Breaking the gridlock in MoE: Consistent and Efficient Algorithms

Organization. The appendix is organized as follows:

e Appendix A and Appendix B contain the requisite material for method of moments and the convergence analysis of
EM respectively.

e Appendix C details the class of non-linearities for which our results hold.

Appendix D contains all the proofs of Section 3. Two technical lemmas needed to prove Theorem 2 are relegated to
Appendix E and Appendix F.

e Appendix G provides convergence guarantees for Gradient EM.

Appendix H contains additional experiments for the comparison of joint-EM and our algorithm for the synthetic data.

A. Toolbox for method of moments

In this section, we introduce the key techniques that are useful in parameter estimation of mixture models via the method of
moments.

Stein’s identity (Stein’s lemma) is a well-known result in probability and statistics and is widely used in estimation and
inference taks. A refined version of the Stein’s lemma (Stein, 1972) for higher-order moments is the key to parameter
estimation in mixture of generalized linear models. We utilize this machinery in proving Theorem 1. We first recall the
Stein’s lemma.

Lemma 1 (Stein’s lemma (Stein, 1972) ). Let  ~ N(0,I;) and g : R — R be a function such that both E[V zg(x)] and
Elg(x) - x] exist and are finite. Then

Elg(z) - ] = E[Vgg(z)].

The following lemma, which can be viewed as an extension of Stein’s lemma for higher-order moments, is the central
technique behind parameter estimation in M-GLMs.

Lemma 2 ((Sedghi et al., 2014)). Let x ~ N(0, 1) and S3(x) be as defined in (6) and let Sy(x) = & @ x — 1. Then for
any g : R — R satisfying some regularity conditions, we have

Elg(x) - S2(@)] =E[VZg(@)], Elg(x)- Ss3(x)] = E[VYg(x)].

B. Toolbox for EM convergence analysis

Recall that the domain of our gating parameters is 2 = {w : ||w|| < 1}. Then the population EM for the mixture of experts
consists of the following two steps:

o E-step: Using the current estimate w; to compute the function Q(-|w;).

o M-step: w1 = argmax|,, <1 Q(w|ws).

Thus the EM can be viewed as a deterministic procedure which maps w; — M (w;) where

M (w) = argmax,, coQ(w'|w).

Our convergence analysis relies on tools from (Balakrishnan et al., 2017) where they provided local convergence results
on both the EM and gradient EM algorithms. In particular, they showed that if we initialize EM in a sufficiently small
neighborhood around the true parameters, the EM iterates converge geometrically to the true parameters under some
strong-concavity and gradient stability conditions. We now formally state the assumptions in (Balakrishnan et al., 2017)
under which the convergence guarantees hold. We will show in the next section that these conditions hold globally in our
setting.

Assumption 1 (Convexity of the domain). €2 is convex.
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Assumption 2 (Strong-concavity). Q(:|w*) is a A-strongly concave function over a 7-neighborhood of w*, i.e. B(w*,r) =
{weQ:|w—w <r}.

Remark 1. An important point to note is that the true parameter w* is a fixed point for the EM algorithm, i.e. M (w*) = w*.
This is also known as self-consistency of the EM algorithm. Hence it is reasonable to expect that in a sufficiently small
neighborhood around w* there exists a unique maximizer for Q(-|w™*).

Assumption 3 (First-order stability condition). Assume that
IVQ(M (w)|w”*) = VQ(M (w)|w)|| < vllw—w"||, Vw e B(w",r).

Remark 2. Intuitively, the gradient stability condition enforces the gradient maps VQ(-|w) and VQ(-|w™*) to be close
whenever w lies in a neighborhood of w*. This will ensure that the mapped output M (w) stays closer to w™.

Theorem 4 (Theorem 1, (Balakrishnan et al., 2017)). If the above assumptions are met for some radius v > 0 and
0 < < A then the map w — M (w) is contractive over B(w*,r), i.e.

IM(w) = < (3) o —w']|, Yw e Bw,r),
and consequently, the EM iterates {w, };>o converge geometrically to w*, i.e.

¥ t
e —w* < (3) llwo |,

whenever the initialization wy € B(w*,r).

C. Class of non-linearities

In this section, we characterize the class of non-linearities for which our theoretical results for the recovery of regressors
hold. Let Z ~ N(0,1) and Y|Z ~ N (g(Z),0?), where g : R — R. For (a, 3,7) € R3, define

Pa(y) 2Y? +aY? + Y, 83(Z) = E[P3(y)|Z] = 9(2)° + ag(2)* + 9(Z)(B + 30°) + aa?,
and
S(Y)2Y?24qY, 8(Z)=E[S:(Y)|Z] = g(Z2)* +~v9(Z) + o°.
Condition 1. E[S}(Z)] = E[S{(Z)] = 0 and E[SY'(Z)] # 0.
Condition 2. E[S}(Z)] = 0 and E[SY(Z)] # 0.

We are now ready to define the («, 3, y)-valid class of non-linearities.

Definition 1. We say that the non-linearity g is (v, B, y)-valid if there exists (v, B,7y) € R? such that both Condition 1 and
Condition 2 are satisfied.

We have that
S3(2) = 39(2)°g'(2) +2a9(2)g'(2) + ¢'(Z)(8 + 30°)
=209(2)g'(Z) + By (Z) + 39(2)*¢'(Z) + 3¢'(Z)0?,
S3(Z) =20/ (4'(2)* + 9(2)9"(2)) + Bg"(Z) + 39" (2)(9(2)* + 0*) + 69(Z) g (Z)*.
Thus E[S4(Z)] = E[SY(Z)] = 0 implies that

2E(9(2)g'(Z)) E(g’(Z))} {a] _ { —3E(g(2)*9'(Z) + ¢'(Z)0?)
2E (¢'(2)* +9(2)g"(2)) E(g"(2)] |B] | -3E(g"(2)(9(2)* +0*) +29(2)g'(£)?)

