Proceedings of Machine Learning Research vol 99:1-25, 2019 32nd Annual Conference on Learning Theory

On the Regret Minimization of Nonconvex Online Gradient Ascent
for Online PCA

Dan Garber DANGAR @ TECHNION.AC.IL
Technion - Israel Institute of Technology

Editors: Alina Beygelzimer and Daniel Hsu

Abstract

In this paper we focus on the problem of Online Principal Component Analysis in the regret
minimization framework. For this problem, all existing regret minimization algorithms for the
fully-adversarial setting are based on a positive semidefinite convex relaxation, and hence require
quadratic memory and SVD computation (either thin of full) on each iteration, which amounts to
at least quadratic runtime per iteration. This is in stark contrast to a corresponding stochastic i.i.d.
variant of the problem, which was studied extensively lately, and admits very efficient gradient
ascent algorithms that work directly on the natural non-convex formulation of the problem, and
hence require only linear memory and linear runtime per iteration. This raises the question: can
non-convex online gradient ascent algorithms be shown to minimize regret in online adversarial
settings?

In this paper we take a step forward towards answering this question. We introduce an adversarially-
perturbed spiked-covariance model in which, each data point is assumed to follow a fixed stochastic
distribution with a non-zero spectral gap in the covariance matrix, but is then perturbed with some
adversarial vector. This model is a natural extension of a well studied standard stochastic setting
that allows for non-stationary (adversarial) patterns to arise in the data and hence, might serve as
a significantly better approximation for real-world data-streams. We show that in an interesting
regime of parameters, when the non-convex online gradient ascent algorithm is initialized with a
“warm-start” vector, it provably minimizes the regret with high probability. We further discuss the
possibility of computing such a “warm-start” vector, and also the use of regularization to obtain
fast regret rates. Our theoretical findings are supported by empirical experiments on both synthetic
and real-world data.

Keywords: online learning, regret minimization, online PCA, online convex optimization

1. Introduction

Nonconvex optimization is ubiquitous in contemporary machine learning, ranging from optimiza-
tion over sparse vectors or low-rank matrices to training Deep Neural Networks. While traditional
(yet still highly active) research on nonconvex optimization focuses mostly on efficient convergence
to stationary points, which in general need not even be a local minima, let alone a global one (e.g.,
Agarwal et al. (2017); Allen-Zhu (2018); Allen-Zhu and Hazan (2016); Carmon et al. (2017)), a
more-recent line of work focuses on proving convergence to global minima, usually under certain
simplifying assumptions that on one hand make the nonconvex problem tractable, and on the other
hand, are sufficiently reasonable in some scenarios of interest (see for instance De Sa et al. (2015);
Ge et al. (2016); Bhojanapalli et al. (2016); Arora et al. (2014); Jin et al. (2016) to name only a few).
One of the most studied and well known nonconvex optimization problems in machine learning un-
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derlies the fundamental task of Principal Component Analysis (PCA) Pearson (1901); Hotelling
(1933); Jolliffe (2011), in which, given a set of [NV vectors in R<, one wishes to find a k-dimensional
subspace for k << d, such that the projections of these vectors onto this subspace is closest in
square-error to the original vectors. It is well known that the optimal subspace corresponds to the
span of the top k eigenvectors of the covariance matrix of the data-points. Henceforth, we focus our
discussion to the case k = 1, i.e., extracting the top principal component. Quite remarkably, while
this problem is non-convex (since extracting the top eigenvector amounts to maximizing a convex
function over the unit Euclidean ball), a well known iterative algorithm known as Power Method
(or Power Iterations, see for instance Golub and Van Loan (2012)), which simply starts with a ran-
dom unit vector and repeatedly applies the covariance matrix to it (and then normalizes the result to
have unit norm), converges to the global optimal solution rapidly. The convergence guarantee of the
PM, can also be shown to imply that the nonconvex projected gradient ascent method with random
initialization and a fixed step-size also converges to the top principal component. !

In arecent line of work, the convergence of non-convex gradient methods for PCA was extended
to a natural online stochastic i.i.d. setting of the problem, in which, given a stream of data points
sampled i.i.d. from a fixed (unknown) distribution, the goal is to converge to the top eigenvector of
the covariance matrix of the underlying distribution as the sample size increases, yielding algorithms
that require only linear memory (i.e., do not need to store the entire sample or large portions of it
at any time) and linear runtime to process each data point, see for instance Mitliagkas et al. (2013);
Balsubramani et al. (2013); Shamir (2016); Jain et al. (2016); Allen-Zhu and Li (2017a); Li et al.

(2018); Xu et al. (2018).

In a second recent line of research, researchers have considered Online PCA as a sequential
decision problem in the adversarial framework of regret minimization (aka online learning, see
for instance the introductory texts Cesa-Bianchi and Lugosi (2006); Hazan (2016); Shalev-Shwartz
(2012)), e.g., Warmuth and Kuzmin (2006a,b); Nie et al. (2013); Dwork et al. (2014); Garber et al.
(2015); Allen-Zhu and Li (2017b). In this framework, for each data-point, the online algorithm is
required to predict a unit vector (i.e., a subspace of dimension one, recall we are in the case k = 1)
before observing the data-point, and the goal is to minimize regret which is the difference between
the square-error of the predictions made and the square-error of the principal component of the
entire sequence of data. Different from the i.i.d. stochastic setting, in this framework, the data may
be completely arbitrary (though assumed to be bounded in norm), and need not follow a simple
generative model. Formally, the regret is given by

N N
o v T 12 s o T |2
regret : ;sz w,w,; X¢||5 \|vgﬁ12rl1;”xz ww X ||3,

where {X; };cin) C R? is the sequence of data points, and {Wi}ic[n is the sequence of predictions
made by the online algorithm. Using standard manipulations, it can be shown that

N N N N
regret = max (w'x)? — Z(w;rxi)2 =\ <Z Xixj) B Z(W:xi){
B t=1

i=1 =1 t=1

where A (-) denotes the largest (signed) eigenvalue of a real symmetric matrix.

Naturally, the arbitrary nature of the data in the online learning setting, makes the problem much
more difficult than the stochastic i.i.d. setting. Notably, all current algorithms which minimize
regret in this fully-adversarial setting cannot directly tackle the natural nonconvex formulation of

1. This follows since the steps of PGA can be rewritten as applying PM steps to a scaled and shifted version of the
original matrix that preserves the leading eigenvector.
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the problem, but consider a well known (tight) convex relaxation, which “lifts” the decision variable
from the unit Euclidean ball in R? to the set of all d x d positive semidefinite matrices of unit trace
(aka the spectrahedron). While this reformulation allows to obtain regret-minimizing algorithms
in the online adversarial settings (since the problem becomes convex), they are dramatically less
efficient than the standard nonconvex gradient methods. In particular, all such algorithms require
quadratic memory (i.e., O(d?)), and require either a thin or full-rank SVD computation of a full-rank
matrix to process each data point, which amounts to at least quadratic runtime per data point (for non
trivially-sparse data), see Warmuth and Kuzmin (2006a,b); Nie et al. (2013); Dwork et al. (2014);
Garber et al. (2015); Allen-Zhu and Li (2017b). This phenomena naturally raises the question:

Can Nonconvex Online Gradient Ascent be shown to minimize regret for the Online PCA problem?

