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Abstract

In the general submatrix detection problem, the task is to detect the presence of a small k x k
submatrix with entries sampled from a distribution P in an n X n matrix of samples from Q.
This formulation includes a number of well-studied problems, such as biclustering when P and
Q are Gaussians and the planted dense subgraph formulation of community detection when the
submatrix is a principal minor and P and Q are Bernoulli random variables. These problems all
seem to exhibit a universal phenomenon: there is a statistical-computational gap depending on P
and O between the minimum k£ at which this task can be solved and the minimum k at which it can
be solved in polynomial time.

Our main result is to tightly characterize this computational barrier as a tradeoff between k
and the KL divergences between P and Q through average-case reductions from the planted clique
conjecture. These computational lower bounds hold given mild assumptions on P and Q arising
naturally from classical binary hypothesis testing. In particular, our results recover and generalize
the planted clique lower bounds for Gaussian biclustering in Ma and Wu (2015); Brennan et al.
(2018) and for the sparse and general regimes of planted dense subgraph in Hajek et al. (2015);
Brennan et al. (2018). This yields the first universality principle for computational lower bounds
obtained through average-case reductions.

To reduce from planted clique to submatrix detection for a specific pair P and Q, we introduce
two techniques for average-case reductions: (1) multivariate rejection kernels which perform an
algorithmic change of measure and lift to a larger submatrix while obtaining an optimal tradeoff in
KL divergence, and (2) a technique for embedding adjacency matrices of graphs as principal mi-
nors in larger matrices that handles distributional issues arising from their diagonal entries and the
matching row and column supports of the k x k submatrix. We suspect that these techniques have
applications in average-case reductions to other problems and are likely of independent interest.
We also characterize the statistical barrier in our general formulation of submatrix detection.
Keywords: statistical-computational gaps, average-case reductions, planted clique conjecture, uni-
versality, submatrix detection, community detection

1. Introduction

In the general submatrix detection problem, the task is to detect the presence of a small k£ X k
submatrix with entries sampled from a distribution P in an n X n matrix of samples from Q. This
problem arises in many natural contexts for specific pairs of distributions (P, Q). When P and
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Q are Gaussians, this yields the well-studied problem of biclustering arising from applications in
analyzing microarray data Shabalin et al. (2009). A large body of work has studied the information-
theoretic lower bounds, algorithms and limitations of restricted classes of algorithms for biclustering
Butucea and Ingster (2013); Montanari et al. (2015); Shabalin et al. (2009); Kolar et al. (2011);
Balakrishnan et al. (2011); Chen and Xu (2016); Cai et al. (2017). When the k£ x k submatrix
is a principal minor and P and Q are Bernoulli random variables, general submatrix detection
becomes the planted dense subgraph formulation of community detection. This problem has also
been studied extensively from algorithmic and information-theoretic viewpoints Arias-Castro et al.
(2014); Butucea and Ingster (2013); Verzelen et al. (2015); Chen and Xu (2016); Montanari (2015);
Candogan and Chandrasekaran (2018); Hajek et al. (2016a).

The best known algorithms for both the Gaussian and Bernoulli problems seem to exhibit a
peculiar phenomenon: there appears to be a statistical-computational gap between the minimum
k at which this task can be solved and the minimum k at which it can be solved in polynomial
time. Tight statistical-computational gaps for both biclustering and several parameter regimes of
planted dense subgraph were recently established through average-case reductions from the planted
clique conjecture Ma and Wu (2015); Hajek et al. (2015); Brennan et al. (2018). Furthermore, the
regimes in which these problems are information-theoretically impossible, statistically possible but
computational hard and admit polynomial time algorithms appear to have a common structure. This
raises the following natural question:

Question 1.1 Are the statistical-computational gaps for general submatrix detection a universal
phenomenon regardless of the specific pair of distributions (P, Q)?

We answer this question for a wide class of pairs of distributions (P, Q). Our main result is
to tightly characterize this computational barrier as a tradeoff between k and the KL divergences
between P and Q through average-case reductions from the planted clique conjecture. These com-
putational lower bounds hold given mild assumptions on P and Q arising naturally from classical
binary hypothesis testing. Our results recover and widely generalize the planted clique lower bounds
for Gaussian biclustering in Ma and Wu (2015); Brennan et al. (2018) and for the sparse and general
regimes of planted dense subgraph in Hajek et al. (2015); Brennan et al. (2018). This yields the first
universality principle for computational lower bounds obtained through average-case reductions.
We also characterize the statistical barrier in our general formulation of submatrix detection.

Average-case reductions are notoriously brittle in the sense that most natural maps designed
for worst-case problems fail to faithfully map a natural distribution to a natural distribution over
the target problem. A universality result obtained through an average-case reduction necessarily
overcomes this barrier in a strong way as it would have to simultaneously map to an entire set
of natural distributions over the target problem. A main contribution of the paper is to introduce
techniques handling subtle technical obstacles that arise when devising such a reduction.

Our results are close in flavour to several previous works showing universal phenomena in the
context of submatrix problems. In Montanari (2015), approximate message passing algorithms
were shown to recover the support of the planted submatrix under regularity conditions on (P, Q).
Hajek et al. (2016b) analyzed semidefinite programming algorithms also under regularity conditions
on (P, Q). In Hajek et al. (2017), the information-theoretic thresholds for submatrix localization
— the recovery variant of our detection problem — were shown under very mild assumptions on
(P, Q), characterizing the statistical limit of the problem over a large universality class. In Lesieur
et al. (2015); Deshpande et al. (2015); Krzakala et al. (2016), information-theoretic thresholds for
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universal formulations of rank-one matrix estimation were established by analyzing approximate
message passing and Guerra’s interpolation argument. Our work is the first to analyze both the
information-theoretic and computational lower bounds for submatrix detection universally and the
first work we are aware of producing a universality class of computational lower bounds for any
problem. The conditions on (P, Q) for our computational lower bounds are mild and similar to
those in Hajek et al. (2017).

1.1. Contributions to Techniques for Average-Case Reductions

One of our main contributions is to introduce two new techniques for average-case reductions that
are of independent interest. This work is part of a growing body of literature establishing statistical-
computational gaps in high-dimensional inference problems based on average-case reductions. Pre-
vious reductions include lower bounds for testing k-wise independence Alon et al. (2007), RIP
certification Wang et al. (2016a); Koiran and Zouzias (2014), matrix completion Chen (2015) and
sparse PCA Berthet and Rigollet (2013b,a); Wang et al. (2016b); Gao et al. (2017); Brennan and
Bresler (2019). A number of techniques were introduced in Brennan et al. (2018) to provide the
first web of average-case reductions to problems including planted independent set, planted dense
subgraph, sparse spiked Wigner, sparse PCA, the subgraph stochastic block model and biclustering.
More detailed surveys of this area can be found in the introduction section of Brennan et al. (2018)
and in Wu and Xu (2018). In this work, we introduce the following two techniques to map from a
generalization of planted clique to general submatrix detection:

e Multivariate Rejection Kernels: These are randomized maps that perform an algorithmic
change of measure and lift to a larger submatrix while obtaining an optimal tradeoff in KL
divergence that matches the target lower bounds for submatrix detection.

¢ Planting Diagonals by Embedding as a Minor: This is a technique for embedding ad-
jacency matrices of graphs as principal minors in larger matrices. It handles distributional
issues arising from missing diagonal entries in adjacency matrices and the matching row and
column supports of the £ X k submatrix.

The latter technique solves a central obstacle in the reductions of Ma and Wu (2015), Hajek et al.
(2015), and Brennan et al. (2018) to biclustering and planted dense subgraph. In Hajek et al. (2015),
it is noted that the main issue leading to the complicated analysis of their reduction arises from the
missing diagonal entries in the adjacency matrix of planted clique, which on lifting get mapped
to “holes” in the community. In Brennan et al. (2018), this same obstacle was overcome through
DISTRIBUTIONAL-LIFTING, an involved technique first performing a change of measure and then
iteratively lifting the resulting problem. However, neither of these reductions generalize to the
universal setting with arbitrary (P, Q). Our second technique resolves this obstacle cleanly and is
crucial to yielding lower bounds for arbitrary (P, Q).

1.2. Outline of the Paper

The paper is structured as follows. In Section 2, we formally define the general submatrix problem
and motivate some assumptions on (P, Q) from classical binary hypothesis testing. In Section 3, we
give general statements of our universality results for computational and statistical barriers. We also
specialize these results to universality classes over which we can obtain complete characterizations
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of the computational phase diagram for submatrix detection. In Section B, we provide preliminaries
on average-case reductions in total variation. In Section C, we introduce and analyze multivariate
rejection kernels. In Section D, we give our general average-case reduction TO-SUBMATRIX. In
Section E, we deduce computational lower bounds from this reduction and analyze simple test
statistics showing achievability of these lower bounds. In Section F, we establish the statistical
limits of submatrix detection. In Section G, we discuss the strength of the assumptions giving rise
to our main three universality classes UC-A, UC-B and UC-C and the distributions that they contain.
In Section H, we discuss open problems remaining after this work.

2. Submatrix Problems and Conditions for Universality
2.1. General Submatrix Detection

The primary focus in this work are detection problems, wherein an algorithm is given a set of
observations and tasked with distinguishing between two hypotheses:

e a uniform hypothesis Hy, under which observations are generated from the natural noise
distribution for the problem; and

e a planted hypothesis H;, under which observations are generated from the same noise distri-
bution but modified by planting a latent sparse structure.

In the problems we consider, Hy and H; are typically both simple hypothesis consisting of a single
distribution. As discussed in Brennan et al. (2018) and Hajek et al. (2015), lower bounds for simple
vs. simple hypothesis testing formulations are stronger and technically more difficult than for for-
mulations involving composite hypotheses. For a given detection problem, the goal is to design an
algorithm A(X) € {0, 1} that classifies an input X with low asymptotic Type I+II error

lim sup {P, [A(X) = 1] + Pp, [A(X) = 0]}
n—oo

where 7 is the parameter indicating the size of X. If the asymptotic Type I+1I error of A is zero,

then we say A solves the detection problem. We now define the universal formulation of submatrix

detection that will be our main object of study. Throughout this paper, (P, Q) will either denote

a fixed pair of distributions over a measurable space (X, B) or, when there is a natural problem

parameter n, implicitly denote a pair of sequences of distributions P = (P,,) and Q = (Q,,).

Definition 1 (General Symmetric Index Set Submatrix Detection) Given a pair of distributions
(P, Q) over a measurable space (X, B), let SSD(n, k, P, Q) denote the hypothesis testing problem
with observation M € X"*™ and hypotheses

Hy: M~ Q®"™" and Hy: M ~ M(n,k,P,Q)

where M(n, k, P, Q) is the distribution of matrices M with entries M;; ~ P ifi,j € S and
M;; ~ Q otherwise that are conditionally independent given S, which is chosen uniformly at
random over all k-subsets of [n).

Similarly, asymmetric index set submatrix detection ASD(n, k, P, Q) is formulated with M;; ~
P for all (i,j) € S x T where both S and 7" are chosen independently and uniformly at random
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over all k-subsets of [n]. Note that both information-theoretic and computational lower bounds for
SSD are stronger than for ASD, since an instance of ASD can be obtained from SSD by randomly per-
muting its column indices. Similarly, algorithms for ASD are stronger since permuting the columns
of SSD and applying an ASD blackbox yields an algorithm for SSD. In this work, we characterize the
statistical and computational barriers in these and related problems through average-case reductions
from the planted clique conjecture. For this to be possible, it is necessary to impose assumptions on
(P, Q) so that submatrix detection is well-posed. The next section is devoted to identifying several
reasonable and natural assumptions on (P, Q).

2.2. Natural Assumptions from Classical Binary Hypothesis Testing

Our objective is to examine the statistical-computational tradeoffs that arise in submatrix detection
as a high-dimensional problem with hidden structure. More precisely, we aim to capture the tradeoff
between the dimension £ of the hidden submatrix and how distinguishable the two distributions P
and Q are. For this to be possible, the problem of testing between P and Q needs to be well-posed.
Consider the classical binary hypothesis testing formulation of this task with i.i.d. observations
X1, Xo, ..., X, where

Hy: X1,Xo,..., X ~iig. @ and Hyp: X1, Xo,..., X, ~ija P

Note that given the latent submatrix indices S, the problem of distinguishing between Hy and H;
in SSD reduces exactly to this classical binary hypothesis testing task with m = k? samples.

In order to capture the tradeoffs that arise because of hidden structure in high dimensions, SSD
ought to be easy to solve given S. By the Neyman-Pearson Lemma, the optimal test is a log-
likelihood ratio (LLR) test that outputs H if

ZL(XZ-) >mrt where L(z)=log Zg(x)
i=1

for some threshold m7 and where L : X — R is the LLR or logarithm of the Radon-Nikodym
derivative between P and Q. We assume that L can be computed efficiently so this test is computa-
tionally feasible. Note that if Q and P are not close to mutually absolutely continuous distributions
in total variation, then there would be a non-negligible probability of seeing samples from one not in
the support of the other. We assume they are exactly mutually absolutely continuous for simplicity
and so L is well-defined. We also assume that the expectations of the LLR with respect to P and O
are finite, or in other words that dk (P||Q) and dkr.(Q||P) are finite.

The error of this test resolves to the tails of the distribution of the LLR under each of P and Q at
the threshold m7. Standard Chernoff bounds on these tails yield that if 7 € [—dky.(P]|Q), dxL(Q||P)],

Py, [Z L(X;) > mT] < exp (—m - Eg())
i=1

Pp,

D> LX) < mT] <exp(—m- Ep(7))
=1

Here, the Chernoff exponents Ep, Fg : R — [—00, 00) are the Legendre transforms of the log-
moment generating functions

Eo(1) =sup At —¢g(A) and Ep(1) =sup AT — p(N)
AER AR
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where 1o (7) = log Eglexp(AL)] and 1p(7) = log Ep[exp(AL)]. Observe that 1p(\) = o (X +
1) and thus Eg(7)+7 = Ep(7). Note that ¢ (0) = —dgr(P||Q). Itis well known that AT —1)g())
is concave and has derivative at zero given by 7 + dkp (P||Q). This implies that the maximizer \*
to the concave optimization Eg(7) can be taken to be nonnegative if 7 > —dgi(P||Q). The
same is true for Fp(7) if 7 < dgp(Q||P), justifying the Chernoff bounds above. We also re-
mark that Fo and Ep are nonnegative convex functions and are minimized at Eg(—dk1,(Q||P)) =
Ep(dx(P] Q) = 0.

Note that statements of the form Eg(7) > S or Ep(7) > [ correspond to large deviation
principles (LDP) for the LLR under Q and P. Our main contribution is show that the tradeoff
between k and the KL divergence between P and Q dictates the computational barrier for submatrix
detection as long as the LLR has LDPs under Q and P. We devise an average-case reduction to
show this given the planted clique conjecture. Our results are described in more detail in the next
section. The natural assumptions arising from the discussion above are summarized in the following
definition of computable pairs (P, Q), that we will adopt throughout the rest of the paper.

