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I Abstract

We consider the variant of the stochastic multi-armed bandit problem where the stochastic reward
distributions may change abruptly several times. In contrast to previous work, we are able to
achieve (nearly) optimal mini-max regret bounds without knowing the number of changes. For this
setting, we propose an algorithm called ADSWITCH and provide performance guarantees for the
regret evaluated against the optimal non-stationary policy. Our regret bound is the first optimal
bound for an algorithm that is not tuned with respect to the number of changes.

Keywords: multi-armed stochastic bandits, non-stationary rewards, switching bandits

1. Introduction

The classical multi-armed bandit (MAB) problem is the simplest setting that gives rise to the
exploration-exploitation dilemma inherent to all reinforcement learning problems (see Bubeck and
Cesa-Bianchi, 2012, for a survey). In this setup, a learner has access to a number of available ac-
tions, also called “arms” in reference to the arm of a slot machine or a one-armed bandit. The learner
has to repeatedly select one of these arms, which yields a reward generated from the unknown re-
ward process of the selected arm. The learner’s aim is to maximize the sum of the gathered rewards.
In the usual stochastic MAB problem, the reward process for an arm is assumed to be a distribu-
tion which remains stationary. In this article, though, we consider the stochastic MAB problem
with non-stationary reward distributions. Following Garivier and Moulines (2011), we call this the
switching bandits problem. As a motivation, consider the problem of real-time content optimization
of websites which aims to serve targeted and relevant content to individuals. In order to do so, the
website needs to learn which content (represented by an arm of the MAB) the users are most likely
to be interested in. The user interest in the content of a website (for example, news) is likely to vary
over time. For additional motivating examples and practical applications of this problem setting,
see Garivier and Moulines (2011), Hartland et al. (2006), Koulouriotis and Xanthopoulos (2008),
and the references therein.

1. Some preliminary results have been presented at EWRL 2018 (Auer et al., 2018).
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1.1. Related work

Non-stationary MAB problems where reward distributions vary over time have been previously
studied in the literature. Sometimes, there are additional assumptions on the process generating the
changes like in the general restless bandits setting (Ortner et al., 2014) or special cases as considered
by Slivkins and Upfal (2008). In some cases, the learner is allowed to collect additional side-
information (Yu and Mannor, 2009). For the setting we consider here, several approaches have been
proposed. These range from modifying algorithms for the standard stochastic MAB setting like
UCB (Kocsis and Szepesvari, 2006) to evolutionary algorithms (Koulouriotis and Xanthopoulos,
2008). The algorithm we introduce in this paper has more in common with (Hartland et al., 2006)
where a change point detection procedure is suggested.

We note that algorithms that work in the stochastic as well in the adversarial setting (Bubeck
and Slivkins, 2012; Seldin and Slivkins, 2014; Auer and Chiang, 2016) usually also need to detect
changes and are hence related. But the regret for these algorithms is still defined in respect to the
single best arm, while we are interested in the regret in respect to best arm in each time step.

Such regret bounds have already been achieved by Auer et al. (2002) for EXP3.S, a variant of
EXP3. If the number of changes L is known in advance, EXP3.S can be tuned to obtain a regret

bound of O (\/ K LT) after 1" steps, where K is the number of arms. This is mini-max optimal

in all parameters up to log T factors, which are hidden in the O-notation.? Tt is worth mentioning
that EXP3.S works also in the more general adversarial setting, where rewards are not generated
by distributions but are set arbitrarily. The regret is then defined in respect to the best strategy in
hindsight that may change the selected arm only a fixed number of times.

More recently, Garivier and Moulines (2011) have shown regret bounds for the discounted-UCB
algorithm of (Kocsis and Szepesvari, 2006) as well as for a sliding window adaptation of UCB.
Regret bounds for an elimination algorithm with restarts that is similar to our approach have been
proven by Allesiardo et al. (2017). Algorithms that work even for stochastic contextual bandits
have been analyzed by Luo et al. (2018). As for EXP3.S, all these algorithms can be tuned to
obtain bounds optimal with respect to L and 7', provided that the number of changes L is known in
advance.

We note that there are also regret bounds that do not depend on the number of changes but the
total variation of change V' (Besbes et al., 2014; Luo et al., 2018). If V' is known in advance, these
algorithms can be tuned to achieve O ((K V)l/ 372/ 3) regret, which is optimal.

In this paper, we propose the algorithm ADSWITCH, which —unlike the mentioned
approaches— does not need to know the number of changes L in advance. Still, we can prove

an optimal regret bound O (\/ K LT) for ADSWITCH.

1.2. Outline

Section 2 gives the problem statement and our main result. The algorithm ADSWITCH is described
in Section 3, followed by Section 4, which gives part of the proof of the regret bound. The detailed
proofs can be found in the appendix.

2. The regret bound cannot be improved even if the gap between the mean reward of the best arm and the mean rewards
of the other arms is lower bounded by a constant, say 1/4.
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2. Problem statement and result

For notational convenience we assume that all rewards are bounded in [0, 1]. We denote a stochastic
bandit problem with changing reward distributions by the mean rewards i (a) of the arms a =
1,...,K attimes t = 1,...,7T. The mean rewards 1;(a) are unknown to the algorithm. At each
time ¢, an algorithm selects some arm a; and receives reward r; with mean E [r;] = p(a;). The
goal of the algorithm is to achieve low expected regret R against an omniscient policy that at each
time chooses the arm with maximal mean reward,

T
R = Zmaxut(a) —-E
t=1

T
> Ht(at)] -
t=1

We assume that the horizon 7" is known, an unknown horizon can be handled by the doubling trick
(Besson and Kaufmann, 2018).