While in this paper we do not provide a general answer (either positive or negative), we do take a step
forward towards understanding the applicability of nonconvex gradient methods to the Online PCA
problem. We introduce a “semi-adversarial” setting, which we refer to as adversarially-perturbed
spiked-covariance model, which assumes the data follows a standard i.i.d. stochastic distribution
with a covariance matrix that admits a non-zero spectral gap, however, each data point is then
perturbed by some arbitrary, possibly adversarial, vector of non-trivial magnitude. We view this
model as a natural extension of the standard stochastic model (which was studied extensively in
recent years, see references above) due to its ability to capture arbitrary (adversarial) patterns in the
data. Hence, we believe the suggested model might provide a much better approximation for real-
world data streams. We formally prove that in a certain regime of parameters, which concerns both
the spectral properties of the distribution covariance and the magnitude of adversarial perturbations,
given a “warm-start” initialization which is sufficiently correlated with the top principal component
of the stochastic distribution, the natural nonconvex online gradient ascent algorithm guarantees an
O(\/N ) regret bound with high probability. In particular, the algorithm requires only O(d) memory
and O(d) runtime per data point. We further discuss the possibilities of computing such a ”warm-
start” vector (i.e., initializing from a “cold-start”). Moreover, we explore the possibility of adding
regularization to the algorithm, which as we show, under the same assumptions on the data and the
same “warm-start” initialization, allows to obtain a poly(log IV) regret bound, still using only O(d)
memory and runtime per data point. >

Finally, we present empirical experiments with both synthetic and real-world datasets which
complement our theoretical analysis.

1.1. Related work

Besides the works for the fully-adversarial online setting mentioned above, in a very recent work
Marinov et al. (2018), the authors have introduced an online PCA setting in which the data-points
(the vectors {Xi}ie[n]) are drawn i.i.d. from a fixed (unknown) distribution, however the feedback
observed by the algorithm on each round i is a perturbed version x; + y;, where y; is an arbitrary
noise. The authors show that under the conditions max;c [y [|x;[l2 < 1 and SN lyille + llyil3 <
V/N, the natural nonconvex online gradient ascent guarantees O(y/N) regret with high probability
(see Theorem 3.2 in Marinov et al. (2018)) w.r.t. the original sequence {Xi}z‘e[ N (i.e., without the
noise). While this model is somewhat similar to ours, there are three major differences. First, in

2. Note that in the fully-adversarial setting (i.e., there is no stochastic component), there is a Q(+/N) lower bound on
the regret, see for instance Warmuth and Kuzmin (2006b).
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our setting the adversarial component is considered part of the data, and hence is included in the
definition of the regret, as opposed to Marinov et al. (2018). Second, while in Marinov et al. (2018)
it is required that the sum of magnitudes of the adversarial components is sublinear in /N, which
intuitively makes these components negligible in the regret analysis, in this work, we allow each
adversarial component to be of constant magnitude, independent of the sequence length. Third,
while Marinov et al. (2018) only gives an O(\/]V ) regret bound, we show that a regret bound of
poly(log N) can be obtained.

In another recent work Mianjy and Arora (2018), the authors consider the application of the
online mirror decent algorithm to the stochastic online PCA problem (i.e., when the data points
are sampled i.i.d. from a fixed unknown distribution). This mirror descent algorithm works on the
convex semidefinite relaxation of the problem discussed above (and hence requires a potentially-
expensive matrix factorization on each iteration). The authors show that under a spectral gap as-
sumption in the distribution covariance matrix, adding strongly-convex regularization (w.r.t. the
Euclidean norm) to the algorithm can improve the regret bound from O(v/N) to poly(log N). In
this work we draw inspiration from this observation, and show that also in our ’semi-adversarial”
model, the addition of a regularizing term can improve the regret bound of the nonconvex online
gradient method from O(v/N) to poly(log N).

2. Assumptions and Results

In this section we formally introduce our assumptions and main result. As discussed in the introduc-
tion, since our aim is make progress on a highly non-trivial problem of providing global convergence
guarantees for a non-convex optimization algorithm in an online adversarial setting, our results do
not hold for arbitrary (bounded) data, as is usually standard in convex online learning settings, but
only for a more restricted family of input streams, namely those which follow a model we refer to
in this paper as the adversarially-perturbed spiked-covariance model. Next we formally introduce
this model.

2.1. Adversarially-Perturbed Spiked-Covariance Model

Throughout the paper we assume the data, i.e., the vectors {Xt}te[ N> satisfy the following assump-
tion.

Assumption 1 (Perturbed Spiked Covariance Model) We say a sequence of N vectors {x; }¢[n
RY satisfies Assumption 1, if for all t € [N], x; can be written as X; = q; + v, where {atheen
are sampled i.i.d. from a distribution D and {Vt}te[ N is a sequence of arbitrary bounded vectors
such that the following conditions hold:

1. the vectors {Vt}te[N] all lie in a Euclidean ball of radius V centered at the origin, i.e.,
max;e(ny [[vell2 <V

2. the support of D is contained in a Euclidean ball of radius R centered at the origin, i.e.,
SUPqesupport(D) HqH2 <R

3. D has zero mean, i.e., Eq.plq] = 0

4. the covariance matrix Q := Eqplqq '], admits an eigengap 5(Q) := A\1(Q) —X2(Q) which
satisfies §(Q) > V/2M1(Q) + V2 + ¢, for some € > 0.
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We now make a few remarks regarding Assumption 1. Item (1) assumes that the adversarial
perturbations are bounded which is standard in the online learning literature, Item (2) is also a
standard assumption, which is used to apply standard concentration arguments for sums of i.i.d
random variables. Item (3), i.e., the assumption that the distribution as zero mean, while often
standard, is not mandatory in general for our analysis technique to hold, however since it greatly
simplifies the analysis we make it.

To better understand Item (4), it helps to think of §(Q),V?, ¢ as quantities proportional to
A1(Q), ie., consider 6(Q) = csA\1(Q), V2 = cyAi(Q), € = c:A1(Q), for some universal con-
stants c¢5,cy,c. € (0,1). Now, Item (4) in the assumption boils down the the condition c¢5 >

2cy + c%/ + c.3. That is, the eigengap in the covariance Q needs to dominate the adversarial
perturbations in a certain way. Note that in principle, this regime of parameters still allows the ratio
V/R (i.e., ratio between maximal magnitude of adversarial component and maximal magnitude of
stochastic component) to even be a universal constant. It is also important to note that the assump-
tion of a non-negligeble eigengap in the covariance matrix is natural for PCA and is often observed
in practice. We further discuss this assumption after presenting our main theorem - Theorem 1 in
the following subsection.

