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1 Proofs

We provide in this supplementary material the proofs of theoretical results presented
in the main document, and we give additive theoretical and experimental results. For
the sake of clarity we recall the results before giving their proofs.

1.1 Convergence to the fixed point: Proposition 1
Lemma 1. Let My := sup,> E[|¢”(2Z) + ¢"(xZ)p(xZ)|]. Suppose My < oo, then
for o2 < M%» and any oy, we have (o4, 04) € Dy yar and Ky par(0p, 04y) = 00

Moreover, let Cy 5 := SUD, >0 |o—y|<s.ceo)BUS (21)¢ (y(cZ1 + V1 — 2 Z)|]. Sup-

pose Cy5 < 00 for some positive §, then for o2 < min(ML¢, C%a) and any oy, we have

(0b7 Jw) € Dqﬁ,var N D(i),corr and K¢,var(0ba Jw) = K(;S,corr(aba Jw) = Q.

Proof. To abbreviate the notation, we use ¢ := ¢/ for some fixed input a.

Convergence of the variances: We first consider the asymptotic behaviour of
¢' = ¢'. Recall that ¢' = F(¢'™') where

F(z) = oy + oy, Elo(VaZ)?].
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The first derivative of this function is given by

F/(@) = 2 E[-=d/(VE2)0(EZ)) = 28 (VEZ) + 9" (VEZ)o(aZ)), (1)

N

where we use Gaussian integration by parts, E[ZG(Z)] = E[G'(Z)], an identity satisfied
by any function G such that E[|G'(Z)|] < oo.

Using the condition on ¢, we see that the function F' is a contraction mapping for
02 < M%ﬁ and the Banach fixed-point theorem guarantees the existence of a unique

fixed point ¢ of F', with lim;_,,~ ¢' = ¢. Note that this fixed point depends only on
F, therefore this is true for any input a and Ky 4 (03, 04) = 00.

Convergence of the covariances: Since M, < oo, then for all a,b € R? there exists

lp such that |\/qL —\/q}| < & for all I > ;. Let I > [y, using Gaussian integration by
parts, we have

dCZng
Zab — GZE(¢ (VA 2O (\ablesZ + 1~ ()2 2]
ab

We cannot use the Banach fixed point theorem directly because the integrated function
here depends on [ through ¢'. For ease of notation, we write ¢! := ¢,. We have

!
T — | = | Cd (z)dz| < 02Cy|ct — 7
B -1 dct = Twe '

Therefore, for 02 < mln(M%b, c_¢) ' is a Cauchy sequence and it converges to a limit

c € [0,1]. At the limit

o + ouBlé(v/a21)8(/a(cz + V1 — c*2)))]

q

e = f(c) =

The derivative of this function is given by
f'(x) = o B¢ (VaZ)d' (Va(aZi + V1 — 2 25)].

By assumption on ¢ and the choice of o, we have sup,|f’(x)| < 1so f is a contraction
and has a unique fixed point. Since f(1) =1 then ¢ = 1. The above result is true for
any a, b, therefore Ky yar (05, 0w) = K corr(0p, 04) = 00. O

Lemma 2. Let (0y,0,) € Dyyar N Dy corr Such that ¢ > 0, a,b € R? and ¢ an
activation function such that sup,cx El¢p(xZ)?] < oo for all compact sets K. De-

fine fi by & = filchy) and f by fl) = DERERCIMAHIRR) gy,
i o0 SUDe(0y) i) — F()] = 0.




Proof. For x € |0, 1], we have

fi@) = F(@) = (—= — )0} + 02Elo(V@Z)b(\/ dhuala)))
+ 2Bl E 200 ahua(w)] - EIG(VaZ) ol ua(a)).

where uy () := xZ; + /1 — x2Z5. The first term goes to zero uniformly in x using
the condition on ¢ and Cauchy-Schwartz inequality. As for the second term, it can be
written again as

(BV@21) — 6(/aZ)o(y dhua@)] + Elo(y/aZ0) (01 s ) — O(/Gua(a)))].