To ensure Condition 1, we need the pair («, 3) obtained by solving the above linear equation to satisfy E[S’(Z)] # 0.
Similarly, E[S5(Z)] = 0 implies that

Y- —2E[g(2)g'(Z)]
Elg'(Z)]
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Thus Condition 2 stipulates that E[S5 (Z)] # 0 with this choice of +y. It turns out that these conditions hold for a wide class
of non-linearities and in particular, when g is either the identity function, or the sigmoid function, or the ReLLU. For these
three choices of popular non-linearities, the values of the tuple (v, 3, ) are provided below (which are obtained by solving
the linear equations mentioned above).

Example 1. If g is the identity mapping, then P3(y) = v — 3y(1 + 02) and Sy (y) = y>.

Example 2. If g is the sigmoid function, i.e. g(z) =
equation:

H%, then « and 3 can be obtained by solving the following linear

0.2066  0.2066 | [a]  [—0.1755 — 0.619905>
0.0624 —0.0001| |3| —0.0936

The second-order transformation is given by Sz(y) = y? — y (since ¥ = —1 when g is sigmoid).

Example 3. If g is the ReLU function, i.e. g(z) = max{0, 2}, then v = —3,/2, 8 =3 (% —0? — 1) and y = -2,/ 2.

T

D. Proofs of Section 3

In this section, for the simplicity of the notation we denote the true parameters as w;’s and a;’s dropping the * sign.

D.1. Proof of Theorem 1 for & = 2
Proof. Suppose that g is the linear activation function. For £ = 2, (1) implies that
Pyz = f(w'z) N(ylaj z,0%) + (1 - f(w'a)) - N(ylag z,0%), @~ N(0,14), (13)

where f(-) is the sigmoid function. Using the fact E[Z3] = u® + 3uo? for any Gaussian random variable Z ~ N (i, 02),
we get

Ely’lz] = f(w'z)((aj 2)* + 3(af 2)0?) + (1 — f(w'@))((a] x)° + 3(a] z)0?).
Moreover,
Elylz] = f(w'z)(aj z) + (1 - f(w'z))(a; @).
Thus,
Ely® = 3y(1 + 0®)|z] = f(w ' @)((a) @)’ - 3(a] @) + (1 - f(w'z))((a]2)’ - 3(a] x)).
If we define P3(y) = y* — 3y(1 + 02), in view of Lemma 2 we get that
Ts = E[Ps(y) - Ss(@)] = E[(y* - 3y(1 + 0%)) - S3()]
=E[(f(w'z)((af )’ —3(ai @))) - S3(x)] +E[(1 — f(w z)((az3 )’ —3(ay @))) - Ss(x)]
—E VY (f(w a)(a]2)* - 3(a]@)))| + E|VE (1 - f(wa)((a]2)" ~ 3(a] @))) .
(14)
Using the chain rule for multi-derivatives, the first term simplifies to
E VY (f(w 2)(a] @) ~ 3(a] 2)))] = B[ (a] @) ~ 3(a] @) - w ® w e w + B[ (3(a] 2)? - 3)]
(wew®a +wRa Qw+a; @w R w)+
E[f' (6(a; x))]- (a1 ® a1 @w +a; @w @ a; + w®a; @a;) +6E[f]-a1 ®a; @a;. (15)
Since f(z) = H%, F'(), f"(-) are even functions whereas f”(-) is an odd function. Furthermore, both  + (a{ )3 —

. . . . d
3(a] x) and & — a] x are odd functions whereas  + 3(a] x)? — 3 is an even function. Since & ~ N (0, I;), —x D g

Thus all the expectation terms in (15) equal zero except for the last term since E[f(w " x)] = > 0. We have,

E[VE (f(wT2)(a]2)’ - 3(a]@))| =3-a1 © a1 ® ar.
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Similarly,
E [V(m?’) (1- fw'x)((ay x)? - 3(a;—:c)))] =3-a2® a2 ® as.
Together, we have that

Tz3=3-a10a1®a;+3 a2 ®a® as.

Now consider an arbitrary link function g belonging to the class of non-linearities described in Appendix C. Then
Py = f(w'x) - N(ylg(a) @),0%) + (1 - f(wx)) N(ylg(az x),0%), a~N(0,14),
implies that
Ely’lz] = f(w'z)(g(a] x)° + 3g(af x)o”) + (1 - f(w'x))(g(az )’ + 3g(az )o?),
and
Ely’lz] = f(w'@)(g(a] @)’ + 0°) + (1 - f(wx))(g(az x)* + o),
Elylz] = f(w'@)g(a] @) + (1 - f(w x))g(as x).
If we define P3(y) = y* + ay? + By, we have that
Ts = E[Ps(y) - Ss3(@)] = E[E[y° + ay® + By|z] - S3(x)]
=E[f(w'z) (9(a] @)’ + ag(a] z)* + g(a] )(B + 307)) - Ss(x)] +
E[(1 - f(w'®))(9(az )* + aglas z)* + g(az x)(B + 307)) - Ss(x)]
—E[VY) (f(w" =) (9(a] 2)° + agla] @) + gla] )(5 + 30%)) | +

[ ) (f(wTa) ( (a3 @) + aglaj@)? + glag @)(8 + 302)))
fIE {V ) 3 +ag(al )* + g(af z)(B + 302))} ‘a1 ®@a; @a+
fIE VY (9(af @)’ +aglaf ) +gla] @)(5 + 30%))] - a2 © az © az

—cg,a(E[ﬂ 67'1®a1®a1-I—IF‘J[l—f]-ag®ag®a,2)7

where (a) follows from the choice of « and (3 and the fact that w L {ai,a2}, and ¢4, £
E [(9(2)3 +ag(Z)? +9(2)(B+ 302))/”] where Z ~ N(0,1) . The proof for 73 is similar.

