Nonconvex Variance Reduced Optimization with Arbitrary Sampling

Supplementary Material

A. Proof of Lemma 1

Proof. Let 1;c5 = 1if¢ € S and 1;c5 = 0 otherwise. Likewise, let 1; jes = 1if4,j € S and 1; jes = 0 otherwise. Note
that E [1,e5] = p; and E[1; jes] = p;j. Next, let us compute the mean of X := 3

icS npl

G e <ye 1 -
E|X|=E =E 1; = —FE[l,; = — 11
[X] ; ;s ; npy 15 ; ;s es] - Z: (1)
Let A = [ay,...,a,] € R¥*", where a; = Si and let e be the vector of all ones in R™. We now write the variance of X in

. . . . . Dbi
a form which will be convenient to establish a bound:

B[IX-EX]P] = E 11F] — e e
- E Z;Tfp - e
o, Zf; S e | - 1R
=; ey~

= ﬁ > (pij — pipj)ai a;

4,
1
= e e" (P—pp")oATA)e. (12)
Since by assumption we have P — pp" < Diag (p o v), we can further bound
T (P —ppT) o ATA) e<el (Diag (powv)o ATA) e= Zpin'HaZ»HQ.
i=1
To obtain (5), it remains to combine this with (12).

Inequality (6) follows by comparing the diagonal elements of the two matrices in (4). Let us now verify the formulas for v.

e Since P — pp is positive semidefinite (Richtdrik and Tak4¢, 2016b), we can bound P — pp” < nDiag (P - ppT) =
Diag (p o v), where v; = n(1 — p;).

e It was shown by Qu and Richtdrik (2016, Theorem 4.1) that P < dDiag (p) provided that |S| < d with probability 1.
Hence, P — pp" < P < dDiag (p), which means that v; = d for all 4.

e Consider now the independent sampling. Clearly,

pl(l_pl) 0 O
0 pg(l—pg) 0 .
P—pp = : : . : = Diag (p1v1, .., Pn¥n)
0 0 v pa(l—py)

where v; = 1 — p;.
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e Consider the b—nice sampling (standard uniform minibatch sampling). Direct computation shows that the probability

matrix is given by

b b(b—1) b(b—1)
n n(n—1) nEn—l)
b(b—1) b b(b—1)
P= n(n.fl) n n(nil) :
b(b.—l) b(b.—l) 9
n(n—1) n(n—1) n
as claimed in (3). Therefore,
b b2 bb=1) b(b—1)
n n2 n(n— n—
b(b—1) (é R bgbql))
P_ ppT _ n(n.—l) n n(n.—l) 7
b(b.—l) b(b'—l) é
n(n—1) n(n—1) n
o Lettingt = f;é,:)f; ands=1—-t= % the probability matrix of the approximate independent sampling satisfies
[p1(1—p1) (t—1)pip2 (t—Dpipr 0 ... 0]
(t—1D)pap1 p2(l —p2) (t—Dpape 0 ... 0
: : : 0 ... 0
P—pp' = |[(t—Dpapr (t—1)pup2 pe(l—pg) O ... O
0 0 e 0 0 ... 0
i 0 0 e 0 0 ... 0]
= Diag(pi(1—p1(1—)),...,pe(1 = pr(1—9)),0,...,0) — sprp).
= Diag (pl(l _pl(l - 8))7 s 7p71(1 _pn(l - S)), Oa EERE) O) ;
where px = (p1,...,Pk,0,...,0) . Therefore, v; = 1 — p;(1 — s) for i < k and v; = 0 otherwise works.

e Finally, as remarked in the introduction, the standard uniform minibatch sampling (b—nice sampling) arises as a special

case of the approximate independent sampling for the choice p; = b/n. Thus k = n, a« = b and hence s = b(TTLLijbl)'

n=b ) = n=b works.
n—1

Based on the previous result, v; = 1 — %(1 ~ Bn=1)

O

B. Proof of Theorem 2

We first establish a lemma we will need in order to prove Theorem 2.
Lemma6. Let0 < L1 < Ly < --- < Ly, be positive real numbers, 0 < b < n, and consider the optimization problem

Q(p) :=
() 2,

minimize,cgn

n
subject to Zpi =, (13)
i=1

0<p; <1, i=1,2,...,n.

Let be the largest integer for which0 < b+ k —n < % (note that the inequality holds for k = n — b+ 1). Then (13)
has the following solution:
{(b+kn) kLiL‘,
pi = j=147

9

ifi <k,
ifi > k.

(14)
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Proof. The Lagrangian of the problem is

n n n n
L2
L(pvyaAh"a)‘naula"'aun): E pfl_ E A7,pL_ E uz(l_p1)+y<§ pz_b> .
i=1 i=1 i=1 i=1

Th constraints are linear and hence KKT conditions hold. The result can be deduced from the KKT conditions. O

We can now proceed with the proof. Since n, b and L are constants, the problem is equivalent to

n

S v L}
minimizeg P(S) = E —
; pi

i=1

subject to v; satisfies (4).

In view of (6),
©6)

w(&zZl‘pl Z ZLQ ) - 3 Lk

i=1

where function Q(p) was defined in Lemma 6. Since b = E[|S|] = > . p;, and 0 < p; < 1 for all 4, then in view of

Lemma 6 we have .
U(S) > Q") - > L,
i=1

where p* is defined by (8).

On the other hand, from Lemma 1 we know that the independent sampling S = S* with probability vector p* defined in (8)
satisfies inequality (4) with v; = 1 — p;, and hence

) =) - Y12
Hence, it is optimal. O

C. Improvements

Let us compute « for uniform sampling.