Using Cauchy-Schwartz and the condition on ¢, both terms can be controlled uniformly
in & by an integrable upper bound. We conclude using dominated convergence. [

Lemma 3 (Weak EOC). Let ¢ be a ReLU-like function with A, 5 defined as above.
Then f] does not depend on I, and having f/(1) =1 and ¢' bounded is only achicved

for the singleton (op, 0y,) = (0, 4 /#/82) The Weak EOC is defined as this singleton.

Proof. We write ¢! = ¢ throughout the proof. Note first that the variance satisfies
the recursion:

N 4 B
2

¢ =0y + oL E[@(2))d = oy + o, ¢ (2)
For all o, < , /ﬁ[p, q=02(1—02(A\2+2)/2) " is a fixed point. This is true for
any input, therefore Ky 4 (03, 0y) = 00 and (i) is proved.

Now, the EOC equation is given by x; = 02E[¢'(Z)?] = ai#
Replacing o2 by its critical value in (2) yields

. Therefore,

2

_ 2
Tw = 345

¢t =0j+4q.
Thus ¢ = 0 + ¢ if and only if o, = 0, otherwise ¢' diverges to infinity. So the frontier
is reduced to a single point (07,02%) = (0,E[¢/(Z)%™!), and the variance does not

depend on [.
m



Proposition 1 (EOC acts as Residual connections). Consider a ReLU network with
parameters (02,02) = (0,2) € EOC and let c., be the corresponding correlation.

Consider also a ReL U network with simple residual connections given by

Ny_1
1 1

via) =7, ) + Y Wye(; (@) + B,

J=1

where Wij ~ N(0, ;El) and Eé ~ N(0,52). Let ¢, be the corresponding correlation.

Then, by taking o, > 0 and o, = 0, there exists a constant v > 0 such that

972
1 eyl =7~ 2
Cab 7( Cab) 2[2

as | — 0.

Proof. Let us first give a closed-form formula of the correlation function f of a

ReLU network. In this case, we have f(x) = 2E[(Z))(xZ1 + V1 — 22Z5) ]| where
()4 :=xl,50. Let x € [0,1], f is differentiable and satisfies

f'(@) = 2E[17,501, 7, + yime2z,50);
which is also differentiable. Simple algebra leads to

1

fz)= P gt

Since arcsin’(z) = ﬁ and f'(0) = 1/2,

f(z) = %arcsin(x) + %

Using the fact that f arcsin = x arcsin +v/1 — 22 and f(1) = 1, we conclude that for
x €[0,1], f(z) = Lzarcsin(z) + 1v1—22 + 1a.

For the residual network, we have ¢, = ¢! + 72 E[¢p(\/q, 1 2)%] = (1 + %2”)5271-

Let 6§ = . L We have

52, "
2

Tap = 0Ty + 0T, E[0(Z1)p(Ua (T )]

1 O -1 -1
= Eab + 57w(f(6ab ) - Eab )



Now, we use Taylor expansion near to conclude. However, since f is not differentiable
in 1 for all orders, we use a change of variable z = 1 — ¢? with ¢ close to 0, then

\/_

arcsin(l — #*) = o — V2t — —t* + O(t"),
so that
arcsin(x) = g — \/5(1 - x)l/Q _ \1/_25(1 _ $)3/2 +0((1 - 1,)5/2)7
and

xfﬂ+3%§u—xfﬂ+0«1—www

x arcsin(zx) = g:v —V2(1—

Since
VI 22 = V31— )2 — ?(1 —2)*? 4+ 0((1 — x)°?),

we obtain that

f@) = o+ 22002 o1 o). 3)

x—>1— 3T
Since (f(x) —x) = L(arcsin(z) — ) <0 and f(1) =1, for all z € [0,1), f(z) > . If

c < d*! then by taking the image by f (which is increasing because f’ > 0) we have

that ¢ < 2, and we know that ¢! = f(c®) > ¢°, so by induction the sequence ¢ is

increasing, and therefore it converges to the fixed point of f which is 1.

