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Abstract

Two types of zeroth-order stochastic algorithms
have recently been designed for nonconvex op-
timization respectively based on the first-order
techniques SVRG and SARAH/SPIDER. This pa-
per addresses several important issues that are still
open in these methods. First, all existing SVRG-
type zeroth-order algorithms suffer from worse
function query complexities than either zeroth-
order gradient descent (ZO-GD) or stochastic gra-
dient descent (ZO-SGD). In this paper, we pro-
pose a new algorithm ZO-SVRG-Coord-Rand and
develop a new analysis for an existing ZO-SVRG-
Coord algorithm proposed in Liu et al. 2018b, and
show that both ZO-SVRG-Coord-Rand and ZO-
SVRG-Coord (under our new analysis) outper-
form other exiting SVRG-type zeroth-order meth-
ods as well as ZO-GD and ZO-SGD. Second, the
existing SPIDER-type algorithm SPIDER-SZO
(Fang et al., 2018) has superior theoretical perfor-
mance, but suffers from the generation of a large
number of Gaussian random variables as well as a
\/€-level stepsize in practice. In this paper, we de-
velop a new algorithm ZO-SPIDER-Coord, which
is free from Gaussian variable generation and al-
lows a large constant stepsize while maintaining
the same convergence rate and query complexity,
and we further show that ZO-SPIDER-Coord au-
tomatically achieves a linear convergence rate as
the iterate enters into a local PL region without
restart and algorithmic modification.

"Department of Electrical and Computer Engineering, The
Ohio State University “Department of Electrical and Computer
Engineering, Duke University. Correspondence to: Kaiyi Ji
<ji.367@osu.edu>.

Proceedings of the 36" International Conference on Machine
Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).

1. Introduction

Zeroth-order optimization has recently gained increasing
attention due to its wide usage in many applications where
the explicit expressions of gradients of the objective func-
tion are expensive or infeasible to obtain and only function
evaluations are accessible. Such a class of applications in-
clude black-box adversarial attacks on deep neural networks
(DNNSs) (Papernot et al., 2017; Chen et al., 2017; Kurakin
et al., 2016), structured prediction (Taskar et al., 2005) and
reinforcement learning (Choromanski et al., 2018).

Various zeroth-order algorithms have been developed to
solve the following general finite-sum optimization problem

1 n
min f(x) =~ ;fl(X) ()
where d denotes the input dimension and { f; ()}, denote
smooth and nonconvex individual loss functions. Nesterov
& Spokoiny 2011 introduced a zeroth-order gradient de-
scent (ZO-GD) algorithm using a two-point Gaussian ran-
dom gradient estimator, which yields a convergence rate of
O(d/K) (where K is the number of iterations) and a func-
tion query complexity (i.e., the number of queried function
values) of O(dn/e), to attain a stationary point x* such that
E[|Vf(x¢)|? < e. Ghadimi & Lan 2013 proposed a zeroth-
order stochastic gradient descent (ZO-SGD) algorithm using
the same gradient estimation technique as in Nesterov &
Spokoiny 2011, which has a convergence rate of O(1/d/K)
and a function query complexity of O(d/e?).

Furthermore, two types of zeroth-order stochastic variance
reduced algorithms have been developed to further improve
the convergence rate of ZO-SGD. The first type refers to
the SVRG-based algorithm, which replaces the gradient in
SVRG (Johnson & Zhang, 2013) by zeroth-order gradient
estimators. In particular, Liu et al. 2018b proposed three
zeroth-order SVRG-based algorithms, namely, ZO-SVRG
based on a two-point random gradient estimator, ZO-SVRG-
Ave based on an average random gradient estimator, and ZO-
SVRG-Coord based on a coordinate-wise gradient estimator.
The performances of the aforementioned algorithms are
summarized in Table 1. Though existing studies appear
comprehensive, two important questions are still left open
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and require conclusive answers.

Q1.1 Although the existing zeroth-order SVRG-based al-
gorithms have improved iteration rate of convergence
(i.e., the dependence on K), their function query com-
plexities are all larger than either ZO-GD or ZO-SGD.
Whether there exist zeroth-order SVRG-based algo-
rithms that outperform ZO-GD and ZO-SGD in terms
of both the function query complexity and the conver-
gence rate is an intriguing open question.

Q1.2 Asshownin Liu et al. 2018b (see Table 1), ZO-SVRG-
Coord suffers from approximately O(d) time more
function queries than ZO-SVRG and ZO-SVRG-Ave.
However, such inferior performance may be due to
bounding technicality rather than algorithm itself. Intu-
itively, coordinate-wise estimator used in ZO-SVRG-
Coord can estimate the gradient more accurately, and
hence should require fewer iterations to convergence,
so that its overall complexity can be comparable or
superior than ZO-SVRG and ZO-SVRG-Ave. Thus, a
refined convergence analysis is needed.