D.2. Proof of Theorem 1 for general &

Proof. The proof for general k closely follows that of k = 2, described in Appendix D.1. For the general k, we first prove
the theorem when g is the identity function, i.e.

Ta

eWi
ZP\Q: yle,s — Zﬁ'-/\[(y|a;rx7a2)v mNN(Ovjd)
i€kl iem 2ieln €
Denoting P, by p;(x), we have that
Ely’|lz] = Y pi(z) )? +3(a) )0?)

i€ (k]

Elylz] = pi()

1€ (k]



Breaking the gridlock in MoE: Consistent and Efficient Algorithms

Hence

Ely* — 3y(1+ 0”)|z] = Z pilx - 3(a] )

If we let P3(y) = y* — 3y(1 + o2), we get

E[P3(y) =Y E[VY (n(2) ((a] @)’ - 3(a] 2)))]
i€ k]
Since  ~ N'(0,1;) and a; L span{wy, ..., wx_1}, we have thata z L (w] z,...,w]_,z). Moreover, E[(a, x)3 —
3(a] x)] = E[(a; x)? — 1] = E[a, x] = 0 for each i. Using the chain-rule for multi-derivatives, the above equation thus
simplifies to
E[Ps(y) Z]Epz E[vg’)(( x)® — 3(a; } ZG]Epl Ca; ® a; X a;.

(%] (%]

For a generic g : R — R which is (a, 3,7)—valid, let P3(y) = > + ay? + By. Then it is easy to see that the same proof
goes through except for a change in the coefficients of rank-1 terms, i.e.

E[P3(y) = aElpi(e)] - a;i ® a; @ @,
i€[k]

where a; = E {(g(Z)?’ +ag(2)*+9(Z2)(B + 302))”/} where Z ~ N(0,1) and "’ denotes the third-derivative with
respect to Z. Note that Condition 2 together with the fact that E[p;(x)] > 0 ensures that ; # 0 and thus the coefficients of

the rank-1 terms are non-zero. The proof for 75 is similar. O
D.3. Proof of Theorem 2

The following two lemmas are central to the proof of Theorem 2. Let AT = [a1]...|ax] € R¥* denote the matrix
of regressor parameters whereas w' = [wi]...|wg_1] € R¥*=1) denote the matrix of gating parameters. With a

slight change of notation, when A = A*, we denote the EM operator M (W) as either M (W, A*) or M (w), introduced
in Section 3. For the general case, we simply denote it by M (W, A). In the following lemmas, we use the norm
| All = max;epy |A; ||z where A € R¥*? is a matrix of regressors, similarly for any matrix of classifiers W € R(:=1)xd,

Lemma 3 (Contraction of the EM operator). Under the assumptions of Theorem 2, we have that
[M(W,A”) = W7|| < ro[|[W — W7

Moreover, W = W™ is a fixed point for M(W , A™).
Lemma 4 (Robustness of the EM operator). Let the matrix of regressors A be such that max;e [y A — (A T2 = o2
Then for any W € §, we have that

[M(W,A) - M(W,A")| < ke,
)\/6(2-‘,-0'

where K is a constant depending on g, k and o. In particular, k < (k — for g =linear, sigmoid and ReLU.

We are now ready to prove Theorem 2.

Proof. We first note that the EM iterates {W};>1 evolve according to
.‘/‘/‘t:]\4(.‘/‘/}_1,14)7 tZl
Thus

Wi = W7 = [M(W;1, A) = W7 = [|M(W 1, A) - M(W", A7) |
SIM(Wiy, A) = M(W i1, A7)|| + |[M(W,_y, A) = W7
< kel + Ko |[Wio1 — W7,
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where the last inequality follows from Lemma 3 and Lemma 4. Recursively using the above inequality, we obtain that

KE
W = W < (k) [Wo = W[+ me1 (14 kg + 45 1) < ()" [Wo = W + 1= ; :
O
D.4. Proof of Theorem 3
Proof. We are given that (a1, a2) = (aj, a}). Denoting w* with w, from (13), we have that
Elylz] = f(w'z)-a]z+ (1 - f(w'x))-ajz, (16)
—a,x+ flw'x) - (a; —ay) = (17)
Thus,
E[y|iL‘] — a;w _ f(wTw)

(ap —a2)Tx

Notice that in the above equation we have (a; — a3) ' in the denominator. But this equals zero with zero probability

whenever « is generated from a continuous distribution; in our case x is Gaussian. Thus we may write

E K(ag:i)ﬁ w) w] L, Klfg/ll:jl ;ﬁ;) x] —E[f(wz) a]
=E[f(w'z)] w
= EZNN(O,I)f/(Hw” Z) w
x w.

However, it turns out that the above chain of equalities does not hold. Surprisingly, the first equality, which essentially is the

i
law of iterated expectations, is not valid in this case as % is not integrable. To see this, notice that the model in (13)

can also be written as

v Z(aTz) + (1 - Z)(alz) +oN, Z~ Bern(f(w z)), N ~N(0,1).