Definition 2 (Computable Pair of Distributions) Define a pair of sequences of distributions (P, Q)
over a measurable space (X, B) where P = (Py,) and Q = (Qy,) to be computable if:

1. there is an oracle producing a sample from Q,, in poly(n) time;

2. Pn and Q,, are mutually absolutely continuous and the likelihood ratio satisfies
d -1

< P (x)) =1
dQp

3. the KL divergences di(Pr | Qn) and dg(Qn||Pr) are both finite; and

dpn
dQn

E. o, [ <x>] —E,p,

dPp,

where do- IS the Radon-Nikodym derivative.

4. there is an oracle computing %(x) in poly(n) time for each x € X.

We assume that algorithms solving our submatrix detection problems have access to these or-
acles and to the values dki (P||Q) and dki(Q||P). The oracles appearing in this definition can be
viewed as part of the computational model that we adopt. In particular, when these oracles can
be implemented in computational models such as BPP, so can our reductions. We remark that the
assumptions and discussion in this section are similar to the setup in Hajek et al. (2017), which
showed universality of information-theoretic lower bounds for submatrix recovery. See Sections
2.1 and 3 in Hajek et al. (2017) for further discussion of related assumptions on P and Q.

3. Summary of Results

Our main result is an average-case reduction from planted clique showing a computational lower
bound for submatrix detection in terms of KL divergence when the LLR has LDPs under Q and
P. We now briefly define the planted clique and planted dense subgraph problems as well as the
planted clique and planted dense subgraph conjectures.

The planted dense subgraph problem PDS(n, k, p, ¢) with edge densities 0 < ¢ < p < 1is the
hypothesis testing problem between

Hy:G~G(n,q) and H;:G~G(n,k,p,q)
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where G(n, q) denotes an Erd6s-Rényi random graph with edge probability ¢. Here, G(n, k, p, q)
denotes the random graph formed by sampling G(n, ¢) and replacing the induced graph on a subset
S of size k chosen uniformly at random with a sample from G(k,p). The planted clique prob-
lem PC(n, k, p) is then PDS(n, k, 1, p). There are many polynomial-time algorithms in the litera-
ture for finding the planted clique in G(n, k, p), including approximate message passing, semidef-
inite programming, nuclear norm minimization and several combinatorial approaches Feige and
Krauthgamer (2000); McSherry (2001); Feige and Ron (2010); Ames and Vavasis (2011); Dekel
et al. (2014); Deshpande and Montanari (2015); Chen and Xu (2016). All of these algorithms re-
quire that &k = Q(y/n) if p is constant, despite the fact that the planted clique can be found by
exhaustive search as soon as k is larger than 2 1og; /,, n. This leads to the following conjecture.

Conjecture 3 (PC Conjecture) Fix some constant p € (0,1). Suppose that { A, } is a sequence of
randomized polynomial time algorithms A,, : G, — {0, 1} and k,, is a sequence of positive integers
satisfying that lim sup,,_, . log,, k, < % Then if G is an instance of PC(n, k, p), it holds that

lim inf (P, [An(G) = 1] + Py, [An(G) = 0]) > 1.

The pC Conjecture can be seen, through a simple reduction erasing random edges, to imply a
similar barrier at k = o(y/n) for PDS(n, k, p, q) if 0 < g < p < 1 are constants. We refer to this as
the PDS Conjecture. We can now state our main computational lower bounds. Judging the quality
of these bounds is easy in cases where they can be achieved by efficient algorithms. We describe a
set of universality classes of (P, Q) for which this is true in Section 3.1.

Theorem 4 (Main Computational Lower Bounds) Let p € (0,1) be a fixed constant and (P, Q)
be a computable pair over (X, B) such that either:

o k=Q(y/n)and % - dgr(P||Q) — 0 and the LLR between (P, Q) satisfies the LDP
Ep (m) > w(mlogn)
for some positive m with dx(P||Q) < m = o(n?/k*)
o k= o(y/n) and dg (P||Q) < log p~! and the LLR between (P, Q) satisfies the LDP

Ep (logp™') > 2logn + w(1)

Then assuming the PC conjecture at density p, there is no randomized polynomial time algorithm
solving SSD(n, k, P, Q) with asymptotic Type I+II error less than one.

This is the simplest theorem statement of our lower bounds. A more general computational
lower bound starting from the PDS Conjecture and including the heteroskedastic formulation of
submatrix detection with different pairs (P;;, Q;;) at each entry is stated in Section E. We also give
an alternative version requiring weaker bounds on E'p and showing a slightly weaker formulation
of the same computational lower bounds. In addition to computational lower bounds, we show
information-theoretic lower bounds and give inefficient and polynomial time tests providing upper
bounds at the barriers in submatrix detection. In Sections E.2 and F.2, we give general statements
of these results given lower bounds on E/p and Eg similar to the conditions in the theorem above.
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Figure 1: Computational and statistical barriers in SSD(n, k, P, Q) where (P, Q) is in UC-A, UC-B
and UC-C with k = O(n”) and dsk1.(P, Q) = O(n™%).

3.1. Universality Class with a Complete Phase Diagram

We now outline several assumptions on a computable pair (P, Q) that allow our results to com-
pletely characterize the computational phase diagram for SSD(n, k, P, Q), by providing lower bounds
on I'p and Eg. The first class we consider is a universality class that allows our average-case re-
duction to show lower bounds for submatrix detection.

Definition 5 (Universality Class UC-A) Define (P, Q) to be in the universality class UC-A if (P, Q)
is computable and for any fixed € € (0, 1), it holds that

Ep(n° - dxe(Pa]|Qu)) = n* - di(Po]| Q) - log )

The next universality class UC-B that we consider ensures the simple test statistics introduced
in Sections E.2 and F.2 show achievability at the computational and statistical barriers. This class is
introduced as Assumption 2 in Hajek et al. (2017) and is weaker than sub-Gaussianity of the LLR.

Definition 6 (Universality Class UC-B) Define (P, Q) to be in the universality class UC-B if (P, Q)
is computable and there is a constant C' > 1 such that

Yp(N\) — dgr(P||Q) - A < C - dyr(P||Q) - A2 forall A € [—1,0]
Vo) + dix(Q|IP) - A < C - dgr(Q||P) - A2 forall A € [—1,1]
Our last universality class ensures that the information-theoretic lower bound that we show in

Section F.1 matches the upper bound from Section F.2. Let dski.(P, Q) = dki(P||Q) + dkr(Q||P)
denote symmetric KL divergence.

Definition 7 (Universality Class UC-C) Define (P, Q) to be in the universality class UC-C if (P, Q)
there is a constant C' > 0 such that x\*(P||Q) < C’ - dsg1(P, Q).
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In Sections E and F, we specialize our theorems on information-theoretic and computational up-
per and lower bounds to these three universality classes. This yields the following characterization
of the computational phase diagram for SSD(n, k, P, Q) when (P, Q) is in UC-A, UC-B and UC-C.
These regimes are depicted in Figure 1. Here, < hides factors that are sub-polynomial n.

Theorem 8 (Submatrix Detection Phase Diagram) The regions of the computational phase dia-
gram in SSD(n, k, P, Q) are:

e (Statistically Impossible) if (P, Q) is in UC-C then SSD is impossible if

2

1 n
dSKL(P, Q) < E A ﬁ

e (PC-Hard) if (P, Q) is in UC-A then SSD is PC-hard but possible if
1 n? n?
E/\ﬁ<<dSKL(,P’Q)<<ﬁ/\1

e (Polynomial Time Algorithms) if (P, Q) is in UC-B then SSD can be solved in poly(n) time if

2

n
ﬁ Nl <K ds[{L(P, Q)

In Section G, we discuss the three universality classes UC-A, UC-B and UC-C and sub-classes of
distributions that they contain. For example, these three classes contain the following pairs (P, Q):

e Pairs (P, Q) with sub-Gaussian LLR i.e. with L = log %(m) for z ~ Q is sub-Gaussian.
e Pairs (P, Q) with bounded LLR i.e. with L = log %(x) for x ~ Q is bounded almost surely.

e A wide variety of other pairs (P, Q) from a common exponential family. The computations
in Appendix B of Hajek et al. (2017) provide a simple method for determining if pairs (P, Q)
from an exponential family are in UC-B. This same method can be applied to check member-
ship in UC-A and UC-C.

The class UC-B is discussed at length in Sections 2.1, 3 and Appendix B of Hajek et al. (2017). In
Section G, we observe that these properties imply that the following three important computable
pairs are in all three of the classes UC-A, UC-B and UC-C:

(Dgc) P = N(u,1) and Q = N(0,1) where u = n~® for some o > 0, in which case SSD
corresponds to Gaussian biclustering;

(Dsp) P = Bern(p) and Q = Bern(q) where p = cq = en™ for some constant ¢ > 1 and o > 0,
in which case the above diagonal entries of SSD are the adjacency matrix of an instance of
sparse planted dense subgraph; and

(Dgp) P = Bern(p) and Q = Bern(q) where p = ¢ + ©(n~7) and ¢ = n~¢ for some constants
v > a > 0, in which case the above diagonal entries of SSD are the adjacency matrix of an
instance of general planted dense subgraph.

The fact that these three examples are in our universality classes implies that our average-case
reduction recovers and generalizes the planted clique lower bounds for Gaussian biclustering in
Ma and Wu (2015); Brennan et al. (2018) and for the sparse and general regimes of planted dense
subgraph in Hajek et al. (2015); Brennan et al. (2018). For the two graph problems, this is achieved
by constructing a graph from the above diagonal terms of the matrix output by the reduction.
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Algorithm MRK(B)

Parameters: Input B € {0, 1}, parameter n, number of iterations N, dimension ¢{ = poly(n),
Bernoulli probabilities 0 < ¢ < p < 1 and ¢ pairs of computable sequences of distributions
(P, Q) fori € {1,2,..., ¢} over the measurable space (X, BB)

1. Initialize z = (21, 22, . . . , z¢) arbitrarily in the support of Q! ® Q2 ® - -- ® QY
2. Until z is set or N iterations have elapsed:

(1) Form 2/ = (21,25,...,2)) where 2/ ~ QY is sampled independently for each i €
{1,2,..., ¢} and compute the log-likelihood ratio

é .
Py,

L) = 3 log 9P 2
i=1 n

(2) Proceed to the next iteration if it does not hold that

1_
log (L) < Ln(#) <log (£
1—g¢q q

(3) If B = 0, then set z < 2’ with probability 1 — Z - exp(Ln(2'))

(4) If B = 1, then set z « 2’ with probability 4 - exp(Ly(2')) — 41=2

3. Output 2

Figure 2: Multivariate rejection kernel algorithm with Bernoulli input B € {0, 1}.

4. Overview of Average-Case Reduction Techniques

In this section, we give a preview of multivariate rejection kernels as well as our reduction from
planted clique to general submatrix detection. Some of the material in this section is repeated in the
Appendix for clarity. We provide formal theorem statements with guarantees for our reductions in
Sections C and D.

4.1. Multivariate Rejection Kernels

The first average-case technique we introduce is multivariate rejection kernels, which effectively
perform an algorithmic change of measure simultaneously with a lift. These are the maps MRK(B),
shown in Figure 2, that send a binary input B € {0, 1} to a higher dimensional space X* simulta-
neously satisfying two Markov transition properties:

1. if B ~ Bern(p), then MRK(B) is close to P} ® P2 ® - -- @ P! in total variation; and

2. if B ~ Bern(q), then MRK(B) is close to Q! ® Q2 ® --- ® QF in total variation.

10
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where 0 < ¢ < p < 1 are fixed and (P?, Q%) are pairs of computable sequences of distributions
over a common measurable space (X, B) fori € {1,2,...,¢}. The maps MRK will be a key part
of our reduction to SSD, lifting planted dense subgraph and planted clique instances to instances of
submatrix detection with independent entries and the correct marginals.

These maps MRK use rejection sampling to transform the distribution of the input from either
one of two input Bernoulli distributions to two ¢-fold product distributions, without knowing which
of the two distributions was the input. Multivariate rejection kernels are closely related to previous
average-case reduction techniques in the literature. Univariate Markov transitions taking Bern(1)
and Bern(q) to either a fixed pair of Bernoulli distributions or a fixed pair of normal distributions
were introduced in Ma and Wu (2015) and Gao et al. (2017). More closely related to our map are the
rejection kernel framework introduced in Brennan et al. (2018) and the reduction from planted clique
to planted dense subgraph in Hajek et al. (2015). The rejection kernels in Brennan et al. (2018) used
a similar rejection sampling scheme as we use here to map binary inputs to distributions on R. In
Brennan et al. (2018), it is assumed that both of the target distributions fx and gx have explicit
density or mass functions and have sampling oracles. In contrast, our map MRK only requires

the Radon-Nikodym derivatives ZS’; exist and that there is a sampling oracle for the target noise
distributions Q¢ rather than for P’ as well, keeping the assumptions on (P!, Q°) relatively minimal.

All of the univariate maps in Ma and Wu (2015), Gao et al. (2017) and Hajek et al. (2015) rely
on sampling explicit mass or density functions that are linear combinations of the target distribu-
tions. This requires time at least the size of the support of the target distribution or of a sufficiently
fine net of its support. In the multivariate case mapping to distributions on X, the size of this
support grows exponentially in ¢ and this sampling scheme is not feasible in polynomial time. The
rejection sampling scheme used here circumvents this issue and is crucial in our reduction to general
submatrix detection.

4.2. Average-Case Reduction to Submatrix Detection

Figure 3 shows the pseudocode for our main average-case reduction TO-SUBMATRIX from planted
dense subgraph to general submatrix detection. As stated, our reduction produces an instance of the
more general problem of heteroskedastic submatrix detection, where each entry is allowed to have
a different computable pair (P;;, Q;;). It also begins with an instance of planted dense subgraph,
providing a more general class of reductions than just from planted clique. The additional submatrix
problems this implies hardness for are discussed in Section E.

As shown, this reduction begins by cloning the adjacency matrix of a planted dense subgraph
instance to produce two independent samples of the above diagonal portions of their adjacency
matrix. These are then embedded as two halves of a principal minor in a larger matrix in Step 2.
This random embedding hides the previously missing diagonal terms in total variation. Analyzing
this step is one of our technical contributions. The resulting Bernoulli submatrix problem is then
lifted using MRK maps to an instance of heteroskedastic submatrix detection.