Connection with stochastic i.i.d. models: note that when setting V' = 0 in Assumption 1 (i.e.,
there is no adversarial component), our setting reduces to the well studied standard stochastic i.i.d.
setting. In particular, in this case item (4) in Assumption 1 simply reduces to the standard assump-
tion in this model that the covariance admits an eigengap bounded away from zero (6(Q) > ¢).

2.2. Algorithm and Convergence Result

For simplicity of the analysis we consider the data as arriving in blocks of length ¢, where / is a
parameter to be determined later. Towards this end, we assume that N = T/ for some integer 7" and
we consider prediction in 7" rounds, such that on each round ¢ € [T'], the algorithm predicts on all £
vectors in the ¢th block, which we denote by xgl), cee xg). It is important to emphasize that, while
our algorithm considers the original data in blocks, it requires only O(d) memory and O(d) time to
process each data point xgz) forany t € [T],i € [(].

Our algorithm, which we refer to as nonconvex online gradient ascent, is given below (see Algo-
rithm 1). Our algorithm comes in two variants, one without additional regularization and one with.
As can be seen, the non-regularized version is equivalent to applying the Online Gradient Ascent
algorithm Zinkevich (2003); Hazan (2016) with the payoff function f;(w) := %Ele(wagz))z
on each round ¢ € [T], where w is constrained to be a unit vector (though here we recall that the
payoff function is not concave in w, and the feasible set is not convex). The rcz,%ularized version is

Tx (V)2

similar, but considers the regularized payoff function f{(w) := % Zle(w x; )2 — %|wl3. ¢

3. oralternatively, ¢y < /14 (c5s — ce)2 — 1 < (cs — c<)?/2, where the last inequality follows from the standard
inequality va + b < y/a + %

4. While at this point it may not be immediately clear how the introduction of the regularizer helps, since we are
optimizing over the unit sphere (hence the regularizer has the same value for all feasible points), it will be apparent in
the analysis that it allows to obtain faster rates, similarly to the way that adding a strongly convex regularizer enables
to obtain faster rates in the standard setting of online convex optimization Hazan (2016).
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Algorithm 1 Nonconvex Online Gradient Ascent for Online PCA

1: input: unit vector w1, sequence of learning rates {7 }+>1, regularization parameter o > 0.
2: fort=1...T do
. . 1
3:  predict vector w; and observe ¢ vectors xg ), . ( ) and payoff El (W) x,@)
4:  compute the update
~ Wi +nt Zz i x( )x( DT % . . .
— without regularization
Wi+l [ re -+ ’ ( ) ( )TW,H2 { g }
OR
~ (I—nea)Witmn Ee 1 x( )x( Ty Wi : . .
Wip1 with regularization
L T i s el & }
5: end for

The following two theorem state our main results.

Theorem 1 [convergence of Algorithm 1 without regularization (o« = 0) and constant learning
rate] Consider a sequence of vectors {Xt}te[N] which follows Assumption 1 and fix p € (0,1).
R'M(Q)°
(6(Q)P-vV2(2xn(Q
plying Algorithm 1 with blocks of length ¢ and initialization W1 which sansﬁes (Wix)? > 1 -

6;(31)(—‘3/)'2 (1 _ 9?\(1((932))’ where X is the leading eigenvector of Q (as defined in Assumption 1), and

with a constant learning rate ny =

For N large enough, there exists an integer { = O ( RESENE log 4N ), such that ap-

n = fﬁ(R—s—V)Q for all t € [T] and without regularization

(i.e., « = 0), guarantees that with probability at least 1 — p, the regret is upper-bounded by
M (Q)R?
O(\/Nlog P 5(Q)2— ‘}2(v2+A1(Q>>)'

Theorem 1 roughly says that when the distribution covariance has a large-enough eigengap with
respect to the adversarial perturbations (item 4 in Assumption 1), then non-convex OGA converges
from a “warm-start” with O(\/N ) regret. Intuitively, the condition on the eigengap implies that
the best-in-hindsight eigenvector cannot be far from x - the leading eigenvector of the distribution
covariance by more than a certain constant. Hence, Theorem 1 can be seen as an online “local”
convergence result. Importantly, it is not hard to show that under the conditions of the theorem,
the best-in-hindsight eigenvector can also be far from both the initial vector w; and from x by a
constant (and hence in particular both w; and x can incur linear regret). Hence, while our setting
is strictly easier than the fully-adversarial online learning setting, it still a highly non-trivial online
learning setting. In particular, all previous algorithms that provably minimize the regret under the
conditions of Theorem 1 require quadratic memory and quadratic runtime per data-point.

Our second main result shows that the regularized version of Algorithm 1 (i.e., with o > 0) can
guarantee poly-logarithmic regret in N under Assumption 1.

Theorem 2 [convergence of Algorithm 1 with regularization (o« > 0)] Consider a sequence of
vectors {X¢},en] which follows Assumption 1 and fix p € (0,1). For N large enough, there ex-

R'A(Q)?
(6(Q)*=V2(M(Q)+V?

of length {, regularization parameter which satisfies o = © (W (6(Q?*—Vv*— 2V2)\1(Q))),

5(Q-V? (9 I(Q) :
Q) (ﬁ — m), where x is the lead-

ing eigenvector of Q (as defined in Assumption 1), and with learning rate 1, = ﬁT(} for some

ists an integer { = O ( Ik log %), such that applying Algorithm 1 with blocks

and initialization W1 which satisfies (W] x)? > 1 —
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To > 0 large enough, guarantees that with probability at least 1 — p, the regret is upper-bounded

RE(5(Q)+VH)A(Q)? AN
by O ((6(@)2—v4—2xl<lcz>v2>3 log(NV) log (7)) :

It is important to note that the ability to obtain a poly-logarithmic regret bound as Theorem 2
suggests, relies crucially on the eigen-gap assumption in the stochastic covariance matrix in As-
sumption 1. In particular, for the standard fully-adversarial version of the problem (i.e., there is
no stochastic component in the data vectors) it is not possible in worst case to improve over the
known O(v/N) bound (see Warmuth and Kuzmin (2006b)). We see this fact as further motivation
for studying intermediate models that bridge between the fully-adversarial and fully-stochastic set-
tings, showing that such models can result in much improved convergence guarantees compared to
the possibly over-pessimistic fully-adversarial setting.

2.2.1. COMPUTING A "WARM-START” VECTOR

We now discuss the possibility of satisfying the ”warm-start” requirement in Theorem 1.

First, we note that given the possibility to sample i.i.d. points from the underlying distribution
D, it is straightforward to obtain a warm-start vector w1, as required by Theorem 1, by simply
initializing W to be the leading eigenvector of the empirical covariance of a size-n sample of such
points. It is not difficult to show via standard tools such as the Davis-Kahan sin 6 theorem and
a Matrix-Hoeffding concentration inequality (see for instance the proof of the following Lemma

3), that for any (e, p) € (0,1)?, a sample of size n = O (7}%2?&)/2”)

) suffices, so the outcome wy
satisfies: (W, x)? > 1 — ¢ with probability at least 1 — p.