16 b — viL? s

« = — . L
Lemma 1 (nfb) N 2 T2
= ()

(5]

It is easy to see that Ly, > L.To prove that we have improved current best known rates, we need to show that La < Liyax

— (nfl) max

Proof.
- - AN 7 noL? " LmaxL;
La = n (n b) Z;,Lzl % 2L < Z’;:l A Zz:ln — Lmaxa
(n—1) (2", L) (> izi Li) (>iz1 Li)
o n 2 - n . n .
20 — n(n b) Zi:le2L2:(n b)lZL?S(n b) 1 im{:(n b) 2
(n—=1) (X0, L) (n—1)n = (n—1)n = (n—1)
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Let’s take b = 1. If L,, > L;,Vi € [n], then L.« &~ nL and aig~ < 1 and aigu =~ n, which essentially means, that we can
have in theory speedup by factor of n.

D. Stochastic gradients evaluation complexity
D.1. SVRG

For SVRG, each outer loop costs n + mb evaluations of stochastic gradient. If we want to obtain e-solution, following must
hold (Theorem 3) ~
aLn®/¥(f(°) - f(a"))

<e€

bMmusy -
Combining these two equations with definition from Theorem 3, we get total complexity in terms of stochastic gradients
evaluation -

oL@ (f(a®) — f(@*)) . | @
(I+5—)

€Vy 3pt2

D.2. SAGA

For SAGA, each loop costs d + b evaluations of stochastic gradient. If we want to obtain e-solution, following must hold
(Theorem 4) -
aLn®?(f(a°) — f(z*))

<
bTVQ =€
Combining these two equations with definition from Theorem 4, we get total complexity in terms of stochastic gradients
evaluation . o
Ln z’) — f(z*
o ICOGE0) £
€Vs

because of evaluation of full gradient on the start.

D.3. SARAH

For SARAH with one outer loot, each inner loop costs 2b evaluations of stochastic gradient. If we want to obtain e-solution,

following must hold (Theorem 5)
2L(f(°) - f(a)) (/14 252)

m

<e€

Solving this equation for m, we get

o 16aL?(f(a°) — f(=*))" + V16202 LA(f(20) — f(2*))* + 16€2L2(f(a0) — f(a*))2b?
- 2be?

m

Combining thise equation with complexity off each inner loop we obtain total complexity in terms of stochastic gradients
evaluation

16aL?(f(2°) — f(z*)* + V16202 LA(f () — f(27))" + 162L2(f(2°) — f(a))?0?

2¢2
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E. Proofs for SVRG

Lemma 7. For ¢y, ciy1, 8 > 0, suppose we have

Ct = Ct+1(1 + ’I’]ﬁ + 2772K) + K?’]Qi

Let n, 8 and cy41 be chosen such that T'y > 0 (in Theorem (17)). The iterate xsﬂ in Algorithm 5 satisfy the bound:

s+1 s+1
Rt B Rt+1

B[V OIP] < =——F—
t
where R{TT =B [f(z;™!) + ¢f|a{ T — 2°|]?] for0 < s < S — 1.

Proof. Since f; is L;-smooth we have
E[fi(eitD)] <E[filaf™) + (Vhiley™),aitl — 2t + Sl — 23]

Summing through all ¢ and dividing by n we obtain
E[f(@iD)] S B[S + (V@) afl - o) + Slait! - a2

Using the SVRG update in Algorithm 5 and its unbiasedness (E [i;] vi ™! = V f(25T1)), the right hand side above is further
upper bounded by

B[ =l V7t + L2 e 2] (s)
Consider now the Lyapunov function
R =B ) + ellatt — ).
For bounding it we will require the following:

E(lejtl -&?] =  E[lejfi —a™ a7 - 2|
= B[l - o+ 2t - 2P
+2aft = aft o1 -5
T -
—2mE [(V (™) ait = )]

(54),(59)
< B[P+ et - 207

2B [ 5 IV £ )2 + L8l - 20 (16)

The second equality follows from the unbiasedness of the update of SVRG. Plugging Equation (15) and Equation (16) into
Rf_tll, we obtain the following bound:

Rl < B[ =l Vi@ I + 5 o]
FE [eeq?|op TP + coqallap ™t — 317
+2007B | 5| V(@2 + 3Bl - 3]
< B[f@) = (n- 5 IVAEIP] + (5 + eonan®) B0 1]
+ (ct41 +cy1mB)E [HQUSH 533”2} . a7
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To further bound this quantity, we use Lemma 10 to bound E [[|v;**[|2], so that upon substituting it in Equation (17), we
see that

(29) _
Rl < B[] - (- 252 —n’L - 2ean®) B[V (1))
+ [eey1(L+nB8+20°K) + ? KL E [||T — 2°||°]
< R = (n— 50— n’L = 2en?) B[V (18)

The second inequality follows from the definition of c; and Rf“, thus concluding the proof. O

PROOF OF LEMMA 7 AND THEOREM 17

Proof. Using Lemma 7 and telescoping the sum, we obtain

m—1
Rs+1 _ Rs+1
E[IVF(2; DI < =—— (19
=0 In
This inequality in turn implies that
m—1 ~ ~
) E[f@@*) - f@=)
E[IVF(z;DIP] < [ S L (20)
t=0 n

where we used that R51! = E [f(z3F!)] = E [f(25T1)] (since ¢, = 0), and that R§*t' = E[f(2°)] (since z§t" = #*).
Now sum over all epochs to obtain