The second type of zeroth-order variance-reduced algo-
rithms was proposed in Fang et al. 2018, named SPIDER-
SZO, which replaces gradients in the SPIDER algorithm
with zeroth-order gradient estimators. Differently from
SVRG, SPIDER (Fang et al., 2018) and an earlier version
SARAH (Nguyen et al., 2017a;b) are first-order stochas-
tic variance-reduced algorithms whose inner-loop iterations
recursively incorporate the fresh gradients to update the
gradient estimator (see (10)). Fang et al. 2018 showed that
SPIDER-SZO achieves an improved query complexity over
SVRG-based zeroth-order algorithms. However, SPIDER-
SZO requires the generation of a large number O(n'/2d?) of
i.i.d. Gaussian random variables at each inner-loop iteration,
and requires a very small stepsize n = O(\/¢/(||v*||L))
(where v* is an estimate of gradient V f(x*)) to guarantee
the convergence. Such two requirements can substantially
restrict the performance of SPIDER-SZO in practice. Thus,
the following two important questions arise.

Q2.1 Whether using coordinate-wise estimator for both in-
ner and outer loops and at the same time enlarging the
stepsize to the constant level provide competitive query
complexity? If so, such a new zeroth-order SPIDER-
based algorithm eliminates the aforementioned two
restrictive requirements in SPIDER-SZO.

Q2.2 The existing study of zeroth-order SPIDER-based al-
gorithms is only for smooth nonconvex optimization,
which is far from comprehensive. We further want to
understand their performance under specific geometries
such as the Polyak-ELojasiewicz (PL) condition, convex-
ity and for nonconvex nonsmooth composite optimiza-
tion. Can SPIDER-based algorithms still outperform
other existing zeroth-order algorithms for these cases?

In this paper, we provide comprehensive answers to the
above questions.

1.1. Summary of Contributions

For SVRG-based algorithms, we provide affirmative an-
swers to the questions Q1.1 and Q1.2. First, we propose a
new zeroth-order SVRG-based algorithm ZO-SVRG-Coord-
Rand and show that it achieves the function query com-
plexity of O(min {dn?/3¢~!, de=>/3}) for nonconvex op-
timization, which order-wisely improves the performance of
not only all existing zeroth-order SVRG-based algorithms
(see Table 1) but also ZO-GD and ZO-SGD. This for the
first time establishes the order-wise complexity advantage of
zeroth-order SVRG-based algorithms over the zeroth-order
GD and SGD-based algorithms, and thus answers QI.1.
Furthermore, we provide a new convergence and complex-
ity analysis for ZO-SVRG-Coord (Liu et al., 2018b) with
order-wise tighter bound, and show that it achieves the same
fantastic function query complexity as ZO-SVRG-Coord-
Rand, which answers Q1.2. Furthermore, our new analysis
allows a much larger stepsize for performance guarantee.

For SPIDER-based algorithms, we provide affirmative an-
swers to the questions Q2.1 and Q2.2. To answer Q2.1, we
first propose a novel zeroth-order algorithm ZO-SPIDER-
Coord fully using coordinate-wise gradient estimators, and
show that it achieves the same superior function query com-
plexity as SPIDER-SZO (Fang et al., 2018). ZO-SPIDER-
Coord is advantageous over SPIDER-SZO (Fang et al.,
2018) by fully eliminating the cost of Gaussian random
variable generation and allowing a much larger stepsize
1n = O(1) to enable a faster convergence in practice. Such
two advantages are both due to a new convergence analysis
we develop for ZO-SPIDER-Coord. To answer Q2.2, under
the PL condition, we show that ZO-SPIDER-Coord achieves
a linear convergence rate without restart and algorithmic
modification. As a result, ZO-SPIDER-Coord automatically
achieves a much faster convergence rate when the iterate
enters a local region where the PL condition is satisfied.

Due to the space limitations, we relegate our results on
zeroth-order nonconvex nonsmooth composite optimization
and zeroth-order convex optimization to the supplementary
materials, both of which outperform the corresponding ex-
isting algorithms with order-level improvement.

Our analysis reveals that for zero-order variance-reduced
algorithms, although the coordinate-wise gradient estimator
requires more queries than the two-point gradient estimator,
it guarantees much higher estimation accuracy, which leads
to a larger stepsize and a faster convergence rate.