If sampling directly from D is not possible, the following lemma, whose proof is given in the
appendix, shows that with a simple additional assumption on the parameters 6(Q), A\1(Q), V2, it
is possible to obtain the warm-start initialization directly using data that follows Assumption 1.
Moreover, the sample-size n required is independent of the sequence length N, and hence using
for instance the first n vectors in the stream to compute such initialization, deteriorates the overall

regret bound in Theorems 1, 2 only by a low-order term.

Lemma 3 [warm-start] Fix some ¢ € (0, 1] and suppose that in addition to Assumption 1 it also

holds that 6(Q) > (32071>\1(Q)V4)1/3

4 A . . . . .
0 <%Qg)(§i/”)), such that initializing W1 to be the leading eigenvector of the empirical covariance

. Then, for any p € (0,1) there exists a sample size n =

X = % Sory Xix;r, where X1, ...,Xy follow Assumption 1, guarantees that with probability at

5(Q)—v?

least 1 — p: (VAVIX)2 >1- N

3. Analysis
At a high-level, the proof of Theorems 1, 2 relies on the combination of the following three ideas:

1. We build on the fact that the Online PCA problem, when cast as online /inear optimization
over the spectraedron (i.e., when the decision variable is lifted from a unit vector to a positive
semidefinite matrix of unit trace), is online learnable via a standard application of online
gradient ascent, which achieves an O(v/N) regret bound in the non-regularized case and
O(log N) regret bound with additional regularization (note however that as discussed above,
this approach requires a full SVD computation on each iteration to compute the projection
onto the spectrahedron).
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2. We prove, that under Assumption 1, the above “inefficient” algorithm, when initialized with
a proper “warm-start” vector, guarantees that the projection onto the spectrahedron is always
a rank-one matrix (hence, only a rank-one SVD computation per iteration is required).

3. Finally, we show that the nonconvex online gradient ascent algorithm, Algorithm 1, approx-
imates sufficiently well the steps of the above algorithm (in case the projection is rank-one),
avoiding SVD computations all together.

We introduce the following notation that will be used throughout the analysis. For vectors in R?
we let ||-|| denote the standard Euclidean norm, and for matrices in R™*" we let ||-|| » denote the
Frobenius (Euclidean) norm and we let ||-||2 denote the spectral norm (largest singular value). For
all t € [T, we define X; := Zle XEZ)XEZ)T, Q: = Zle qu)quw, V= Zle VEZ)VEZ)T, and
M,; = Zle qu)vgz)‘r + Viz)qgm—. Note that X; = Q; + M; + V;. Recall that we let Q denote
the covariance matrix associated with the distribution D (as detailed in Assumption 1), and we let
A1(Q), ..., Ag(Q) denote its eigenvalues in descending order. Also, we let x denote the leading
eigenvector of QQ, which under Assumption 1, is unique. We also define D; := Q; — ¢ - Q + M.
Note that X; = ¢ - Q + V; + D;. Intuitively, under Assumption 1, %Dt converges to zero in
probability as £ — oo.

We denote by S the spectrahedron, i.e., S := {W € R4 |W = 0, Tr(W) = 1}, and we let
I15[W] denote the Euclidean projection of a symmetric matrix W € R?*¢ onto S.

Our main building block towards proving Theorem 1 is to analyze the regret of a different
non-convex algorithm for Online PCA. The meta-algorithm, Algorithm 2, builds on the standard
convexification scheme for Online PCA, i.e., “lifting” the decision set from the unit ball to the
spectrahedron, however, instead of computing exact projections onto the spectrahedron, it follows
a nonconvex approach of only approximating the projection via a rank-one solution. We refer to it
as a meta-algorithm, since for a given approximation parameter -y, it only requires on each iteration
to find an approximate leading eigenvector of the matrix to be projected onto S. As in Algorithm
1, this algorithm also has two variants, one which does not include an additional regularizing term,
and one which does.

Note that a straightforward implementation of Algorithm 2 with v = 0 corresponds to updating
W1 via accurate SVD of the d x (¢ + 1) matrix (v/1 — niawy, \/mxgl), . \/mng)), which already
yields an algorithm with O(¢d) memory and O(¢d) amortized runtime per data-point.

Due to lack of space, in the sequel we focus only on the main building-blocks of our analysis.
All missing details are given in full detail in the appendix.

Lemmad4 Letw € RY be a unit vector and let X € R4*? be positive semidefinite. Let W' be the
leading eigenvector of the matrix W := (1 — na)wa + nX, for some n > 0, > 0 such that
na < 1. Ifw'Xw > % then it follows that w'w'T = TIs[W].

Proof Recall w’ denotes the leading eigenvector of W and let yo, . .., y, denote the other eigen-
vectors in non-increasing order (according to the corresponding eigenvalues). It is well known that
the projection of W onto S is given by

d
Is[W] = (M (W) = )w'w'T + > max{0, (W) — Ay,
=2



NONCONVEX ONLINE GRADIENT ASCENT FOR ONLINE PCA

Algorithm 2 Approximate Non-convex Rank-one Online Gradient Ascent

1: input: unit vector w1, sequence of learning rates {7 };>1, sequence of approximation parame-
ters {7t }+>1, regularization parameter o > 0
2. fort=1...7T do
(1) (0)

3:  predict vector w; and observe £ vectors x; ’, ..., X;
41 Wyy1 ¢ some unit vector satisfying: |[W, 1w,y — wiiw/ 1 ||p < vy, where wypq is the
leading eigenvector of either

W= wew, +m 30, x{Wx 0T {without regularization}
OR
W= (1— T ¢ (@) _@)T . o
i1 = MO)WW, + 1> . X Xy {with regularization}

5: end for

where ) is a non-negative real scalar such that A\; (W) — A+ 2?22 max{\;(W)—\,0} = 1. Thus,
if we show that \; (W) > 1+ \o(W), then it in particular follows that IIs[W] = w/w’".
Note that on one hand,

M(W)>w Ww=1-na+nw' Xw. ()

On the other-hand, using the last inequality, we can also write
M(W) < M(W)+X(W) —w Ww
= M(W)+ X (W) —1+na—nw' Xw. ()
Using Ky Fan’s eigenvalue inequality, we have that
MW)+ (W) = M1 —na)ww +7X) 4+ X ((1 — na)ww " +nX)
< ML =na)ww ") + (1 — na)ww ') + A (nX) + A2 (nX)
1 —na+n(M(X) + A2(X)). 3)

Thus, by combining Eq. (1), (2), (3), we arrive at the following sufficient condition so that w/w’’ =
HS [W]
1—na+nw' Xw > 1+ (1—na+nA(X)+ (X)) - (1—na+ nWTXW) ,

(X)+A2(X)
2

which is equivalent to the condition w ' Xw > A1 + 3. |

Lemma S Suppose that on some iteration t of Algorithm 2 it holds that . < 1 and

NQ -V tla | 2Dy
=1 Q) Q)

Then, Wt+1th+1 = IIs[Wt1].
Proof Recall that X, := 30| x\"x{" T and that Wy 1 = (1 — mya) W] + 7, Xy
Using Lemma 4 it suffices to show that

)\1(Xt) + )\g(Xt) + Oé.