Using a Taylor expansion of f near 1, we have

—l —l-1 2\/_

Con = T’ + 05— (1=75,) + O((1 = 23")™")
and
=t + 22y o - dir)
Now let v := 1 — ¢, for a,b fixed. We note s = %5, from the series expansion we

have that v,,1 =y, — 3713/2 + 0(715/2) so that

—1/2 2 3/2\\— 2 3/2
Wﬂ{—Vl/U—SW FOG) T = 1+ 5 4 06

2

=7+ 5 +0(m)-

Thus, as [ goes to infinity
~1/2 ~1/2
Y1 TN

N »



and by summing and equivalence of positive divergent series

~1/2 S
Therefore, we have 1 — cl, ~ 92’[22 . Using the same argument for ¢;, we conclude.
O
Proposition 2. Let ¢ € D; be non ReLU-like function. Assume V[p| is non-
decreasing and V[¢'] is non-increasing. Let Opop = \/supw>0 |z — VM("B | and for
Oy < Omaz let Qo be the smallest fized point of the function O'b + V[[(Z),]}. Then we have

EOC = {(Ub, ) top < (Tmax}.

1E[¢>’(\/§Z)2]

To prove Proposition 2, we need to introduce some lemmas. The next lemma gives
a characterization of ReLU-like activation functions.

Lemma 1.1 (A Characterization of ReLU-like activations). Let ¢ € D'(R,R) such
that $(0) = 0 and ¢' non-identically zero. We define the function e for non-negative

real numbers b
’ oy = VIOl _ Elo(527]
Vigl(z) El¢'(VzZ)?

Then, for all x > 0, e(x) < x.
Moreover, the following statements are equivalent

o There exists xog > 0 such that e(xg) = xo.

e ¢ is ReLU-like, i.e. there exists \, 3 € R such that ¢(x) = Az if > 0 and
o(x) =Pz if x <0.

Proof. Let x > 0. We have for all z € R, ¢(v/x2) = /& [, ¢/(v/zu)du. This yields

E[6(v72)’] /cb\/_udu)]
1Z|

<<E(Z] [ o(Vau)au)

z / & (v/7u)du]
— 2E[¢/ (VT Z)du]



where we have used Cauchy-Schwartz inequality and Gaussian integration by parts.
Therefore e(x) < z.
Now assume there exists zo > 0 such that e(zg) = zo. We have

Blo(@2)!] = aall( [ o'(vam)du)’
— 2E[Lyso( /0 & (v/Zou)du)?] + 2oE[1z<o( /Z ¢ (VEgu)du)’
< 20E[1750 / 1du / &' (/o) ?du] + 30E[1 70 / 1du / &' (y/Tou)?du).

The equality in Cauchy-Schwartz inequality implies that

- For almost every z > 0, there exists A, such that ¢'(y/zou) = A, for all u € [0, 2].
- For almost every z < 0, there exists /3, such that ¢'(y/zou) = . for all u € [z, 0].
Therefore, \,, 8, are independent of z, and ¢ is ReLU-like.

It is easy to see that for ReLU-like activations, e(x) = x for all x > 0. O

The next trivial lemma provides a sufficient condition for the existence of a fixed
point of a shifted function.

Lemma 1.2. Let g € C°(R",R) such that g(0) = 0 and g(z) < x for all z € RY. Let
tmaz := SUDP,>q [T — g(2)| (tmax may be infinite). Then, for allt € [0,t,,42), the shifted
function t + g(.) has a fixed point.

Proof. Let t € [0,t4.). There exists o > 0 such that t + g(.) < zo — g(zo) + g(.). So
we have t + ¢(0) =t and ¢ + g(z0) < x9, which means that ¢ 4+ g(.) crosses the identity
line, therefore the fixed point exists. O

Corollary 1.1. Let ¢ € DY(R,R) such that ¢ is non ReLU-like. Let tq, = Sup, g [1—

“//[[;’,]}((Z)) |. Then, For any o} € [0, tmaz), the shifted function of + “//[Ef,]] has a fived point
q. Moreover, by taking q to be the greatest fized point, we have lim,, _,oq = 0.

The limit of ¢ is zero because it is a fixed point of the function “//[Ef,]]((?) which has
only 0 as a fixed point for non ReLLU-like functions.