This reduction succeeds in mapping to the target submatrix problem as long as the pairs of
planted and noise distributions (P;;, Q;;) are computable and satisfy an LDP of their LLR. Our
reduction implies the computational lower bounds for Gaussian biclustering and planted dense sub-
graph in Ma and Wu (2015), Hajek et al. (2015) and Brennan et al. (2018). The step of embedding
as a principal minor in Step 2 circumvents the arguments in Hajek et al. (2015) and Brennan et al.
(2018) showing that the total variation error introduced by missing diagonal entries is small. It also

11
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Algorithm TO-SUBMATRIX

Inputs: Graph G € G, parameters 0 < ¢ < p < 1, intermediate dimension N, expansion factor /,
number of iterations Vj;, subgraph size k, pairs of computable sequences of distributions (P;;, Q;;)
for 1 <i,j < N/ over the measurable space (X, B)

1. Apply GRAPH-CLONE to G with edge probabilities P = pand Q@ =1 — /(1 — p)(1 — q) +
11y (\/6 - 1) and ¢ = 2 clones to obtain (G, G2)

2. Sample s; ~ Bin(n,p), sa ~ Bin(V,Q) and a set S C [N] with |S| = n uniformly at
random. Sample 77 C S and 7o C [N]\S with |71| = s; and |T5| = max{sy — s1,0}
uniformly at random. Now form the matrix M* € {0, 1}V*" where

Lz r(repc) fi<jandijes
Lin()m(i)yep(G) ifi>jandi,j €S
M5 =S 1gery ifi=jandi,j €S
liicemy ifi=jandi,j &S
~iid. Bern(Q)  ifi#jandig Sorj ¢S
where 7 : S — [n] is a bijection chosen uniformly at random

3. Let 7 be a random permutation of [N'/] and form the matrix M? € X V>N by setting
(M2 :sb+1<7720) < (s+ DEAH+1<771() < (t+1)E) = MRKy (M(lsﬂ)(m))

for each 0 < s,t < N, where MRKg; is the multivariate rejection kernel with Vj; iterations
sending Bern(p) and Bern(Q) to the random set of ¢2 pairs (P, Q) satisfying that s{+1 <
i) < (s+1)fandtl +1 < 771(j) < (t+1)¢

4. Output the matrix M?

Figure 3: Reduction TO-SUBMATRIX for showing universal computational lower bounds for sub-
matrix problems based on the hardness of planted clique or planted dense subgraph. The
pseudocode for the subroutine GRAPH-CLONE is shown in Figure 6 in Section D.

simplifies the reductions PC-LIFTING and DISTRIBUTIONAL-LIFTING in Brennan et al. (2018).
Our reduction extends the Gaussian biclustering lower bounds in Ma and Wu (2015) and Brennan
et al. (2018) to the cases of symmetric indices.
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Appendix A. Notation

In this paper, we adopt the following notation. Let £(X ) denote the distribution law of a random
variable X and given two laws £ and Lo, let £1+ Lo denote L(X +Y) where X ~ Ly andY ~ L,
are independent. Given a distribution P, let P®™ denote the distribution of (X1, X, ..., X,,) where
the X; are i.i.d. according to P. Similarly, let P€"*" denote the distribution on R™*" with i.i.d.
entries distributed as P. Let dtv, dkr, and X2 denote total variation distance, KL divergence and X2
divergence, respectively. Let [n] = {1,2,...,n} and let 15 denote the vector v € R™ with v; = 1
ifi € Sandv; =0if i € S where S C [n].

Appendix B. Average-Case Reductions in Total Variation
B.1. Reductions in Total Variation and the Computational Model

As introduced in Berthet and Rigollet (2013a) and Ma and Wu (2015), we give approximate reduc-
tions in total variation to show that lower bounds for one hypothesis testing problem imply lower
bounds for another. These reductions yield an exact correspondence between the asymptotic Type
I+II errors of the two problems. This is formalized in the following lemma, which is Lemma 3.1
from Brennan et al. (2018) specialized to the case of simple vs. simple hypothesis testing. Its proof
is short and follows from the definition of total variation.

Lemma 9 (Lemma 3.1 in Brennan et al. (2018)) Let Pp and P}, be detection problems with hy-
potheses Hy, Hy and H{, H}, respectively. Let X be an instance of Pp and let Y be an instance of
P',. Suppose there is a polynomial time computable map A satisfying

dry (Lo (AX)), £y (V) + drv (L1, (AX)), Ly (V) <6

If there is a randomized polynomial time algorithm solving Py, with Type I+-11I error at most €, then
there is a randomized polynomial time algorithm solving Pp with Type I+II error at most € + 9.

If 6 = o(1), then given a blackbox solver B for P}, the algorithm that applies A and then B
solves Pp and requires only a single query to the blackbox. An algorithm that runs in randomized
polynomial time refers to one that has access to poly(n) independent random bits and must run in
poly(n) time where n is the size of the instance of the problem. For clarity of exposition, in our
reductions we assume that explicit expressions can be exactly computed and that we can sample
a biased random bit Bern(p) in polynomial time. We also assume that the oracles described in
Definition 2 can be computed in poly(n) time.

B.2. Properties of Total Variation

Throughout the proof of our main theorem, we will use the following well-known facts and inequal-
ities concerning total variation distance.

Fact B.1 The distance dry satisfies the following properties:

1. (Triangle Inequality) Given three distributions P, Q) and R on a measurable space (X, B), it
follows that
dry (P, Q) < drv (P, R) + drv (Q, R)
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2. (Data Processing) Let P and @ be distributions on a measurable space (X, B) and let f :
X — Y be a Markov transition kernel. If A ~ P and B ~ () then

drv (L(f(A)), £(f(B))) < drv(P, Q)

3. (Tensorization) Let Py, P,, ..., P, and Q1,Qa2,...,Q, be distributions on a measurable

space (X, B). Then
drv <H P ] Qi) <Y drv (P, Q)
i=1 =1 i=1

4. (Conditioning on an Event) For any distribution P on a measurable space (X, B) and event
A € B, it holds that
dry (P(|4), P) = 1 - P(A)

5. (Conditioning on a Random Variable) For any two pairs of random variables (X,Y') and
(X', Y") each taking values in a measurable space (X, B), it holds that

dry (L(X), L(X)) < dqv (L), L) + By [drv (LX|Y =), LY = p))]
where we define dry (L(X|Y = vy), L(X'|Y' =y)) = 1 forall y & supp(Y”).

Given an algorithm A and distribution P on inputs, let A(P) denote the distribution of A(X)
induced by X ~ P. If A has k steps, let A; denote the ith step of A and .A;_; denote the procedure
formed by steps ¢ through j. Each time this notation is used, we clarify the intended initial and
final variables when A; and A;_; are viewed as Markov kernels. The next lemma encapsulates the
structure of all of our analyses of average-case reductions.

Lemma 10 Let A be an algorithm that can be written as A = A, 0 A1 0- - -0 Aq for a sequence
of steps A1, As, ..., Am. Suppose that the probability distributions Py, P1, . .., Pm are such that
dry(Ai(Pi—1), Pi) < € for each 1 < i < m. Then it follows that

dry (A(Po), Pm) < Z €
i=1

Proof This follows from a simple induction on m. Note that the case when m = 1 follows by
definition. Now observe that by the data-processing and triangle inequalities in Fact B.1, we have
thatif B = A,,_1 0 Ay,_20---0 A then

dTV (*A(PO)v Pm) (Am o B(PO)a Am(,mel)) + dTV (Am(,mel), Pm)

drv

dTV (B(PO)7 ,Pm71> + €m
> e

=1

where the last inequality follows from the induction hypothesis applied with m — 1 to 3. This
completes the induction and proves the lemma. |

IN A

IN
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Algorithm MRK(B)

Parameters: Input B € {0, 1}, parameter n, number of iterations N, dimension ¢{ = poly(n),
Bernoulli probabilities 0 < ¢ < p < 1 and ¢ pairs of computable sequences of distributions
(P, Q) fori € {1,2,..., ¢} over the measurable space (X, BB)

1. Initialize z = (21, 22, . . . , z¢) arbitrarily in the support of Q! ® Q2 ® - -- ® QY
2. Until z is set or N iterations have elapsed:

(1) Form 2/ = (21,25,...,2)) where 2/ ~ QY is sampled independently for each i €
{1,2,..., ¢} and compute the log-likelihood ratio

é .
Py,

L) = 3 log 9P 2
i=1 n

(2) Proceed to the next iteration if it does not hold that

1_
log (L) < Ln(#) <log (£
1—g¢q q

(3) If B = 0, then set z < 2’ with probability 1 — Z - exp(Ln(2'))

(4) If B = 1, then set z « 2’ with probability 4 - exp(Ly(2')) — 41=2

3. Output 2

Figure 4: Multivariate rejection kernel algorithm with Bernoulli input B € {0, 1}.

Appendix C. Multivariate Rejection Kernels
C.1. General MRK Algorithm and Analysis

In this section, we introduce multivariate rejection kernels, which effectively perform an algorithmic
change of measure simultaneously with a lift. More precisely, the map MRK (B) sends a binary input
B € {0,1} to a higher dimensional space X ¢ simultaneously satisfying two Markov transition
properties:

1. if B ~ Bern(p), then MRK(B) is close to P ® P2 @ - - - ® P~ in total variation; and
2. if B ~ Bern(q), then MRK(B) is close to Q) ® Q2 ® --- ® Q' in total variation.

where 0 < ¢ < p < 1 are fixed and (P?, Q") are pairs of computable sequences of distributions
over a common measurable space (X, B) for i € {1,2,...,¢}. The maps MRK will be a key part
of our reduction to SSD, lifting planted dense subgraph and planted clique instances to instances of
submatrix detection with independent entries and the correct marginals.
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These maps MRK use rejection sampling to transform the distribution of the input from either
one of two input Bernoulli distributions to two ¢-fold product distributions, without knowing which
of the two distributions was the input. Multivariate rejection kernels are closely related to previous
average-case reduction techniques in the literature. Univariate Markov transitions taking d; and
Bern(g) to either a fixed pair of Bernoulli distributions or a fixed pair of normal distributions were
introduced in Ma and Wu (2015) and Gao et al. (2017). More closely related to our map are the
rejection kernel framework introduced in Brennan et al. (2018) and the reduction from planted clique
to planted dense subgraph in Hajek et al. (2015). The rejection kernels in Brennan et al. (2018) used
a similar rejection sampling scheme as we use here to map binary inputs to distributions on R. In
Brennan et al. (2018), it is assumed that both of the target distributions fx and gx have explicit
density or mass functions and have sampling oracles. In contrast, our map MRK only requires

the Radon-Nikodym derivatives Zgi exist and that there is a sampling oracle for the target noise
distributions Q¢ rather than for P’ as well, keeping the assumptions on (P?, Q°) relatively minimal.

The reduction in Hajek et al. (2015) relies on a multivariate Markov transition mapping Bern(1)
and Bern(q) to distributions of the form Bern(cQ)®* and Bern(Q)®* for some constant ¢ > 1.
This is achieved by first performing a univariate map from Bern(1) and Bern(q) to Bin(¥, cQ)
and Bin(¢, Q)), respectively, and then observing that these counts are sufficient statistics for the
target product distributions. As discussed in the survey Wu and Xu (2018), this approach extends
naturally to other target distributions that have a common sufficient statistic with an explicit mass
or density function. For example, the sum of entries is such a sufficient statistic for the family
of distribution A/ (u, 1)®¢ for 1 € R. On generalizing to any computable pairs (P?, Q%), such a
sufficient statistic common to P! @ P2 ® --- @ P and Q! ® Q2 ® --- ® QF may not exist. We
remark that all of the univariate maps in Ma and Wu (2015), Gao et al. (2017) and Hajek et al.
(2015) rely on sampling explicit mass or density functions that are linear combinations of the target
distributions. This requires time at least the size of the support of the target distribution or of a
sufficiently fine net of its support. In the multivariate case mapping to distributions on X, the size
of this support grows exponentially in ¢ and this sampling scheme is not feasible in polynomial
time. The rejection sampling scheme used here circumvents this issue. We now prove the main total
variation guarantees of MRK(B), generalizing the argument in Lemma 5.1 in Brennan et al. (2018).

Lemma 11 (Multivariate Rejection Kernels) Suppose that n is a parameter, 0 < ¢ < p < 1
and N is a positive integer. Let (P*, Q") fori € {1,2,...,L} be pairs of computable sequences of
distributions over the measurable space (X, B) and let

5= frextine(122) <00 s (2))

where Ly, (x) = Zle log gg’} (z;) for each * = (x1,29,...,2¢) € X'. Then there is a map

MRK : {0,1} — X that can be computed in poly(n, £, N) time satisfying that

drv (MRK(Ben(p)), Ph @ P2 -+ @ Pf) < A

dry (MRK(Bem(q)), AR -® Qﬁ) <A
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where if P =Pl o P2®--- @ Pland Qf = QL @ Q> @ --- @ QF, then A is given by

Pooy [t # )+ Ponpy [ & )
b—q

N . 2\ v
o (e 5 2)" (8 i 22

Proof Let MRK be the poly(n, ¢, N) time algorithm shown in Figure 4. For the sake of analysis,
consider continuing to iterate Step 2 even after z is set for the first time for a total of N iterations.
Let AY and A} be the events that z is set in the ith iteration of Step 2 when B = 0and B = 1,
respectively. For B = 0, let B? = (A))Y N (AN --- N (A% 1) A? be the event that z is set
for the first time in the ith iteration of Step 2. Let CO AO UAJU--- U AY be the event that z is
set in some iteration of Step 2. Define le and C! analogously. Let zg be the initialization of z in
Step 1.