1 == s+1y(2 f(@®) = f(a*)
7 ; ; E[IVF@I) < =—5—— 1)

The above inequality used the fact that 2° = 2°. Using the above inequality and the definition of z, in Algorithm 5, we
obtain the desired result. [

PROOF OF THEOREM 18

Proof. For our analysis, we will require an upper bound on co. Let m = | Kn/(3L?|uo),n = poL/(Kn?/?). We observe

_ wdL® (146)™-1 _ 2 - . . . . 9 97
that co = 255 ——5—— where § = 2Kn* + 3. This is obtained using the relation ¢; = c;1(1 + 78 +2Kn*) +n° KL

and the fact that ¢,,, = 0. Using the specified values of /3 and ) we have

2u3L? | poL® _ 3poL®

0 =2Kn" +nf = 20 + oo S e (22)
The above inequality follows since g < 1 and n > 1. Using the above bound on 6, we get
0 — Mg;i?’ 1+0m-1_ poL((1+ 9)"; -1)
n?K 0 10 + 13
o MLt Byl 1)
2p10 +n3
< a3 (ueLle - 1)), 23)

wherein the second inequality follows upon noting that (1 + })" is increasing for { > 0 and lim_,oo (1 + })" = € (here e is
the Euler’s number). Now we can lower bound 7,,, as

Ct41Mm
B

Yn = ming (n — n?L — 20t+1772) 24)

> (n— &5 —n?L — 2con?) > ”Lg,
Kn3
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where v is a constant independent of n. The first inequality holds since ¢, decreases with ¢. The second inequality holds since

(a) co /3 is upper bounded by a constant independent of n as cy/3 < po(e — 1) (follows from Equation (23)), (b) n*L < pon

and (c) 2con? < 2ud(e — 1)y (follows from Equation (23)). By choosing 1o (independent of n) appropriately, one can
2

_ _ 2
ensure that v,, > vL/(Kn3) for some universal constant v. For example, choosing po = 1/4, we have ~,, > vL/(Kn3)
with v = 1/40. Substituting the above lower bound in Equation (21), we obtain the desired result. O

F. Minibatch SVRG
PROOF OF THEOREM 3

The proofs essentially follow along the lines of Lemma 7, Theorem 17 and Theorem 18 with the added complexity of
mini-batch. We first prove few intermediate results before proceeding to the proof of Theorem 3.

Lemma 8. Suppose we have

s+l s s ~s

R, '—E[f(x+1)+ct||x+l 9c‘||2]7 (25)
-

G =cn(l+n8+ ZKY] )+ £,

for 0<s<S—1and0 <t < m — 1 and the parameters 1, 3 and ¢,11 are chosen such that

e _
(77 - %177 —n°L - 20t+1772) > 0.

Then the iterates xsﬂ in the mini-batch version of Algorithm 5 i.e., Algorithm I with expected mini-batch size b satisfy the
bound:

—s+1 —s+1
Rt B Rt+1

—MTW—WL—?CHW?)

)

B[V I?) <
(v

Proof. Using essentially the same argument as the proof of Lemma 7 until Equation (17), we have
—Hs+1 s Ct s Ln? - s
B < Bl@)] - (n-22) VAP + (2 + aan?) B[l 2]
+ (1 + EpmB) E gt - 2°)1%] . (26)

PP

We use Lemma 11 in order to bound E [||11t in the above inequality. Substituting it in Equation (26), we see that

—s+1 (30) s Ct T — S
Rl < B[] - (n- S5 = L - 2e00?) B[V ()2

+ [Cert (1 + 8+ 255) + KL B [l — 3|2

@Y =41 Ct T — s
R, = (n— "5 —n’L =26 )E[[IVf ({17 27)
The second inequality follows from the definition of ¢; and R:—H, thus concluding the proof. O

The following theorem provides convergence rate of mini-batchSVRG.
Theorem 9. Let 7, denote the following quantity:

Fo = min_ (0= =5 =0’ = 26 n°).

Suppose ¢, = 0, ¢ = ¢ (1 + 0B + 2K’7 )+ K”Tzf’fort € {0,...,m — 1} and 7, > 0. Then for the output x, of
mini-batch version of Algorithm 5 with mml -batch size b, we have
f(@°) — f(a¥)

v ’

n

E[|Vf(za)l?] <

where x* is an optimal solution to (1).
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Proof. Using Lemma 8 and telescoping the sum, we obtain

m—1 S5+l s+l
s R — Rm
E[IVf(ziIP] < ——
t=0 n
This inequality in turn implies that
m—1 ~ ~
s E[f(z°) — f@@+)]
E[IVF(IP] < = ,
t=0 n
where we used that R.. ' E [f(z5™)] = E[f(@*t1)] (since G, = 0), and that R = E[f(#*)). Now sum over all
epochs and using the fact that 70 = 20, we get the desired result. O

We now present the proof of Theorem 3 using the above results.