For meaningful results the amount of change in the means (i (a) needs to be taken into account.
As such a measure of change we consider the total number of changes

L=#{1<t<T[Fa: pm-1(a) # pm(a)}-

(For notational convenience we define po(a) = 0 for all arms a.)
As mentioned above, the best known regret bound in terms of L is O (\/ KLT ) (see for example
Auer et al., 2002), which matches the lower bound up to logarithmic factors. This bound was

previously achieved for known L. In this paper, we show that the same bound can be achieved
without knowing L, using an algorithm that adapts to the observed change.

Theorem 1 For a switching bandit problem with K arms, L changes, and horizon T, the expected
regret of ADSWITCH (introduced in Section 3 below) is upper bounded by

C+/KLTlogT

for a suitable constant C.

2.1. The difficulty of unknown L and how to deal with it

In this section, we give some intuition, why it is significantly harder to achieve optimal regret bounds
when the number of changes is unknown, and how our algorithm deals with this difficulty.

2.1.1. CALCULATING THE SAMPLING RATE FOR INFERIOR ARMS

Assume that an algorithm has found an inferior arm a that is A-worse than the best arm. Then the
algorithm has to safeguard against a change of arm a that would make it the best arm. When the
total number of changes L is known in advance, then this is easily done by sampling arm a with
probability p = \/L/(KT)/A. When a change is detected, then the algorithm restarts.

The total cost for this sampling is pT’A = /LT /K when there is no change (since the algo-
rithm loses the amount of A each time the inferior arm « is sampled). Summing over all inferior
arms, this contributes v/ K LT to the regret.

If arm a changes by amount ¢ > A, then (up to logarithmic factors) 1/€? samples from arm a
are sufficient to detect the change. Thus, because of the sampling rate p, the change is detected after
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1/(pe?) time steps, and the regret during these time steps is at most ¢/(pe?) = A\/KT/L/e <
\/KT/L. Summing over the changes gives again a contribution to the regret of v K LT

The sampling rate p is chosen optimally to trade off the regret caused by sampling and the regret
until a change is detected, by solving pT’AK = L/(pA) for p.

2.1.2. ADAPTING THE SAMPLING RATE IN RESPECT TO THE OBSERVED CHANGES

If the number of changes L is not known, the sampling rate p cannot be set so easily. A first attempt
is to count the number of changes so far, ¢, and set py = /¢/(KT)/A accordingly (initially £ = 1).
But this does not work, since in the beginning the sampling rate p; = \/1/(KT)/A is small and
quick changes will not be detected: Let ;o = 1/2 be the mean reward of arm a so farand let A = 1/8
(the mean reward of the best arm is 5/8). Now let the mean reward of arm a alternate every W steps
between p + € and p — € for e = 1/4. Since arm a is sampled only every 1/p; ~ TY? steps, the
received rewards appear random with mean j, when W < T''/4. Thus no change is detected and
linear regret in incurred.

Increasing the initial sampling rate p; would allow to detect such changes, but it would also
increase the sampling cost in the case when there are few changes, such that the optimal regret
bound is not achieved.

The phenomenon of increased regret rates when the number of changes is under- or overesti-
mated can already been seen in the regret bounds for EXP3.S in (Auer et al., 2002) and its variant
SHIFTBAND (Auer, 2002, Theorem 2) with the regret bound

0] ((JFO+L/\/R> \/ﬁ)

where L is a tuning parameter, interpreted as an a priori estimate for the number of changes. If
indeed L = Lg, then the bound becomes 0] <\/ K LT) and is optimal. For Ly = 1, the bound is

O (L\/ KT) and gives linear regret if L > +/T. For L = 1, the bound gives O (\/KLOT) and is
sub-optimal for large L.

2.1.3. CONSECUTIVE SAMPLING

The failure to detect changes as described in the previous section is caused by changes between the
times a sample is drawn for the inferior arm. This can be avoided by drawing consecutive samples:
Let £ again be the number of changes observed so far. To check for a change of size ¢ > A, with
probability p. = ey/¢/(KT) the algorithm draws n, = O (1/€?) consecutive samples. This is

sufficient to detect a change and the total cost without a change is p.Tn.A = O ( (A/e)\IT/K ) .

When an exponential schedule for the size of the changes ¢ = A,2A4A, ... is used, summing
(A/e)\/¢T/K over the various € and over the inferior arms gives a total regret contribution of
O (VKIT).

The number of steps until a change of size ¢ is detected is roughly 1/p, such that the regret
contribution is €/p. = /KT /¢. Summing over all L changes gives a total contribution of V K LT

While in the formal analysis several other cases need to be considered —for example there could
be a change even within a consecutive sample— the main idea of our algorithm is to use consecutive
sampling as described above, choosing the right probability p. to start a consecutive sample of the
right length n..
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Algorithm 1 ADSWITCH
1: Input: Time horizon 7.
2: Initialization ¢ < 0, ¢ < 0.
3: Start a new episode:
40 L+ L+1.
5:  Set start of the episode £, < t + 1.
6: GOODt+1 = {1,...,K}, BADt+1 = {}
7
8
9