Corollary 1.1 proves the existence of a fixed point for the shifted function o7 + “//[Ef,]],

which is a necessary condition for (a3, 1/4/V[¢'](¢)) to be in the EOC where ¢ is the

smallest fixed point. It is not a sufficient condition because ¢ may not be the smallest

fixed point of 67 + —+—V[#]. We further analyse this problem hereafter.
bt VIe'l(a)
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Definition 1 (Permissible couples). Let g,h € C(RT,R") and ¢ > 0. Define the
function k(z) = c+ § g for x>0 and let ¢ = inf{z : k(z) = x}. We say that (g,h)
1s permissible if for cmy ¢ > 0 such that ¢ < 0o, q is the smallest fized point of the
function ¢ + g((q)).

Lemma 1.3. Let g,h € C(RT,RT). Then the following statements are equivalent
1. (g, h) is permissible.

2. For any ¢ > 0 such that q is finite, we have g(q) — g(z) < (¢ — x)h(q) for
z € [0,q).

h(q g(x).

Proof. 1f ¢ is a fixed point of ¢+ £% h( ), then g is clearly a fixed point of I(z) =
g(( ; x for all

Having ¢ is the smallest fixed point of ¢ + % is equivalent to ¢ +

z € [0,q). Since ¢ = q — %, we conclude. ]
Corollary 1.2. Let g,h € C(RT,RT). Assume h is non-increasing, then (g,h) is
permissible.

Proof. Since h is non-increasing, we have for x € [0, q), g(¢) — g(x) < h(q)(¢ — ¢) —
%g(m) = h(q)(qg — (c+ %)) We conclude using the fact that ¢ + hg ; > z for
z € 0,q). O

Corollary 1.3. Let ¢ be a non ReLU-like function. Assume V|| is non-decreasing
and (V[¢], V|[¢']) is permissible. Then, for any o? < tmae := SUp,sq T — e(z)|, by
taking o2 = W, we have (o, 0,,) € EOC. Moreover, we have lim,, o q = 0.

We can omit the condition 'V[¢] is non-decreasing’ by choosing a small ¢,
Indeed, by taking a small oy, the limiting variance ¢ is small, and we know that V[¢]
is increasing near 0 because V[¢]'(0) = ¢/(0)? > 0

The proof of Proposition 2 is straightforward from corollary A.3.

Lemma 4. Let ¢ be a Tanh-like activation function, then ¢ satisfies all conditions of

” _ 1 : -
Proposition 2 and EOC = {(oy, 1E[¢’(\/§Z)2}) cop € RT}
Proof. For x > 0, we have V[¢]'(z) = 1E[2Z¢'(\/xZ)p(\/xZ)] > 0, so V[¢] is non-
decreasing. Moreover, V[¢]'(z) = IE[\/zZ¢" (V2 Z)¢' (VxZ)] < 0, therefore V[¢'] is

non-increasing. To conclude, we still have to show that ¢,,,, = co.



Using the second condition on ¢, there exists M > 0 such that |¢'(y)|? > Me=2lv,
Let x > 0. we have

El¢'(VzZ)?] > ME[e2IVe2|

00 203z —22/2
=2M e Ve (z
/0 V2T

= 2M e W (204/7)
2M
20/

where W is the Gaussian cumulative function and where we used the asymptotic

e

r2
approximation W(z) ~ “— 2 for large x.
Using this lower bound and the upper bound on ¢, there exists xq, & > 0 such that for

x > x9, we have x — “//[Ef,]]((?) > 2 — ky/x — oo which concludes the proof. ]

Proposition 3 (Convergence rate for smooth activations). Let ¢ € A such that ¢

non-linear (i.e. #? is non-identically zero). Then, on the EOC, we have 1 — ¢! ~ %
2E[¢' (4 2)?]
aEle” (vaZ)?]