Proof of Theorem 3. We first observe that using the specified values of 3 = L/n'/3, n = pebL/(Kn?/3) and n =
|nK/(bL?us2) |we obtain
2Kn? 2u3bL2  L?usb  3paL?b
_ 2Kt o 2 pb _ 3p2l?b
b Kn4/3 Kn Kn

The above inequality follows since o < 1 and n > 1. For our analysis, we will require the following bound on ¢y:

p3b? L3 (1+6)™ —1  pobL((1+6)™ —1)

Co

Kbn4/3 0 - 2bpiy + bnl/3
< Y (paL(e ~ 1)), (28)
wherein the first equality holds due to the relation ¢; = €;41( ) L , and the inequality follows upon
again noting that (1 + 1/1) is increasing for [ > 0 and lim; (1 + %) e. Now we can lower bound 7,,, a:
5, = mtin(n - Lg”’ —n?L — 26,41m%)
— bLv
[& 2 2
Z (77 - OTTI L— 20077 ) Kn 2/3 5

where v; is a constant independent of n. The first inequality holds since ¢; decreases with ¢. The second one holds since
(a) Go/f3 is upper bounded by a constant independent of n as /3 < us2(e — 1) (due to Equation(28)), (b) n’L < pan
(as b < K/L252/3) and (c) 2¢9n? < 2u3(e — 1)1 (again due to Equation (28) and the fact b < K/L2,,2/3). By choosing an
appropriately small constant /5 (independent of n), one can ensure that %, > Lbvy /(K n?/3) for some universal constant
vy. For example, choosing p1o = 1/4, we have 5, > Lbvy/(Kn?/3) with v, = 1/40. Substituting the above lower bound
in Theorem 9, we obtain the desired result. L]
LEMMAS

Lemma 10. For the intermediate iterates ’Uf+1 computed by Algorithm 5, we have the following:

E [[lo;?] < 2B [V F(2f™)?] +2KE [||la;™ — 2°||] . (29)
Proof. The proof simply follows from the proof of Lemma 11 with S; = {i.}. O

We now present a result to bound the variance of mini-batch SVRG.

Lemma 11. Let v} 51 be computed by the mini-batch version of Algorithm 5 i.e., Algorithm 1 with sampling S. Then,

E [lloy %] < 2B [IVA (2 D)IP] + 2B [laf™ - 277 (30)
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Proof. For the simplification, we use the following notation:

s+1
t

(szt( i) = V.(3)

i €St "Pi,
We use the definition of US+1 to get
Eflo;?] = E[IGT +Vf(@z )M
= B[IGT +VF(@*) = V() + V)]
< 2E[[Vf(=] ]+2E G+ —E G117

2E [|IV£(2i)I1?]

Z <np“ (Vi (257Y) = V£, (5%) - B[ f+1]>

it €St

2
+2E

The first inequality follows from fact that ||z + y||* < 2||z||? + 2[|y||? and the fact that E [¢fT'] = V f(z{1!) — Vf(39).
From the above inequality, we get

1

Eloi 7] < 2E[||Vf<xf+l>||2]+2Z§;Z;\ Vet - V)|

(52),(M
<

—
=

B [IVf (I + [II A E
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G. Proofs for SAGA
Lemma 12. For ¢y, ciy1, 8 > 0, suppose we have

Kn2
b

Kn2L
)+7l7).

Ct:CH_l(l—%—I—’r]ﬁ—‘rQ

Also letn, 8 and c;11 be chosen such that T'y > 0. Then, the iterates {x'} of Algorithm 6 satisfy the bound
Rt _ Rt+1
E[IV/@)I?] < ==,
t
where R' := E [f(2')] + ¢; max;e ) E [[|2* — af]|?].
Proof. Since f is L-smooth we have

E[f()] S B [f(a) + (Vf(at), 2t = at) + Szt = at)2]

We first note that the update in Algorithm 6 is unbiased i.e., E [v'] = V f(z!). By using this property of the update on the
right hand side of the inequality above, we get the following:

E[f@")] < E[f@") -l V@) + L0 GD)

t:

Here we used the fact that 2'+! — 2t = —no? (see Algorithm 2). Consider now the Lyapunov function

R = B[f(a)] +comaxE [Jo* —af|].

For bounding R'*! we need the following:

B[la*! — at*2) = 28 ot — 2] + "B [t — off?), ()
[ ———
T

The above equality follows from the definition of af“ and the definition of randomness of index j; in Algorithm 6 and
Algorithm 2. The term 7} in (32) can be bounded as follows

T = E[[la" — 2"+ 2" = of|?]
B[+ — 2! + ot — all] + 20t — at, 2t — o))

lo" = 2" + [la* = aI*] — 20 [(Vf(a"), 2" — ai)]

= E [
(54),(55)
< E (o =o' P + 2 - adl?] + 2B | HIV )2 + Blle" — al)?]
< B[l =o' P) 4 maxE (ot — ofl] + 20 5|V FIP] + nfmaxE [l — o). 33)

The second equality again follows from the unbiasedness of the update of SAGA. The last inequality follows from a simple
application of Cauchy-Schwarz and Young’s inequality. Plugging (31) and (33) into R'*!, we obtain the following bound:

R4 < E[f(@) = ol VAR + B )]

S maxE [’ - o]

2(n — 1)cer1m
2RO [ 419 (0 ]?] + 4 maxE o' — ot

+E [Ct+1||$t+1 o ItHQ] + Ct+1n
< E[/6) - (n—52) IVF@)I2] + (B + conn®) B[]

n—d
+ < " Ct+1 + Ct+177/8> ?61?5](]3 [||9Ct - O‘Hﬂ ) (34
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where we use that [|z' — a!  [|? < max;c[,) [|#" — a!||* To further bound the quantity in (34), we use Lemma 13 to bound

E [||v*]|?]. so that upon substituting it into (34) we obtain

RS E] - (1= 250 - P 2o BV A
L

d K Kn?L
e 0= 2 ng4 250 + L o 1t — o
< R —(n—5" —n’L —2c,a”)E[|IVf(=")]?] . (39)

The second inequality follows from the definition of ¢; i.e., ¢; = ¢tq1 ( KI:72 ) + K”TZE and R! specified in

the statement, thus concluding the proof. O

The following lemma provides a bound on the variance of the update used in Minibatch SAGA algorithm. More specifically,
it bounds the quantity E [||v*||?].