1.2. Related Work

Zeroth-order convex optimization. Nemirovsky & Yudin
1983 first proposed a one-point random sampling scheme to
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Table 1. Comparison of zeroth-order SVRG-based algorithms in terms of convergence rate and function query complexity for nonconvex
optimization. *: Z0O-SVRG, ZO-SVRG-Ave and ZO-SVRG-Coord in Liu et al. 2018b have no single-sample versions. 4. p denotes the
number of i.i.d. smoothing vectors for constructing the average random gradient estimator. *: batch size |S1| = min {n, [(K/ d)*/ 11

Algorithms Stepsize n Convergence rate Function query complexity
Z0-GD (Nesterov & Spokoiny, 2011) 0 (%) O (L) O (4)

.. 1 d d
Z0-SGD (Ghadimi & Lan, 2013) o(3) o (, / f) O(%)
ZO-SVRG (mini-batch) (Liu et al., 2018b)* O (%) o (% + 512|) o2+ 4)
Z0O-SVRG-Ave (mini-batch) (Liu et al., 2018b) 0 (%) @] (% + m) O (% 4 max {1,2} 4 )4»
Z0-SVRG-Coord (mini-batch) (Liu et al., 2018b) O (%) O (L) o (dn + ﬁ + dﬁ)
Z0-SVRG-Coord (mini-batch) (our new analysis)  O(1) O (%) O (min d":/ s , 65‘?3
Z0-SVRG-Coord-Rand (mini-batch) o(1 O (%) O (min d"f/ =3 e

*

ZO-SVRG-Coord-Rand (single-sample) 0(s2x)  O(43L2) O (min { 222, 4. 1)

Table 2. Comparison of zeroth-order SPIDER-based algorithms in terms of function query complexity and Gaussian sample complexity for
nonconvex optimization. *: SPIDER-SZO in Fang et al. 2018 has no single-sample version. *: Gaussian sample complexity refers to the
total number of generated Gaussian random samples for constructing gradient estimators. *: The epoch length ¢ = min {n, (K 2/ 3] }

Algorithms Stepsizen  Function query complexity ~ Gaussian sample complexity®
SPIDER-SZO (mini-batch) (Fang et al., 2018)*  O(,/e) O (min {2222, £ 1) o (£22)
ZO-SPIDER-Coord (mini-batch) o(1) o (min {M = }) None

*
ZO-SPIDER-Coord (single-sample) @) (%) o (min {@, a3 }) None

estimate the gradient V f(x) by querying f(-) at a random
location close to x. Such a technique was then used in many
other areas, e.g., bandit optimization (Flaxman et al., 2005;
Shamir, 2013) . Multi-point gradient estimation approach
was then proposed by Agarwal et al. 2010; Nesterov &
Spokoiny 2011, and further explored in Wainwright et al.
2008; Duchi et al. 2015; Ghadimi & Lan 2013; Wang et al.
2017. For example, based on a two-point Gaussian gradient
estimator, Ghadimi & Lan 2013 developed a ZO-SGD type
of method and Balasubramanian & Ghadimi 2018 proposed
a zeroth-order conditional gradient type of algorithm.

Zeroth-order nonconvex optimization. Ghadimi & Lan
2013 and Nesterov & Spokoiny 2011 proposed ZO-GD and
its stochastic counterpart ZO-SGD, respectively. In Lian
et al. 2016, an asynchronous zeroth-order stochastic gradi-
ent (ASZO) algorithm was proposed for parallel optimiza-
tion. Gu et al. 2018 further improved the convergence rate of
ASZO by combining SVRG technique with coordinate-wise
gradient estimators. Liu et al. 2018a proposed a stochastic
zeroth-order method with variance reduction under Gaus-
sian smoothing. More recently, Liu et al. 2018b provided
a comprehensive analysis on SVRG-based zeroth-order al-

gorithms under three different gradient estimators. Fang
et al. 2018 further proposed a SPIDER-based zeroth-order
method named SPIDER-SZO. Our study falls into this cat-
egory, where we propose new algorithms that improve the
performance of existing algorithms and develop new com-
plexity bounds that improve existing analysis.

Stochastic first-order algorithms. Since stochastic zeroth-
order algorithms have been developed based on various
first-order algorithms, we briefly summarizes some of them,
which include but not limited to SGD (Robbins & Monro,
1951), SAG (Roux et al., 2012), SAGA (Defazio et al.,
2014), SVRG (Johnson & Zhang, 2013; Allen-Zhu & Hazan,
2016), SARAH (Nguyen et al., 2017a;b), SNVRG (Zhou
et al., 2018), SPIDER (Fang et al., 2018) and Spider-
Boost (Wang et al., 2018). If the nonconvex objective func-
tion further satisfies the PL condition, Reddi et al. 2016a;b
proved the linear convergence for SVRG and its proximal
version named ProxSVRG by incorporating a restart step. Li
& Li 2018 proposed ProxSVRG+ as an improved version
of ProxSVRG and proved its linear convergence without
restart. This paper studies a zeroth-order SPIDER-based
algorithm under the PL condition without restart.
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Notations. We use O(+) to hide absolute constants that are
independent of problem parameters, and || - || to denote the
Euclidean norm of a vector or the spectral norm of a matrix.
We use [n] to denote the set {1,2,....,n}, |S| to denote the
cardinality of a given set S, and e; to denote the vector
that has only one non-zero entry 1 at its i*" coordinate.
Given a set S whose elements are drawn from [n], define

fs(+) = \3| ZlESfZ()andva() = |s| Z'LGSvfl( )-

2. SVRG-based Zeroth-order Algorithms for
Nonconvex Optimization

In this section, we first propose a novel zeroth-order stochas-
tic algorithm named ZO-SVRG-Coord-Rand, and analyze
its convergence and complexity performance. We then pro-
vide an improved analysis for the existing ZO-SVRG-Coord
algorithm proposed by Liu et al. 2018b.