. )

VAVtTXtVAVt >




NONCONVEX ONLINE GRADIENT ASCENT FOR ONLINE PCA

On one hand we have

W, (0-Q+V;+Dy)w, > (- vavit—llDt||
(W x)? - x"Qx — | Dyf| = £(W, x)* - \(Q) — | Dy]|. (5)

W, X, Wy

\%

On the other hand,

MX)+ X)) =Ml Q+V,+Dy)+ (- Q+V, +Dy)
(S) MU-Q+ Vi) +X(0-Q+ V) +2||Dy|

(%) M- Q)+ X2 (€- Q) + A (Vi) + X2(Vy) + 2||Dy|

< A(Q) +A2(Q)) + Tr(Vy) + 2 De| < £(A1(Q) + A2(Q) + V) +2|Defl,  (©)

where (a) follows from Weyl’s eigenvalue inequality, and (b) follows from Ky Fan’s eigenvalue
inequality.

Combining Eq. (4), (5), (6), we arrive at the following sufficient condition so that Wt_|_1W:+1 =
Ms[Wep]:
S A(Q) +22(Q) + V2 + 47Dyl + ¢ e 2M(Q) —9(Q) + V2 + 407Dy + ¢
= 2.2 (Q) 201 (Q)
5(Q) -V~ ta 2|

2M(Q) -2(Q)

=1

Lemma 6 Suppose that on some iteration t of Algorithm 2 it holds that (xTWt)2 > % Then, for
any learning rate ny > 0 and o« > 0 such that nyo < 1, it holds that
(1= (x"wy)?) - 6(Q) — (x"W)?V? — 4071 D]

AM(Wei1) = A2(Wigr) '

(x"wWip1)? > (xTWe)® + el

Proof Fix some iteration ¢. We introduce the short notation w = Wy, w' = wy11, W = Wy 1 =
(1 —nea)Ww,| 4+ 7 X, A = A\ (Wig1), A2 = Ao(Wy1), and for all i > 2, y; is the eigenvector
of W, associated with eigenvalue A\; = \j(Wy41).

It holds that \;w'w’ + Z?:Q )\iyiy;— =W = (1 — nppa)ww | + 1;X;. Thus, we have that

(xTw')? = x Wx = 30 Ml yi)? (L= ma)(x w)? + mex " Xex = 3075 Mi(xyi)?
A A '

Note that 37, X (xTy;)2 < Xa([|x]|? — (x"w')2) = Aa(1 — (x"w’)2). Thus, we have that

(1= me) (T w)? + 7 Xk~ Mo(1 = (T w')?).

(XTW,)2 > )\1

Rearranging we obtain,

(1 —ma)(x"w)? +nx " Xyx — Ao

T N2

>
(x'wh* > -
T T2
- T mx Xyx+ (1 —ma— A+ X)) (x'w)? — Ao
= (x'w)*+ .
- (xTw) 4 X TXox + (1 —mea — (A1 + X)) (xTw)2 + X (2(xTw)2 = 1)
)\1 /\2 :

10
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Note that via Ky Fan’s inequality we have that

MAA < M =na)ww ")+ Xa((1 —ma)ww ') + A\ (1:X4) + Xa(1:X4)
= 1 —ma+ (M (Xp) + X2 (X))

Also, Ag = Ao ((1 — mra)ww T + 0 Xy) > Aa(m:Xs) = meda(Xe).
Thus, using our assumption that (x'w)? > 1/2, we have that
x T Xpx — (A(Xg) + A2 (X)) (xTw)2 + A (Xy)(2(xTw)2 — 1)

(XTW/)Q > (XTW)2 + 1 )\1 — )\2 .

Note that
X' Xx=x"({-Q+V,;+D)x>x"({-Q+Dy)x > /- (Q) — |D],

Aa(Xp) =X (- Q+ Vi +Dy) > Xa (- Q+Dy) >£-12(Q) — [ Del],

IN

A1(Xy) + A2(Xy) Al Q)+ A2(€- Q) + Ai(Vi+ Dy) + A2(Ve + Dy)

—~
S
-

A(Q) + A2(Q)) + A1 (Vi) + A2(Vy) + 2| Dy |
(M (Q) + X2(Q)) + Tr(Vy) + 2Dy || < €M (Q) + X2(Q) + V?) + 2| Dy,

IAIA

where (a) follows again from Ky Fan’s inequality.
Plugging-in all of the above bounds, we have that

AM(Q) — (M(Q) +X(Q) +V2) - (xTw)? + X(Q) - (2(xTw)? — 1) — 407 H|Dy|

(XTW/)Q > (XTW)2 + nl

A1 — A2
_ (1—(w'%)?) - (\(Q) = X2(Q)) — (x"w)*V? — 407 D]
— (XTw)2 +77t£ /\1 — )\2
_ XTW PAYE _ XTW 2772 _ -1 ‘
(e e L) 6@ = TPV e D

The following lemma gives conditions under-which, for any iteration ¢ of Algorithm 2, the
projection ITs[W;W, 4 1;X;] is rank-one. This essentially guarantees that Algorithm 2 (up to the

approximation errors {~; }+>1) achieves sublinear regret.
The proof follows via induction, showing with the help of Lemma 6, that the condition in

Lemma 5 is satisfied on each iteration.

Lemma 7 Suppose that when applying Algorithm 2, the following conditions hold for all t € [T:

1 1 2 4 2
Il <= i gy Q7 =V =22h(Q)), ™
. € 1 . €
N < mm{4€)\1(Q) V2t 4e) g(R_H/)Q}, Yt < mln{r\l(Q), 18677#},
14 Q) —V2—t"ta—4e

o 5(Q)? — V=2V (Q)), (w; x)? >1—

GRS 27 (Q)
Then, for all t € [T, wypiw, ;= ILs[W14].

11
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Finally, the following lemma is used to connect between the regret of Algorithm 2 and Algo-
rithm 1, by essentially showing that Algorithm 1 is an instance of Algorithm 2, and bounding the
corresponding sequence of approximation parameters {;}+>1. The proof relies on viewing W1
as the result of one iteration of the Power Method over the matrix Wy, ; and using eigenvector
perturbation arguments.

Lemma 8 Consider some iteration t of Algorithm 1, and let w1 denote the leading eigenvector

of the matrix Wyy1 = (1 + mya)Wew, 4+ 0 Xy, If gy < m and o < U(R + V)2, then it

holds that ||Wi1Wip1 — wipaw/ o [[F < V33(ml(R + V)?)2

4. Experiments

We test the following algorithms. Algorithm 2, where Wy is computed via rank-one SVD, with
block-size £ = 1 (R1-OGA), and with non-unit block-size £ > 1 (BR1-OGA), non-convex online
gradient ascent, Algorithm 1, with unit block-size / = 1 (Nonconvex-OGA), and the convex online
gradient ascent algorithm Zinkevich (2003); Hazan (2016) (equivalent to Algorithm 2, but uses
accurate Euclidean projections onto the spectrahedron) with unit block-size (Conv-OGA) 3. Finally,
we record the regret of the initial “warm-start” vector w; (BaseVec), which serves as initialization
for all algorithms. We plot for each iteration ¢ the average-regret up to time ¢ against the leading
eigenvector in hindsight (computed w.r.t. all data). For all algorithms introduced in this paper we
focus on the non-regularized version (i.e., we set « = 0).