Thus,
Ratio £ e R a; @ @ 701\[
(a; —az)Tx (ay —az)Tx’
Since Z is independent of N and ﬁ is a Cauchy random variable, it follows that the random variable Ratio is not

integrable. To deal with the non-integrability of Ratio, we look at its conditional cdf, given by
P [Ratio < z|z] = f(w ' z)® <(z - 1)|AI|> + (- fw'x)® (zA‘r> A, = (a; —ay)’
< = 5 T = 1 a2) €T,
o o
where ®(+) is the standard Gaussian cdf. Substituting z = 0.5 and using the fact that ®(z) + ®(—z) = 1, we obtain

P [Ratio < 0.5@] = f(w z)® (—'?;') +(1-flw'z)e (%)

= (W) + f(wTz) (1 — 20 (W)) .
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— T . . . . . . .
Since @ (W) is a symmetric function in z its first moment with & equals zero. Furthermore, if we assume that w
is orthogonal to a1 and a2, we have

E [1 {Ratio < 0.5} - ] = E [P [Ratio < 0.5|z] - ]

-alrurn 1o (1252 o

=E[f(w )] E (1 —20 <W)) Cw+

g

EU@FMWE[VwOfQQ(Whiﬁﬁmﬂ)H

=0, since derivative of a even function is odd

=E[f(w'z)]-E (1 — 25 (W)) Cw

Thus, if ||w|| = 1, we have that
E[1 {Ratio < 0.5} -x] w
|E[1 {Ratio < 0.5} - ]|

In the finite sample regime, E [1 {Ratio < 0.5} - ] can be estimated from samples using the empirical moments and its
normalized version will be an estimate of w. O

E. Proof of Lemma 4

We need the following lemma which establishes the stability of the minimizers for strongly convex functions under Lipschitz
perturbations.

Lemma 5. Suppose Q C R? is a closed convex subset, f : Q2 — R is a A-strongly convex function for some X > 0 and B is
an L-Lipschitz continuous function on Q. Let wy = argmin,,cq f(w) and wy,p = argmin, .o f(w) + B(w). Then

[wr —wypipl <

>/.\ ™~

Proof. Letw’ € Q be such that |w’ — wy| > £. Let wq = aw; + (1 — a)w’ for 0 < a < 1. From the fact that wj is
the minimizer of f on {2 and that f is strongly convex, we have that

, 2
Fw') > flwy) + AMlfw’ — wy]|”

2
Furthermore, the strong-convexity of f implies that
a(l —a)
flawa) < af(awg) + (1 a)f(w) — Sy g
a(l —a)A
= Jw') + af(ag) — )~ L g

, 2

= fw) = 2a (1= 5) o’ —wy? (18)

A 2
[w' —wy]

Since B is L-Lipschitz, we have

B(w,) < B(w') + Lo ||lw" — wy||. (19)
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Adding (18) and (19), we get
f(wa) + B(wa) < f(w') + Bw) + La |[w' —wy| = (1= T ) fw’ —w?

= )+ Bw) + ar '~ wrl (5 - (1-5) o' - wy])

By the assumption that ||w’ — wy|| > %, the term £ — (1 — ) [[w’ — w || will be negative for sufficiently small c. This

in turn implies that f(w,) + B(w,) < f(w') + B(w’) for such .. Consequently w’ is not a minimizer of f + B for any
w'’ such that |[w’ — wy|| > £. The conclusion follows.

O
af
We are now ready to prove Lemma 4. Fix any W € Q andlet A = |. | € R¥*4 be such that max;e ) la; — af||, =
o2eq for some e > 0. Let o
W' =MW, ,A), (W)H*=MW,6A"),

where,

M(W,A) = arg max Q(W'|W A),
W’'eQ

and,

QW' W, A) =E| > pOW,A(W)Tz)~log [1+ Y W=
i€[k—1] ie[k—1]

Here p() (A, W) £ % denotes the posterior probability of choosing the i*" expert, where

-
eW: T

—, N, 2 N(ylgla]z),0%), N7 =N(ylg((a}) z),q?).

pi(z) = wTa
L+ ey €

Since both Q(-|W, A) and Q(-|W, A™) are strongly concave functions over {2 with some strong-concavity parameter A,
Lemma 5 implies that

IM(W,A) - M(W,A")|| <

s

where L is the Lipschitz-constant for the function I(-) £ Q(-|W, A) — Q(-|W, A*). We have that

(W)= > E[VW,A) -p) (W, A)W)) z)]
i€k—1]

Without loss of generality let i = 1. Since [(-) is linear in W', it suffices to show for each i that
|ElD W, 4) - pO (W, A%)a)|| < L,

We show that L = ke, or equivalently,
[EGO W, 4) s W, Azl < re.

Let
A=A +tA, A=A— A" c RF¥9,
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By hypothesis, we have that ||A;||, < o2e; for all i € [k]. Thus in order to show that
[l 4, W) —pOar, W)z < ser,
it suffices to show that
El(pV(A, W) — pV (A W))a], &) < x| /0|, [Alzs  forall A € RY
Or equivalently,
E[(pV (A, W) = pW (A", W) (z, A)] < & || A/, [ All2.

We can rewrite the difference of the posteriors as

1
d
p<1>(A,W)—p<1>(A*,W):/ b PV (A" +tA, W)dt = Z/ (Va,pM (A, W), A,)dt. (20)
0 1€ k]
Since N; = N (y|g(a z),0?) = \/2;76’(1/’9(“?@)2/2”2, we have that

— T
vaiNi = Ni (y g(a’z w)) g/(a;r:l:)

o2
Thus,
VopD(AL W) = v, [ 2@N
'L ’ "\ Xier Pi(®)N;
iz pi(@)N)p1(@)N1 (y—g(a]x)\ e
(gl (sstefn) Ty, i
e (10 g (o w)e, i A
Hence,
1
E[(p(l)(Aa W) —p(l)(A*,W))<w,A>] Z/ EKvaip(l)(At,W),Ai><1:,A>]dt o
i€ k] 0
L [(Ciapi@N)pi(@)N (y - g(a] 2) i
/o [ (5 pi(@)N,)? or )9 ai D)@ M) A)
(22)
p1(z)N;N1 [y —g(a] ) _
+;/ { pi()N;)? = g'(aj@)(@, A) (@, A)| dt
(23)

where we denoted (a;); by a; in the integrals above(with a slight abuse of notation) for the sake of notational simplicity.
For any ¢ # 1, we have that

. . T ~

’ Z()Z(x)ppl(:(cs;;\]rv)ivl (y gg(Qa - x))g/(a;‘rw)<$,ﬁi><x,A>’
pi(x)p1(x)N; Ny

= (p1(x) N1 + pi(x)N;)?