2.1. ZO-SVRG-Coord-Rand Algorithm

We propose a new SVRG-based zeroth-order algorithm ZO-
SVRG-Coord-Rand in Algorithm 1, which is conducted in a
multi-epoch way. At the beginning of each epoch (i.e., each
outer-loop iteration), we estimate the gradient V fs, (x*)
over a batch set S; of data samples based on a determin-
istic coordinate-wise gradient estimator Veoord fs, (x*) =

ki se)— fs. (xF—de;))e, .
25:1 (fs, (x"+dei) 2§51( be)ei 1 the following inner-

loop iterations, we construct the stochastic gradient estima-
tor v based on a mini-batch S, of data samples as

|S2|
1 R ) o
vF :@ j=1 (Vrandfaj (Xk; u?) — Viand fa, (quo ; u?))
+ @coordf‘% (quo )’ (2)

x k
by = W CHPD 100 i v

where Viand Ja; (x5 ;

point random gradlent estimate of V fa (x) using a smooth-
ing vector u} and ko = |k/q]. The above construction of
vF is the core of our Algorithm 1, which isdifferent from

the following estimator in ZO-SVRG (Liu et al., 2018b)

|S2]

V |82| Z randfa] X ya )

+ Vrandf(XQkO ; uflko)7

randfaj (quo ; u?to ))

where u” is generated from the uniform distribution over
the unit sphere at the k" iteration.

There are two key differences between our construction of
vF and the one in Liu et al. 2018b. First, our construc—
tion of v¥ introduces |Sy| i.i.d. smoothing vectors {uk} l
in each inner-loop iteration to estimate both V f32( )
and V fs, (x7%0), whereas Liu et al. 2018b uses a single

Algorithm 1 ZO-SVRG-Coord-Rand

1: Input: ¢, K = qgh,h € N, |S1],]S2],x°,8,8 > 0,7

2: fork=0to K do

3: if £ mod g =0 then

4: Sample S; from [ ] without replacement
Compute vF coordf81 (Xk)

5. else

6: Sample Sy = {a1, az, ..., a|s,| } from [n] with re-
placement
Draw i.i.d. u’f, s uf“sz‘ from uniform distribution
over unit sphere
Compute v* according to (2)

7:  endif

8:  xFl =xk —pvF

9: end for

10: Output: x from {x, ..., X } uniformly at random

smoothing vector u” to estimate V fs,(x*) and a single
vector u?*0 to estimate V fs, (x9%°). Second, we adopt a
coordinate-wise gradient estimator in each outer-loop iter-
ation, whereas Liu et al. 2018b use a two-point random
gradient estimator. As shown in the next subsection, our
treatment does not introduce extra function query cost but
achieves a much tighter estimation of V f (x*) by v*.

2.2. Complexity and Convergence Analysis

Throughout this paper, we adopt the following standard
assumption for the objective function (Nesterov & Spokoiny,
2011; Lian et al., 2016; Gu et al., 2018; Liu et al., 2018b).

Assumption 1. We assume that f(-) in (1) satisfies:
(1) 0 < f(x%) = flx
(2) Each f;(-),i=1,...,

*) < 0o, where x* = arg miny f(x).

n has a L-Lipschitz gradient, i.e.,
(%) = VAW < Lix -yl

(3) Assume that stochastic gradient V f;(-) has bounded
variance, i.e., there exists a constant o > 0 such that

7 i (x) = V()| < o

The item (3) of the variance boundedness assumption is only
needed for the online case with |S1| < n. For the finite-
sum case (i.e., | = n), the the variance boundedness
assumption is not needed.

The following lemma provides a tighter upper bound on the
estimation variance E|[v* — V f5(x*)|%.

Lemma 1. Under Assumption 1, we have, for any qgky <
k <min{q(ko + 1) — 1,qgh}, ko =0, ..., h,

, 6dL2%||x* — x%0||2  3L2B%d?
BV - V150t < S o
18I(|S1] < n) (21245 + 62) + 6L2d5” + 332L2d>
|51 2
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where fg(x) = Ey (f(x+ Su)) with u drawn from the
uniform distribution over the d-dimensional unit Euclidean
ball, and I1(A) = 1 if the event A occurs and 0 otherwise.