Now let Zy ~ Dy = L(MRK(0)) and Z; ~ D; = L(MRK(1)). We have that £(Z|BY) =
L(Zo|AY) and L(Z,|B}) = L(Z1|A}) since Al is independent of A%, AL ... Al | foreacht €
{0,1} and the sample z’ chosen in the ith iteration of Step 2. Observe that independence between
Steps 2.1, 2.3 and 2.4 ensures that

A:

P[42) = Bomgs | (1 2 exp(Lo(e) ) - 15(0)]

= IPINQ;; [93 S S] - ]% . ]P)mw’p; [$ € S]

P A1) = Eavgy | (£ explLa(o) - 210 1500

q(1—p)

'IP)QUN * IEGS

:g'PxN'pr[CEES}*
p

since dg: (z) = exp (Ly,(x)). By the independence of the AY, we have that

N N
~PC =]](1-P[47]) = (1 —Pyog: [z € 9] +%-]P>m~p;;[x € S})

=1
< (Prcslo# 51+ p>N

Similarly, we have that

— 1 q q(1—p) N
—]P’[C’]:rll(l—P[Ai]):<1—p'IP’pr;;[:r€S]+p(1_q)-]P’INQ;«L[xESO
q g q-p©\"¥
S(p'(l Frpilr € 51) +1 p+p(1—q)>
_ 2\ V
< (5 Promte 51+ 220N

21



UNIVERSAL REDUCTIONS TO SUBMATRIX DETECTION

We now have that £(Zy|A?) and £(Z,]A}) are each absolutely continuous with respect to Q7 with
Radon-Nikodym derivatives
dL(Zo|BY) dL(Zo| AD) 01-1 q
TREO0IT )y = ZEE0IE ) oy a0 (12 2 L, 1
T ) = S @) = P4 1 exp(Lo(a)) ) - 15(a)
Py,
B P—=4a- gox (z)
P Pangir €8] —q - Poupslr €8]
- 1-p)

z) =P[A] 1~<q-exanz’ _ 4 >-1 x
@) =P [4] 7 (4 exp(Ln(=) - 410 ) 15
d *

(1-q) i) - (1-p)

B (1 _Q) 'wap;;[a: S S] — (l—p) ']P)mwg;;[l' c S] ’ 1S($)

15(1’)

dﬁ(ZﬂB})( ) = dL(Z1|A})
aQr T T aor

Now observe that since the conditional laws £(Zo|BY) are all identical, we have that

Dy, . dL(Z| BY)
dg; @ =P =15 =@ + (1-P[C7]) - 1y()

Therefore it follows that

dDy
A0

(1-P(CY)) Eancy |
(1=P ) Brmgy [ 1(o) +

~P[C]
by the triangle inequality. A symmetric argument implies that drv (D1, £(Z1|B1)) <1 —P [C].

drv (Do, L(Zo|BY)) = a dﬁ(Z()'B?)(x)H

aor

1z, (z)

Erncs || G0 @

dL(Z| BY)
"~ (””)H
dL(Zy| BY)

;)

IN

=N N N
[S—y
|

*

Now observe that since 22 (x) < g for z € S, we have that

a0
AP}
E dL(Z)BY) ) P agi (")
e dg; P—q
1 1 dP:
= - 'E:pw * —dq- n xr c1e(x
‘p'Pan:;[x65]—(1-Pz~7>;;[fﬂ€5] p—q‘ % [<p 1 dQ;fL( )> s )]
dP;;
p_ngg(x>
+Epoor ||——— 2 1go(n
194 p—q so()
p-Prugsr €S| —q-Pypops[z € 5] p+q-jg§(x)
p—q p—q
:‘p-PINQ;[MZS]—q-wap;;[wéZS]‘+p~Px~Q;[m§ZS]+q'Px~p;[:r§ZS]
b—q pP—q
<Q‘Px~gz[w€5]+2'Px~m[$§ZS]
N P—q
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By a symmetric computation, we have that

aLz|BY) (1-9) 6@ —(1=D)|| 2 Prugi[s @8] +2 Poupsfo ¢ 8

E, o <
o~ Qn Ao p—q p—q

Now observe that

WPy iy p. L7 35§<x>—<1—p>+(1_ | p—q- o)
dgor b p—q P P—q
(1—4q) 5= (x) — (1—p) p—q- 55 ()
l=gq K +(1—-q) .
DP—q pP—q

Now observe that

drv (MRK(Bern(p)), P) = dry (p- L(Z1|Bi) + (1 —p) - L ZoyB1 P

+dry (p- L(Z1|1BY) + (1 —p) - L(Z| BY), MRK (Bern(p)) )
p dL(Z1|BY) p—q- 5k (x)
<5 Eioy ||—m— (@) - ———
2 " agy P—q
(1-p) 4 AL(Z|BY) PO ict (v)
+ 9 T~ QX ClQ;’iL (‘7} - »—gq
+p-drv (D1, L(Z1|BY)) + (1 — p) - drv (Do, L(Zy| BY))
<A

A symmetric argument shows dty (MRK(Bern(q)), Q) < A, completing the proof of the lemma.
|

C.2. Homogeneous MRK and Log-Likelihood Ratio LDPs

We now show that when all of the pairs (P?, Q%) = (P, Q) are the same and their LLR satisfies
LDPs with respect to each of Q and P, then the total variation error A is small in the lemma above.
This will be the form of the lemma that we will apply to show computational lower bounds for SSD.

Lemma 12 Let (P, Q) be a computable pair over (X, B). Define n,{,p and q as in Lemma 11.
Lett,,7— > ("' .log (4 ) and suppose that (P, Q) satisfies

1-
g (1=1) <~ du(@IP) < ¢ dia(P] Q) <oz (2
P

and the LLR between (P, Q) satisfies the LDPs

1—
Ep (E_l -log <5>> >71 and Eg <€_1 -log <1_§)> > T
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where the second inequality is only necessary if p # 1. Then there is a map MRK : {0,1} — X ¢
that can be computed in poly(n, £,pq~*(p — q)~', min(7y, 7_)) time satisfying that

3(e—€T+ _'_e—KT,)

dry (MRK(Bem(p)),p,?f) <

p—q
3 e*éT.,_ 4 eff‘r_
dry (rk(Bem(q)), 03) < X £ )

Proof Letc, = log (%) > 0and c_ = log (%) < 0. Observe that
Eg (C+f_1) =Ep (c+€_1) +e >y
Ep (c_ﬁ_l) = Fg (c_f_l) —c Tt >T

where the second set of inequalities holds if p # 1. Now consider applying Lemma 11 with number
of iterations

log (1—“27?)) e

since log(1 — 2)™! > x forz = q(’;i;q). Thus it suffices to bound A given that the LLR be-
tween (P, Q) satisfies the LDPs above. For now consider the case where p # 1. Let L,(x) =
Zle log gg’; (z;) for each z € X*. Now consider \; with objective value approaching the supre-
mum in the optimization Ep (c4¢') = supyeg ¢+~ 'A — ¢p(X). Since the derivative of the
objective at A = 0 is c4 £~ — dg(P||Q) > 0, we can take A\; > 0. Analogously, we can take
A2 < 0 approaching the supremum in the optimization Ep(c_¢~1). Applying a Chernoff bound
now yields that

+ P, per leXp (s - Ly(x)) > (1_p> /\2]

A1
P, pet [x &S] = P, pet [exp (A - Lp(z)) > <p) -

q

—\1 1— A2
< <2)> 'EXNp;?f [eXp ()\1 ) Ln(a:))] + (1_;) .EXNP%M [eXp (—)\2 . Ln(x))]

= exp (—cy A+ Pp(A1)) +exp (—c-Ap + £ Pp(X2))
—exp (- Ep(cil™h) +exp (—£- Ep(c_t71))
S €7£T+ _’_eff‘l'_

where the limit holds on taking A; and A, to approach the two suprema. Note that if p = 1, then the
second probability above trivially satisfies that

1—
HD;{;NP?Z |:Ln(l') < 1_];:| =0< 6_67—7

and the bound on PxNP§Z [z ¢ S] above still holds. By a symmetric argument, we also have that

P [z ¢S] <e T+ et

2~ Q%"
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Now observe that since e {7+, e (7~ < %(p — ¢q), we have that
q P 2pgt ¢ <41 q(p—q) q(p —q) q(p —q)
P ez g S]+——— ( q)+1—§1—§1—
p oPn [ I+ p—pq p o (P —4) p(1—q) 2p(1—q) 2p
Similarly, we have
g _1 p—q q(p —q)
Sl+-<=(p— 1 -2 Y
P, ogee[r &S]+ ) <gP—a)+ < %

Therefore it follows that

max{(zwg*[ 7S]+ p>N7<§ Ponp;lo & 5]+ W>N}

ap— )\~
< <1 — > < max (e*hf, e*ET—)
2p

3(6727'_'_ +€7£T_ )

and hence that A < =

, completing the proof of the lemma. |

C.3. Entrywise Reductions Fail to Show Tight Computational Lower Bounds

A conceptually simpler idea for an average-case reduction would avoid multivariate rejection ker-
nels and instead begin by mapping to a submatrix problem with a specific pair (P*, Q*) and then ap-
ply a univariate entry-wise map from (P*, Q*) to (P, Q). For example, if (P*, Q*) were Bernoulli
random variables, this would correspond to mapping to a submatrix variant of planted dense sub-
graph and then to SSD(n, k, P, Q). We remark that there is a simple barrier to making this approach
produce tight computational lower bounds.

As discussed in the summary of our results in Section 3, the relevant signal in the computational
phase diagram for SSD is dgy.(P||Q). For this approach to lead to a reduction, there would have to
be a univariate map ¢ such that ¢(P*) ~ P and ¢p(Q*) ~ Q as long as dg.(P*||Q*) =< dkL(P]| Q).
However, looking at the family of pairs of Bernoulli random variables shows that this is not the case.
If (P*, Q") = (Bern(n™ %), Bern(2n~%)) then we have that

1—2n=¢
dxL(P*|| Q") = —n" % log2—(1—n"%) log (1_:—04) =0(n %) and drv(Q*||P*)=n""
Furthermore, let (P, Q) = (Bern(1/2), Bern(1/2 4+ n~°/2)) and note that
1 1
kL(P[|Q) = —5 log(1 + on~/?) — 5 log(1 - o~ =0(n~*) and dryv(Q|P)=n"/?

By the data-processing applied to drv, it is impossible for such a map ¢ to exist even though these
two pairs have KL divergences on the same order.
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Algorithm TO-SUBMATRIX

Inputs: Graph G € G, parameters 0 < ¢ < p < 1, intermediate dimension N, expansion factor /,
number of iterations Vj;, subgraph size k, pairs of computable sequences of distributions (P;;, Q;;)
for 1 <i,j < N/ over the measurable space (X, B)

1. Apply GRAPH-CLONE to G with edge probabilities P = pand Q@ =1 — /(1 — p)(1 — q) +
11y (\/6 - 1) and ¢ = 2 clones to obtain (G, G2)

2. Sample s; ~ Bin(n,p), sa ~ Bin(V,Q) and a set S C [N] with |S| = n uniformly at
random. Sample 77 C S and 7o C [N]\S with |71| = s; and |T5| = max{sy — s1,0}
uniformly at random. Now form the matrix M* € {0, 1}V*" where

Lz r(repc) fi<jandijes
Lin()m(i)yep(G) ifi>jandi,j €S
M5 =S 1gery ifi=jandi,j €S
liicemy ifi=jandi,j &S
~iid. Bern(Q)  ifi#jandig Sorj ¢S
where 7 : S — [n] is a bijection chosen uniformly at random

3. Let 7 be a random permutation of [N'/] and form the matrix M? € X V>N by setting
(M2 :sb+1<7720) < (s+ DEAH+1<771() < (t+1)E) = MRKy (M(lsﬂ)(m))

for each 0 < s,t < N, where MRKg; is the multivariate rejection kernel with Vj; iterations
sending Bern(p) and Bern(Q) to the random set of ¢2 pairs (P, Q) satisfying that s{+1 <
i) < (s+1)fandtl +1 < 771(j) < (t+1)¢

4. Output the matrix M?

Figure 5: Reduction TO-SUBMATRIX for showing universal computational lower bounds for sub-
matrix problems based on the hardness of planted clique or planted dense subgraph.

Appendix D. Average-Case Reduction to Submatrix Detection

In this section, we give a polynomial time reduction TO-SUBMATRIX to SSD detection with pairs
of planted and noise distributions that are computable and satisfy an LDP of their LLR. This reduc-
tion is shown in Figure 5 and its total variation guarantees are stated in Theorem 13 below. The
reduction begins by cloning the adjacency matrix of a planted dense subgraph instance to produce
two independent samples of the above diagonal portions of their adjacency matrix. These are then
embedded as two halves of a principal minor in a larger matrix in Step 2. This random embedding
hides the previously missing diagonal terms in total variation. Analyzing this step is one of our
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technical contributions. The resulting Bernoulli submatrix problem is then lifted using MRK maps
to an instance of submatrix detection.

Our reduction implies the computational lower bounds for Gaussian biclustering and planted
dense subgraph in Ma and Wu (2015), Hajek et al. (2015) and Brennan et al. (2018). The step of
embedding as a principal minor in Step 2 circumvents the arguments in Hajek et al. (2015) and
Brennan et al. (2018) showing that the total variation error introduced by missing diagonal entries
is small. It also simplifies the reductions PC-LIFTING and DISTRIBUTIONAL-LIFTING in Brennan
et al. (2018). Our reduction extends the Gaussian biclustering lower bounds in Ma and Wu (2015)
and Brennan et al. (2018) to the cases of symmetric indices.

In Section D.1, we describe and analyze the subroutine GRAPH-CLONE in Step 1 which trans-
forms one instance of planted dense subgraph into many independent instances, preserving both Hy
and H;, at a minor loss in the parameters p and ¢. In Section D.2, we prove several lemmas to an-
alyze Step 2 of TO-SUBMATRIX and in Section D.3, we complete the proof of Theorem 13. In the
next section, we apply Theorem 13 to deduce computational lower bounds for various forms of sub-
matrix detection. Note that the reduction TO-SUBMATRIX handles a more general setup where the
pairs (P;;, Q;;) are permitted to differ from entry to entry. The additional submatrix problems this
implies hardness for are discussed in Section E. TO-SUBMATRIX also begins with an instance of
planted dense subgraph, providing a more general class of reductions than just from planted clique.

Let Md((Qz‘j)lgi,j‘gd) denote the distribution on d x d matrices M with independent entries
satisfying that M;; ~ Q;; foreach 1 < i,j < d. Let My((Pij, Qij)1<i,j<d, k) denote the distribu-
tion on d X d matrices M generated as follows: choose a k-subset S C [d] uniformly at random and
then independently sample M;; ~ P;; for each ¢, j € S and M;; ~ Q;; otherwise.

Theorem 13 (Reduction to Submatrix Detection) Letn, k <n, N, Ny, Land 0 < g < p < 1be

parameters such that ¢ = n-00)

N><g—|—e>n, kg? and I;\j<min{1_QQ,l_QQ}

where e > 0and Q =1 — /(1 —p)(1 —q) + 1p—ny (\/a — 1). Let (Pyj, Qij) for 1 < 4,5 < N{
be pairs of computable sequences of distributions indexed by n over the measurable space (X, ).
For each pair of (-subsets U,V C [N, let Ay be the total variation upper bound as defined
in Lemma 11 for the multivariate rejection kernel MRKy v with Nj iterations sending Bern(p) and
Bern(Q) to the (2 pairs (Pr, Qi) wherei € Uand j € V. Let A = maxy,y Ay,v be the maximum
such upper bound. The algorithm A = TO-SUBMATRIX in Figure 5 runs in poly(N,{) time and
satisfies that

32N

k2(1—Q) k2Q
+\/ 20N +\/2]\1(1-@)

5 Qe2n2
drv (A(G(n,q)), Mne((Qij)i<ij<ne)) S N“-A+4-exp (— S9N )

2 Qe*n?
dry (A(G(n, k,p,q)), Mne((Pij, Qij)i<ij<ne, k) < N“- A4 4-exp | —

Before proceeding to the proofs in this section, we first establish some additional notation.
When all of the pairs (P;;, Q;;) are the same (P, Q), then denote My((Pij, Qij)i<i,ji<d: k) by
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Algorithm GRAPH-CLONE
Inputs: Graph G € G,,, the number of copies ¢, parameters 0 < g < p < land0 < Q < P <1

t t
c Foimg 1o 1-P p

satisfying ﬁ < <@) and (@) < g
1. Generate 2%/ € {0, 1}! foreach 1 < i < j < n such that:

e If {i,j} € E(G), sample 2/ from the distribution on {0, 1} with

Pz = o] = piq [(1 —q)-Plrq = pytlvh — (1 —py. Qv (1 — Q)t—lvh]

e If {i,j} & E(G), sample 2/ from the distribution on {0, 1} with

Pl — o] = piq [ QI (1 — Q)tIh — g plli(y — P)t—\vh}

2. Output the graphs (G1, G2, . .., Gy) where {i, j} € E(Gy) if and only if 7}/ = 1

Figure 6: Subroutine GRAPH-CLONE for producing independent samples from planted graph prob-
lems.