For g =linear, sigmoid and ReLLU, we have that |¢’(-)| < 1. Moreover, (pf Z;?}\Zliz)é\;)%)z < 1/4. Thus we have

(y — g(a ®))g'(a] ) (@, Ai/0?) (@, A)]

LI~ sta] @)y (@] ) s /o )| < {1~ sl @) 2, Ao o D).
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We thus get
—pi(@)p1()N; N1 (y—gla] @)\ , i A 1 o722, A o) (. &
(3 pi()No)? ( o2 )9 (a; @){2, Al »A>]S Elly - g(a @)||(@, Ai/o*)a, M) 24)

< LBl — gla] =) Bll@. Aufo) 2@, AP
(25)

N TR e NENEY

Now it remains to bound \/E[(y — g(a; «))2]. Since ||a;||, < 1, one can show that E[g(a; x)?] < 1 for the given choice
of non-linearities for g. Also, we have that

Ely’] = E[E[y*[z]] = B[Y_ p; (@)g((a],2))” + 0] = E[>_ p;(@)|Elg((a],2))*| + 0* < 1+ 07,
i€ k] i€[k]

(@
)

where we used the following facts: (i) (a}, ) is independent of the random variable p () for each i € [k], (ii) (a}, =
(a3, z) and (i) E[g((a},x))?] < 1. Since E[(y — g(a, z))?] < 2E[y?] + E[g(a; x)?], after substituting these bounds in
(26), we get

—pi(x)
B { >, pi(@) V)2

)N, _g(aT o A
p1(x)N; Ny <y %‘(21 93))9 (a] z)(z, A) (=, A>} < G(%Q)IIAMUQIEHAH%

Similarly,

P@Np (@M, (y=9(@l@)) yorn A Ay < YIRTTD A2z
E[(Zipxm)zvi)?( o? >9<1 J@ A 7A>}< T 18/0% 11 A ]2

Substituting the above two inequalities in (23), we obtain that

62+ 02)

E[(p) (A, W) — pV (A" W) (@, A)] < 2(k — 1)V ——

1A1/02|2 ]| All2.

6(2+02)
2

Defining x = (k — 1) and using the fact that HA/U2 H2 < g1, we thus obtain

[EM A, W) - s A" W)l < e

F. Proof of Lemma 3
F.1. Proof for £k = 2

Proof. We first prove the lemma for £ = 2. We show that the assumptions in Appendix B hold globally in our setting
yielding a geometric convergence. Here we simply denote M (W, A*) as M (w) dropping the explicit dependence on A*.
Recall that

Qw|w)) = Ey,. o) [p1(@,y,w0) - (w @) — log(1+ ¢ ®)]

where

fw! )N (ylg(a] z),0?) _
flwTx)N(ylg(a]x),0?) + (1 - flwTx))N(ylg(a; x),0?)

For simplicity we drop the subscript in the above expectation with respect to the distribution pq,«(, ). Now we verify each
of the assumptions.

27

Pl(wa%wt) =

e Convexity of € easily follows from its definition.
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e We have that
Qw|lw*)=E [pl(:c, y,w*) - (wTw) —log(1+ eme)} )

Note that the strong-concavity of Q(-|w™) is equivalent to the strong-convexity of —Q(-|w™). Denoting the sigmoid
function by f, we have that for all w € €,

~V2Qlw) =E[f (w' ) wa],
(Stemslemma)E[f///( T )] ww +E[f (w x)] -1

E[f"(|lwl| Z2)] - ww " +E[f'(|w]| 2)] - I, Z~N(0,1)

(;) onf min {E[f(aZ)],E[f' (aZ)] + 2E[f"(aZ)]} -

=0.14-T (28)
~—~
A

where (a) follows from finding the two possible eigenvalues of the positive-definite matrix in the previous step and
considering the minimum among them to ensure strong-convexity. Here the value of A is found numerically to be
approximately around 0.1442.

e For any w, w; € (,
VQ(tht) =E [pl(wvya wt) "= f(wTw) ’ IB} .

Thus,

IVQUM (w)|w*) — VQ(M w)w)]| = [E [(ps @y we) — pa(@,,20") - ]| S 7o lJw — ]

where we want to prove in (a) that v, is smaller than 0.14 for all w € Q. Intuitively, this means that the posterior
probability in (27) is smooth with respect to the parameter w. We will now show that this can be achieved in the
high-SNR regime when o is sufficiently small. This will ensure that s, = Iz < 1. In particular, the value of 7, is
dimension-independent and depends only on the choice of the non-linearity g.

To prove that

[E (21 (2,9, w) = pr(@,y, w?)) - ]| <7 [lw—w™[| =~ [|A]l,

it suffices to show
(E[(pr(2,y,w) — pr(@,y,w")) - x],A) <y [A[ |A], VA eR™
Or equivalently,
E (pl(w,%'w)*pl(fv,y,w*))@’&] <AL A

Let A £ w — w* and f(u) = pi(x,y, w,) where w,, = w* + ul,u € [0,1]. Thus f(1) = pi(z,y,w) and f(0) =
p1(x,y, w*). So we get

1 1
pi@w) - pi(egw’) = 1) - 10 = [ Fdi= [ (Tpi(@pw,). d)du,
0 0
where the gradient is evaluated with respect to w,,. Differentiating (27) with respect to w, we get that

fwTz)(1 - f(w'2))N(ylg(a] z),0*)N(ylg(aj z),0?)
(f(wT2)N (ylg(a] z),0%) + (1 - f(w )N (ylg(a; z),02))?
£ R(x,y,w,0) - x.