The bound in Lemma 1 improves that in Proposition 1 of ZO-
SVRG (Liu et al., 2018b) by eliminating its two additional
error terms O(d E||V f(x*)||?) and O(d/|Sz|). Such an im-
provement is due to our development of a novel and tight in-

. . 2
equality Ey, Hvrandfaj (x*;uh) = Viana fa, (x70; uf)H <

BA||V fo, (xF) — V7 fo, (x7R0) |2 4 BE2LE% < 3q12||5ck —
x7ko||2 4 w (See Lemma 5 in the supplementary ma-
terials), which can be of independent interest for analyzing
other zeroth-order methods. Based on Lemma 1, we show
that ZO-SVRG-Coord-Rand algorithm achieves significant
improvements both in the convergence rate and the function
query complexity, as shown in the subsequent analysis.

Theorem 1. Let Assumptions I hold, and define

4 Ln?
A=A 3hn ,p:(6n2L+”7>L2d252,
4 g 2 g
9I(|S
Y = B2 + (||é‘| |< n) (2L2d62+02)+3L2d627
1
2
7= (727 + % +4c772+3Ln2> X+p, 3)

where g is a positive parameter and c is a constant such that

_9dLPn? (1+ng + 1202dL?/|Ss|)? — 1

O0<c= 4)
Sl g pdrs
Then, the output X of Algorithm 1 satisfies
fa(x%) = fa(xp) 1
By ) 2 < P IRE) 1T

A K+1 X

where x5 = arg miny fz(x).

Compared with the standard SVRG analysis (Theorem 2
in Reddi et al. 2016a), Theorem 1 involves an additional
term 7/ in the upper bound on E||V f(x¢)||2. By choosing
sufficiently small smoothing parameters as well as a large
mini-batch size |S;|, we guarantee that such an error term
is dominated by the first term in (5), as shown below.

Corollary 1 (mini-batch, |Sz| > 1). Under the setting of
Theorem 1, let g = 4000dn? L3q/|Sz| and choose

1 .
n= 20L° |S1| = min{n, K},q = HS”I/S]
1 1
S = d 2’ = ,5: ’ 6
[82] = da”, B = 7m0 = T2 ©

where e is the Euler’s number. Then, Algorithm 1 satisfies
E[[Vf(x%)|* < O(1/K)

To achieve an e-stationary point, i.e., E||V f(x)||? < ¢, the
number of function queries required by Algorithm 1 is at
most O (min {712/3d6_17 de_5/3}).

Corollary 1 implies that mini-batch ZO-SVRG-Coord-Rand
achieves a convergence rate of O(1/K’), which improves the
best rate of existing zeroth-order algorithms for nonconvex
optimization by a factor of O(d). In particular, the function
query complexity of our ZO-SVRG-Coord-Rand algorithm
improves upon that of ZO-SGD by a factor of O(e~1/3),
and that of ZO-GD by a factor of O(n'/3). As far as we
know, this is the first SVRG-based zeroth-order algorithm
that outperforms both ZO-GD and ZO-SGD in terms of the
function query complexity.

The mini-batching strategy in Corollary 1 may require a par-
allel computation of v*. For nonparallel scenarios, we pro-
vide the following single-sample ZO-SVRG-Coord-Rand,
which achieves the same function query complexity as mini-
batch ZO-SVRG-Coord-Rand.

Corollary 2 (Single-sample, |Sz| = 1). Under the setting
of Theorem 1, let g = 4000dqn?L> and

1/3
|S1] = min {n, {(K/d)?’/ﬂ },q =|Sild, B = f\l)ﬁ
1/3
1 _ 1S (7)

n:20d1/3q2/3L’ - L\/X’

where e is the Euler’s number. Then, Algorithm 1 satisfies
E||Vf(x9)[* < O (d|Si]?/K).

To achieve an e-stationary point, i.e., E||V f(x)||? < ¢, the
number of function queries required by Algorithm 1 is at
most O (min {7”L2/3de_17 de_5/3}).

2.3. New Analysis for ZO-SVRG-Coord

In this subsection, we provide an improved analysis for the
Z0O-SVRG-Coord algorithm proposed by Liu et al. 2018b,
which adopts the same outer-loop iteration as mini-batch
Z0-SVRG-Coord-Rand, i.e., Algorithm 1, but updates the

inner-loop estimator v* coordinate-wisely by
1 |Sa| 1 |S2|
vh=— Z vcoordfaj (Xk) AT Z vcoordfaj (quo)
|82 = |82l =
+ @coordfsl (XQkO ) (8)

We first show that although the coordinate-wise gradient
estimator in (8) requires d times more function queries than
the two-point random gradient estimator at each inner-loop
iteration, it achieves more accurate gradient estimation, as
stated in the following lemma.