Next time step:

t+—t+1.
: Add checks for bad arms:
10: For all € BAD,, and all i > 1 with 2% > Ay(a)/16,
11: with probability 274 /¢/(KT log T) add Sy(a) <+ Si(a) U (27, [2%F L log T, 1).
12: Select an arm:
13: Select a; = argming{7 : a & {ar,...,ai—1},a € GOOD; V Si(a) # {}}.
14: Receive reward r;.
15: Check for changes of good arms:
16: If there is a € GOODy and ty < s1 < 59 < tand t; < s < t such that condition (3)
17: holds, then start a new episode.
18: Check for changes of bad arms:
19: If there is a € BAD; and ¢, < s < t such that condition (4) holds,
20: then start a new episode.
21: For a € BADy, Si11(a) < {(€,n,5) € Si(a) : njs g < n}.
22: Evict arms from GOODy:
23: BAD;+1 = BAD, U {a € GOOD;|3s > t, for which (1) holds}.
24: For evicted arms a € BAD,; \ BADy, calculate jiy(a) and Ag(a) according to (2), and
set Sy11(a) + {}.
25: GOODt+1 = {1,,K} \BADH_L
26: Continue with the next time step.

Remark 2 Another approach for dealing with an unknown number of changes L is to run several
copies of a bandit algorithm (for example EXP3.S) with different tunings, using a master bandit
algorithm to manage these copies. While typically using a bandit algorithm on top of other bandit
algorithms is problematic, the approach of Cheung et al. (2019) can be used to achieve the regret

bound O <\/KT max{L, T1/2}) for unknown L even in the adversarial setting (Luo, 2019). This

regret bound is optimal for large L but sub-optimal for small L. It is an open problem if optimal
regret can be achieved in the adversarial setting without knowing L.

3. The adaptive switching algorithm ADSWITCH

In this section we describe our algorithm ADSWITCH (depicted as Algorithm 1) for an unknown
amount of changes. In order to achieve a regret bound that depends on the actual amount of change
in the mean rewards, the algorithm needs to be able to detect (most of) these changes. At the same
time, the algorithm cannot probe inferior arms too often without suffering large regret.
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Our algorithm is essentially an elimination algorithm with restarts and proceeds in episodes
¢ =1,2,.... A new episode starts when the algorithm detects a change in the mean rewards. In
each episode the arms are partitioned into GOOD and BAD arms. The good arms are those that are
(so far) statistically indistinguishable from the optimal arm, and the bad arms are those that appear
significantly worse than the optimal arm.

At the start of an episode all arms are good. An arm « is evicted from GOOD at time ¢, if there
is sufficient evidence for its suboptimality through the condition’

CilogT

_— 1
n[s,t](a) -1 M

A~ / ~
max a)— a) >
@ eGOOD, ,u[s,t]( ) N[s,t]( )
for some s in the current episode with nj, ; > 2. Here fif, g (a) denotes the observed mean reward
for arm a during the time interval [s, t], and n[, 4 (a) is the number of times arm @ has been selected
during this interval,

A 1
nig(a) =#{s <7 <t:a, =a}, fysyla)= >

nys,(a) Tis<T<t,ar=a

For a suitable constant C, condition (1) is a standard confidence bound on the mean rewards.
When an arm a is evicted from the good arms in episode ¢, then its observed mean reward and
the gap to the arm a’ that caused the eviction, are recorded,

fu(a) < fis(a), Agla) < a,e%l%%Dtﬂ[s,t] (a') = sz (a). (2)

These quantities will be used to check for changes in the mean reward of the evicted arm.
To check at time ¢, if a good arm a has changed, we use a condition similar to (1),

7 N 2logT 210e T
‘M[SLSQ](CL) — Msyt] (a)’ > \/g +\/ g 3)

n[shsz}(a) n[&t](a)

for some s; < s and s within the current episode.

To check for changes of bad arms is more complicated, since these arms can be selected only
rarely without causing large regret. These checks are done by a variant of consecutive sampling as
described in Section 2.1.3. We associate each bad arm a with a set S;(a) of sampling obligations
(¢,m, s) as follows. Each S;(a) C R x N x N is a set of triples (e, n, s), where e = 274, i > 1, is
the magnitude of change the algorithm seeks to detect, n = [2(log T') /€*] is the number of samples
needed for a statistically significant test, and s is the time when the collection of samples has started.
After having received n rewards from arm a, the sampling obligation is removed from S;(a). These
sampling obligations cause the algorithm to select a bad arm that otherwise would not be selected.
The test for a change is similar to the check for the good arms: a new episode is started, if for some
s in the current episode,

2logT

nysg(a)’

i) (@) — fiea)| > Ag(a)/4 + )

3. The constant C in condition (1) needs to be sufficiently large. A suitable value can be derived from the regret
analysis.
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comparing the current mean reward with the mean reward when the arm was evicted from the set of
good arms.

To ensure the right amount of checking, at any time ¢ and for any ¢ = 2% > Ay(a)/16, the
sampling obligation (€,n,t) is added to S;(a) with probability e/¢/(K T logT). The intuition
behind the choice of this probability is given in Section 2.1.3.

Finally, at time ¢ the algorithm selects the arm a, that has been selected least recently among the
good arms and those bad arms with non-empty sampling obligations S;(a). This selects the good
arms in a round robin fashion and also ensures that almost consecutive samples are generated for
the bad arms that need to be checked.