V'wpl (:B Yy, w )
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Thus,

E [(a.0) ~ ) 8] = [ [ Rovwao) S0 2. 3]
_ /Olza [R(@,y, wa, 0)(w, 8)(w, &) du
< ([ vaR@ ywnoPian) & @575
< VB ( [ VERG w7 i) 12113

Yo

= Yo ”A” ”A”v

where the last inequality follows from Lemma 5 of (Balakrishnan et al., 2017). Our goal is to now prove that v, — 0 as
o — 0. First observe that

FwTz)(1 — fw T z)e 9@l 2)/20° —(y—g(a] 2))/20°
(f(w_rw)e_(y_g(airm))/gaz + (1 _ f(wTw))e—(y—g(a;rm))mcﬂ)

(y—g(a] )%= (y—g(a] =))?

(aj_bb)Q <1/4)

1, .
R(z,y,w,0) = 5 < Z( since

1-— o2
= f fle ’ 5 +0aso —0,
(y—g(af 2)2—(y—g(a] =))?
f+@=fe

where the key observation is that irrespective of the sign of (y — g(a{ =))? — (y — g(a4 x))?, the ratio still goes to zero and
hence by dominated convergence theorem E[R(z, y, w.,, o)?] — 0 for each u € [0, 1]. Now we show that this convergence
is uniform in v and thus 7, — 0. For simplicity, define

1
Ay 2 (y—glaim)?, Dy2(y—glage))’ando = —. (29)
1 2
n
Thus,
2
1— 5 (A1—-A2)
R(z,y,wy,0) = U= e ; P (30
(r+ 0= peze-2)
2
1— T (A1—As) 2
< f= fe= 5 = / e~ (A1—As) 31
((l—f)e%(Al—AZ)) 1-f
Similarly,
1-—- n
R(z,y, wy,,0) < 7 L =5 (8ot (32)
Thus, we get

R(z,y, wy,0) < max (1;][, 1if> e—%(lAl—Azl)' 33)
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Hence
1
% :/0 VE[Ratio(z, y, w,, 0)?]du (34)

</1 E | max (1_f f)Qe_"2A1_A2 du (35)

—Jo \ 17
1 2 2

SO e () el e
0
1

:/ \/QE [e2wize—n?|A1—Azl]dy, 37)
0

1
S/ \/2\/E[e4wlm]E[e—2n2Al_A2]du (38)
0

(a)
< \/264\/E[62”2|A1A2|], (39

4wIw]

where (a) follows from the fact ||w,|| < 1 and Ele = e8lwul® < 8 for each u € [0,1]. Now we analyze the

2 . . . .
convergence rate of the last term E[e~2" |21=42l] for the case of linear regression, i.e. g(z) = z. Notice that for the
two-mixtures, we have

Y @ Z(alx)+(1—Z)agx+0oN=Z(a]xz)+ (11— Z)ay x + %, Z|x ~ Bern(f(w, x)). (40)
Thus,

Ar=8:Y (y-alw)? ~ (y - aj ) (1)
=(a]x—aqx)*(1-22) + %(a;—m —alx) (42)
= (:)3,1)}2(1—22)—&—%(&@, v=a; — as. 43)

Since Z can equal either 0 or 1, we have
o £ VBV (el a2 ) "
< V6et (IE [max <672”2|<m’”>2+%<m’”>|,ef2n2|7<m’v>2+%<m’v>|)})1/4 (45)
< V6Vt (& [e2ritom s 2 o)) (46)
=1/ 6v/2¢4 (E [6_2”2‘22+@|D1/4, Z ~N(0,|la; — asl]]), N ~N(0,1). 47)
0 ( 6v/2¢4 (E[62”222})1/4> (48)

1/4
= 1/6v/2¢? <\/ ! ) (49)

4n? ||(11 - CL2||2 +1

1
=0 (50)
<<n||a1 - az)”“)

o 1/4
:O<(||a1a2||) > Gb
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F.2. Proof for general k

Proof. The proof strategy for general k is similar. First let £; = 0. Our task is to show that the assumptions of Appendix B
hold globally in our setting. The domain §2 is clearly convex since

Q= {’LU = (wlv' .. 7wk—1) : ||'LU,H < I,VZ € [k - 1}}
Now we verify Assumption 2. The function Q(.|w;) is given by
Qwlw) =E | 3 pl(w/a) —log {1+ > e ||,
i€lk—1] i€lk—1]
where pSf,)t £ P[z = i|x, y, w;] corresponds to the posterior probability for the i expert, given by

(i) _ pit(2)N (ylg(a] x),0?) cwo)] a

pw, - ) pi,t(w) = .
e Pit(@N (ylg(a] x),0?) 1+ Y e €™

Throughout we follow the convention that wj, = 0. Thus the gradient of () with respect to the i'" gating parameter w; is
given by

(i) e
Vw,Qwlw) =E | | py,) — —— |-z, iclk-1].
T+ iep-n e ®

Thus the (4, 7)™ block of the negative Hessian — V2 Q(w|w*) € RA*—Dxd(k=1) ig oiven by

Elpi(x)(1 - pi(x)) -xa '], j=i

’ 52
E[—pi(z)p;(x) cxx'], j#i (52)

Vs, Q") = {

w e . . . . . . .

where p;(x) = 7 n £ . It is clear from (52) that —Vg)Q(w|w*) is positive semi-definite. Since we are interested
jelk—1]e"d ®

in the strong convexity of —Q(-|w™) which is equivalent to positive definiteness of the negative Hessian, it suffices to show

that
2 inf Apin (V2O (w|w*

Since the Hessian is continuous with respect to w and consequently the minimum eigenvalue of it, there exists a w’ € Q
such that