Lemma 13. Let v' be computed by Algorithm 2. Then,

E [[lo!]%] < 2E [|V/(x >||]+—Km?>]<E[||x all?] (36)

Proof. For ease of exposition, we use the notation

Ci= —— (Vfi(at) — Vi(al)).

np;

Using the convexity of ||| and the definition of v* we get

E[Il?] = E[IIZC? 12Vf ﬂ

1€ESt

= E [ll >+ %va(aﬁ) — V£ + W(xt)nﬂ
=1

1€S

< B[V +2E|1) ¢ -E ||21
1€Sy

(1)

< 2E[|Vf(h|?] +22Epz,||

The first inequality follows from the fact that [|a + b[|? < 2(||a||? + ||b]|?) and that E [¢!] = V f(z!) — L 3" | Vf(al).v

El?] < 2B [V +2ZE[ V) - VhDI?]
U m v sa? +2ZE[”Z L ot — ]
S BBV + % maxE et - all?]. 37)

The last inequality follows from L;-smoothness of f; and using properties of .S sampling, thus concluding the proof. [
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PROOF OF THEOREM 19

Proof. We apply telescoping sums to the result of Lemma 12 to obtain

T—1
v Y B[V <Yy TE[IVAh))?] < R® - RT. (38)
t=0
The first inequality follows from the definition of ~,,. This inequality in turn implies the bound
T—1
E[f(z°) - f(a7)

d_E[IVIE)?] < : S L (39)
t=0 "

where we used that RT = E [f(z”)] (since ¢ = 0), and that R® = E [f(2°)] (since af = 2° for i € [n]). Using

%

inequality (39), the optimality of z*, and the definition of x, in Algorithm 6, we obtain the desired result. O

PROOF OF THEOREM 20 AND THEOREM 4

Proof. With the values of yg = 1/3,v3 = 12 = bL/(3Kn*/?), d = bL?/K and 3 = L/n'/3, let us first establish an
upper bound on ¢;. Let # denote % —nfB —2Kn?/b. Observe that § < 1 and 6 > 4L?b/(9Kn). This is due to the specific
values of 7 and 3 and lower bound of K. Also, we have ¢; = ¢;11(1 — 6) + Kn?L/b. Using this relationship, it is easy to
— T—t
see that ¢; = K UQL%. Therefore, we obtain the bound
_ (1 _ p\T—t 27 7
1-(1-90) < Kn*L < L 7
b b9 T 4nl/3

for all 0 < t < T, where the inequality follows from the definition of 77 and the fact that & > 4L2b/(9Kn). Using the above
upper bound on ¢; we can conclude that

Ct = K?’]Qi

(40)

N )
~ 12K n2/3’

. Ct+17] T
o = min (77 — t—g — L — 20t+1772>

upon using the following inequalities: (i) ¢;y11/8 < n/4, (ii) n*L < n/3 and (iii) 2¢;11n? < 1/6, which hold due to
the upper bound on ¢, in (40) and if b < K/L2n?/3. Substituting this bound on 7, in Theorem 19, we obtain the desired
result. O

Theorem 20 is special case withb = 1 and d = 1.

SARAH-non-convex

This lemmas are modification of lemmas appeared in (Nguyen et al., 2017b) for importance sampling with mini-batch.
Lemma 14. Consider SARAH, then we have

SE[IVFEHIP] < %[f(xo) — f@)]+ Y E[IVI(") =]
t=0 t=0
—(1=Ln) Y E[I0"?], (41)

where x. is an optimal solution of (1).

Proof. By L-smoothness of f and 2!t = 2! — nut, we have

= E[fG")] - JE[IVA@)IF] + E[IVA@") - o!)]
T 2
-(2- 55 ) el

B[] < B[] B [VIEHTv] + 2 )]



Nonconvex Variance Reduced Optimization with Arbitrary Sampling

where the last equality follows from the fact v "q = % [||7||? + [|¢/|* — [|r — ¢|[] , for any 7, ¢ € R%.

By summing over t =0, ..., m, we have
E[f@ )] < B[f")] -3 > B[V +3 Y E[IVI6") ']
t=0

N

which is equivalent to (n > 0):

SB[V < %E [ = f@™ )] + SB[V (at) — o]
t=0 t=0
—(— L) SB[
< 21 - fa) + > (19 5(w) ~ ']

Ui

—(1=Ln) Y _E[[o")]
t=0

where the last inequality follows since 2* is an optimal solution of (1). (Note that z° is given.)

L]
Lemma 15. Consider vt defined in SARAH, then for any t > 1,
¢ ¢
E[IVf(") =o' 1P = > E[lv? =P = D E[IVF(2?) = VI
=1 =1
Proof. Let Fj = o(2°,41,12,...,i;—1) be the o-algebra generated by ", i1, i2,...,ij_1; Fo = F1 = o(z°). Note that

F; also contains all the information of 20, ... ,z7 aswellas v°,..., v~ 1. For j > 1, we have

E[|Vf(2?) || 5] E[|[Vf(@") =0+ [Vf(2?) = Vf(a'™)]
—[ =717

= V@Y =P+ V() = V)12
+E [[|o? — o2 F]
2V (@) =TV f(2?) = V(')
—2(Vf(2'™ 1) =o' H)TE [vj — vj_1|.7:j]
—2Vf(a?) =V @) TE [/ =o' Fj]