Remark 3 This version of our algorithm is not optimized for runtime but for simpler arguments in
the regret analysis. The most expensive step is the check for changes of the good arms, condition (3),
with runtime O (K t3) in time step t. This time complexity can be significantly reduced, if not
all intervals [s1, 2] and [s,t] are checked, but only intervals of certain lengths, say 2¥1log T for
k = 3,4,... By storing for these lengths the maximal and minimal values of ﬂ[shSQ](a) so far,
the time complexity can be reduced to O (K (log T)2) per time step. The checks of conditions (1)
and (4) can be treated similarly.

4. Regret analysis

4.1. Preliminaries

Lemma 4 (Azuma-Hoeffding inequality) For a martingale difference sequence X1, . .., X, with
support of size 1 for all X;,
P {

We denote the number of changes in time interval [s, t] by

L[S’t] = #{5 <7< t|5|a : :qul(a) 7& Mf(a)}'
Lemma 5 With probability 1 — 2K /T?, forall 1 < s <t < T with L[s,t] = 0, and all arms a,

>

i=1

> 'm} < 2exp{—27"n}.

R 2logT

s (a) — ps(a)| < .

| [st]( ) S( )’ n[&t](a)
Proof We fix time s and arm a. Let s < 74 < 7 < --- be the times when
arm a is selected, a;,, = a. Then X; = 7, — ur(a) are martingale differences and

by Lemma 4 we get P{|>7" | X;|>+/2nlogT} < 2T* By a union bound we get
P{3n:n<T:|¥",Xi|>+2nlogT} < 2T3. Thus with probability 1 — 273 we have
for all ¢,

"s,t]

R 1 1 2logT
fis, (@) — ps(a)| = [rr, = ps(a)]| = Xi| < :
s = np@ = P (@ 2= o (@)
A union bound over s and a completes the proof. |

Since the error probability 2K /72 in Lemma 5 causes only diminishing regret, we assume in all the
following, that all inequalities of the lemma are satisfied.
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Assumption 6 Forall 1 < s <t < T with no change between s and t, and all arms a,

2logT

nisq(a)

|fugs (@) — ps(a)| <

4.2. Counting the number of episodes

The next lemma shows that the algorithm starts a new episode only if there is a change in the current
episode. We denote by L the total number of episodes. The last episode ends at time 7', and for

notational convenience we define the start time of the next episode by t; ., =7+ 1.
Lemma 7 If Assumption 6 holds, then for all episodes { < L, Lite, tes1 — 1] > 0.

Proof The proof is by contradiction, assuming that episode ¢ is terminated at time ¢ > ¢, but
L[ty, t] = 0. We first consider the start of a new episode when condition (3) is met. Then there is an
arm a and times ty < 51 < so <tandt, < s <t with

2logT 2logT
Og+\/ og

n[sl,sg](a) n[s,t](a) '

‘/l[sl,sz](a) - /:L[s,t] (a)’ > \/

Since L[ty,t] = 0 and ps, (@) = ps(a), this contradicts Assumption 6.
Now we consider the start of a new episode when condition (4) is met. Then there is an arm a €
BAD; and a time t; < s < t with

2logT

Ns,1] (a) '

fis (@) — fie(a)| > Ag(a)/4+

Let [s, '] be the time interval on which the eviction of arm a from the good arms was based in (1).

Then ji¢(a) = fifs 1(a) and
< log T’ 2logT
Aa) > | 108 T [2lo8 5)
n[s/i/] —1 n[s/7t/}

for sufficiently large C';. Together with the above inequality, this contradicts Assumption 6. |

From Lemma 7 we get immediately that the total number of episodes is bounded by the number of
changes, L < L.
4.3. Properties of the selection rule

An arm a is eligible at time ¢, if a € GOOD; or a € BAD; and S;(a) # {}. Since the algorithm
selects the arm that has been selected least recently among the eligible arms, all eligible arms are
selected almost equally often, the maximal difference being 1. In particular, if arm a has been
eligible throughout an interval [s, t], then for any arm a/,

n[s,t]<a) > Ns,t] (CLI) -1
Furthermore, if an arm « is eligible throughout the interval [s, ¢], then

nsg(a) 2 [(E=s+1)/K].
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4.4. Dividing episodes into intervals with no change

In the regret analysis we will rely on time intervals without change. Thus for each episode ¢ we
consider all change points (1, . .., B¢,m, in episode ¢, L[ty, t;+1 — 1] = my, with

te=Beo < Pr1 < .. < Bomp < Boymp+1 = Lo

and LBy, Beiy1—1) =0fori =0,...,mgand L|B;; —1,8¢;] = 1fori =1,...,m,. We denote
the intervals with no change by
Ioi = [Beis Brit1 — 1]

for: = 0,...,my. Since each episode is split into at most my, + 1 intervals, over all episodes there
are at most I + L < 2L such intervals.

4.5. Distinguishing the sources of regret

In this section we decompose the regret Zle [max, p¢(a) — pe(ag)] horizontally and vertically.
By horizontally we mean the decomposition of the regret

max y(a) — prlar) = [ mavx  pela) = pr(ae)] + (v puna) = max yu()]

into the regret in respect to the best good arm, and the regret of the best good arm in respect to the
optimal arm. We denote by
a; = argmax i (a)
a

the optimal arm and by

g
af = arg max l(a
t & cGoon, M (a)

the best good arm at time ¢. (If there are several optimal arms, then an arbitrary one can be chosen.)