A = Amin (—VS?Q(w’|w*)) = inf a' (—Vg,)Q(w’|w*)) a,

llall=1
where a = (a],...,a] ;)T € R¥**~D Tn view of (52), the above equation can be further simplified to
A= u irHlf Ela, Myas), (53)
al|=1
where a; = (a] x,...,a; ,z)" € R*1and M, is given by

My (i, §) = {Pz‘(w)(l —pi(x)), =]

—pi(x)p;(x), i F#]

Let the infimum in (53) is attained by a*, i.e. A = E[(a}) " Mza}]. For each x, M, is strictly diagonally dominant since
Mo (5,)] = pi(@)(1 = pi(@)) = pi (@) (3, 41500 23(@)) > 2il@) (5,41 jepumy Pi(@)) = 5, M, ). Thus M,

is positive-definite and (a}) " My a}, > 0 whenever a}, # 0. Since z follows a continuous distribution it follows that
a’ # 0 with probability 1 and thus A = E[(a},) " M a}] > 0.
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Now it remains to show that Assumption 3 too holds, i.e.
IVQM (w)|w") = VQ(M (w)|w)|| <7 |lw—w|.
Note that w = (w] ,...,w/} ;)T € RU*~1 We will show that
[(VQM (w)|w"))i — (VQM (w)|w))i| <o [w—w™||, ielk—1],
where (VQ(M (w)|w)); € R? refers to the i™ block of the gradient and y, — 0. Observe that
(VQUM(w)[w")); = (VM (w)lw)); =E |(p) ~ pi)) - @
Let A = w — w* and correspondingly A = (A],..., Al )T where A; = w; — w}. Thus it suffices to show that
[El@D - 522 - @) <0 14l
Or equivalently,
E[(pf) — pu) (@ A)] < v A |A], VA e R

We consider the case ¢ = 1. The proof for the other cases is similar. Recall that

o m@NGlga@),0%) L s —
Y e @NGlgte, @00 PO T e T
For simplicity we define N; = N (y|g(a{ =), o?). It is straightforward to verify that
() = JPi@) (A= pi@) =, j=i
V'wjpz( ) {—pi(w)pj(ﬁc) x, ] 7& i
Thus
le 5_11,) = V’wl pl(w)Nl )
o) (zfilpi(wwi
(ZLp@N) p@)( = pr @)V = pa(@) N (= T i@ @)N 4 i) (1= pa(@) V)
(S mila)n)
B pi(x) N (ijij(m)Nj) .
(S piCv:)

2 Ri(z,y,w,0)
Similarly,
Veo, (p1)) = Pl(373)171-(:1:)N1]\Q2 .
N

£ Ri(w7y7wa0-) * L.

x, i#£1,

Let w, 2 w* + uA,u € [0,1] and f(u) 2 pls) . Thus

1
P —p) = £(1) - £(0) = / £ (u)du
0
1

/0 S (Va (0, A | da

i€lk—1]

1
Z / Ri(may7w7g)<w?Ai>du'
] 0

i€[k—1
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So we get

E[(pd) —p ) (@, A = Y /E[Ri(a:,y,wu,a)<w,Ai><w75>]du

iclho1) 0

<3 / VER @,y w02 [El(z, A)2 (2, A)2)du
iclk—1]

< X [ VERGvwn? (BIA 1AL
iclk—1]

< Y [ VERG v wnor] (BIALIA])
iclk—1]

[ ¥ [ VER Gy weo ) (B1a11A1)
1€[k—1]

A5

Now our goal is to show that E[R;(x, y, w,,c)?] — 0 as o — 0. Fori = 1, we have
2 2
2 _ [ 2jz2p1(@)pi(@)N1IN; <k pi(@)p;(®)NN; | ( p1(x)p;(x)N1N; )2
(Zi\;lpi(a:)Ni)Q - =2 (Ziilpi(a:)Ni>2 = (p1(x) N1 + pj(x)N;)?

Rl ($7 y7 wu? U)

Similarly,

p1(x)pi(x) N1 N;
p1(x) N1 + pi(x)N;

2
Ri(i&y,’wu,O’)QS(( )2> . Vi#£ljiek—1].

For w = w,, and ¢ # 1, we have that

T _w—gal=)?  (y—gla 2)?
p1(x)p;(x) N1 N; ewizwew/ @g 202 e 202 < 1
(pl(:c)Nl +p7;(Il7)Ni)2 - (y—g(a] =))2 T (y—g(a] @))2 274
eW, o™ 252 + eWi Te™ 252
(y—g(af )%~ (y—g(a] ®))?
ew?mew;me L 252
. ¢ sl e)?-(y—g(a] )2\ 2
ew1m+€w7 (Be 2”2

o—0 0.
Thus, by Dominated Convergence Theorem, E[R;(x,y,w,,c)?] — 0 for each v € [0,1]. To show that

fol E[R;(x,y, w,,0)?|du — 0, we can now follow the same analysis as in the proof of Theorem 2 from (29) on-wards

(replacing w there with w; — w;) which ensures that fy( )i

get that 79 — 0. Taking 7, = 75 +... + 45

in our case converges to zero. Similarly for other ¢ € [k — 1], we

and ki, = 3z completes the proof.