Proof. We first prove that lim;_,o, ¢! = 1 on the EOC. Let 2 € [0,1) and uy(z) :=
xZ1 + V1 — 1275, we have
f'(x) = oL B¢ (VaZ1)¢' (/qua())]

< o3, (B¢ (aZ1)*) P (El¢ (vauz(z))*])'
=1

where B, =

where we have used Cauchy Schwartz inequality and the fact the 02 = ==

B (VaZ 7]
Moreover, the equality holds if and only if there exists a constant s such that
&' (Vq(rz1 + V1 —222)) = 5¢'(\/qz1) for almost any 21,2z € R, which is equiva-
lent to having ¢’ equal to a constant almost everywhere on R, hence ¢ is linear and ¢
does not exists. This proves that for all z € [0,1), f'(z) < 1. Integrating both sides
between x and 1 yields f(z) > x for all x € [0,1). Therefore ¢’ is non-decreasing and

converges to the fixed point of f which is 1.

Now we want to prove that f admits a Taylor expansion near 1. It is easy to do
that if ¢ € Dg’ . Indeed, using the conditions on ¢, we can easily see that f has a third
derivative at 1 and we have

f'(1) = o, El¢'(vaZ)’]
f'(1) = oudEle" (VaZ)?).



A Taylor expansion near 1 yields

f@) =14 F)a -1+ Eo
=z+ GtV +O((z — 1)%).
B

The proof is a bit more complicated for general ¢ € A. We prove the result when
¢ (z) = 1p<091(z) + 1y5092(x). The generalization to the whole class is straightfor-
ward. Let us first show that there exists g € C' such that f®)(z) = \/11_79(35)

We have

f'(x) = 00 qE[¢" (V4 21)¢" (VaUa(x))]
= 00 qE[0" (V721) 1ty (2)<091 (VaU2(2))] + 054B[0" (V4 Z1) Loy @)>092(v/qUa ().

Let G(x) = E[¢"(\/qZ1)1Uy(2)<091(y/qU2())] then

G'(a) = B (VAZ)( % — s 2oy (VLR (0))

/! x /
+ El¢"(VaZi)lvy@<ova(Z1 — ﬁzz)%(\/@(]z(iﬁ))]-
After simplification, it is easy to see that G'(x) = ﬁGl(:ﬂ) where G; € C'. By

extending the same analysis to the second term of f”, we conclude that there exists
g € C! such that f®(z) = \/ﬁg(x)

Let us now derive a Taylor expansion of f near 1. Since f® is potentially non
defined at 1, we use the change of variable z = 1 —t? to compensate this effect. Simple
algebra shows that the function ¢ — f(1 — ¢?) has a Taylor expansion near

fA—=tH=1-#f(1)+ gf”(l) + O(t°).
Therefore,

(x—1)?

1)+ (@ — 1))

fl@) =1+ @ -1 1)+

Note that this expansion is weaker than the expansion when ¢ € D;’.
Denote ); := 1 — ¢, we have

_ A 5/2
Aip1 = N — 5 +O(N")
q
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therefore,

By summing (divergent series), we conclude that A\, ' ~ BL
q

Proposition 4. Let ¢ € A be a non-linear activation function such that ¢(0) = 0,
@' (0) # 0. Assume that V[¢] is non-decreasing and V[¢']) is non-increasing, and let
Omaz > 0 be defined as in Proposition 2. Define the gradient with respect to the [

ayer 0Y a0 = (5,7)1<i<nN; ana te )l = == 47| denote the covariance matriz o
layer by 55 = (85)1<icy, and let QL = E[25" 28] denote th t
2 a b
- ; : 2E[¢’ (1/32)?
the gradients during backpropagation. Recall that B, = %%.

Then, for any oy, < Opmaz, by taking (op,0,) € EOC we have

® SUPge(o,1] |f(x) — 2] < giq

Tr(@flb) _ 2
o forl>1, ’TY(ijgl) 1] < 5
Moreover, we have
lim B, = oc.

op—0
(ob,0w)EEOC

To prove this result, let us first prove a more general result.