By vertical decomposition we mean the classification of the time steps into several classes,
depending on the selections of the algorithm. For the regret in respect to the best good arm, we are
distinguishing the following cases for each episode ¢:

1. A good arm is selected by the algorithm,
Qm = {tg <t <tpy1:a¢ € GOODt}

The regret in this case is similar to the regret in the stationary bandit problem, when the best
arm has not been distinguished yet.

2. A bad arm is selected, and its regret is not much larger than its eviction gap Ay,
Q&Q = {tf <t< tg.;,_l ay € BADt,ut(af) — ut(at) < 4Ag(at)}.

The regret in this case is for the effort of checking whether a previously bad arm has become
optimal.



AUER GAJANE ORTNER

3. A bad arm is selected, its regret is large, and the mean reward is far from the mean reward
when it was evicted,

9&3 = {t@ <t< tg+1 lay € BADt, ,ut(af) — ,ut(at) > 4Ag(at),
fie(ar) — pe(ar) > (pe(af) — pe(ar))/2}.

In this case the mean reward of the bad arm has decreased significantly, causing larger regret
when this arm is selected.

4. A bad arm is selected, its regret is large, but the mean reward is relatively close to the mean
reward when it was evicted,

Gra = {te <t <tpp1:ar € BADy, pe(af) — pe(ar) > 4&4(@),
fie(ar) — pe(ar) < (me(af) — plar))/2}

In this case the best good arm has significantly improved (compared to the time when a; was
evicted), and additional regret is caused by the resulting larger gap between the best good and
the bad arm.

For the regret of the best good arm in respect to the optimal arm, we distinguish two cases. Obvi-
ously there is no such regret if the optimal arm is among the good arms.

1. The optimal arm is among the bad arms and its mean reward is close to the mean reward when
it was evicted,

Bey = {te <t <tey1 2 a; € BADy, pu(af) — fulai) < Ag(af)/2}.

In this case the mean rewards of the good arms have significantly decreased, causing regret
when the algorithm keeps selecting them.

2. The optimal arm is among the bad arms and its mean reward is far from the mean reward
when it was evicted,

Bro = {te <t <te1:af € BADy, m(af) — fie(af) > Ag(af)/2}.

In this case the mean reward of the currently optimal arm may have significantly improved,
causing regret when not selected.

In the following sections we show that in each of these cases the respective regret is of order
VKLT logT. Summing over all these cases gives the result of Theorem 1.

Because of space constraints we give only brief intuition about the cases ¢t € By 1 and t € By .
Full proofs are provided in the appendix.

4.6. Bounding the regret in respect to a;
4.6.1. CASEt € Gy

In this case a; € GOODy. Let t € I;; for some interval without change Iy ; = (B¢, B¢i+1 — 1] in
episode £. Since a; € GOODy, a; was not evicted at time ¢t — 1, and by (1) we have

CilogT
gy it-1)(ar) =1

ﬂ[ﬁe,i,t—l](af) - [L[ﬁgﬁi,t—l](at) < \/

10
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ifng, 11 (a;) > 2. By Assumption 6 we get

. . 2logT 2logT
pe(af) — pe(ar) < fyg, , o—1(ai) — fug, , 1—1y(ar) + \/ + \/

N [By,t—1] (af) N8y ,t—1] (ar)

CilogT 2logT 2logT
< + o T
n[ﬁz,i,tfl](at) -1 n[ﬁé,ivt_l}(at) By 5,t—1] (ar)

< <m+m>\/ s

By 4,t—1] (@t) -1

since af and a; are both good arms and thus N(By 4,t—1] (af) > ng, ,t—1)(atr) — 1 (see Section 4.3).
Summing over t € Iy ; N Gy with a; = a for some arm a gives

1y 4] (a)

1
S lmlad) - mla)] < (VCi +2v2)\/log T | 2+ lg \/:

tely ;NGp1,at=a

< (\/E+2ﬂ)\/@ (2 + 2“”[1“](@)) .

Since

Z N1, (a) =T

Lii,a

and there are at most 2L intervals I, ;, summing over all intervals and all arms gives

L

S>3 lwilad) — pulan) = 0 (VELTI0gT). (©)
0=1t€G 1

4.6.2. CASEt € Gy

In this case a; € BAD; and i (af) — pe(ar) < 4Ag(at). We bound the expected number of times
that such a bad arm a is selected.

A bad arm a is selected at time ¢, a; = a, only if there is (e,n,s) € Si(a) with s < ¢ and
njsq(a) < n. We recall that e = 27" > Ay(a)/16 for some i > 1, and n = [2(log T')/€]. Thus
fort € Gy 9,

pe(af) — pu(ar) < 64e.

Furthermore, (¢, n, s) is added to Ss(a;) with probability e/¢/(KT logT) if a € BAD;. Thus the
expected number of times that a specific bad arm a is selected in episode £ for a specific ¢, is at most

eltess —to)y KTngT@(log T)/é 4 1),

Summing over the possible € = 27¢ with € > [u¢(af) — pi(a)]/64 gives

(et — ) ¢ 256 log T 1
N KT10g T \ ju(af) — u(a)

11
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as an upper bound on the expected number of times arm a is selected in G, 5. Summing over all
arms we get for the respective expected regret

14
9y _ < K(tesr —to)y | wm—rm (256 log T + 1
tgg [ne(af) — pe(ar)] < K(tey1 — te) KTlogT( ogT+1),
0,2

and summing over all episodes gives

> lwilad) = pular)) = O (VKLTlogT). )

L t€Gp 2

4.6.3. CASEt € Gy3

In this case a; € BADy, pi(af) — pe(ar) > 4A¢(ar), and fig(ar) — pe(ar) > [ue(af) — pe(ar)]/2.
Thus the mean reward for arm a, is significantly worse than fig(a;). We show that with this con-
dition, arm a; can be selected only a few times in an interval Iy;. This is because otherwise the
algorithm would detect the change.