My(P, Q, k). Givena k-subset S C [d], let My((Pij, Qij)i<i,j<d,S) denote My((Pij, Qij)i<ij<d, k)
conditioned on the selection of S as the planted index set. Define M4(P, Q, .S) analogously. Sim-
ilarly, let Vy (P, Q, S) denotes the distribution of vectors V' € X with independent entries and
Vi~ Pifi e Sand V; ~ Qifi ¢ S. Let Vy (P, Q, k) denote the mixture of Vy (P, Q,S)
induced by choosing S uniformly at random from all k-subsets of [N]. Let G(n,S,p,q) denote

the distribution of planted dense subgraph instances from G(n, k, p, ¢) conditioned on the subgraph
being planted on the vertex set S where |S| = k. Given an algorithm A with k steps, let .A; denote

the ith step of A and .A;_; denote the procedure formed by steps ¢ through j. Each time this notation

is used, we clarify the intended initial and final variables when A; and A;_; are viewed as Markov
kernels.

D.1. Graph Cloning

We begin with the subroutine GRAPH-CLONE which produces several independent samples from
a planted subgraph problems given a single sample. This procedure is a simple generalization of
PDS-CLONING in Section 10 of Brennan et al. (2018) and can be viewed as an exact variant of a
simple multivariate rejection kernel to products of Bernoulli random variables.

Lemma 14 (Graph Cloning) Lett € N0 < g<p<land0 < Q < P <1 satisfy that
1— 1-P\' P\’
1—gq 1-Q Q q
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Then the algorithm A = GRAPH-CLONE runs in poly(t, n) time and satisfies that for each S C [n],
A(G(n,q)) ~G(n, Q)% and A(G(n,S,p.q)) ~G(n,S, P,Q)*
Proof Let Ry, Ry : {0,1}' — R be given by
1
— = dn. ol _yt-lvle _ L plvlir _ pyt—Ilvh
Ro(w) = = [p- Q1 (1= Q) — g PP (1 — Py
1
Ri(v) = —[(1=q)- P (1= P)~Ih — (1= p)- QM1 (1 = Q) ~*h
pP—q
Now observe that for each v € {0, 1}¢, the fact that P > ( implies that

1—p (1-P\' Pl —p)t-lh P\’
< < < | —=
1—qg — (1—Q> - Q|v|1(1_Q)t—|v|1 - <Q>
which implies that Ry(v) > 0 and R (v) > 0 for each v € {0, 1}!. Furthermore, we have that

Y Rev)= ) Ri(v)=1

ve{0,1}t ve{0,1}t

IN

p
q

which implies that Ry and R; are well-defined probability mass functions. Also observe that
(1—p)- Ro(v) +p- Ri(v) = Pl (1 — p)t=lvh
(1—q)-Ro(v) +q- Ri(v) = Qi1 — @)t~k

Therefore it follows that if 1¢; hep(e) ~ Bern(p), then 27 ~ Bern(P)® and if 1(; hep@) ~
Bern(g), then z*/ ~ Bern(Q)®'. Since the edge indicators 1y; j1c (¢ are independent in each
of G(n,q) and G(n, S, p, q), this implies that (G1,Gs,...,Gy) ~ G(n, Q)" if G ~ G(n,q) and
(G1,Ga,...,Gy) ~ G(n, P)® if G ~ G(n, k,p, q), completing the proof of the lemma. [ |

D.2. Planting Diagonals by Embedding as a Principal Minor

The next two lemmas are a key technical component in the analysis of TO-SUBMATRIX. Specifi-
cally, they are crucial to showing the correctness of Step 2 in TO-SUBMATRIX, which plants missing
diagonal entries while randomly embedding entries derived from the adjacency matrix of the input
instance as a principal minor into a larger matrix to hide the planted entries in total variation. We
remark that the applications of Cauchy-Schwarz reducing the proof of the second lemma to bound-
ing x? divergences are unlikely to be tight. However, the resulting bounds are sufficient for our
purposes. We also remark that Lemma 16 can be proven by directly bounding sums of differences
of binomial coefficients. Instead, our approach yields more elegant computations, as carried out in
Lemma 15, and can be generalized to bound sums of random variables beyond binomial distribu-
tions.

Lemma 15 Suppose that P and Q are probability distributions on a measurable space (X, )
where P is absolutely continuous with respect to Q. Then for any positive integers k and m with
k2 - x2(P||Q) < m, we have that

2.2
2 V(P 0.0 @) < 2 PID)
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Proof Let f : X — [0,00) be the Radon-Nikodym derivative f = %. Note that V,,(P, Q, k) is
absolutely continuous with respect to Q%" with Radon-Nikodym derivative

AV (P, Q, k)
W&QW(%) = ]ESNZ/{k,m H f(z:)
€S
for each x € X" where Uy, ,,, is the uniform distribution on k-subsets of [m]. Now note that by
Fubini’s theorem

X2 (Vn(P, Q. k) || Q™) +1

AV (P, O, k), \*
= EmNQ®m <d<Q®m(.'L')> ]
=Ey;gem |Esai,, [H f(xi)] ‘Erauy,, [H f(l‘i)”
i€S ieS

=Es gy, |Ezngom [(H f(xz')) (H f(%'))”
5 ics ieT
=Esratty,, | |] Beime [f@)?] ] Beimelf@)] [] Eeimolf(2:)]

| i€SNT 1€S\T i€T\S

= Esirnttn |(1+X2(PI1Q)5]

where the last equality holds since E,,o[f(x;)] = 1 and 1 + x*(P||Q) = E,~olf(xi)?]. We
now apply an argument in Addario-Berry et al. (2010) to bound this last quantity. Observe that
|S NT| ~ Hypergeometric(m, k, k) and is identically distributed to |[k] N S| = Zle 1gies)
As shown in Section 3.2 of Joag-Dev and Proschan (1983), the variables 1;cqy are negatively
associated which implies that

k
EsT~tt ,n [(1 + XQ(PIIQ))‘SmTq = Esnttym [H(l + X2(7D||Q))1ues}]

=1

k
< [T Eswttn [+ 2 (PIQ)) 00

=1
k
~(Laserieyri- L)
k
- (1+ £ ¢r10)
< exp (kz . X2(7D||Q)> <14 2k2 - 2(P||Q)

m m

if k2 - x2(P||Q) < m. This completes the proof of the lemma. [

We now apply this lemma to bound the total variation between support sizes of the matrix
diagonals produced in TO-SUBMATRIX and the target matrix distributions.
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Lemma 16 (Planting Diagonals) Suppose that 0 < Q < P < 1and N > (g +e) n where
€ > 0. Let k < n satisfy that

k§@ and ]Zigmin{l?Q,l_QQ}

2
Let t; ~ Bin(k, P), ta ~ Bin(n — k, P) and t3 ~ Bin(N, Q) be independent and set ty =
max{t3 — t; — to,0}. Then it holds that

dndﬁ@bt2+t@,Bm@gP)®BhﬂN¥—kA®)§4nem)<—ani)+ F2(1-Q)

32N 2NQ

k2Q

T\ N -0

2,2
dry (L(t1 + 12 +t4), Bin(N,Q)) < 4 - exp <_Q3€2]$ >

Proof First consider applying Lemma 15 to P = ¢y and Q = Bern(Q). Note that since @ € (0, 1),
this choice of P is absolutely continuous with respect to Q. We have that if K and M are such that
K?Q < M(1 — Q) then

2K2Q)
M(1-Q)

Now by Cauchy-Schwarz and the data-processing property in Fact B.1 on taking the sum of the
entries of the vectors, we have that

x* (Va (8o, Bern(Q), K)|[Bern(Q)*M) <

dry (Bin(M — K, Q), Bin(M, Q)) < drv (Var (5o, Bern(Q), K), Bern(Q)®M)
< 5/x® (Var (o, Bem(Q), ) [Bem(Q)#™)

K2Q
2M(1- Q)

Now apply Lemma 15 to P = §; and Q = Bern(QQ). By the same argument, if K?(1 — Q) < MQ,
then we have that

K?(1-Q)

drv (K + Bin(M — K, Q),Bin(M, Q)) < 2O

Combining these two inequalities and applying the triangle inequality in Fact B.1 yields that

drv (K’ + Bin(M — K, Q),Bin(M,Q)) < drv (K’ + Bin(M — K,Q),Bin(M — K + K',Q))
+dry (Bin(M — K + K',Q),Bin(M, Q))

_ [ ki@ [k-xpq
S\ —K+K)Q "\ 2M(I=0Q)
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as long as K’ < K and it holds that
(M- K+ K')Q M(1-Q)
1-Q Q
Note that both of these inequalities are satisfied if K?/M < min {Q (1 -Q),Q(1 - Q)" '}.

Standard Chernoff bounds imply that the binomial distribution satisfies the following concentration
inequalities

K"? < and (K —K')?<

2
P [Bin(M,r) > (1 + §)rM] < exp <_2i(5 .rM>

2
P[Bin(M,r) < (1 —0)rM] < exp <—52 -TM>

for 6 > 0. These inequalities can be derived by standard Chernoff bounds. Now observe that if
ts > QN — %" 4 M and ty < P(n—k)+ %™ — 2 hold, then t3 > m -+t since QN > (P +Qe)n.
Therefore we have that

Pty # t3 — t; — to|ty = m] = Pty < m + t3]

SP[t3<QN—Q;n+ZL]+P[t2>P(n—k)+Q;n_ZL]
SIP’[t3<QN—Q4ﬂ+P[t2>P(n—k)+Q4€”]

con (3" )

+ exp <_2+1Qen ' <4P(Cffﬁ k:)>2'P(n_k)>

4P(n—k)
ce 7Q€2n2 e B 1 Q262 2
= %P 32N P 8P(n — k) + Qen 4

Qe*n?
<2- —
=2 ( 32N
The first inequality above is a union bound, the second inequality holds since 2m < 2k < Qen and

the last inequality holds since 8P(n — k) + Qen < 8QN. Marginalizing this bound over ¢; yields
that

Qe*n?
P[t4 7& t3 — Ifl — tg] = ]Em,\,[:(tl)]P) [t4 75 tg — tl — t2’t1 = m] S 2. exXp { — 32N
Now by the conditioning property in Fact B.1, we have

drv (,C(tl +t2 + t4), ,C(t3|t1 +tg+14 = tg))
drv (L(t3), L(t3|t1 + ta + ta = 13))

IN A

]P)[t1+t2+t47ét3]
P[t1+t2+t47ét3]

Since t3 ~ Bin(N, @), the triangle inequality in Fact B.1 implies that

Qe*n?
32N

drv (L(t1 +t2 +t4),Bin(N,Q)) < 2-Pty +to +t4 # 3] < 4-exp <—
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which proves the second inequality in the lemma. Now observe that by the conditioning property in
Fact B.1, we have that

drv (,C(tg + t4‘t1 = m), ,C(tg + t4‘t1 =m,t1 +ta+ 14 = tg))
dry (L(t3), L(m + ta + ta|t; = m,t1 + ta + 4 = t3))

P[t4 #tg —tl —tz‘tl :m]
Pty # t3 —t1 — ta|t; = m)]

VANVA

Note that t35 ~ Bin(N, Q) is independent of ¢; and thus L£(t3) = L(t3|t1 = m). Applying the
inequality derived above using Lemma 15 with M = N, K = k and K’ = m yields that

dry (L(t3),m + Bin(N — k,Q)) < \/2 m?(1 — Q) n \/(km)QQ

(N—-k+m)Q 2N(1 - Q)

2(1 — 2
_[Pa-9 [ raq
=\ T2nQ 2N(1- Q)
as long as k*/N < min {Q"'(1 - Q),Q(1 — Q)~'}. Applying the triangle inequality twice now
yields that

drv (L(t2 + talt1 = m),Bin(N — k,Q))
=drvy (E(m +to + t4|t1 = m), m + Bin(N — k’, Q))

2 . 2
<2-Plty #£t3—t1 —t2|ta =m]+\/lC (21NQQ) +¢2N?;1C—2Q)

Qen?Y | [Ra-Q) K2Q
s 4o <_ 32V ) +\/ INQ +\/2N(1—Q)

Now note that by the conditioning on a random variable property in Fact B.1, we have that

drtv (ﬁ(tl, to + t4), Bin(k:, P) & Bin(N —k, Q))
< EppBin(k,p)drv (L(t2 + ta]t1 = m),Bin(N — k,Q))

Combining this with the inequality derived above completes the proof of the lemma. |

D.3. Proof of Theorem 13

We now combine the lemmas in the previous two sections and Lemma 11 to prove Theorem 13.
First consider the case where G ~ G(n, R, p, q) where R C [n] satisfies |R| = k. In the first part
of the proof of this proposition, let M = A;,(G) be the matrix M after Steps 1 and 2 in .A. First
observe by AM-GM that

(1-p+1-9q)
2

pP+yq
VPi< == =1~ <l-v(@-p(l-gqg
Let Q =1—+/(1—-p)(1—q)+ 11y (/G—1). If p # 1, then it follows that P = p > Q,
2

2
1-p _ (%) and the inequality above rearranges to (g) < %. If p=1,then Q = /g,
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2 2
the inequality % < (%) holds trivially and (g) = %. Applying Lemma 14 with ¢t = 2

therefore yields that (G1,G2) ~ G(n, R,p,Q)®%. Let U = 7 (R) be the subset of [N] that
the dense subgraph vertices are mapped to in Step 2, on choosing S and 7. Let R C [N] be
a fixed subset with |R’| = k. Observe that the matrix M' in Step 2 conditioned on U = R/
has independent off-diagonal entries satisfying M,; ~ Bemn(p) if i,j € R and M,; ~ Bern(Q)
otherwise, matching the off-diagonal distribution of My (Bern(p),Bern (Q), R'). Furthermore
these entries are independent of the diagonal entries of M. Thus the tensorization property in Fact
B.1 implies that

drv (L(M'|U = R'), My (Bern(p), Bern (Q) , ')
= drv (L(diag(M")|U = R'), Vy (Bern(p), Bern (Q) , R'))

Fix some subset S’ C [N] with |S’| = n. Now observe that conditioned on S = 5’, the entries
M} with i € S are i.i.d. distributed as Bern(p) since the number of i € S’ with M. = 1 is
s1 ~ Bin(n,p) and (M} : i € S') is exchangeable. Therefore, conditioned on U = R’ and S = &',
the entries of diag(M?!) are distributed as (M} : i € S’) ~ Bern(p)®" and (M} : i ¢ S) is
exchangeable with support of size |T2| = max{s2 — s1,0} where s; is the size of the support of
(M} :i € S') and sy ~ Bin(N, Q) is sampled independently. Since S is chosen uniformly at
random, conditioned on U = R/, the elements of S\ R’ are a uniformly at random chosen subset
of [N]\R' of size n — k. Thus relaxing the conditioning to only U = R’ yields that the entries
of diag(M?) are distributed as (M} : i € R') ~ Bern(p)®* and (M}, : i ¢ R') is exchangeable
with support of size to + |T2| = to + max{se — t; — to, 0} where ¢; is the size of the support of
(M} :i ¢ R')and ty ~ Bin(n — k, p) is sampled independently.