Lemma 2. Under Assumption 1, we have, for any qgky <

k <min{q(ko + 1) — 1,qh}, ko =0, ..., h,

- 12L2%d5% 6L

E[[vF = Veooraf (xF)[|? < o + == [Ix* — x¥*|?
|Sa| |Sa|

6I(|81| < ?’l)

5] (2L7d8” + 07) .
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It can be seen that the above bound in Lemma 2 contains a
tighter error term % ||x* — x70||2 than that in Lemma 1
by a factor of O(d). More importantly, this bound is tighter
than that in Theorem 3 in Liu et al. 2018b for ZO-SVRG-
Coord by a factor of O(d). Based on Lemma 2, we have the
following theorem.

Theorem 2. Let Assumption 1 hold, and select

— 1 — mi _ 1/3
0= o7 ISi = minfn, K}q = [151]]
1
Sl =¢2,0 = , 9
R NS ©

where e is the Euler’s number. Then, ZO-SVRG-Coord
satisfies E||V f(x%)[|? < O(1/K).

To achieve an e-stationary point, i.e., E||V f(x%)||? < ¢, the
number of function queries required by ZO-SVRG-Coord is
at most O (min {n2/3d6_1, de=>/3 })

Theorem 2 order-wisely improves the complexity bound
in Liu et al. 2018b by a factor of O(max{n'/3, dn=2/3})
due to our new analysis. Furthermore, Theorem 2 shows
that ZO-SVRG-Coord achieves the same performance as
Z0-SVRG-Coord-Rand, both of which order-wisely im-
proves ZO-GD and ZO-SGD in the convergence rate as
well as the function query complexity for nonconvex op-
timization. Moreover, both ZO-SVRG-Coord-Rand and
Z0O-SVRG-Coord (under our new analysis) allows a much
larger stepsize O(1) than n = O(1/d) used in ZO-SGD
and all zeroth-order SVRG-based algorithms in Liu et al.
2018b, and hence converges much faster in practice, as
demonstrated in our experiments.

3. ZO-SPIDER-Coord Algorithm for
Nonconvex Optimization

Recently, Nguyen et al. 2017a;b and Fang et al. 2018 pro-
posed a new first-order variance-reduced stochastic gradient
estimator named SARAH and SPIDER respectively, which
estimates stochastic gradients in a recursive way as

VP = Vs, (x") = Vs, (x" ) + v (10)

In this section, we explore the performance of this esti-
mator in zeroth-order nonconvex optimization. Motivated
by our new analysis for ZO-SVRG-Coord, we propose a
zeroth-order SPIDER-based algorithm ZO-SPIDER-Coord,
as shown in Algorithm 2. Our ZO-SPIDER-Coord extends
the estimator (10) for zeroth-order optimization by

Vk = @coordeQ (Xk) - ﬁcoordeQ (Xk_l) + Vk_l- (11)

where @coordf$2 (X) = Z?:l (fsz (x+68i)_2'(];52 Gre—dec))ex :
Differently from the existing SPIDER-based zeroth-order al-
gorithm SPIDER-SZO proposed in Fang et al. 2018, which

Algorithm 2 ZO-SPIDER-Coord
1: Input: K, ¢, |S1| < n, |S2,x% 6 > 0,17 > 0.
2: for k =0to K do
3:  ifk mod g =0 then

4: Sample S; from [n] without replacement
Compute v¥ = Veoora fs, (x¥)

5:  else

6: Sample Sy = {al, as...., a|32‘} from [n] with re-
placement
Compute v* according to (11)

7:  endif

8 xFtl =xF - nvk

9: end for

10: Output: x; from {x, ..., xx } uniformly at random.

requires to generate totally O(d?\/ne~') Gaussian random
variables (see Theorem 8 in Fang et al. 2018), our ZO-
SPIDER-Coord eliminates Gaussian variable generation
due to the utilization of coordinate-wise gradient estima-
tor, and still achieves the same complexity performance as
SPIDER-SZO, as shown in the next subsection. In addi-
tion, mini-batch ZO-SPIDER-Coord allows a large constant
stepsize (see Corollary 3), as apposed to the small step-
size O(\/€/||v*||) used in SPIDER-SZO for guaranteeing
the convergence. Similar idea has also been used in Spi-
derBoost (Wang et al., 2018) to enhance the stepsize of
SPIDER (Fang et al., 2018).

3.1. Convergence and Complexity Analysis

The following theorem provides the convergence guarantee
for ZO-SPIDER-Coord.

Theorem 3. Let Assumption 1 hold, and define

o1 _ ML _ 3L
2 2 |Sa|
L2 2 I
b 3¢L?do®  3I(|S1] < n) (2L%ds* +0%).  (12)
S| S

Then, the output X of Algorithm 2 satisfies
E[|lf(x)||* < 3L%dé* + 36

9qn*L> 3) <A 9 2)
Y (2 +0(0+ L2ds 13
+(¢|52 T )\ g ) ) a3

where A := f(x%) — f(x*) with x* := arg min, f(x).