4.6.4. CASEt € G4
In this case a; € BADt, Mt(af) — ut(at) > 4Ag<at), and ﬂé(at) - ,ut(at) < (Mt(af) - Mt(at))/2

The major part of the regret contribution comes from the increase of the mean of af, the best good
arm. But since this arm is selected often, the change of the reward can be detected quickly by

condition (3), obtaining the desired regret bound.

4.7. Bounding the regret of ;i;(af) in respect to ji;(a})
4.7.1. CASEt € By

In this case af € BAD; and ps(a}) — jig(af) < Ag(a})/2. This means that the reward of the bad
arm a; has not changed much, but that the rewards of the good arms have decreased. There are
basically two cases: (a) The arm «’ that evicted a; from the good arms is still a good arm. Then the
reward of this arm has changed significantly which is detected by condition (3) of the algorithm.
(b) Arm a’ has also been evicted from the good arms. This case is more complicated, but we can
show that also in this case the best good arm af has changed significantly.

4.7.2. CASEt € By

In this case a} is among the bad arms and p(a}) — fig(a}) > Ay(a})/2. Since the reward of the
best good arm p;(af) cannot be much below fis(a;) without causing the start of a new episode,
pe(ay) — pe(af) S pelai) — fe(ay).

If p1:(af) — fue(ay) is small, then the contribution to the regret is also small and is easily dealt
with. If p(af) — fe(ay) is large, though, then the larger y;(a;) needs to be detected quickly. The
algorithm needs roughly n = (logT)/e? samples, € ~ u(af) — fig(a}), to detect the change.
These samples are provided by a sampling obligation (e, n, s). By the definition of the algorithm,
such a sampling obligation is added with probability e+/¢/(K T logT"). Thus it takes roughly time
(1/€)\/KT(logT)/¢ until the sampling obligation is added and the change is detected, causing
/KT (logT)/¢ regret. Summing over the episodes gives the desired bound /K LT (log T').

The actual proof is a bit more complicated, because arms may change during the sampling.

12
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5. Conclusion

Extending the work in (Auer et al., 2018), we have constructed the first algorithm for the stochastic
multi-armed bandit problem with abrupt changes of the reward distributions that achieves optimal
regret bounds without knowing the number of changes in advance. The main technical contribution
is the delicate testing schedule of the apparently inferior arms. This testing is necessary to detect
when a previously inferior arm becomes the best arm.

We note that our algorithm (without any change) also provides optimal regret bounds in terms of
total variation. These optimal bounds have also been achieved in (Chen et al., 2019), which provides
also optimal bounds for the more general stochastic contextual bandits setting.

Regarding the adversarial bandit setting, it remains an open problem to construct an algorithm
with optimal regret bounds without a priori tuning in respect to the number of arm changes.
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Appendix A. Some proof details of Section 4.6
Bounding the regret in respect to (a)

A.l. Caset €G3

In this case a; € BADy, wi(af) — pe(ar) > 4A(ar), and fig(ar) — pe(ar) > [ue(a) — pe(ar)]/2.
Thus the mean reward for arm a; is significantly worse than fig(a;). We show that with this con-
dition, arm a; can be selected only a few times in an interval Iy ;. This is because otherwise the
algorithm would detect the change.

If condition (4) is not triggered, we have for bad arm a; and ¢ < ¢y41 — 1 that

2logT

~ o~ < A N
fe(ar) = figg, n(ae) < Aelar) /4 + N, 1 (at)

Using the condition of Gy 3 and Assumption 6, we get

_ - . 2logT
u(af) = plar) < 2Afielar) — )] < 2 |ielar) = g, (a) + 4| ——
Mty.1] (at)
~ 2logT 2logT
<2 (Ap(ap)/4+2, | —————| < al) — pe(a)]/8 + 4, | ———
Z( t)/ n[tg,t] (at) [/’Lt( t) :u’t( t)}/ n[tg,t](at)

and by solving for i (af) — pe(az),

32 [ 2logT
ag - a < = e ——
,U,t( t) :U’t( t) 7 n[tg,t](at)

Summing over all arms and episodes gives

>3 lulaf) — mlan)] = O (VKLTlogT). ®)

£ teGys

A2. Caset € Gyy

In this case a; € BADy, ut(af) — pe(ar) > 42¢(ay), and fig(ar) — pe(ar) < (ue(ad) — pe(ar))/2.
We bound the number of times that a bad arm a is selected within an interval without change
Ip; = [Bei, Bei+1 — 1], while the above condition holds. Let [s’, ¢'] be the interval and a’ be the arm
that caused the eviction of a; from the good arms by condition (1),

CilogT

[ s AT PR > _—,
His' ¢ ](CL ) His' ¢ ](at) n[s’,t’](at) 1

with fig(a;) = fis 4 (ar) and Ag(ay) = figs +1(a") — fie(ar). By the construction of the algorithm
(see Section 4.3), N[ 1] (at) < N[ 1] (a’) 4+ 1 and n[ﬁe,m(at) < nw&m(af) +1<L 2”[5£,iat](ag)'
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By Assumption 6,
2logT
g, p(al) — firg p1(ad) > pi(al) — | ———< — firg 41 (a’
[y (a) — L v (az) > pa(ay) o (@) fist 1 (a)
2logT - ~
= pe(af) — | =5 — fular) — Ag(ar)
2log T - ~
= [ue(af) — pu(ar)] — 7gg — [felar) — pe(ar)] — Aglar)
118,50 (a7)
1 2logT
> —u(ad) — plar)] — | ——~.
2 7 lkelaf) = pular)] i ()