Proposition 5 (How close is f to the identity function?). Let ¢ € D*(R,R) — {0}
and (o4, 04) € Dy var with q the corresponding limiting variance. Then,

2
Ow
wup 1/() = ol < oLE (VaZ)?] = 1| + S aE[0" (vaZ)?]
xe|0,

Proof. Using a second order Taylor expansion, we have for all s € [0, 1]

F@) = £ — PO -1 < L2 170,

0€[0,1]

11



We have f(1) = 1. Therefore | f(z) — x| < (1 —2)|f/(1) — 1| + Y2 suppey |/(6)].
For 6 € [0, 1], we have

"(0) = 0 qBl¢" (v421)¢" (v/aUa(0))]
< 0,qE[¢"(aZ)’]

= Z2E[Y(VaZ)]

using Cauchy-Schwartz inequality. O]
As a result, for ¢ € D*(R,R) — {0} and (03, 0,,) € EOC with g the corresponding

limiting variance, we have
aB[¢"(va2)"] _ 1

S Vo) =l < Sgiat aom ~ 5,

which is the first result of Proposition 4.

Now let us prove the second result for gradient backpropagation, we show that
under some assumptions, our results of forward information propagation generalize to
the back-propagation of the gradients. Let us first recall the results in Schoenholz
et al. [2017] (we use similar notations hereafter).

Let E be the loss we want to optimize. The backpropagation process is given by
the equations

OF _
Nij1
oF
l 1ol l l
ol = o &' () 2 S,
]:

Although 4! is non Gaussian (unlike y!), knowing how ¢ = E[(!)?] changes back
through the network will give us an idea about how the norm of the gradient changes.
Indeed, following this approach, and using the approximation that the weights used
during forward propagation are independent from those used for backpropagation,
Schoenholz et al. [2017] showed that

N
~1 _ A4+14VI41
Q(z - qtz

where x1 = 0, E[¢'(\/42)?].

12



Considering a constant width network, authors concluded that y; controls also

the depth scales of the gradient norm, i.e. ¢ = Gte=?=/¢) where ' = —log(x1).
So in the ordered phase, gradients can propagate to a depth of £o without being
exponentially small, while in the chaotic phase, gradient explode exponentially. On
the EOC (x1 = 1), the depth scale is infinite so the gradient information can also
propagate deeper without being exponentially small.
The following result shows that our previous analysis on the EOC extends to the
backpropagation of gradients, and that we can make this propagation better by
choosing a suitable activation function and an initialization on the EOC. We use
the following approximation to ease the calculations: the weights used in forward
propagation are independent from those used in backward propagation.

Proposition 6 (Better propagation for the gradient). Let a and b be two inputs and
(0, 0w) € Dgyar with q the limiting variance. We define the covariance between the
gradients with respect to layer 1 by G, = E[6}(a)dL(b)]. Then, we have

~1
s, N,
|5 % NHZI — 1| < |o2E[¢' (vaZ)?] — 1 + (1 — ¢by) o dB[¢" (VaZ)?] —ay—s0 0.

Gab
Proof. We have

G = E[0;(a)3;(0)]

Ny Ny
— B0 e/l 0) S a1 (WS sl (bW
=1 =1
j J .
— B0/ (516 (0] x EL5} (a)6(8)] x B[S (WH )
=1
~ 0l S Bl (VA2 (VAUalcl)
N,
—ap ey,
We conclude using the fact that |f/(x) — 1| < |f'(1) — 1] + (1 — z) f"(1) O

The dependence in the width of the layer is natural since it acts as a scale

for the covariance. We define the gradient with respect to the [** layer by 3—5 =

(g—i)KK N, and let Qéb = E[%Tg—ﬁ] denote the covariance matrix of the gradients
i - a b

during backpropagation. Then, on the EOC, we have

Tr(Q!,)
|Wla+:1> — 1 < (1—dy)

qE[¢"(\/a2)?]
El¢'(vaz)?]

2
< Z.
Bq
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So again, the quantity |¢|goc controls the vanishing of the covariance of the gradi-
ents during backpropagation. This was expected because linear activation functions
do not change the covariance of the gradients.

2 Further theoretical results

2.1 Results on the Edge of Chaos

The next lemma shows that under some conditions, the EOC does not include couples
(op, 04) With small a;, > 0.

