
vlog(v)
Therefore,

| 4

10v/d

v

, we have that 1 — ¢(As) < v whenever s > TG

) < v. Moreover, since we chose A\ >

BIIF(2) — F(2)] = I EI: (X, 9) — (2 (%, 90)]

<P((|lXz] <
< P((]&; |—10\/3

)+v
< 2v.

Fix some oy € [0, Z]. For the rest of Appendix I, let S = B\(1 B) where B is the unit ball, and

let
T
U= {:p €s: <”33H’9*> > Cos(ozo)}.

We restate Lemma 8 and 9 in Zhang et al. (2017) for convenience:

Lemma 19 (Lemma 9 in Zhang et al. (2017)) There is a universal constant ci such that for in-
3 ~ —
verse temperature T 1 > %, the restricted Cheeger constant hz(S\U) of & x e~ F@14(x)

is at least 1;(S\U) > d.

28



NONCONVEX MALA

Lemma 20 (Lemma 8 in Zhang et al. (2017)) F is 3-Lipschitz on
For any v,d > 0 if the sample size r satisfies r > V%polylog(d
least 1 — & we have supgay oy | f(z) — F(z)| < v.

B\;B.

53
4
% %) then with probability at

Proof The proof follows directly from Lemma 8 in Zhang et al. (2017), since f(z) = f (H’é—”) and
F(z) = F () for all z € R)\{0}. u

We can now prove Theorem 4:
Proof [Proof of Theorem 4.]

Bounding the derivatives of the objective function.

First, we bound the derivatives of f. By the Hanson-wright inequality, there is a universal
constant ¢ > 1 such that |X," ;| < \C[ log (%5 ) forevery i, j € [r] with probability at least 1 —¢ (for
convenience, we will use the same universal constant throughout the proof). Hence, with probability
at least 1 — 0, the incoherence ® satisfies

® := max XTX < c—
ielr] 4 Z' | Vd

Thus, by Theorem 3 we have that Assumption 1 is satisfied with constants
Cy=di x 21T V/rVd <di x T rd 5 =d>T ', and Cy = di x T2r = dT 1.

Moreover, we have V2U(z) < 1577 | Tﬁld_%XiXiT for all z € R%. Hence, by the Matrix
Chernoff inequality (Tropp, 2012), we have Apax(V2U(z)) < d_%)\max(% STt <
a2 log($)37! = log(g)di%T_l for all # € R? with probability at least 1 — 6. Hence, we can set
M = log(%)di%T_l = log(%)q(}#@l@lo) with probability at least 1 — 6.

Bounding the magnitude of the gradient. Since F' is continuous and uniformly bounded on
S, and F(x) = (H”’—”) for all z # 0, we have that F" attains a global minimum z7 on S. Without
loss of generality we may assume that ||27}||2 = 3d4 so that B(xF, 1d%) cSs.

Suppose (towards a contradiction) that ||VU (2)||2 > 8d1 M for some z € S with probability at
least . Then since any two pomts in S can be connected by a path in S of length less that pi x d4

we would have that |[VU (z) — VU (z)]|2 < 4d7 M forallz € S.
Thus, with probablhty at least ¢, there would exist a point y* € B(z}, 4 %) S such that
Uly*) <U(z%) — 4d1 M x 1d4 =U(x}) — dz M = U(ay) —log(§)T < U(a}) — T 10w,

But by Lemmas 18 and 20 with probability at least 1 — ¢ we have |T P (x ) U(z)| < T_131/
which is a contradiction.
Hence, by contradiction we have that

IVU(2)]l2 < 841 M (16)

3 C 261
=8d4 log(=)———,
&l 5) qo sin?(ayp)
for all z € S with probability at least 1 — 4.
Bounding the probability of proposal falling outside S.
Let z € S be the current point in the Markov chain, and let v, := z + nv — %UQVU (z) where
v ~ N(0, ;) be the proposed step. Without loss of generality, we may assume that our coordinate
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basis is such that m = e and z[1] > 0 (otherwise we can just rotate the coordinate axis about the
origin, and apply the same rotation to the argument of the potential function U). First, we note that

d
S={zeR?: Z:Engd%

d
:{xeRd: —Zx[zF}

Without loss of generality, we may assume that z[1] > 0 (otherwise, we can rotate the coordinate
basis to make z[1] > 0).
Case 1: First, consider the case where z[1]
Let Ey be the event that [[v]|3 < dlog(5)
[v]13 < dlog(S). Then P(Ey N Eg) > 4.