Note that the distributions of £(diag(M!)|U = R’) and Vy (Bern(p), Bern (Q), R’) restricted
to the indices in R’ and [N]\R' are each exchangeable. Therefore conditioning on the pair of
support sizes within R’ and [N]\ R’ and applying the conditioning property in Fact B.1 yields that

dry (L(diag(M")|U = R'),Vy (Bern(p),Bern (Q) , R'))
=dtvy ([,(tl, to + max{32 —t1 — ta, 0}), Bin(k,p) ® Bin (N —k, Q))

2,,2 2(1 — 2
<4 exp _QenTy k2( Q)+ k2Q
32N 2QN 2N(1 - Q)
by Lemma 16. Applying the conditioning property in Fact B.1 to conditioning on R and U = R’
now yields that

dTV (E(Al—Z(g(n7 k7p7 Q)))v MN (Bern(p), Bern (Q) ) k))
< Egu v Eu [drv (L(diag(M")|U), Vy (Bern(p), Bern (Q) ,U))]

Zn? k2(1 — k2
<4-exp _Qcn + ( Q)—I— @
32N 20N IN(1 - Q)
where U,  is the uniform distribution on the k-subsets of [N]. Now let A3 denote Step 3 of A

with input M?! and output M2. Let M' ~ My (Bern(p), Bern (Q), R') and M? = Az(M*).
Consider also conditioning on the permutation 7 = 7’ where 7’ is a fixed permutation of [N/]. Let
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Us=7'({st+ 1,80 +2,...,(s + 1)¢}) foreach 0 < s < N and note that MRKs; = MRKy, 1,
Now applying Lemma 11 to the rejection kernels MRK 4 yields that

drv (MRKSt(Bern(p)), X PZ) <A and
(i.)EUs x Uy

drtv (MRKSt (Bern (Q)), ® QZ) <A

(4,§)€Us x Uy

Now let V' = | J;c g Ui—1 be the set of indices of [IN¢] that R’ is mapped to and let M’ be sampled
as M" ~ Mno((Pij, Qij)i<ij<ne, V). The tensorization property in Fact B.1 now yields that

drv (L(M?|7 =7"), Mye((Pij, Qij)i<ij<ne V)

N
< Z drv (,C(MZb rac Ui_l,b € Uj_l),ﬁ(M(;b ra e Ui_l,b € Uj_l))

a,
1,j=1

= > diy (RK(i—l)(j—n(Bem(p)), X 2%)

(i,j)ER"? (a,b)eU;—1xUj;_1

+ Z dTV (RK(i—l)(j—l) (Bern (Q)) , ® Zb)

(i7j)€R/2 (a7b)EUi71 XUj,l
<N%.A

Now note that when 7 = 7’ is chosen uniformly at random, the set V' is a uniformly at random
chosen k/-subset of [N¢]. Applying the conditioning property in Fact B.1 to conditioning on R’ and
7 = 7/ now yields that

drv (As (My (Bern(p), Bern (Q) , k)) , Mye((Pij, Qij)i<ij<ne, k) < N?- A

Applying Lemma 10 to the steps A, and A3 with the sequence of distributions Py = G(n, k, p, q),
P12 = Mn (Bern(p), Bern (Q) , k) and P3 = Mno((Pij, Qij)i<i,j<ne, k) yields that

Qe*n?
32N

k2(1 — k2
L eia, [ea
2QN IN(1 - Q)
We now follow an analogous and simpler argument to analyze the case G ~ G(n,q). Let
M' = A;5(G) and note that (G1,G2) ~ G(n,Q)®? by Lemma 14. Therefore the entries of
M? are distributed as Mllj ~iid. Bern(Q) for all i # j independently of diag(M*'), which is an

exchangeable distribution on {0, 1}V with support size s; +max{sy — 51,0} where 51 ~ Bin(n, p)
and so ~ Bin(N, Q). Applying the tensorization and conditioning properties in Fact B.1 as in the

drv (AG(n, k,p,q)), Mne((Pij, Qij)i<ij<ne, k) < N? - A+4-exp <—
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previous case yields that

drv (ﬁ(.Al_z(g(n, q))),Bern (Q)®NXN) = dtv (E (diag(Ml)) ,Bern (Q)®N>
= drv (L(s1 + max{sy — s1,0}),Bin (N, Q))

2,2
coon(-227)

by Lemma 16. Conditioning on 7 = 7’ and applying the tensorization property in Fact B.1 yields

drv (ﬁ <A3 <Berﬂ(Q)®NXN) ‘T = 7”) , Mg ((Qij)lgi,jgNZ))
N

< D dw (MRK(i—1>(j—1) (Bern (Q)) & Zb> <N?-A

ij=1 (a,b)€U; 1 xUj—1

Applying the conditioning property in Fact B.1 to conditioning on 7 = 7/ now yields that
drv (/3 <A3 <Bern (Q)®NXN>) , Mg ((Qij)lgi,jgN@)) <N%.A

Applying Lemma 10 to A, and A3 with distributions Py = G(n, q), P;.» = Bern (Q)®N *N and
Pz = My ((Qij)1<i,j<Ne) yields that

2 Qe*n?
drv (A(G(n,q)), Mne((Qij)i<ij<ne)) < N°-A+4-exp <— TN )

which completes the proof of the theorem.

Appendix E. Computational Barriers in Submatrix Detection

E.1. Computational Lower Bounds from Qur Average-Case Reduction

The average-case reduction from planted dense subgraph in the previous section implies lower
bounds for a more general heteroskedastic version of submatrix detection where the pairs of planted
and noise distributions are allowed to vary from entry to entry, that we now formally define in the
notation from the previous section.

Definition 17 (Heteroskedastic Symmetric Index Set Submatrix Detection) Given computable pairs
(Pij, Qij) for 1 < i, j < noveracommon measurable space (X, B), define HSSD(n, k, (Pij, Qij)1<i j<n)
to have observation M € X"™*" and hypotheses

Ho: M ~ My, ((Qiji<ij<n) and Ho: M ~ My ((Pij, Qij)1<ij<n, k)

The reduction TO-SUBMATRIX from the previous section yields the following lower bounds
for HSSD based on the PDS conjecture. We state the implied lower bounds when k& = Q(y/n) and
k = o(y/n) separately in the next two theorems.
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Theorem 18 (Heteroskedastic PDS Lower Bounds when & = o(\/n)) Let k = o(\/n), let 0 <
q < p < 1 be fixed constants and let (P;j, Q;ij) be a computable pairs over (X, B) for each
1 <14,5 < nsuch that

dP;; I—p P _ —2
2, P, [los 206 ¢ o (1=7) o (2) ] =)

under both the settings D;; = Pi; and Dij = Q for each i,j € [n|. Then assuming the PDS
conjecture at densities 0 < q < p < 1, there is no randomized polynomial time algorithm solving
HSSD(n, k, (Pij, Qij)1<i j<n) with asymptotic Type I+-1I error less than one.

Proof Consider applying Lemma 9 and Theorem 13 with ¢ = 1 and starting planted dense subgraph
instance with subgraph size k, n vertices and densities 0 < ¢ < p < 1. Excluding n? - A, all of
the terms in both of the total variation upper bounds in Theorem 13 are o(1) since k% = o(n) and
Q) < P are constants. It suffices to show that n? - A = o(1). By the definition of A, we have that
A = max; jep, Aij since £ = 1. Now consider the definition of A;; in Lemma 11. The condition
in the theorem statement above implies that Pyoo: [z &S] =o(n™2) and Pyupx [z & S] = o(n™?)
and in particular that they both are at most 3 (p q). By the same argument as in the proof of Lemma
12, this is sufficient to imply that A;; = 0( 2). Since this holds for each 4,5 € [n], we have that
A = o(n?), which proves the theorem. [ |

Theorem 19 (Heteroskedastic PDS Lower Bounds when & = Q(y/n)) Let k = Q(y/n), let 0 <
q < p < 1 be fixed constants and let (P;j, Qi;j) be a computable pairs over (X, B) for each
1 <i,j < n. Suppose that there is some m = w(k?/n) with m = o(n) such that

1- p m?
sup Pxg.r~Dsy log i) & [log ( > log ( >} =o0 <>
STC)S|=T=m T ZZ szJ 1—q q n?

€S jeT

under both the settings Dgx1 = ®Qics @jer Pij and Dgx1 = RQics @jer Qij for each S, T. Then
assuming the PDS conjecture at densities 0 < q < p < 1, there is no randomized polynomial time
algorithm solving HSSD(n, k, (Pi;, Qij)1<i,j<n) with asymptotic Type I+11 error less than one.

Proof Consider applying Lemma 9 and Theorem 13 with £ = m and starting planted dense sub-
graph instance with subgraph size |k/m|, [n/m| vertices and densities 0 < ¢ < p < 1. Since
m = w(k?/n), it follows that k/m = o(y/n/m) and thus it suffices to show that the total variation
upper bounds in Theorem 13 are o(1). As in the proof of the previous theorem, this reduces to show-
ing that (n/m)?-A = o(1). For each pair S, T C [n] with |S| = |T'| = m, consider the definition of
Agr in Lemma 11. We have that P, [z & S] = o(n™?) and Pypx [ & S] = o(m?/n?) by the
guarantees in the theorem statement. Since m = o(n), these probabilities are at most ;(p — ¢) for
large n. By the same reasoning as in the previous theorem, we have that A = o(m?/n?), proving
the theorem. |

We remark that we ignored issues of divisibility in the previous theorem statement, reducing to

an instance with m|n/m] vertices and submatrix size m|k/m | instead of exactly n and m. This
can be resolved by taking all of n, k, m, £ to be powers of two without affecting their sizes by more
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than a factor of 2. Constructing a sequence of indices with these parameters is enough to rule out
polynomial time algorithms given our forms of the PC and PDS conjectures.

From this point forward, we will restrict our attention to the homoskedastic formulation of
submatrix detection that we have so far focused on. However, we first remark that these general
heteroskedastic lower bounds can be specialized to imply hardness for submatrix problem with
dependences between entries induced by natural column-wise and row-wise mixtures. Let P () be
a family of distributions indexed by 6 such that (P(6), Q) is a computable pair for each § € ©. Now
consider the submatrix problem with Hy : M ~ Q®"*" and H; distribution formed as follows:

e Select a subset S C [n] with |S| = k uniformly at random
e Sample 6; ~;j;q4 D for eachi € [n]

e Sample M;; ~ P(0;) foreach i, j € S and M;; ~ Q otherwise independently

for some distribution D on ©. For example, if P(§) = N(6,1), @ = N(0,1) and D is normally
distributed, this model has row-wise dependences resembling sparse PCA. Now suppose that an
algorithm A solve this problem with asymptotic Type I+I1 error €, then there must be a deterministic
choice of the 6#; such that A solves the problem with asymptotic Type I+II error e. When 6; are
deterministic, this problem is exactly HSSD(n, k, (P;j, Qij)1<i,j<n) With Pj; = P(6;) and Q;; =
Q.

We now combine the heteroskedastic lower bounds in Theorems 18 and 19 with the MRK upper
bound on A given in Lemma 12 to yield clean statements of the implied computational lower bounds
for SSD based on the PDS and PC conjectures.

Corollary 20 (pDS Lower Bounds for Submatrix Detection) Let 0 < q¢ < p < 1 be fixed con-
stants and (P, Q) be a computable pair over (X, B) such that either:

o k=Q(y/n)and Z—é -~ dsgr(P, Q) — 0 and the LLR between (P, Q) satisfies the LDP
Ep (m) =w(mlogn) and Eg(—m) = w(mlogn)
for some positive m satisfying max {dxr(Q||P), dxr(P||Q)} < m = o(n?/k*) and where
the second inequality is only necessary if p # 1

o k = O(\/ﬁ): ClKL(Q”P) < log (%) and dKL(PHQ) < log (g) and the LLR between
(P, Q) satisfies the LDP

1—
Ep <log <p>> >2logn+w(l) and Eg (log <1p>> > 2logn + w(1)
q —4q

where the second inequality is only necessary if p # 1
Then assuming the PDS conjecture at densities 0 < q < p < 1, there is no randomized polynomial

time algorithm solving SSD(n, k, P, Q) with asymptotic Type I+II error less than one.

Proof We first consider the case where k& = Q(y/n). Consider the reduction in Theorem 19 with
blow-up factor £ = w(k?/n) where £ is chosen so that /=2 = w(m) where m is the positive constant
in the statement of the corollary. Applying Lemma 12 to the MRK with blow-up factor ¢? yields

< 3exp (—52 -Ep (c+€_2)) + 3exp (—52 -Eo (0_6_2))
B p—q

A
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where ¢y = log (g) and c_ = log (}%{;). Since Ep(\) is convex and minimized at dgy (Q||P), it
follows that since ¢ ¢~2 > m we have that

E’p (C+€_2) > E'P (m)
e =2 —dx (Q||P) — m — dk(Q||P)

= w(logn)

Therefore Ep (c4¢?) = w({~?logn). A symmetric argument shows that Eg (c_£72) = w({~%logn).
Now it follows that A = o(n~2), which yields the first statement on applying Theorem 19. Now
consider the case where k = o(y/n). Applying Lemma 12 to the MRK with blow-up factor 1 to the
reduction in Theorem 18 yields that

A< 3exp (—Ep (c4)) +3exp (—Eg (co)) _ o(n_Q)
p—q
by the given conditions. Combining this with Theorem 18 completes the proof. |

Note that the constraints on Eg are no longer necessary if p = 1. The next corollary states our
PC lower bounds and is a restatement of the main theorem on computational lower bounds from
Section 3.

Corollary 21 (pC Lower Bounds for Submatrix Detection) Let p € (0,1) be a fixed constant
and (P, Q) be a computable pair over (X, B) such that either:

o k=Q(y/n)and Z—é - dg(P||Q) — 0 and the LLR between (P, Q) satisfies the LDP
Ep (m) > w(mlogn)
for some positive m with dg(P||Q) < m = o(n?/k*)
e k= o(\/n) and dg (P||Q) < logp~! and the LLR between (P, Q) satisfies the LDP

Ep (logp™) > 2logn + w(l)

Then assuming the PC conjecture at density p, there is no randomized polynomial time algorithm
solving SSD(n, k, P, Q) with asymptotic Type I+II error less than one.