Fort < ty+1 — 1, we get from condition (3) that

1 7 2log T 2logT
M[ﬁﬁ,ivt](a’g) - /’L[sﬁt/} (af) é \/ + \/

n[s’,t/](ag) n[ﬁl,ivt}(a?)
< 2logT n QIOng
g p(ar) — 1 3,08 (a7)
2 - 2logT
< —Ag at) + 4| ——a~
\/;1 (a) n[BZ,ivt](a?)
1 /2

2logT
< /= 7 — + | ——
< 3y g buted) = mulan) + | s

Putting the lower and the upper bound together we find

1 /2 > 2logT 4logT
—(1—4/= al) — )| <2 ———— <2, | ———.
) ( ¢y ) ter) = pton) = g (a]) T\ iy (ar)

Thus the contribution to the regret for some arm a during Iy ; in respect to Gy 4 is at most

Summing over all intervals I, ; and all arms a, we get

>3 lmlaf) - pulan)] = 0 (VKLT10gT) ©)

£ teGya

Appendix B. Proof details of Section 4.7
Bounding the regret of 1;(a]) in respect to 1 (a})

B.1. Caset c By

In this case af € BAD; and p(af) — jig(af) < Ag(a})/2. This implies that the mean of the best
good arm has dropped significantly. Thus there cannot be too many such steps without detecting the
change.

16



ADAPTIVELY TRACKING THE BEST ARM

We consider some interval without change Iy; = (8¢, Bri+1 — 1], t € Ip;. Let [s',t] be the
time interval and o’ the arm that caused the eviction of a; from the good arms by condition (1),

01 log T

As//a'—AS//a*> —_— .
fijs (') = fys e (ay) ney(@) — 1

If a’ is not a good arm anymore, a’ ¢ GOODy, then its eviction was caused by some interval [s1, s2]

and some arm o with

Cl logT
n[sl,sg](a/) -1

~

M[sl,sz}(a’//) - /:L[sl,sg](a/) >

Since the episode has not stopped at time s3, we have by (3),

CilogT

_ 7 mo o ,
n[sl,SQ](a,) -1 < /1’[81,52](a ) M[sth](a)

< ﬂ[s’,t/](a//) - ﬂ[s’,t’}(a’l)
2logT 2logT 2logT 2logT
+ n T / 7
n[sl,sg](a ) n[sl,sg} (CL ) n[s' t'] ( ) s ,t'] ( )
2logT 2logT 21 T 21 T
< =4 k- Og o+ Og
n[sl,sg](a ) n[sl,sg](a ) Ns, t’ s’ t’
2logT 5 2logT

n[sl,SZ](a’) -1 N 4] (a

CilogT 5 2logT

n[sl,sﬂ(a’) -1 n[szi/](a ) —

for sufficiently large C'1, and therefore

CilogT <4 2logT
Nsy s3] (a')—1 "~ Mg 4/] (a') — 1’

64
n[slytq(a’) < an[smz](a/)‘

and

Since a’ was evicted based on interval [s1, so] and af was not, we have

. . CilogT CilogT
sr501(af) > fifsy o) (a’) + ¢ - - V :

n[sl,sg](a/) -1 n[sl,sz](a?) -1
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Then
pe(af) > fuyg, 0 (af) - n;lgf) > Moy (04) = V [Zlf éf) B % stigfa%
> fifs;,s5)(a") = 2 ;lzoﬁ(T) (V2+0) TlLehslg(])(gC;—l
> fig p(a’) — 2 m (V2+ V) 71[81:20;%6;2/;_2

B 2logT 2logT
n[slysz](a’) n[s’,t’](a/)
R 2logT CylogT
> st g a') -2 B
[s't ]( ) \/n[ﬁe,iat] ((If) —1 \/n[s’,t’} (a’/)

for some suitable constant Cy independent of C'y.
Also if @’ is still among the good arms, ' € GOODy, we get for t < ¢ty 1 — 1, by Assumption 6
and the checking condition (3), that

) 21og T X 2logT 2logT
pi(af) = pi(a’) = fiyg, ,4(a’) = (@) = (@) = 2\/n[ﬂ a@) \/”[ (@)
0,05 o °
R 2logT 2log T
> fig 4 (a’) — 2
= () \/mmat) 1 \/“[s/ﬂ(“’)
X 2logT ClogT
> firgr 1 (a’) — 2 '
> iy )(a’) \/n[ght](at) 1 \/n[s/,tq(a’)
Since
~ ~ * A * * ¢ IOgT
e (@) = ie(a) + Belaf) > pula) + Bela)/2 2 palad) + 3 ﬁ
S/, ! t
CilogT
> pu(ay) s 2 ﬁ

we get for sufficiently large C,

2logT 2logT
a ay) <2
pa(ay) — pe(af) \/ nigg(ad) —1 \/L —Bei+1)/K] -1

Summing over t € I ; gives

> lmlay) — plaf)] < 2K +44/2K|Iy,|log T

tG][’iﬂBL’l

and summing over all intervals gives

SN lulad) — mlad)] = 0 (\/KLTlogT). (10)

J4 tEB[ 1
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B.2. Caset c Byp

In this case a} is among the bad arms and ps(a}) — jig(af) > Ag(a})/2. We show that the change
in the mean of a} can be detected relatively quickly.