o

22[1] < d

>
an

Q“»Nc.o

let E, be the event that —1 < v[1] < —% and

We have
1
V=[1] == 2[1] + no[1] - 2VU( )le
Eql6 1
< ds +nll] + 77 x 8d1 M
<di-— %n+ ;772 x 8d1M
3 1 1 3 C 2¢1
<di— - —n? x 8d1 log(=)————
- 377+ 2" Og(é)qosiHQ(ao)
<gs_1
> 6777
2c -
if we choose 1) < [3 x 8d1 log(%)m} L
Hence,
1 s 1
D2 < di — Zdin+ —n? 17
(=[1])” < dt — 2din+ oen (17)
But if Ejy occurs we also have
6 d 6
di =Y 7li? = di — |y - =3 (18)
i=2
> S — o — S?VU@)|2
> d — o — PVU @)}
6 1
> di —n?||v]l3 - 1774HVU(56)H2
6 1 3 o 2c
> d1 —n?|v||2 — ~n*[8d1 log(=)———]?
> dt ol ~ G'fsatlos(§) 5]
6 C 1 3 C 2c1
> di —n*dlog(=) — =n*[8d7 log(=) ————?
- T] Og(d) 4?7 [ Og(é)qo SiDQ(OZO)]
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Therefore, inequalities (17) and (18), together with our choice of 7, imply that

d
(=1))? < di = 3 elif?, (19)

if the event E occurs.
We now show a lower bound:

VU (z) e (20)

v

DO = | QO | O W

201

q0 sin2(a0)

AV
SH
NS
|

Y
IS
o
|

v
IS
e

where the second-to-last inequality holds because of our choice of 7.
Therefore, Inequalities 19 and 20 together imply that

di 1)

=~ w

7. €S if the event £y N Ey occurs and z[1] >

Case 2: Now consider the case where %d% <z[1] < %d%. The proof for this case is similar to
the proof for case 1:

Let E» be the event that £ < v[1] < 1, and recall that Ej is the event that [|v]|3 < dlog($).
Then P(E,) = P(Ey N Ey) > 1.

We have

2 [1] = 1] + o] = VUG e

Eq.16 1 - .
> id% +o[l] — =n? x 8diM
1s 1 1 5
> —di4 -n—-n?x8d1 M
SRR U U
1s 1 1 2¢1
> —d1 + -n— =n? x 8d1 log(~
PR AY %8(5) 4 sin? (o)
1 s 1
> Zdi 4 =
=5 4+ 677,

201 }—1
qo sin?(ap) :

if we choose 1 < [% % 8d1 log($)
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Hence, we have

d
6 1 s
di — L2 < =da < (v,[1])% 22
>l < gat < (01 2)
‘We also have that

Y:(1] = 2[1] + (1] — VU (2) "ex (23)

g
INZ
o
N —

IN

|
[ BEN I R O
=8
NI
_l_
3
_l’_
N | —
_ 3
no
X
o]
S8
'y

+-n+ =n° x8dilog(=)————
37T 9" Og(d)qo sin?(ayp)

U
NS

U
NS

<

)

where the last inequality holds because of our choice of 7.
But if £y occurs we have from Inequality (18) that

i (24)

d

1 3 c 2c 1
S .lif2 < nPdlog(S) + 70t [8dH log(5) ——a—]7 <
i:27 [Z] =7 Og(d) + 477 [ 4 Og(d)qo SiDQ(OZO)] — 100

Therefore, by Inequalities (23) and (24) we have that

7 3 1 s 3
2< —di+ —di <dx. 25
Therefore, Inequalities 25 and 22 together imply that
Y. €S, (26)

if the event E; N Ey occurs and %d% <z[1) < %d%.

Therefore, from Equations (21) and (26), we have that v, € S with probability at least %
whenever z € S.

Bounding the hitting time. Let X = X, X, ... be the Markov chain generated by Algorithm

2. LetU = {3} es: <H;—”,9*> > cos(ozo)}, where o = €.
- it _1
Choose n < O <min <C3 3d7%,d7%,C’4 4) min(l,M§)>. Let 1y < e Uls. Then by
Theorem 2 we have
inf{i: X; elUUn} <7,

8
with probability at least 1 — &, where Z = % and A = WIO(%n_l + %r]M)_l.
N "2 1
But by Lemma 19 we have ¢, (S\U) > id x ﬁ = gsdivilog(v), where mi(z) o
2 xd4
e~ T 'F(@)1g. Therefore, by Lemmas 20 and 18 we have |7~ F(z) — U(z)| < 37 ~'v and hence
that

N R - 1 )
Qb71'2(S\Z/{) > Y (S\L{)e_ﬁT v > %dil/log(l/)e_ﬁlr 11/_
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Choosing, v = T gives
. 1 1
T (S\U) Z ﬁd‘lV].Og(V).