Based on Theorem 3, we provide an analysis on mini-batch
Z0O-SPIDER-Coord.

Corollary 3 (Mini-batch, |Sa| > 1). Under the setting of
Theorem 3, we choose stepsize n = ﬁ and

1
Si1| = min{n, K},|S2| = ¢ =[|S 1/275_—7, 14
| 1| { } | 2l=¢q H 1| -| Kd (14)



Improved Zeroth-Order Variance Reduced Algorithms and Analysis for Nonconvex Optimization

Then, Algorithm 2 satisfies E||V f(x°)||?> < O(1/K).

To achieve an e-stationary point, i.e., E|Vf(x9)|? <

the number of function queries required by Algorithm 2 is
O (min {nl/Qde_l, de_S/Q}).

As shown in Corollary 3, mini-batch ZO-SPIDER-Coord
achieves the convergence rate of O(1/K), and improves the
function query complexity of ZO-SVRG-Coord-Rand by a
factor of min{e~/6, n'/6}. The following corollary ana-
lyzes single-sample ZO-SPIDER-Coord, which achieves the
same query complexity as mini-batch ZO-SPIDER-Coord.

Corollary 4 (Single-sample, |Sz| = 1). Under the setting
1

of Theorem 3, we choose 11 = 4Lﬁ,5 = \/qll(—dL,q =

|S1| = min {n, [Kwﬂ } Then, Algorithm 2 satisfies
E[Vf(x)]? < OW/IS1|/K).

To achieve an e-stationary point, i.e., E||V f(x%)||? < e < 1,
the number of function queries required by Algorithm 2 is

O (min {n'/?de !, de=%/2}).

3.2. ZO-SPIDER-Coord under PL without Restart

Many nonconvex machine learning and deep learning prob-
lems satisfy the following Polyak-t.ojasiewicz (PL) (i.e., gra-
dient dominance) condition in local regions around global
minimizers (Zhou et al., 2016; Zhong et al., 2017).

Definition 1 ((Polyak, 1963)). Letx* = arg minycga f(X).
Then, the function f is said to be ~y-gradient dominated if
foranyx € RY, f(x) — f(x*) < ~[[Vf(x)|*.

In this subsection, we explore whether ZO-SPIDER-Coord
algorithm achieves a faster convergence rate when it enters
the local areas where the loss function satisfies the PL condi-
tion. The following theorem provides an affirmative answer.
For the simplicity of presentation, we choose |S1| = n.

Theorem 4. Under the parameters selected in Corollary 3,
we take |Sz| = [yLB,] and 6 = O(\/e/(L\/yd)). We
further assume that v > q/(by L), where b, and B., are two

q
1—b—”> —%>0. Then,

positive constants satisfying % 16g

ZO-SPIDER-Coord satisfies

1

- Top) U= £ e

Ew@ﬂ—ﬂf»gQ

and requires O (d(7n1/2 +72)log (1)) function queries.

The assumption that y > ¢/ (b, L) = O(n'/?/L) has been
widely adopted in optimization under the PL condition, e.g.,
in Reddi et al. 2016a; Li & Li 2018. In contrast to the
restart technique commonly used in the first-order algo-
rithms, e.g., GD-SVRG (Reddi et al., 2016a), for proving
the convergence under the PL condition, our proof of the
linear convergence rate for ZO-SPIDER-Coord does not
require restart and algorithmic modification. This implies

that ZO-SPIDER-Coord can be initialized in a general non-
convex landscape and then automatically achieves a faster
convergence rate as it enters a PL landscape. In addition,
unlike SPIDER (Fang et al., 2018) and SpiderBoost (Wang
et al., 2018), our proof of Theorem 4 does not need to upper-
bound Zszl E||v¥||2, which is much simpler and can also
be applied to both SPIDER and SpiderBoost for first-order
nonconvex optimization under the PL condition.

4. Experiments

In this section, we compare the empirical performance of
our proposed ZO-SVRG-Coord-Rand, ZO-SPIDER-Coord
and ZO-SVRG-Coord (for which we provide improved anal-
ysis that allows a larger stepsize) with ZO-SGD (Ghadimi &
Lan, 2013), ZO-SVRG-Ave (p=10)1 (Liuetal., 2018b) and
SPIDER-SZO (Fang et al., 2018). We conduct two exper-
iments, i.e., generation of black-box adversarial examples
and nonconvex logistic regression. The parameter settings
for these algorithms are further specified in the supplemen-
tary materials due to the space limitations.