Let t € I,;. We start by bounding the regret in terms of Ay(a}). Let [s',#'] be the interval
through which a; was evicted from the good arms. Then, by using (3),

2logT
s, (af)

N . . N . 2logT 2logT
< p(ay) — pelag ) + e (@ f,usf’/ang — e+ 2, —————
t(az) (at) [ t]( t) [ t]( t) \/n[s',t'}(a?) \/n[ﬁe,iﬂ(a?)

par) = pulai) < pelay) — fe(ar) + fe(ar) = fug, ;4 (af) +

CilogT 9 2logT
iy wy(ap) =1 nig,,q.1)(a7)
N . < 2logT
< p(ay) — fie(ay) + Aelay) +2 m
2logT
Ny, (af)

< pu(ay) = pu(ay) +

< 3[u(ay) — fuelay)] + 2

for sufficiently large C'. 3
For t € Iy, let ¢; be the largest € = Ay(a})/27 such that € < [u(a}) — fie(a})]/8, and
n; = [(2log T)/€?]. Then [u(a;) — jie(a;)] < 16¢; and the regret is bounded as

2logT

we(ar) — pe(ad) < 48¢; +2, | —————~.
t t © Vg n(ad)

Since nyg, , (af) > | (t — Bei + 1)/ K], the overall contribution to the regret of the second term on
the right hand side is

DL 210gT Zo(,/ng,@.uog@:o(m).

n CL
4, tefgyiﬂBg’g [BZ t t

The overall contribution of small €;, ¢, < /K (logT')/|1s],

Thus we consider only €; > /K (logT')/|1;|.

For the first term 48¢;, we start with considering intervals of small size, |Iy;| < 2Kn;. The
contribution of such an interval is bounded as

2Knie; <4K(logT)/ei + K <44/ K|I;;|(logT) + K.

Summing over all such intervals gives again O (\/K LT logT )
Finally, we consider the contribution of ¢; in large intervals, |1, ;| > 2Kn,. If the algorithm
selects a; in the interval Iy ; for n; times, n; = ng, , 41(a;), then by Assumption 6, the conditions

(VKITTogT).
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of By 2, and since \/2(logT)/n; < € < [pe(af) — fie(a;)]/8, we have

N . . * ok 2logT
g (07) = fe(ay) > p(af) — fuaf) — [ ==
1
" o 2logT
> puay) — fe(ay) + n% — 2¢;
(2
31wy 2logT _ « , . 2log T
> luela) = fe(ad)] + > Au(a})/4+ ,
n; n;

such that condition (4) for starting a new episode is satisfied. Such selections of arm a} are enforced,
if the algorithm adds the checking obligation (e;, 74, 5) to Sg(aj) forany Be; < s < fgit1 — Kn;.

Let J1,...,JN, Jx = [ak, agr1 — 1], be the partition of [1, 7] into intervals without change.
Then pis, (a) = s, (a) for s1,52 € Ji and any arm a, and fiq, (@) # fia,, (a) for some arm a.
Note that each I, ; is subset of some Jj, and that the intervals I, ; are random and depend on the
random rewards observed by the algorithm.

We will prove a bound on the total future expected contributions of the ¢; when ¢ € By > and
t is in a large interval, starting from the current interval I, ; with starting point 5,;. We denote
this contribution by Iy; which is conditioned on 3;. Let I;; C J. We will show by backward

induction that
L
KTlog T
Rei < 30|55 +4\/K(1og T)(2L — k — 0)(T + 1~ ).
=L !

This is obviously true after all time steps when 3y ; = 1"+ 1.
Since we are interested only in large intervals, we assume that a1 — f¢; > n;. A change

is detected if a checking obligation (€;, n;, s) is executed, and such a checking obligation is added
with probability pse;, pr = +/¢/(KTlogT). Thus the contribution Rg’i within interval I ; is at
most

agt1—Bei—Kn;

1 — (1 — ppe; )k+1—Bei—Kn;
RZ,i <€ Z (1 —pees)" + Kni | < ¢ [ (1 = peci) + Kn;
h=1 Pegi
1
= — [1 —(1 _pgei)ak-&-l_ﬂé,i_Kni} + Knje;
De
1
< — [1 —(1- pzei)a’““_ﬁe*i_K"i} + 4K (log T) /e;.
be

Let g ; be the probability that episode ¢ does not end within Iy ;, which means that 8 ;41 = aj41.
Then
qg,l S (1 — péel)ak+l_5i,z—Kn,
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and by induction

Rei < R+ qriReir1 + (1 — qei)Rey1n

< plg [1— qei] +4qe; \/K(log T)(ags1 — Beq) +4(1 — (IE,i)\/K(IOg T)(Bes1.1 — Bei)

Gi | o 1
ey
be S5 P
+4qpiVK(QogT)2L —k — £ — 1) (T + 1 — agyq)

+4(1— gr0) /K (108 T) 2L — k — £ = 1)(T +1 ~ fp4n)

L
<y ;l 4y /K(og T)2L — k — (T + 1 By),

since \/z + /ny < v/(n+ 1)(z + y). The total contribution of long intervals is bounded by

Ry <2y/KLTlogT + 42K LT (logT),

which concludes the regret analysis.
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