= |VfE@H =P = [V () = V(' 7h))?
+E o7 — o2 F],

where the last equality follows from

E o F] = B

i€l

Vi) - Vi I|F

(3

n

> PV A - Vi )] = Vi) - Vi,

i=1
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By taking expectation for the above equation, we have

E[IV£@) —o/I?] = E[IVAe) -] ~E[IV5(@) - VI )]
+E [Jo? =]

Note that |V f(2°) — v°||? = 0. By summing over j = 1,...,t (¢ > 1), we have

E[IVf(z") '] ZE lo? = o] = Y E[IV (@) = VT
j=1

O
With the above Lemmas, we can derive the following upper bound for E [||V f(z*) — v*||?].
Lemma 16. Consider v defined in SARAH. Then for any t > 1,
B(IV£(a) — 7] < L8023 (o).
j=1

Proof. Let

&= n; (Vhi(a?) =V fula?™)) (42)
We have

E [l = o7 IPIF] = IVF @) = Vi@ DIP

= E HZ [V £i( (27) = V fi (2771 H —Hf Vfl (x7) Vfi(xj_l)]H2

- E H Zfl
< ZvipiH&H?
i=1

n

= Z;zpl IV fi(2?) = V fi(a? )|

i=1

Al el

(52),(7)
<

1 .
EKnQHUJ_1||2-
Hence, by taking expectation, we have
. o . . 1 o
E[[[v? =71 ?] = E[IVf(27) = V@ DIP] < S KB [l 1]

By Lemma 15, for ¢t > 1,

t

E[IVf@) =o' 1] = Y E[llv/ =o' 717 —ZE[I\Vf(wj)—Vf(rcjfl)IIZ]

j=1

IN

1 ! .
gKnQZE ([l =1]1%]
j=1

This completes the proof. O
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PROOF OF THEOREM 5

Proof. By Lemma 16, we have

B[I97@) — o] < 2Ko? S E[lo ).

j=1

Note that |V f(x°) — v°||? = 0. Hence, by summing over t = 0,...,m (m > 1), we have

SB[ - VIO < 4K [mE[l0)]
t=0

+m = DE o' 2] + -+ + B[l | (43)
We have
> E[IV/a) ~ v IF] = (= Ln) 3B ()]
t= t=0
1
<K [mE [10°12] + (m = DE [[0")7] + -+ + E o™ )1?] |
—(1 = L) [E[I° 7] + E [0 2] + - + B [Jo™)] |
< [gErm = (= En)] SB[l ) S 0 (44)
t=1
since
2

’r]:
4Km
L(y/1+ 452 +1)

is a root of equation

%mﬁm —(1—Lp)=0.
Therefore, by Lemma 14, we have
éE 195 < 2t - sl iE A
—(- imiE (102
L2 - f))

If z,, is chosen uniformly at random from {z}7 , then
1 m

B IV @n)lF] = g B [IVFGO1 < - 2eslf6) - £
t=0

This concludes the proof. O
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H. One Sample Importance Sampling
H.1. SVRG

In this section, we introduce SVRG algorithm with batch size equal to 1.

Theorem 17. Letc,, = 0,n =0 >0, 3 =8 > 0, and ¢; = c;11(1 +np + 2Kn?) + Kn*L such that Ty > 0 for
0 <t < m — 1. Define the quantity vy, := min; I'y. Further, let T' be a multiple of m. Then for the output x, of Algorithm 5
we have

fa®) — f(@*)

45
Tyn ’ )

E[[IVf(za)lIP] <

where x* is an optimal solution to (1) and T'y = (n — %

- T]2E - 28t+17)2).
Theorem 18. Let 1) = Lyuo/(Kn?) (0 < po < 1), 8 = L/n3, m = | Kn/(3L%puo)| and T is some multiple of m. Then
there exists universal constants g, v > 0 such that we have the following: ~,, > %n% in Theorem 17 and

ng 22— f(z*
E[|Vf(za)|?] < Zrilie)=iel] (46)

where x* is an optimal solution to the problem in (1) and x is the output of Algorithm 5.

Comparing Theorem 17 to the previous result in (Reddi et al., 2016a), we can see improvement in constant, if we assume
different L;-smooth constants for different functions. If the all L;’s are the same then our result is the same as previous
result for uniform sampling, because then o = % =1.

H.2. SAGA

Here, we provide similar analysis as for SVRG with the same result. We provide more generalized improved form of
theorems which appeared in (Reddi et al., 2016b).

Theorem 19. Letcr =0, 8> 0, and ¢; = ¢;41(1 — % +nB+2Kn?) + Kn?L be such that Ty > 0for0 <t < T — 1.
Define the quantity 7y, = ming<;<7—1 I't. Then the output x, of Algorithm 6 satisfies the bound

60 =)

E(I9f@l?] < =

)

where x* is an optimal solution to (1) and 'y = (7} — %

—n?L — 20t+17l2)-
Theorem 20. Letn = L/(3Kn?/?) and B = L/n'/>. Then, ~,, > W and we have the bound

n2/31 F(20)— F(z*
E[[[Vf(za)]?] < 2EE=IE0]

where x* is an optimal solution to the problem in (1) and x is the output of Algorithm 6.

We can see that exactly same conclusions apply here as for SVRG and results can be interpreted in the same way.