4.1. Generation of Black-Box Adversarial Examples

In image classification, adversary attack crafts input images
with imperceptive perturbation to mislead a trained classifier.
The resulting perturbed images are called adversarial exam-
ples, which are commonly used to understand the robustness
of learning models. In the black-box setting, the attacker can
access only the model evaluations, and hence the problem
falls into the framework of zeroth-order optimization.

We use a well-trained DNN? F(-) = [Fy(*), ..., Fx ()] for
the MNIST handwritten digit classification as the target
black-box model, where Fy(-) returns the prediction score
of the k" class. We attack a batch of n correctly-classified
images {a;}? ; from the same class, and adopt the same
black-box attacking loss as in Chen et al. 2017; Liu et al.
2018b. The *" individual loss function f;(x) is given by
fi(x) =max { log F, (af™) — Itr;%x log F} (af™) ,0}

7 7
+ A2l — al?,

where a?% = 0.5 tanh (tanh ™' (2a;) + x) is the adver-
sarial example of the ‘" natural image a;, and y; is the true
label of image a;. In our experiment, we set the regular-
ization parameter A = 1 for digit “1” image class, and set
A = 0.1 for digit “4” class.

Fig. 1 and Fig. 3 (in the supplementary materials) provide
comparison of the performance for the algorithms of interest.
Two major observations can be made. First, our proposed
two algorithms ZO-SVRG-Coord-Rand and ZO-SPIDER-

1Z0-SVRG-Ave (p=10) has the best performance among the
three methods proposed by Liu et al. 2018b.
2 https://github.com/carlini/nn_robust_attacks
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Figure 1. Comparison of different zeroth-order algorithms for generating black-box adversarial examples for digit “1” class
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Figure 2. Comparison of different zeroth-order algorithms for logistic regression problem with a nonconvex regularizer

Coord as well as ZO-SVRG-Coord (with the large step-
size due to our improved analysis) have much better perfor-
mance both in convergence rate (iteration complexity) and
function query complexity than ZO-SGD, ZO-SVRG-Ave
and SPIDER-SZO. Among them, ZO-SVRG-Coord-Rand
achieves the best performance. Second, our ZO-SPIDER-
Coord algorithm converges much faster than SPIDER-SZ0O
in the initial optimization stage, and more importantly, has
much lower function query complexity, which is largely
due to the e-level stepsize required by SPIDER-SZO. In
addition, we present the generated adversarial examples for
attacking digit “4” class in Table 3 in the supplementary
materials, where our ZO-SVRG-Coord-Rand achieves the
lowest image distortion.

Interestingly, though SPIDER-based algorithms have been
shown to outperfom SVRG-based algorithms in theory, our
experiments suggest that SVRG-based algorithms in fact
achieve comparable and sometimes even better performance
in practice. The same observations have also been made
in Fang et al. 2018 and Nguyen et al. 2017a;b.

4.2. Nonconvex Logistic Regression

In this subsection, we consider the following zeroth-
order nonconvex logistic regression problem with two

. d 2
classes mingepas 230 O(wWwT'x,y) + i, 711@2’
where x; € R? denote the features, y; € {41} are the

classification labels, ¢ is the cross-entropy loss, and we
set « = 0.1. For this problem, we use two datasets from

LIBSVM (Chang & Lin, 2011): the german dataset (n =
1000, d = 24) and the ijennl dataset (n = 49990, d = 22).

As shown in Fig. 2, ZO-SVRG-Coord-Rand, ZO-SVRG-
Coord and ZO-SPIDER-Coord converges much faster than
70-SGD , ZO-SVRG-Ave and SPIDER-SZO in terms of
number of iterations for both datasets. In terms of function
query complexity, ZO-SVRG-Coord converges much faster
than ZO-SVRG-Ave for both datasets and slightly faster
than ZO-SGD for ijcnnl dataset, which corroborates our
new complexity analysis for ZO-SVRG-Coord. The conver-
gence and complexity performance of ZO-SPIDER-Coord
is similar to ZO-SVRG-Coord. Among these algorithms,
Z0O-SVRG-Coord-Rand has the best function query com-
plexity for both datasets.

5. Conclusion

In this paper, we developed two novel zeroth-order variance-
reduced algorithms named ZO-SVRG-Coord-Rand and ZO-
SPIDER-Coord as well as an improved analysis on ZO-
SVRG-Coord proposed by Liu et al. 2018b. We showed that
Z0-SVRG-Coord-Rand and ZO-SVRG-Coord (under our
new analysis) outperform ZO-GD, ZO-SGD and all other
existing SVRG-based zeroth-order algorithms. Furthermore,
compared with SPIDER-SZO (Fang et al., 2018), our ZO-
SPIDER-Coord allows a much larger constant stepsize and
is free from the generation of a large number of Gaussian
random variables while maintaining the same function query
complexity. Our experiments demonstrate the superior per-
formance of our proposed algorithms.
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