Lemma 5 (Trivial EOC). Assume there exists M > 0 such that E[¢" (xZ)p(xZ )]
for all x €]0, M[. Then, there exists o > 0 such that EOCN([0,0)xR*") = {(0, 0 )}

Moreover, if M = oo then EOC = {(0, m)}

Activation functions that satisfy the conditions of Lemma 5 cannot be used with
small o, > 0 (note that using o, = 0 would lead to ¢ = 0 which is not practical for the
training), therefore, the result of Proposition 4 do not apply in this case. However, as
we will see hereafter, SiLU (a.k.a Swish) has a partial EOC, and still allows better
information propagation (Proposition 3) compared to ReLU even if o}, not very small.

Proof. 1t is clear that (0, @@ ¢,( I ) € FOC'. For g, > 0 we denote by ¢ the smallest fixed
V9]

point of the function o + ard (which is supposed to be the limiting variance on the
EOC). Using the condition on ¢ and the fact that lim,, o ¢ = 0, there exists ¢ > 0
such that for o, < o we have E[¢"(\/qZ)¢(\/qZ)] > 0. Now let us prove that for
op €]0, 0|, the limiting variance does not satisfy the EOC equation.

Let tmaz = \/supwo |z — “//[[f” and o, €]0, min(t,,4., 0)[. Recall that for all z > 0 we
have that

F'(z) = oy, (E[¢'(vV22)*] + E[¢" (Ve Z)p(V2Z)))
Using 02, = 1/V[¢](¢q) (EOC equation) we have that F'(q) = 1+02E[¢"(,/9Z)$(,/9Z)]) >
1. Therefore, the function o} + WVM crosses the identity in a point § < g,

hence (04,04) € Dgyar- Therefore, for any o, €|0,0[, there is no o, such that
(op,04) € EOC.

If M = oo, the previous analysis is true for any ¢ > 0, by taking the limit ¢ — oo,
we conclude. O

This is true for activations such as Shifted Softplus (a shifted version of Softplus
in order to have ¢(0) = 0) and SiLU (a.k.a Swish).
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Corollary 1. EOCssofipus = {(0,2)} and there exists o > 0 such that EOCs;py N
([0,0[xR*) = {(0,2)}
1

Proof. let s(z) = ;.= for all z € R (sigmoid function).

1. Let sp(z) =log(1 + e*) — log(2) for z € R (Shifted Softplus). We have sp/(z) =
s(z) and sp”(x) = s(x)(1 — s(x)). For z > 0 we have

Elsp"(2Z)sp(zZ)] = E

[
=E[lz-0(s(xZ)(1 — s(x2))sp(xZ))] + E[lz<0(s(zZ)(1 — s(xZ))sp(xZ))
=E[lzs0(s(x2)(1 — s(xZ))sp(xZ))] + E
= Ellz>0(s(22)(1 = s(22))(sp(xZ) + sp(=x2)))] > 0,

where we have used the fact that sp(y) + sp(—y) = log(3*<5<=) > 0 for all
y > 0. We conclude using Lemma 5.

2. Let si(z) = xzs(x) (SiLU activation function, known also as Swish). We have
si'(x) = s(z) + xs(z)(1 — s(x)) and si"(x) = s(z)(1 — s(x))(2 + 2(1 — 2s(x))).
Using the same technique as for SSoftplus, we have for x > 0

E[si"(xZ)si(2Z)] = E[zZ x s(xZ)* x (1 — s(2Z))(2 + 2Z(1 — 2))]
= ]E[lz>0G(CL’Z)],

where G(y) = ys(y)(1 — s(y))(2 + y(1 — 2s(y)))(2s(y) — 1). The only term that
changes sign is (2+y(1 —2s(y))). It is positive for small y and negative for large
y. We conclude that there M > 0 such that E[si"(xZ)si(xZ)] > 0 for = €]0, M].

]

2.2 Beyond the Edge of Chaos

Can we make the distance between f and the identity function small independently
from the choice of 7,7 The answer is yes if we select the right activation function. Let
us first define a semi-norm on D?(R, R).