Algorithm 5 SVRG (22, T, m, {p;}1_y, 1)

1: Input: 7° = x), = 2° € R?, epoch length m, step sizes {n; > 0}7",', S = [T/m/]

2: fors=0to S —1do

3: xé“ =z,

4: gs+1 — %Z;";l vfl(js)

5. fort=0tom — 1do

6: With {p; }i—, randomly pick i; from {1,...,n}
Tt = e (V) = V@) + g
8: w;_tll = :rf'H — nvf"'l

9:  end for

10: &t =5t

11: end for

12: Output: Iterate z, chosen uniformly random from {{z$ ™}/ 19_.
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Algorithm 6 SAGA (2°, T, {p;}1_y,n)

1: Input: 2° € R%, af = 20 fori € [n], number of iterations 7', step size n > 0
20 g" =5 3L, Viilad)

3: fort =0toT — 1do

4:  Randomly pick é; from [n] with {p; }i—

5:  Randomly uniformly pick i; from [n]

6 = (V] () — Vfi(ad,) + o'

7
8

o+l = gt oyt
o afft =ztand o[ = of forj # ji
1%3 %t;rl = gt - %(vfjt (O‘;t) - vfjt (ajjl))
. end for

11: Output: Iterate x, chosen uniformly random from {mt}z;o.

I. SARAH : Convex Case
1.1. Main result

Consider Algorithm 7, which is an arbitrary sampling variant of the SARAH method..

Algorithm 7 SARAH

1: Parameters: the learning rate 7 > 0 and the inner loop size m.
2: Initialize: 7

3: Iterate:

4: fors=1,2,... do

5: o = js—l

6 =1 V()

7. X1 =9 — nvo
8.

9

Iterate:
. fort=1,....m—1do
10: Sample i; at random from [n] with probability {p;}*
11: vt = ﬁ(Vf“(xt)—Vf“(a:tfl))—kvt’l
12: xpyp1 = xt — ot
13:  end for
14:  Set 74 = x! with ¢ chosen uniformly at random from {0, 1,...,m}
15: end for

Note, that only 10-th and 11-th row are changed comparing to classic SARAH algorithm presented in (Nguyen et al., 2017a).
We do not sample uniformly anymore and also in the 11-th row of Algorithm 7, where we use factor %p, in order to stay
unbiased in outer cycle.

Then using similar analysis used in (Nguyen et al., 2017a) and additional lemmas we can prove following theorems with p;
in Algorithm 7 to be s~
T Li

Theorem 21. Suppose that f;(x) are L;-smooth and convex, f(z) is ji strongly convex. Consider v! defined in SARAH
(Algorithm 7) with ) < 2/L, where L = %Z?Zl L;. Then, for any t > 1,

Bl < [1—(Z 1) ute?] B[]
< [ (&) w] BlIviEP).

By choosing 17 = O(1/L), we obtain the linear convergence of ||v*||2 in expectation with the rate (1 — 1/x2), where 5 = L

= I~

is condition number, This is improvement over previous result in (Nguyen et al., 2017a), because of ;% < % Below we
show that a better convergence rate could be obtained under a stronger convexity assumption for each single f;(x).
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Theorem 22. Suppose that fi(z) are L;-smooth and p strongly convex. Consider v* defined by in SARAH (Algorithm 7)
withn < 2/(u+ L). Then the following bound holds, ¥ t > 1,

B[l < (1-ZL) B
< (1-22) B(IviEOP).

By setting 7 = O(1/L), we derive the linear convergence with the rate of (1 —1/x), where & = < which is an improvement
over the previous result of (Nguyen et al., 2017a), because if we take the optimal stepsize v = MJ%E than we can easily prove

2puLmaxn

that 2"L 7 is greater than e, with optimal step size, where L,.x = max;{L;}.

1.2. Lemmas

We start with modification of lemmas in (Nguyen et al., 2017a), which we later use in the proofs of Theorem 22 and
Theorem 21. The first Lemma 23 bounds the sum of expected values of ||V f(z?)||2. The second, Lemma 24, bounds

E[|V£(a") - o*|2].

Lemma 23. Suppose that f;(x)’s are L;-smooth. Consider SARAH (Algorithm 7). Then, we have

[\

Y E[IVFEHIP] < EE [£(2) = f(z")]
t=0

+Y B[V =o' = (1= Ln) > _E[|lv']] 47)
t=0 t=0

Lemma 24. Suppose that f;(x)’s are L;-smooth. Consider SARAH (Algorithm 7). Then for any t > 1,

t

E[|VF) =oIP] = Y E[l) =o' *ZE[HVf(Ij)*Vf(fvj’l)l\r"}~

j=1

Lemma 25. Suppose that f;(x)’s are L;-smooth and convex. Consider SARAH (Algorithm 7) with ) < 2/ L. Then we have
that for any t > 1,

B/ o] < [ 00 - B ()]
nL
S AL MR

where L =1%"" L
PROOF OF LEMMA 23
Proof. By Lemma 26 and z'*! = 2! — novt, we have
0] — t Ln* t)12
E[f(z")] —nE[Vf(z") v T+ =-EllI]
77
= E[f(a")] - *E [V F@)IP] + SEIVI") —v'|1?]

E[f(z")]

IN

where the last equality follows from the facta'b = 3 [

lall* + 1161 = lla — b]%] .
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By summing over ¢t = 0, ..., m, we have

t=0 t=0
n L\ ¢ -
<22>ZE[|U %],
t=0
which is equivalent to (n > 0):
Y _E[IVi( < CE[f() = flema)] +
t=0 g
m m
Y E[IVS(h) =o' 1P] = (1= L) Y E[Ilv'|]
t=0 t=0
2

IN
[

[f(@) = f@)] + Y _E[IVF(') —'|)?]
t=0

—(1=Ln) Y B[],
t=0

where the last inequality follows since x* is a global minimizer of (1).