We consider the following three datasets: synthetic, MNIST LeCun et al. (1998) and CIFAR10
Krizhevsky (2009) (see appendix for further details).

o
—R1-0GA —R1-0GA
—BR1-0GA °%1|—BR1-0GA o7

Nonconv-OGA 2|~ Nonconv-0GA —R1-0GA
— Conv-0GA —0GA o8 —BR1-0GA
— BaseVec 05| — BaseVec Nonconv-OGA

—OGA
——BaseVec

W

B
oo
0z
o
e 005 o
o

iteration iteration o iteration

avg. regret
avg. regret
avg. regret

Figure 1: Average-regret on datasets: synthetic (left), MNIST (middle) and CIFAR10 (right).

We see that all algorithms indeed attain low average-regret, and in particular are competitive
with OGA which follows a convex approach.

To further examine the applicability of our theoretical approach, for all datasets, we recorded
for algorithm BR1-OGA the fraction of projection errors, i.e., the precent of number of iterations ¢
on which the projection of the matrix W, = w; W, 41X, onto the spectrahedron S is not a rank-
one matrix. The results are 6.24%, 0.26%, 0%, for synthetic, MNIST and CIFAR10, respectively.
These low error rates indeed support our theoretical analysis which hinges on showing that under
our data model (recall Assumption 1) and given a ”warm-start’” initialization, the projections of the
matrices Wy in Algorithm 2 are always rank-one.

5. since computing that exact projection for Conv-OGA via a full SVD is highly time consuming, we approximate it by
extracting only the five leading components

12
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Appendix A. Discussion

In this paper we took a step forward towards understanding the ability of highly-efficient non-
convex online algorithms to minimize regret in adversarial online learning settings. We focused on
the particular problem of online principal component analysis with k¥ = 1, and showed that under
a “semi-adversarial” model, in which the data follows a stochastic distribution with adversarial
perturbations, and given a “warm-start” initialization, the natural nonconvex online gradient ascent
indeed guarantees sublinear regret. Our theory is further supported by empirical evidence.
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We hope this work will motivate further research on online nonconvex optimization with global
convergence guarantees. Future directions of interest may include extending our analysis to a wider
regime of parameters, and extracting k principal components at once. Also, it is interesting if in
the standard adversarial setting, it can be shown that online nonconvex gradient ascent achieves
low-regret, or on the other-hand, to show that there exist instances on which it cannot guarantee
non-trivial regret. Finally, moving beyond PCA, other online learning problems of interest that may
benefit from a non-convex approach include online matrix completion Hazan et al. (2012); Jin et al.
(2016), and of course, provable online learning of deep networks.

Appendix B. Additional Information on Experiments

The datasets used for the experiments are as follows.

Synthetic: a random dataset is constructed by generating Gaussian zero-mean data with a random
covariance matrix Q with eigenvalues \; = 15 - 0.3°"! for all i € [d], and perturbing them using
independent Gaussian zero-mean noise with random covariance matrix V with eigenvalues u; =
3-0.3*"1 forall i € [d], where we use d = 100. We set the number of data points to N = 10000,
and we compute the initialization W for all algorithms by computing the leading eigenvector of a
sample of size 100 (i.e., 1% of V) based on samples from the covariance Q only. For the algorithm
BR1-OGA we set £ = 10. We average the results of 30 i.i.d. experiments.

MNIST: we use the training set of the MNIST handwritten digit recognition dataset LeCun et al.
(1998) which contains 60000 28x28 images, which we split into N = 59400 images for testing,
while 600 images (i.e., 1% of data) are used to compute the initialization w;. For the algorithm
BR1-OGA we set £ = 5.

CIFARI10: we use the CIFAR10 tiny image dataset Krizhevsky (2009) which contains 50000 32x32
images in RGB format. We convert the images to grayscale and use N = 49900 images for testing
and 100 images (i.e., 0.2% of data) are used to compute the initialization. For BR1-OGA we set
£ =05.

Appendix C. Proofs Omitted from section 3
C.1. Proof of Lemma 7

Proof Note that under the assumptions of the lemma it holds on any iteration ¢ that n;a < 1. Thus,
in light of Lemma 5, it suffices to show that on each iteration ¢, it holds that

Q) - V2 tta — 4e
2A1(Q)

We prove this inequality indeed holds for all ¢ € [T'] by induction. Note that for ¢ = 1, this
clearly holds by our assumption on Wj.

Suppose now the assumption holds for some ¢ > 1. In the following we let A; denote the ith
largest eigenvalue of the matrix W, 1 := (1 — n;a)W; W, + 1, X;. Note that under the induction
hypothesis and Assumption 1, it in particular holds that (W, x)? > 1/2, and hence we can invoke
Lemma 6.
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5(Q)—V2—r—1la—

We consider two cases. If (W, x)? > 1 — Q) 5 then using Lemma 6 we have that

5(Q) — V2 — o — 5e V2 + 4e

T 2
> _ _
(wt+lx) - 1 2)\1(Q) 77t£ )\1 — )\2
) —V2_—¢la— be
& S (Vi 49,

were (a) follows since under the induction hypothesis, we in particular have that wt+1th+1 =
I15[W¢41] (see Lemma 5), which in turn implies that A\; > 1 + A (see proof of Lemma 4).
ThllS, for any 7 S W we obtain
5(Q) —Vi—rtta—Je
221(Q)

(wiix)®>1-

Moreover, we have that

v

(Wi1x)? — Wi wilyy — Wi Wi |lr > (w/)x)? — %
@ -V~ la—ge

= 20 (Q) o

(VAVtT+1X)2

Thus, for any v; < TE(Q) the claim indeed holds for the first case.
On the other hand, in case (W, x)? < 1 — é(Q)fxlzg)la*‘%, by an application of Lemma 6 we
have that

(1— (W %)) - 6(Q) — (W x)*V? — de

(Wi1x)® > (W/x)*+ et

)\1 - )\2
—V2_p~la—5¢
L 5(Q) — (6(Q) +V?) (1 - ) e
(Z) (W x)° + nel AL — Ao
$@Q-VEtaste sy 2 (1 - Qv tasse)
) ) 2\
_ (w:x)z bl 1(Q) - EQ 1(Q) )
MQVItla sy y2. (1o HQVIa) g
3 A
> (W) x)? 4 l— 19 by g\ = )
@ L

0(Q)? = V1 —2V2M(Q) — (5(Q) + V) la — 18eM1(Q)

o AT \2
= (W, x)"+ ! 221 (Q) (A1 — A2) 7

where (a) follows from our assumption on (W, x)