We now give another corollary of Theorems 18 and 19 yielding a slight variation of these lower
bounds for submatrix detection based on the PC conjecture. This corollary implies that the lower
bounds stated in Section 3.1 hold for all (P, Q) in the universality class UC-A. Note that unlike the
previous corollary which yielded clean lower bounds given the PC conjecture for any fixed p, we
deduce the desired lower bounds up to a factor of n“(P) where €(p) tends to zero with p. The proof
of this corollary is very similar to that of Corollary 20, making crucial use of the convexity of Ep
and the definition of UC-A.

Corollary 22 (Computational Lower Bounds for UC-A) Suppose that (P, Q) is a computable pair
in UC-A. Fix any e € (0,1) and suppose that either:

e k=Q(y/n)and dg(P||Q) = o (%) or
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o k=o0(y/n)and dg(P||Q) = 0o(n™c)
Then there is a sufficiently small p = p(e) > 0 such that assuming the PC conjecture at density

p, there is no randomized polynomial time algorithm solving SSD(n, k, P, Q) with asymptotic Type
I+11 error less than one.

Proof We first consider the case where k& = Q(y/n). Consider the reduction in Theorem 19 with
blow-up factor £ = ©(k?/n'~¢/*). Observe that by the given assumption, we have that n¢/? -
dxL(P||Q) = o(¢~2). Applying Lemma 12 to the MRK with blow-up factor £? yields

- 3exp (—62 -Ep (6_2 Iogp_l))

A
I1—p

Since Ep()\) is convex and minimized at dgp (Q||P), it follows that since £~2logp~! > n/? .
dki(P||Q) we have that

Ep ((2logp™) - Ep (ne/2 -dk1.(P]|Q))
(=2logp~t —dxL(Q[P) ~ n/? - dk(P||Q) — dkL(Q||P)

for some constant ¢ > 0 since (P, Q) is in UC-A. Using the fact that dxi(Q||P) < Sell %logp~!
for sufficiently large n, we have that

>c-logn

A < exp (g logp~ ! - log n) =o(n7?)

if p is taken to be sufficiently small. The first statement follows on applying Theorem 19. Now
consider the case where k£ = o(y/n). Applying Lemma 12 to the MRK with blow-up factor 1 to the
reduction in Theorem 18 yields that

3 exp (—Ep (logpfl))

1—q
by the given conditions. We now apply a similar convexity step, noting that since n~¢-dgr.(P||Q) <
log p~! for sufficiently large n, we have that

Ep (logp™) Ep (n€ - dxL(P]|Q)) )
> > ]
logp L — dxi(Q[P) = ne- di (P Q) —dier (QP) = © 8"

A<

for some ¢’ > 0. Now it similarly follows that A < exp <%’ logp~!-log n) = o(n?) if p is taken
to be sufficiently small. Combining this with Theorem 18 completes the proof. |

E.2. Polynomial Time Test Statistics for Submatrix Detection

In this section, we show algorithmic upper bounds for submatrix detection using two simple test
statistics that can be computed in polynomial time. Given a computable pair of distributions (P, Q)
over the measurable space (X, B) and a matrix M € X™*", define

1 — dP

Tsum(M) = ﬁ ijgl log @(MZJ)
dP

T (M) =, 55 108 g (M)
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Note that both Ty, and Ti.x can be computed in O(n2 -T') time where the Radon-Nikodym deriva-
tive % (M;;) can be evaluated in O(7") time. Given that (P, Q) is a computable pair, it follows that
Tsum and Tiax can be computed in polynomial time. We now show that thresholding these statistics
solves the asymmetric detection problem ASD given sufficient LDPs for the LLR under each of Q
and P. We begin with the sum test Tyyp,.

Proposition 23 (Sum Test) Let M be an instance of ASD(n, k, P, Q) and let
k2
Tam = —dgL(Q||P) + oz ~dskr(P, Q)

Suppose that k < n and

B (5 dra(P1Q) ) =wli
n2 _ |2

9 2 _ k?
Fo (-5 dr(@IP)) =w(n™?)

Then Py, [Toum(M) > Toum) — 0 and Pry, [Toum(M ) < Tsum| — 0 as n — oo.

Proof Let 7' = —# - dg1(Q||P) and note that 7" < 7g,. Under Hy, by a Chernoff bound we
have that if A > 0 then

]P)Ho [Tsum(M) > 7'sum] < PHO [Tsum(M) > T/]
= PHO [exp (712)\ : Tsum(M)) > exp (712)\ . 7'/)}
< oxp (n2 g (X) A7)

Since 7" > —dk1(Q||P), we may take A > 0 so that A - 7/ — 1o () is arbitrarily close to Eg(7’).
Therefore we have that

Pry [Toum (M) > Toum] < exp (—n2 . EQ(T/)> =o0(1)

Let S’,T" C [n] be the latent row and column indices of the planted part of M under H;. Note that

2 2 2 12
Toum = (1 — %) 11+ % - T where 7y = —2271;772'22 - dg1(Q||P) and 75 = % - dk1(P||Q). Thus
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under H1, by a Chernoff and union bound we have that if A1, Ao <0

dP k2
IP)Hl [Tsum(M) <Tsum] SIP)HI ‘ Z lOgE(Mi') < <1—n2> - T1
(4,7)€S’' xT’

dpP k?
(L])ES,XT,

dpP
<exp(—(n* —k*)A\ - 71) -Epg, |exp | A1 - Z log —dQ(Mi-)
(4,7)¢S"xT"

dP
+ exp (—k2)\2 : 7’2) : EHl exp /\2 : E log E(MZ )
(1,5)€S'XT’

=exp ((n® — k?) - hg(M1) — (n* — k%) - A1 - 71)
+exp (K% - pp(Xa) — k- Mg - 7o)
Since 11 < —dk1(Q||P) and 75 < dk1(P]|Q), we may take \; < 0 and Ao < 0 so that A\; - 77 —

o(A1) is arbitrarily close to Eg(71) and Ag - 72 —1p(Ae) is arbitrarily close to Ep(72). This yields
that

Py, [Tsum(M) < 7—sum] < exp (_(n2 - kz) ’ EQ(Tl)) + exp (_k2 ’ EP(TQ)) = 0(1)
which completes the proof of the proposition. |

Given an LDP for the LLR under Q and P, it also holds that T, solves the asymmetric detec-
tion problem.

Proposition 24 (Max Test) Let M be an instance of ASD(n,k, P, Q) and suppose there is a
Tmax € (—dkr(Q||P), dkr(P||Q)) with

Eo(Tmax) > 2logn +w(1) and  Ep(Tma) = w(1)
then Pry [Timax(M) > Tmax] — 0 and Py [Timax (M) < Tmax] — 0 as n — oo.

Proof This follows from the same argument used to analyze the search test 7yearc in the proof of
Proposition 30 applied with & = 1. |

We now proceed to show that our algorithmic upper bounds hold for all computable pairs (P, Q)
in UC-B. To do this, we will establish the following simple consequences for (P, Q) in UC-B. As
mentioned in Section 3, the class UC-B is introduced in Hajek et al. (2017). The third property
below is derived in Section 3 of Hajek et al. (2017).

Lemma 25 (Properties of UC-B) Suppose that (P, Q) is in UC-A with constant C' > 1. Then

1. It holds for all T € [-2C - dg(P||Q), 0] that

7_2

Ep (i (PIQ) +7) 2 153510y
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2. It holds for all T € [-2C' - dg(Q|P), 2C - dgr(Q||P)] that

7.2

Bo (~dxu(QUIP) +7) 2y oy

3. It holds that dKL(PHQ) = @(dKL(QHP))
Proof The fact that (P, Q) is in UC-B implies that
Ep (dxL(P||Q) + 1) = i‘lﬁ{(dKL(PHQ) +7) - A= ¢p(N)}
€

> sup {7-A—C-dg(P||Q) N}

A€[—1,0]

Now set A = y € [—1, 0] and note that this implies that

N
2C-dxL(P[1Q

7_2

Ep (@ (PIQ) +7) 2 (53— 5T0)

Similarly, we have that

7_2

Eo(—dgL(QIP)+7)> sup {7-A—C -dg(QP) - NV > —
o (= (QIP) + )2 s { (QIP)- X} = g o)
on setting A\ = W(Qllﬂ € [—1,1]. Property 3 follows from Lemma 2 in Hajek et al. (2017),

which shows that

min {dk(Q||P), dxL(P[|Q)} > % -max {dk(Q|P), dkL(P|Q)}

This implies that dg (P||Q) = O(dkL(Q||P)). [ |

We now combine these properties with Propositions 23 and 24 to show algorithmic achievability
of the computational barriers shown above for SSD when (P, Q) is in UC-B.

Corollary 26 (Algorithmic Upper Bounds for UC-B) Suppose that (P, Q) is a computable pair
in UC-B. Then it follows that:

o Ifk=o0(n), k=Q(y/n) and dsg,.(P, Q) = w (Z—j), then Ty solves SSD(n, k, P, Q).
o If k = o(y/n) and dsg (P, Q) > ¢ - logn for some sufficiently large constant ¢ > 0, then
Tmax With Tmax = 0 solves SSD(n, k, P, Q).

Proof We begin with the first statement. By Proposition 23, it suffices to verify the lower bounds
on Ep and Eg in the statement of the proposition. To do this, we apply properties (1) and (2) in
Lemma 25. Let C' > 1 be the constant for which (P, Q) is in UC-B and observe that

1 (-5 da(PIQ)” 1
Ep <2-dKL(PHQ)> = T4 A (PQ)  16C
) 2
(st d(QIP))” g
4C - dg1.(Q||P) ~16C (n? — k?)
) 2
(3 -de(QIP)” g
4C -dgL(QIP)  16C - nt

- di1(P)Q) = w(k™2)

n2 _ J2
Fo (—H ~ denP)) > dki (QP) = w(n?)

Eq (_271271_1{:2 ' dKL(QHP)) > ~dx(Q|P) = w(n™?)
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since k = o(n), dx.(P||Q) = O(dkL(Q|P)) and dskL(P, Q) = w (Z—i) We now verify the
second statement for Tnax = 0. It suffices to verify the two lower bounds on Ep and Eg in the
statement of Proposition 24. Note that

(~di(PIQ)? _ 1
10 -daPlo) ~ ¢ wuPlQ) = 3logn

(dx(QIP)* 1
Eg(0) > W TS dk(Q[|P) > 3logn

Ep(0) >

for sufficiently large ¢ > 0. This completes the proof of the corollary. |

Appendix F. Statistical Limit of Submatrix Detection

In this section, we show information-theoretic lower bounds for our universal formulations of sub-
matrix detection and provide a test statistic showing that this boundary is achievable.

F.1. Information-Theoretic Lower Bound for Submatrix Detection

Assuming that P and Q have finite x> divergence, we can obtain the following information-theoretic
lower bound for SSD with the distribution pair (P, Q). The proof uses a similar x? divergence
computation as in Lemma 15 and the information-theoretic lower bounds for planted dense subgraph
shown in Hajek et al. (2015).

Theorem 27 Suppose that P and Q are probability distributions on a measurable space (X, B)
where P is absolutely continuous with respect to Q. If x*(P||Q) is finite and satisfies that

2 (L (A
X(PHQ)<166 nlOg(k)/\k4

then there is a function T : R~g — R<q such that lim,_,y+ 7(t) = 0 and

(PQ) )

Llog () Az

dry (Mo (P, Q, k), Q¥ ") <7 (
To prove this, we will need the following lemma of Hajek et al. (2015) bounding the moment

generating function of a hypergeometric random variable squared.

Lemma 28 (Lemma 6 in Hajek et al. (2015)) There exists a function 71 : R<g — Rsq satisfying
thatlim,_,q+ 71(t) = 1 such that for any k < n the following holds: if H ~ Hypergeometric(n, k, k)

and A = K (%log (%) A Z—i) where 0 < Kk < %Ge then
E [exp ()\HQ)} < 71(K)
Using this upper bound, we now can prove the information-theoretic lower bounds for submatrix

detection in Theorem 27.
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Proof [Proof of Theorem 27] Let f : X — [0,00) be the Radon-Nikodym derivative f = %-
Observe that M, (P, Q, k) can be written as the mixture

Mn(P,Q,k:):<Z>_1 Y Rs

SCln]:|S|=k

where R is the distribution of 7 x n matrices M € X"*" with independent entries such that
M;; ~ Pifi,j € Sand M;; ~ Q otherwise. Note that Rg is therefore absolutely continuous
with respect to Q®™*" with Radon-Nikodym derivative dgcggifm( M) = [I; jes f(M;;) for each
M e X™*" Tt follows that M., (P, Q, k) is also absolutely continuous with respect to Q®"*™ with
Radon-Nikodym derivative

IR (M) =By, | [T (M)
RN Xn R;NXn k,n J
dQ SC|n]:|S|=k dQ 1,JES

M (P Q.K) 1y _ (Z) - 3 dRs

for each x € X™*™ where Uy, ,, is the uniform distribution on k-subsets of [n]. By Fubini’s theorem,
X* (M (P, Q. k) || Q5" +1

[ dM, (P, Q. k 2
= Epjogonxn ((JZQ(@””W)(M))]

=Enrogonsn |Bsaa,, | [ FMi) | - Erean,, | ] F(M35)

i ij€S ijes
= Bsratty, |Earmgenen || ] F(My) | | T] £(05)
i ij€S ijET
= Esr~uy, . H En;j~o [f(M;;)?] H Ear ~o [f (M)
| 6J€SNT (3,§)€S2UT2—(SNT)2

= ES,TNZ,{,C,” [(1 + X2(7DH Q))lSHTIQ}

where the last equality holds since Ep, ~o[f(M;;)] = 1 and 1 4+ x*(P||Q) = Eas;~o[f(My;)?].
Note that H = |SNT'| ~ Hypergeometric(n, k, k). Let 7 be the function in Lemma 28. The given
bounds on x?(P||Q) imply that we can apply Lemma 28 with A\ = x?(P||Q). Combining this with
Cauchy-Schwarz and the fact that 1 + x*(P||Q) < exp (x*(P||Q)) yields that
2-dry (Ma(P, Q,k), Q%" ")” < 3* (Mu(P, Q.k) || Q5™")
= Esrats,,, |(1+X3(PQ)T] —1
<E[exp (H? - x*(P||Q))] 1

(el )
= \Llog () n i
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Setting 7 = /4 (71 — 1) which satisfies lim, ,o+ 7(£) = 0 completes the proof of the theorem. M

Now using the fact that the minimum Type I+I1I error of a hypothesis testing problem between
Lo and Ly is 1 — dyy(Lo, L£1), we arrive at the following corollary providing a regime in which
submatrix detection is statistically impossible.