PROOF OF LEMMA 24
Proof. Let F; be o algebra that contains all the information of 2, ..., z7 as well as v°, ..., v7~!. For j > 1, we have
E[[Vf(2?) =o' |*1F;] =
E[[[[Vf('™") =o'+ [Vf(2!) = V(@] = o7 — o 1|]°|1F]
= [[Vf(@™) =2+ [V f(2?) = V()|
+E [[|o? — o712 F]
F2AV (@) =TT (Vf(2?) = V(')
—2(Vf(2?™") =) TE [ — /71| F]
—2(Vf(2?) = Vf(@'™ ) E [v/ — /7| F]
= [[Vf(@™) =2 = [V f(2?) = V()|
+E [[lv? — o1 1F],

where the last equality follows from

B[ — o UF] = B [ (Vfi,(09) = Vi, @97 1) 15| = Vi (ad) = Y/ (7).

By taking expectation for the above equation, we have

E[IVf@?) =] = B[V =/ P = E[IVf(a)) = V(@]
+E |7 — o7 71?] .

Note that ||V f(2°) — v°||> = 0. By summing over j = 1,...,¢ (¢t > 1), we have

E(IVF(z') = o'IIP] = Zio B[l = o7 P) = i B[V (@) = V)]
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PROOF OF LEMMA 25

Proof. For j > 1, we have

B [Jlv?|1%7;]

(52)
<

B i~ -

[ = + B

B[ (Y, (@) = Vi, (@) (@7 —27)|F)]

nnpi;

I~ + B

B[

Li;nmps,

L vy,

5

1 . ,
V@) = VI, @I

1 ~ ,
WHVJ%(%J ) = Vi, @IPF

IV fi; (z7~

— Y2+ (1 - n%) E [

Jor =12 + (1 -

%) Bl

@) Vi, <:c-f>>||2fj}

1) = Vi, ()21

(Vfi, (@77 = Vi, (a7))

npi
o7 = 1 F]

2
fj]

The consequent equality follows from definition of p;’s and the last equality follows from definition of SARAH . Taking

expectation, we get

whenn < 2/L.

By summing the above inequality over j = 1,...,¢

t
STE [ - o2 <
j=1

By Lemma 24, we have

E[|Vf(z") -

PROOF OF THEOREM 21

Proof. Fort > 1, we have

IV f(a!

< T E [l — o) < S [E (0] - B ()] ]

) —

B[/ — v/ <

ViEh|?

(56)

sl

ll

P - B[] |,

(t > 1), we have

nL

H*
HZM

oz [0~ B o)

48

—~
=

2
(V1) = VA

2
Vil Vﬁu“ﬂm

< szllnp (Vfi(a") = Vi) |7

np

Jvn@%-vn@twwzﬁ}

(48)

(49)
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Using the proof of Lemma 25, for ¢ > 1, we have

BIRIAA] < I+ (1= Z) E[IVA ) - Vi, @)I2F]
(49

)
< R (1= 2) IV - Vi)
ot =+ (1= &) ot

IN

Note that 1 — n% < 0 since n < 2/L. The last inequality follows by the strong convexity of f, that is, u||zf — z!~1|| <
|V f(x!) — Vf(x'~1)| and the fact that 2* = 2'~! — nv'~!. By taking the expectation and applying recursively, we have

B {l]?] 2 1) | B o]
- 1) wn’] B (0]
—1) w27 B (1IN

AN
—
I

Il IN
— —
— =
| |
I/MN N TN
= =
‘w 2w
—
N—

O
PROOF OF THEOREM 22
Proof. We obviously have E [|[v°[|2|Fo] = ||V f(x0)||?. For t > 1, we have
B[R] = B[ - 2 (VA6 - VL D)IAF]
= TP HE [ IV @) = Vi @)1
B [52- (V£ (67 = Vi (@) T (@ = 2|7
= R B[l (T - Vi) 217
~2(VY) = V)@ - )
(53),(51) r
<P E [l (V@) = Vi) 1717
— 2Lyt - 2 |V, (20 - VL ()]
< ( _2#Ln) t— 1H2
B [l (Vi (@71 = V1 @) 1P ~ IV £ = V)P
= (- 1H2
B [k (Vi (™Y = Vi, (a) = VS (') = VPR
< (1-2p) ||vf*1|\2, (50)

where in the first two equalities, we used definition of SARAH . The first inequality follows from fact that f(z) is L-smooth
and p strongly convex, thus following inequality holds (inequality from (Nesterov, 2013))

(Vi) = V) (@ ) > ,ffL o= + /() = V@I 61

The second one uses assumption that n < + —=, thus n = —= is optimal step size under this analysis. By taking the
expectation and applying recursively, the des1red result is achleved O
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J. Technical Lemmas

Lemma 26. Let f;’s be function, which are L;-smooth, then f(x) = £ 3" | fi(x) is L-smooth, where L = L 3" | L;.

Proof. For each function f; we have by definition of L;-smoothness, Vz,y € R?

Fi(#) < fil) + Vi) @ =) + 2 e — ol

Summing through all ¢’s and dividing by n, we get

£@) < F)+ VW) @ =)+ 5 e~ ol

Lemma 27 (Cauchy-Schwarz inequality). For all z,y € R? we have

[z, 9)] < [l[lllyll

Lemma 28 (Young’s inequality). For a,b € R and 3 > 0 we have

a’f b
p< 422
W= 5 tag

Lemma 29 (Jensen’s inequality). Let X be a random variable and g(x) be a convex function. Then

9(E[X]) <E[g(X)].

(52)

(53)

(54)

(55)

(56)