Assumption 1 implies that max{5(Q), V?} < M (Q).
Thus, for any

2 in this second case, and (b) follows, since

1
e < Q) (6(Q)* —V* - 2V2\(Q)) and
¢

2 T V@V
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we have that

5(Q)2 — V4 —2V2)\(Q)
4A(Q) (M1 — A2)

(Wix)? > (W) x)?+nl

Moreover, as before, we have that

(Wiax)? > (wix)? =
S T2 5(Q)? — V* —2V2\(Q)
> (W, x)“+nd Q) — h) - N
2 A o2
> (W %)+ méé(Q) V_—2VAQ) Vs

40 (Q)

=

(a
where (a) follows since Assumption 1 implies that 6(Q)? — V4 — 2V2)\;(Q) > 0, and since
E . .
M= A2 A< e+l Xell < e Y gl +vi? |2 <1+ ml(R+ V)2
i=1

where the last inequality follows from our assumption that 7, < W. Thus, for any v <

nel aQP*KJé‘)ﬂ)‘l Q) (which in particular holds for v; < 18n.¢), we have that

. . 6(Q) —-Vi—tla—4
(ax)? = (] 2 1 - N e

as needed. |

C.2. Convergence of Algorithm 2

Lemma 9 (Convergence of Algorithm 2) Consider applying Algorithm 2 to a sequence of vectors
{(Xgl) e Xg))}te[T] which follow Assumption 1, and suppose that all conditions stated in Lemma
7 hold. Then, for any unit vector w it holds that

ZZZ:W xt —ize:wtxt

i=1 t=1 i=1
T

1 — N 1 AT T2

™ Z( 2 277t—1) [WiW, —ww |5

T
+3° (%ZEJFW(F(RJFV) +a )).

Proof Fix some unit vector w. By an application of Lemma 7, it holds for all ¢ € [T that
wipiw,l = s[Wyi).
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Thus, using standard arguments®, we have that for all ¢ € [T7] it holds that

[Wipiwly —ww' |5 < [Wig —ww! ||

= (0 = pa)ywew) + 0 X —ww |
= [IWew, —ww |7
+2n (Wew, —ww ) e (X; — avww,)
7 1 Xe — awew ||
Note that
||Wt+1W;1 - WWTH%‘ = ||Wt+lw;1 + Wt+lw;:—1 - Wt+1WtT+1 - WWTH%

(S) Iweriwiyy —ww [ F +3V2llwewy — W W/ [lr
a

< [wipiwi — ww ! [|[F 4 3v2y,

where (a) follows since for any two unit vectors y, z it holds that ||yy " —zz || < /2.
Note also that

2AWw, —ww ') e (—aw,Ww, ) = —a(2 - 2(w'w,)?) = —a|ww] —ww ' |%.

Combining the three bounds above, we obtain

(ww' —ww, ) e X; <
1 o N
oy (= ) Sl = ww T = vy — w7
3V2v -
o * + gtHXt — awpw [[3.

Note that | X; — aw,w, ||% < | X;]|% + o2. Summing over all iterations we obtain the bound

T
1 _
> oW Xew — ZW? Xiwy < o] —ww (3

2m

T
1 —nox 1 ) Lo T T2

+ — WiW, — WW

S (P g ) e I
3

Z( Lk ’;t(nxtn%w?)).

t=1

Finally, note that |[W1Ww, — ww"[|% < 2 and that under Assumption 1, it holds for all ¢ € [T]
that

Y/ ¢ l
7 )T 7 )T 7
IXelle = 1Y %% e < S 1% e = Ix)?
=1 =1 =1
E . .
= S llaf’ + v < R+ V)2 @)

=1

6. see for instance the analysis of Online Gradient Descent in Hazan (2016)

19



NONCONVEX ONLINE GRADIENT ASCENT FOR ONLINE PCA

Hence, the lemma follows. |

As an example, if we invoke Lemma 9 with a fixed learning rate > 0 (i.e, n; = n for all
t € [T)), zero regularization (o« = 0), and ¢ = 0 for all ¢ € [T, we get a regret bound

+ gT€2(R + V)4,

which by an appropriate choice of 77 and treating £ as a constant, yields the familiar O(v/T) regret
bound for Online Gradient Ascent with linear payoff functions Hazan (2016). A Similar treatment
with o« > 0 and vanishing step-size can be shown (as we indeed show in the sequel) to yield a
O(log T') regret bound.

C.3. Proof of Lemma 8

Proof Let us denote by yo, ..., y4 the (d — 1) non-leading eigenvectors of the matrix W, ;. Since
both w1, W; 11 are unit vectors, we have that

d
W1 Wer1 — Wi Wiy |7 = 2 (1 (Wi Wei1) ) 2 (W) )
=2

Note that by the update rule of Algorithm 1 and since W is a unit vector, the vector w1 could
be written as

Wi + (X Wy — awy)

Wil - e e
" ([W + mu (X Wy — avry) |
(W (X —awew/)) W WaWy
[(Wew ] + e (Xe — awew ) Wil [[WepaWe ||

Hence, Wy, 1, is the result of applying a single iteration of the well known Power Method for lead-
ing eigenvector computation, initialized with the vector w;, to the matrix Wy, ;. Let us denote
by yo,...,yq the (d — 1) non-leading eigenvectors of W, ;. Using standard arguments, see for
instance Eq. (18) in Garber and Hazan (2015), we have that

d

Z(WH—IYZ) S

1=2

(W/ yi)” <>\2(Wt+1)>2 ‘

>
(W wii1)? A (W)

=2
T
Wy

Since Wy is a unit vector, we have that Z?ZQ(VAV; yi)? = 1 — (W, wy1)2. Moreover, we can
bound

(W) X —no)wew/ +mXy)
M(We) M= nea)wew/) +mXo)
A2 ((1 = nee)Wew ) 4+ A1 (:X) < Ml X
B AL((1 = mra)wiw/) T 1’

where the first inequality follows from Weyl’s inequality for the eigenvalues. Thus, plugging-in into
Eqg. (9), we have that
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1— (W wis1)? n? ]| Xelf?

(W] ween)? (1—ma)?*

W1 W1 — Wi Wiy |7 < 2 (10)

Using the Davis-Kahan sinf theorem (see for instance Theorem 4 in Garber et al. (2015)), we
have that

. I
1— (W) wip)? = §||WtWtT—Wt+1WtT+1H2F

4| Wew, — W2
(A (Wew, ) = Ap(Wew [ )2
A ey W, — X2

= — < 4n? max{||X¢||?, o?}.
)\1(W7§W:)2 t {H ’ }

IN

Plugging back into Eq. (10) and using the fact that 7, < W (see bound on || X¢|| in
Eq. (8)), we can conclude that

8[| Xe||? max{ || X¢[|%, o?}
(1 — 4n? max{||X¢||2, &2}) (1 — npcx)?
811X [|? max{ || X¢[|2, o2}
— 2
(1-3) (1—3)
< 33(ml(R+V)*)Y,

[ Wi Wip1 — Weniw/ |3 <

where all inequalities follow from our assumptions on 7, & and the bound (8). |

C.4. Proof of main theorems - Theorems 1 and 2

Before we prove the theorems, we need the following lemma.