Definition 2 (EOC semi-norm). The semi-norm |.|goc is defined on D*(R,R) by

E ¢// 7 2
|¢lpoc = Supycp+ %\/%.

|.|zoc is a norm on the quotient space D*(R,R)/L(R) where L(R) is the space of
linear functions.
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When |¢|goc is small, ¢ is close to a linear function, which implies that the

function % defined on R™ is close to the identity function. Thus, for a fixed oy, we

expect ¢ to become arbitrarily big when |¢|goc goes to zero.

Lemma 2.1. Let (¢,)nen be a sequence of functions such that lim,, . |¢n|poc = 0.
Let 0, > 0 and assume that for alln € N there exists 0., ,, such that (o, 0,,) € EOC.
Let q,, be the limiting variance. Then lim,, .o, ¢, = 00

Proof. The proof is straightforward knowing that f(0) < 1|¢,|poc, which implies
that %g S %|¢n|EOC ]

Corollary 2.1. Let ¢ € D*(R,R) — {0} and (04, 0,) € EOC with q the corresponding
limiting variance. Then,

sup |f(2) — 2| < 3lélsoc.
z€[0,1]

Corollary 2.1 shows that by taking an activation function ¢ such that |¢|goc is
small and by initializing the network on the EOC, the correlation function is close to
the identity function, i.e., the signal propagates deeper through the network. How-
ever, note that there is a trade-off to take in account here: we loose expressiveness
by taking |¢|goc too small, because this would imply that ¢ is close to a linear
function. So there is a trade-off between signal propagation and expressiveness We
check this finding with activation functions of the form ¢,(x) = z + aTanh(z). In-
deed, we have |¢s|poc < @ sup,cp+ E[Tanh"(y/2Z)?] =40 0. So by taking small
a, we would theoretically provide deeper signal propagation. However, note that
we loose expressiveness as « goes to zero because ¢, becomes closer to the identity
function. So There is also a trade-off here. The difference with Proposition 4 is
that here we can compensate the expressiveness issue by adding more layers (see e.g.
Montufar et al. [2014] who showed that expressiveness grows exponentially with depth).

3 Experiments

3.1 Training with RMSProp

For RMSProp, the learning rate 1075 is nearly optimal for networks with depth
L <200 (for deeper networks, 107 gives better results). This learning rate was found
by a grid search with exponential step of size 10.

Figure 1 shows the training curves of ELU, ReLU and Tanh on MNIST for a network
with depth 200 and width 300. Here also, ELU and Tanh perform better than ReL.U.
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Figure 1: 100 epochs of the training curves of ELU, ReLLU and Tanh networks of
depth 200 and width 300 on MNIST with RMSProp

This confirms that the result of Proposition 3 is independent of the training algorithm.
ELU has faster convergence than Tanh. This could be explained by the saturation
problem of Tanh.

3.2 Training with activation ¢,(r) = x + aTanh(z)

As we have already mentioned, ¢, satisfies all conditions of Proposition 3. Therefore,
we expect it to perform at least better than ReLLU for deep neural networks. Figure
2 shows the training curve for width 300 and depth 200 with different activation
functions. ¢g5 has approximately similar performance as ELU and better than Tanh
and ReLU. Note that ¢, does not suffer form saturation of the gradient, which could
explain why it performs better than Tanh.

3.3 Impact of ¢"(0)

Since we usually take o, small on the EOC, then having ¢”(0) = 0 would make the
coefficient /3, even bigger. We test this result on SiLU (a.k.a Swish) for depth 70.
SiLLU is defined by

¢sirv(x) = x sigmoid(x)
we have ¢”(0) = 1/2. consider a modified SiLU (MSiLU) defined by

2

Oumsipy(x) = x sigmoid(x) + (e7* —1)/4

We have ¢/;¢,.;(0) = 0.
Figure 3 shows the the training curves (test accuracy) of SiLU and MSiLU on MNIST
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Figure 2: 100 epochs of the training curves of ELU, ReLLU, Tanh and ¢, 5 networks of
depth 200 and width 300 on MNIST with SGD
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Figure 3: 50 epochs of the training curves of SiLU and MSiLLU on MNIST with SGD

with SGD. MSILU performs better than SiLLU, expecially at the beginning of the
training.
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