Corollary 29 Suppose that P and Q are probability distributions on a measurable space (X, B)
where P is absolutely continuous with respect to Q. If x*(P||Q) is finite and satisfies that

1 n n?
2 —
P19 =o 1oz (1) i
then any test ¢ : X™*™ — {0, 1} has an asymptotic Type I+11 error of at least one on SSD(n, k, P, Q).
Note that this corollary implies that if (P, Q) is in UC-C and satisfies that x*(P||Q) = O(dskL(P, Q)),
then SSD(n, k, P, Q) is information-theoretically impossible if
2

1
dSKL(P, Q) =0 (k: 10g (%) AN 24>

which matches the bounds in Section 3.1.

F.2. Search Test Statistic

In this section, we give a simple search test statistic showing statistical achievability. Given a
computable pair of distributions (P, Q) over the measurable space (X, B) and a matrix M € X"*"
define

1 dP
Tsearch (M) = — log — (M;,;
sea ch( ) S,Tghﬁ%f:\ﬂ:k k2 ZEZS; og dQ( ])

Note that Teqrch can be computed in O(nzk -T) time where the Radon-Nikodym derivative % (MZ])
can be evaluated in O(7) time. We now show that thresholding this statistics solves the asymmetric
detection problem ASD given sufficient LDPs for the LLR under each of Q and P. We begin with
the sum test Typm.

Proposition 30 (Search Test) Ler M be an instance of ASD(n, k, P, Q) and suppose there is a
Tsearch € (_dKL(QHP), dKL(P”Q)) with

2 n _ _
EQ(Tsearch) > % 10g <E> +w(k 2) and EP(Tsearch) = w(k 2)

then IP)Ho [Tsearch(M> > 7—search} — 0 and PHl [Tsearch(M) < 7_search] — 0asn — oo.
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Proof By a union bound and Chernoff bound, we have that for if A > 0 then
]P)Ho [Tsearch(M ) > Tsearch]

= Z Z Z log U > k2 - Tsearch

S, TC[n]:|S|=|T|=k i€S jeT

2
n dP 2
< <k‘> ]PHO exp | A- JE : log Q( ) > exp ()\ k- Tsearch)

< exXp <2 log (Z) + k’2 . wQ ()\) - k2)\ . 7-search>

Since Tgearch € (—dkL(Q||P), dxL(P]|Q)), we may take A > 0 so that A-Tgearch — 0 () is arbitrarily
close to Eo(Tsearch)- This implies that

n
PHO [ search(M) > 7'search] < exp (2k : log (E) - kQ : EQ(Tsearch)) = 0(1)

since () < (%)k Let S, 7" C [n] be the latent row and column indices of the planted part of M
under H7. Now it follows that for A\ < 0 we have that

]P)Hl [Tsearch(M) < 7—sea.rch] = IP)Hl Z Z IOg < k * Tsearch
| (€S JET”
<Py, |exp | M- Z Z log M;j;) | > exp ()\ iy Tsemh)
€S’ jeT’

§exp(k 1/179( )—k )\'Tsearch)

Again, since Tearch € (—drL(Q||P), dkL(P]|Q)), we may take A < 0 so that A - Tgearch — ¥p(A) is
arbitrarily close to Ep(Tgearch ). Therefore

IPHl [ search(M) < 7'search] < exp (_EP(Tsearch)) = 0(1)

which proves the desired result. |

We now show that the search test solves SSD(n, k, P, Q) for uc-B in (P, Q) in the parameter
regime described in Section 3.1.

Corollary 31 (Statistically Achievability for UC-B) Suppose that (P, Q) is a computable pair in
UC-B. If dsg (P, Q) > 7 log (%) for a sufficiently large constant ¢ > 0, then Tearen With Tsearen = 0
solves SSD(n, k, P, Q).

Proof It suffices to verify the lower bounds on Ep and Fg in Proposition 30. Since (P, Q) is in
UC-B, by Lemma 25 we have that

Bp(0) > PIRE - (PI0) > 2o (1)
2
Bo(0) 2 (AP L (QlP) = F1og ()
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Since 1 log (%) = w(k~2), applying Proposition 30 now proves the corollary. [ |

Appendix G. The Universality Classes UC-A, UC-B and UC-C
G.1. Universality Classes UC-A and UC-B

The universality class UC-B is discussed at length in Section 2.1 and 3 of Hajek et al. (2017),
which introduces it as Assumption 2 in the context of their information-theoretic lower bounds for
general submatrix recovery. The provide a means to check whether a pair (P, Q) belonging to an
exponential family is in UC-B in Appendix B of Hajek et al. (2017). The discussion below shows
that this method also checks membership in UC-A and UC-C.

Recall that a random variable X is sub-Gaussian if there are a,b € R with b > 0 such that
logE[e*X] < a + E[X] - A+ bA2 for all A € R. Given a computable pair (P, Q), let L(z) =
log % (x) denote its LLR. The inequalities

Yp(\) — dk(P||Q) - A < C - dx(P||Q) - A* forall A € [~1,0]

o(N) +dkL(QlP) - A < C - dk(Q|IP) - A* forall A € [—1,1]
defining UC-B are exactly the inequalities required for the two distributions L(X) where X ~ P
and L(X) where X ~ Q to be sub-Guassian, but only required to hold for X in restricted intervals.
Thus UC-B is weaker than sub-Gaussianity of L under P and Q. We now observe that it similarly

holds that UC-A is weaker than sub-Gaussianity of L under P. If the sub-Gaussianity inequality
holds for the following interval

¥p(A) = dkiL(Pl|Q) - A < C - dki(P[|Q) - A? for A € [0, O(logn)]
then the same argument showing Property 1 in Lemma 25 shows that
Ep (A+1) - dki(P]|Q)) = Q (dki(PI|Q) - (logn)?)

for A = O(logn). The convexity of Ep and the fact that Fp(dkxy(P||Q)) = 0 implies that if n is
large enough so that n® > X\ + 1, then

Ep (n®-dx(P1Q)) _ Ep((A+1)-dki(P]Q))
(n€—1) - dxL(P[|Q) A-dgL(P|Q)

and thus the condition needed for UC-A holds. It is also shown in Hajek et al. (2017) that (P, Q)
with bounded LLR are in UC-B.

= Q(logn)

>

Lemma 32 (Lemma 1 in Hajek et al. (2017)) If |L| < B for some constant B > 0, then (P, Q)
is in UC-B with constant C = e°B.

We now show that the three pairs of interest Dy, Dsp and Dgp introduced in Section 3 are in
UC-A and UC-B. In Sections 2.1 and 3 of Hajek et al. (2017), it is shown that all three of these pairs
lie in uC-B. Thus it suffices to verify that they lie in UC-A. Consider Dy where P = N (1, 1) and
Q = N(0,1). As shown in Section 2.1 of Hajek et al. (2017), we have that

Eﬂm:;(u—f)z
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Suppose that § = n® - dx(P||Q) = n - 12 by a standard formula for the KL divergence between
two Gaussians. Then it follows that

Ep(6) = § (1 —n° - p)* = O(n*u)

Since n?¢ = w(logn), it follows that Dy is in UC-A. In the following, we use several computations

dk1, computations to be carried in Section G.2. As shown in Hajek et al. (2017), if P = Bern(p)
and Q = Bern(q) then

«9+logi%g

p(1—q)
08 4(1-p)

Ep(9) = D(alp) where a =

where D(-||-) is the binary entropy function. Letting 6 = D(p||q) + 7 yields that

Ep(D(pllg) +7) =D <p+T <log ]H> i Hp)

When p = cq = cn~ @ for some ¢ > 1, it is not difficult to verify that if 7 is such that 7 =
q)) = O(n“%) then

Ep(D(pllg) +7) = © (n“"*logn)

and thus Dsp is in UC-A. Furthermore, if p = n=% + @(nﬂ) and ¢ = n~“ where v > a > 0, then
D(pllq) = ©(n*~2"). Observe that log 2= = ©(n®~7). Now taking = ©(n* - D(p|lg)) =
O(nt2=27) yields that

= LQ o Iu - — n26+a72
EP<D<qu>+T>—e(p (10525 =2) )—@( )

and since n° = w(logn), it follows that Dy is in UC-A. We conclude this section by generalizing
these computations to show that if a pair (P, Q) has bounded LLR then it is also in UC-A. The proof
is similar to that of Lemma 1 in Hajek et al. (2017).

Lemma 33 If|L| < B for some constant B > 0, then (P, Q) is in UC-A.

Proof First note that if A\ € [0, Ajax] then

EplL? exp(AL)] - ¢p(N) — EplL - epOL) _ Bp[L? - expAL)] _ apa oo (12
SpOP S TEplewoOn)] <¢ el

As in Hajek et al. (2017), let ¢(2) = e* —  — 1 and note that if [z| < B then Je~P2? < ¢(z) <
(&

3eP2? since ¢ is nonnegative, convex and satisfies ¢(0) = ¢/(0) = 0 and ¢"(z) = e® € [e=F, 5]

if |z| < B. Therefore we have that

vh ) =

Ep[L?] = Eq [L?exp(L)] < e” - Eo[L?] < 2¢¥ - Eq[¢(L)] = 2¢*” - di (Q|P)
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Applying Lemma 32 yields that (P, Q) is in UC-B and thus dk (Q||P) < ¢ - dkL(P||Q) for some
¢ > 0 by Property 3 in Lemma 25. Thus ¢/5(\) < 2c-2BGmaxt1) gy (P||Q) for all A € [0, Amax].
Combining this with 1%,(0) = dk(P||Q) and ¢p(0) = 0 yields that

Yp(N) < dgL(P]|Q) - A+ ¢ - e2BCmaxtl) L g (P||Q) - A2 forall A € [0, Amay]

This inequality implies that

2

En(dr (P Q) 47) > A e 2BOunt) g (o). a2) > d
Pk (P(Q) T)_AE[%I?W] TiATCe ke (PllQ) }—40.62B(Amax+1)dKL(PyQ)

where the last inequality holds as long as

T

% - eQB()\xxlax+1)dKL(P|| Q)

S AII].‘E).X

Now take 7 = (n€ — 1) - dir.(P||Q) and Amax + 1 = 5 [elog n —log log n] 4 ¢ for some constant

¢ > 0. It follows that

/
T 6—2Bc

<
2¢ - e2BOmaxt) gy (P||Q) —  2c
which is at most A\, for a large enough choice of ¢ = ¢/(B, ¢) > 0. Furthermore, substituting this
pair (7, Amax) into the inequality above yields that Ep(n€-dg(P]|Q)) = Q(n¢-dkL(P||Q)-logn),
which implies that (P, Q) is in UC-A. [ |

-logn

G.2. Universality Class UC-C

The condition for (P, Q) to be in UC-C is also weaker than sub-Gaussianity of the LLR. Observe
that if the sub-Gaussian inequality

Yo(\) +dk(Q||P) - A < C - dki(Q||P) - N2

holds for A = 2, then x*(P||Q) = ¥o(2) < (4C — 2) - dx.(Q||P) and (P, Q) is in UC-C. In light
of this, taking A\pax > 2 in the proof of Lemma 33 also shows that |L| < B implies that (P, Q) is

in UC-C. For the sake of the exposition, we now verify directly that the three pairs D¢, Dsp and
Dgp are in UC-C by explicitly computing their KL and y? divergences.

(Dge) If P =N (u,1) and Q = N(0,1) where o = n~® for some o > 0, then we have that

P(PIQ) = 5 (¢ 1) = 6()
dskL(P, Q) = dxv(Q||P) + dkL(P[|Q) = p°

as y — 0, by well-known formulas for these divergences.
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(Dsp) If P = Bern(p) and Q = Bern(q) where p = cq = cn™® for some constant ¢ > 1 and o > 0,
then we have that

2 _(p=9® _ (c—1)
X (P”Q)_ q(l—q) - 1—n-o

dx(Q|P) = —n""loge — (1 —n"")log (1 _ (0—1)”_“>

n *=0(mn"*

=-n %logc—(1—n"9)- <—(C_1)”_a + o(n—2a))

= (c—1-loge)n 4+ 0(n"2*) =0(n™ %)
dx(P||Q) = (¢t —1—loge ™ Hen ™ @+ 0(n2%) = O(n™9)

(Dgp) If P = Bern(p) and Q = Bern(g) where p = ¢ + ©(n™7) and ¢ = n~¢ for some constants
v > « > 0, then we have that

N2
@I = Fot e

di (Q[|P) = —qlog (1 4 pqq> —(1—q)log (1 _ ”)

a5 (55 o (252)
~(1-q) (—?ij— <?:Z>2+O<m>>

_ M + O(n—3'y+2a) _ @(n_QAH_a)

~q(1—q)
dxL(P||Q) = O(n~11%)

These computations verify that all three pairs (P, Q) are in the universality class UC-C.

Appendix H. Further Questions

This work leaves a number of questions about submatrix detection and planted clique reductions
unresolved. The following is an overview of some of these problems.

o Weaker Universality Assumptions: Can our required lower bound on Ep in our main com-
putational lower bounds be relaxed? In other words, is there a reduction from planted clique
or another conjecturally hard average-case problem to the general submatrix detection prob-
lem for a wider universality class of (P, Q)?

e Other Possible Computational Phase Diagrams: Outside of our universality classes, are
there any natural universality classes (P, Q) with different phase diagrams that can be char-
acterized through average-case reductions? One example of a pair (P, Q) outside of our
universality classes that we do not show hardness for is P = Bern(p) and Q@ = Bern(q)
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information-theoretically impossible

dskL(P, Q) < i open

dskL(P, Q) < 25

dsx (P, Q) = 1 poly-time
Sk ( ) . 14) 3

D=
w

Figure 7: Computational and statistical barriers in the recovery variant of SSD(n, k, P, Q) under
regularity assumptions on (P, Q). The red region is conjectured to be computationally
hard but no PC reductions showing this hardness are known. Axes are parameterized as
k= é(nﬁ) and dSKL<P, Q) = é(nia).

where p = n~® and ¢ = n~? where 5 > «. The graph variant of this submatrix detection
problem corresponds to the log-density regime of planted dense subgraph and seems to obey
a completely different phase diagram. Algorithms and conjectured hardness for this prob-
lem are discussed in Bhaskara et al. (2010); Chlamtac et al. (2012); Chlamtac et al. (2017);
Chlamta¢ and Manurangsi (2018).

e Computational Lower Bounds for Submatrix Recovery: Through similar detection-recovery
reductions as in Section 10 of Brennan et al. (2018), our computational lower bounds for sub-
matrix detection yields computational lower bounds for the general recovery variant. How-
ever, Tsum does not translate into a natural recovery algorithm and the computational barrier
for recovery appears to be different from that of submatrix detection. This has left a region of
the phase diagram with an unknown computational complexity. Semidefinite programming
algorithms for recovery under regularity assumptions on (P, Q) were analyzed in Hajek et al.
(2016b) meeting the polynomial time threshold shown in Figure 7. In a distributionally robust
sub-Gaussian variant of submatrix recovery, planted clique lower bounds were shown by Cai
et al. (2017). The known and open regions of the phase diagram for recovery are shown in
Figure 7.
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