G. Gradient EM algorithm

In this section, we provide the convergence guarantees for the gradient EM algorithm. For simplicity, we prove the results for
k =2 and (a1, a2) = (a}, a}). Thus we want to learn the gating parameter w* in this setting. The results for the general
case follow essentially the same proof as that of Theorem 2. In particular, our Theorem 5 can be viewed as a generalization
of Lemma 3. Together with Lemma 4, extension to general k is straightforward.
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Note that in the M-step of the EM algorithm, instead of maximizing Q(-|w;), we can chose an iterate so that it increases
the () value instead of fully maximizing it, i.e. Q(wy41|w;) > Q(w¢|w;). Such a procedure is termed as generalized EM.
Gradient EM is an example of generalized EM in which we take an ascent step in the direction of the gradient of Q(-|w;) to
produce the next iterate, i.e.

w1 = wy + aVQ(w|w,),

where o > 0 is a suitably chosen step size and the gradient is with respect to the first argument. To account for the
constrained optimization, we can include a projection step. Mathematically,

w1 = Gwe), G(w) =Io(w+ aVQ(w|)w),
where Il refers to the projection operator. Our next result establishes that the iterates of the gradient EM algorithm too

converge geometrically for an appropriately chosen step size «.

Theorem 5. Suppose that the domain Q = {w € R? : |[w||z < 1} and (a1, az2) = (a}, a}). Then there exist constants
ag > 0 and o9 > 0 such that for any step size 0 < a < o and noise variance o < o, the gradient EM updates on the
gating parameter {w};>o converge geometrically to the true parameter w*, i.e.

Jwy —w]| < (po) ewo — w*|l,

where p, is a dimension-independent constant depending on g and o.

Remark 3. The condition o < og ensures that the Lipschitz constant p,, for the map G is strictly less than 1. The constant
a depends only on two universal constants which are nothing but the strong-concavity and the smoothness parameters for
the function Q(-|w*).

Proof. In addition to the assumptions of Appendix B, if we can ensure that the map —Q(-|w*) is pu-smooth, then the proof
follows from Theorem 3 of (Balakrishnan et al., 2017) if we choose oy = ﬁ where ) is the strong-convexity parameter of

—Q(-|]w*). The strong-convexity is already established in Appendix D.3. To find the smoothness parameter, note that

V2 Q(w|w*) =E [f(w'z) zz'],
=E[f"(w )] ww' +E[f(w'z)] I
=E[f"(lw]| 2)] - ww +E[f'(|w]| 2)] - 1, Z~N(0,1)
< suplmin {E[f’(aZ)],E[f’(aZ)] + a2IE[f”/(aZ)]} T

0<a<
=0.25-1.
~—~
I

The contraction parameter is then given by

2242y,

s =1
r A

. 0
Since v, =20, po < 1 whenever o < o for a constant 0. O

H. Additional experiments
H.1. Synthetic data
In Figure 4, we varied the number of samples our data set and fixed the other set of parameters to k = 3,d = 5,0 = 0.5.

In Figure 5 we repeated our experiments for the choice of n = 10000,d = 5, k = 3 for two different popular choices of
non-linearities: sigmoid and ReLLU. The same conclusion as in the linear setting holds in this case too with our algorithm
outperforming the EM consistently.



Breaking the gridlock in MoE: Consistent and Efficient Algorithms

n
n
r
N
n
o

—=&— Spectral+EM —#— Spectral+EM —4— Spectral+EM
—6—EM —6—EM —6—EM

o
o
~

@ v
» o ®
S

B

s

v
Parameter estimation error
o
Parameter estimation error

Parameter estimation error
o
®

o
>
o
o

o
@

o

=

o
>
o
o
=3

10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
No. of EM iterations No. of EM iterations No. of EM iterations

() (b) (©

Figure 4: Plot of parameter estimation error with varying number of samples(n): (a) n = 1000 (b) n = 5000. (c) n = 10000.
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Figure 5: Parameter estimation error for the sigmoid and ReLU nonlinearities respectively.

H.2. Real data

For real data experiments, we choose the 3 standard regression data sets from the UCI Machine Learning Repository:
Concrete Compressive Strength Data Set, Stock portfolio performance Data Set, and Airfoil Self-Noise Data Set (Yeh,
1998; Liu & Yeh, 2017; Brooks et al., 1989). In all the three tasks, the goal is to predict the outcome or the response y for
each input &, which typically contains some task specific attributes. For example, in the concrete compressive strength,
the task is to predict the compressive strength of the concrete given its various attributes such as the component of cement,
water, age, etc. For this data, the input € R corresponds to 8 different attributes of the concrete and the output y € R
corresponds to its concrete strength. Similarly, for the stock portfolio data set the input = € R® contains the weights of
several stock-picking concepts such as weight of the Large S/P concept, weight of the Small systematic Risk concept, etc,.
and the output y is the corresponding excess return. The airfoil data set is obtained from a series of aerodynamic and
acoustic tests of two and three-dimensional airfoil blade sections and the goal is predict the scaled sound pressure level
(in dB) given the frequency, angle of attack, etc,. For all the tasks, we pre-processed the data by whitening the input and
scaling the output to lie in (—1, 1). We randomly allotted 75% of the data samples for training and the rest for testing. Our

evaluation metric is the prediction error on the test set (x;, ;)" defined as
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Figure 6: Prediction error for the concrete, stock portfolio and the airfoil data sets respectively.

where g; corresponds to the predicted output response using the learned parameters. In other words,

We ran the joint-EM algorithm (with 10 different trails) on these tasks with various choices for k € {2,...,10},0 €
{0.1,0.4,0.8,1}, g € {linear, sigmoid, ReLU} and found the best hyper-parameters to be (k = 3,0 = 0.1 and g = linear),
(k=3,0 =0.4,g9 = sigmoid) and (k = 3,0 = 0.1, g = linear) for the three datasets respectively. For this choice of best
hyper-parameters found for joint-EM, we ran our algorithm. Figure 6 highlights the predictive performance of our algorithm
as compared to that of the EM. We also plotted the variance of the test data for reference and to gauge the performance of our
algorithm. In all the settings our algorithm is able to obtain a better set of parameters resulting in smaller prediction error.