For our choice of 7 we have A = (%77_1 + 477M) = Q(n), and

[
ot
ot

=C;%d s M2 =dizTs 1og—%(§)
5 1 2 5
-0 (df’g > [%Lg(o)]é X log_%( ))
d2
=0 <d7% X [q0 sin2(a0)]% x log ™2 ( )> .

Therefore,

n
=0 (deqf sin~ % (ao)log(é)log(g))

Appendix J. Simple bound for Random Walk Metropolis

In this section we obtain a simple bound for the Random Walk Metropolis algorithm.

Algorithm 3 Random Walk Metropolis

input: Zeroth-order oracle for U : R? — R, step size > 0, Initial point Z, € R?

output: Markov chain Zy, Z, ..., Z; __ with stationary distribution 7w oc e~V
for i =010 ipax — 1 do

Sample V; ~ N (0, 1)

Set Zi1 = X; +nV;

Set

g Zi1 with probability min(1, eU(Zz‘)—U(Zi))
e X; otherwise

end
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Theorem 21 (RWM)  Suppose that U has M-Lipschitz gradient on R? and satisfies Assumption
2. Then given a [3-warm start, for any step-size parameter 1 < O(33; log_l(%)) there exists
T=0(n2y? log(g))for which Z; satisfies ||L(Z;) — w||pv < e forall i > T.

Proof Since Z has a 5-warm start, by Lemma 15 and Assumption 2, for every s > 0 have
P (Sup | Z; — x*]]2 > s) <Ixpx e Vit
i<T

Thus, setting s = @ log(@) we have:

d 47 1
P (sup | Zi — x*||2 > flog(ﬁ)> < —e.
i<T a € 4
Moreover, by the Hanson-wright inequality,
2
Plsup |Vi|| > €] < Ze~ 5" for€ > v2d.
i<T

Thus, setting & = 5v/dlog(Z<) we have:

Plsup ||Vi]| > 5v/d] <
i<T

| =
™

Let i* = inf{i € Z* : || Z; — 2*||2 > @ or || V|| > 5v/d}. Then with probability at least 1 — 3¢,
we have i* > 7. }

Let Yy, Y1, ... ~ miid. and independent of Zy, Z1, . . ., and define the toy Markov chain Z as
follows:

Z; Vi<,
Y; Vi >T.

Z;
Z;

Leta,, = min(1, eU(z+’7”)_U(z)) be the acceptance probability for the toy chain from any z € R?
with velocity v. If ||z — 2*||2 < @ and || V;|| > 5V/d, then

a., = min(1, VEFM-UE)Y) > oxp (—n||v||2 X sup ||VU(x)||2)> (27)

z€[z,z+nv]

> exp (ﬁllsz X sup M||$||2)
z€[z,2+n]
> exp (—nllvll2 x M(|[zll2 +nllv]l2))
d 47
> exp (—nS\/g x M (\af log(TB) + 175@))
1 47
> exp <—7730d X M; log(f)>
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>

W =

Let z,y € R%, and v, w ~ N(0, I;). Therefore, by Theorem 1.3 in Devroye et al. (2018), we have

o=yl

16z + ) = Ly + o)y <

(28)
Let K{oyrw be the transition kernel of Z. Then by inequalities 27 and 28, whenever ||z —y|j2 < A

for A =7, we have

1 xr — 5
| KtoyrwM (2, ) — KioprwM (Y, ) [lTv < 1 — 3 % ||2771/|2 < 5

Then by Lemma 7 we have Vg, nuy = 2(Aer). Moreover, by Lemma 7 there is an Z =
OV ,2 log(g)) such that

KioyrwM
- 1 _
1£(Zi) — 7|ty < ¢ Vi>1T.
But

Zi=2; Vi<i,

and ¢* > 7 with probability at least 1 — %5. Therefore,

1 1
1£(Zi) — mllrv < §E+§€:€ Vi> T,

where 7 = O(\I/I_{foyRWM log(g)) = O(n~ 2y 2 log(g))- u

Appendix K. Hanson-wright inequality

In this Appendix we recall the Hanson-Wright inequality Hanson and Wright (1971), for the special
case of Gaussian random vectors.

Lemma 22 (Hanson-Wright inequality) Let Z ~ N(0, 1) be a standard Gaussian random vec-
tor. Then

Pl|Z]s> € <e 50 fore > Va2d
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