Lemma 10 (Matrix Hoeffding) Under the conditions of Assumption 1, it holds for all t € [T'] and

forall e > 0 that
1 €2l

Proof By a straightforward application of the Matrix Hoeffding inequality (see for instance Tropp
(2012)), we have for any fixed t € [T that

Pr(IH(Qu = - Q) = €) < d-exp (ke

2
Pr (H%MtH > 6) <d-exp <—%) )

Thus, the lemma follows from applying both of the above bounds with parameter €¢/2 and noting
that V2 < R2. n

We can now finally prove Theorem 1 and Theorem 2.
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Proof [Proof of Theorem 1]
The proof follows from straightforward application of the tools we have developed thus-far.
We assume for simplicity that N = T - £ for our choice of ¢. Note this is without loss of
generality, since the remainder (N — ¢ - | N//]) affects the bound in the theorem only via lower-

order terms. s
Let us define ¢ := Q) _‘7/2 S/(J)L\MQ)), and note this choice corresponds to Eq. (7). Thus,

for a certain £ = O(R* % log %T), we have by an application of Lemma 10 that with probability
at least 1 — p it holds for all ¢t € [T that %”DtH < €. Define a constant approximation parameter
v = v = V33(nl(R+V)?)2 (which corresponds to the bound in Lemma 8), where 1 = W—W)?
is the fixed chosen learning rate stated in the theorem. Note that for [V large enough, all parameters
€,1,7, Wy satisfy the conditions of Lemma 7 and Lemma 8 with probability at least 1 — p, and thus,
by invoking Lemma 9 (with o = 0 and constant v, n7), we have that with probability at least 1 — p
that

N T ¢
1<ZX1XZ-T>—ZZwtxt §1+T<3\[7—|—n€2(R+V)>
1 <3f

w

Il

—

.

Il

A
3

4T 2R+ V) geZ(R + V)4>

1
3\ﬁ+ L _Tp(R+V)*

where (a) follows from plugging the value of v, (b) follows form plugging the value of 7 and (c)
follows since N = T - ¢. The theorem now follows from plugging-in the bound on . |

Proof [Proof of Theorem 2] As in the proof of Theorem 1 we assume for simplicity that N =T - /¢
for our choice of £. We define ¢ and choose block-length ¢ exactly as in the proof of Theorem
2, which implies that with probability at least 1 — p it holds for all ¢ € [T that ;|| Dy|| < e.
We set the regularization parameter to ov = W (6(Q)* — V* —2V2\;(Q)) which agrees
with the requirements of Lemma 7 and Lemma 8. We set the approximation parameter 7; to ¢ =
V/33(ni¢(R+V)?)? (which corresponds to the bound in Lemma 8). Finally, we set the learning rate
on each iteration ¢ to ny = #To’ for
{R+V)!

€

4001 (Q) (V2 + 4¢)

Ty = max{ , W(R+V)2, 7200 (Q),

}.
Note that this choice agrees with the requirements of Lemma 7 and Lemma 8 with respect to both
sequences {7 }+>1 and {7Vt }¢>1.

Thus, with the choice of initialization w; stated in the theorem, it follows all parameters €,a,
{mt }eim At ey W satisty the conditions of Lemma 7 and Lemma 8 with probability at least
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1 — p, and thus, by invoking Lemma 9, we have that with probability at least 1 — p that

N T ¢
A1 (prcj) —ZZ Wt xt )2 <
i=1

t=1 i=1 a

—~
N

T
> ((at +Tp) —a — ((t = Da + Tp)) [[wew, —ww' |7
t=2

| =

- +Z (3\{’; 73(52(R+V)4+a2)> -

(a+Tg)+<

3V662(R+ V)Y R(R+ V)
L B ) 5

(e +Tp) +

2
(3VB6+ DR+ V) +a? <~ 1
5 )

(a+Tp) +

IN

3v66 + DR+ V) + a2 1
( )E( ) ZZ

2

(3v/66 + 1)(2(R + V)* + 3a?
2

To + (I1+1ogT),

where (a) follows from Lemma 9 and our choice of learning rate, and (b) follows from our choice

of {’Yt}tem-
Note that

“—O(mﬂw

where in the last equality we have used the fact that §(Q) < A\1(Q) < R2. Also, by simple
calculations we can see that Ty = O (M). Thus, we have that

N T ¢
A (Z Xﬂ(j) B Zz(wjxgz)y —-0 <£(R—|€— V)4 N EQ(R(;I— V)4 10gT> |

t=1 i=1

(6*(Q) — V4)> =0 ({(5(Q) +V?) = O(U(R+V)?),

Note that « = © ( (f(e(g‘;i%é) and recall that { = O (R4e_2 log %). Plugging these values we

obtain

N T ¢ A RY R+ V)*loe 4L 2
)\1 (szx;r> _ZZ(WIXEZ)F :O< ( +€3) g p <1+5((§1)((—g)‘/10gT>>

=1 t=1 i=1
RYR+ V)46 V2 T
-o (g e () )
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Finally, plugging the value of € we obtain the regret bound:

RYR+V)(5(Q) + VI)\(Q)? dT
¢ ( B(Q2— vi_an () BTl (p)) ’

and the theorem follows. [ ]

Appendix D. Proof of Lemma 3 (’warm-start”)

Proof Let w; be the leading eigenvector of the normalized covariance X = % Yo xixz—, where
foralli € [n] x; = q; + v;. Clearly, E(X] = Q+ 2 >, v;v,", and thus

IQ - X|* < 2(lQ - E[X]|* + 2| X - E[X ]\I2—2II Zvl 17+ 242,
=1

where we use the notation A = || X — E[X]||. Via the Davis-Kahan sin 0 theorem (see for instance
Theorem 4 in Garber et al. (2015)) and using the short notation 6 = §(Q), we have that

. . IX — Q|2
(wix)?=1- 5”‘"’1‘”1T —xx'|[f > 1- T
V4 A2
> 1-85 -85
Now, using the short notation A\; = A\1(Q), the requirement
(w{x)?>1 —05_V2 (11)
1 - 21
boils down to the condition
V44 A2 §—V?
g8 e 160V 4 62V + 160 A2 — 5% < 0.

52 - 2\

Solving the above inequality on the right for V2, we obtain that (11) holds when V2 is in the interval:

—c8? + /c25% + 64X1¢03 — 102402 A2

0<Vi< 32\
In particular, for
\/ﬁ\/(iﬂ (12)
- 32
we obtain that (11) holds for
) < 2 o e+ VT T AN
- - 320
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Note that since ¢ € (0,1] and A; > &, we have that A6 > 26, Note also that v/45 >
v/32 4 1. Thus, we have that (11) holds for V2 in the interval:

> V32e08® o8 |
- 32)\1 4\/5\/ )\1
We conclude the proof with the simple observation that using a standard Matrix Hoeffding

concentration bound (see for instance Lemma 10), it suffices to take n = O (W) for the
bound in (12) to hold with probability at least 1 — p.

0<V
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