CONVERGENCE RATES OF A MOMENTUM ALGORITHM WITH BOUNDED ADAPTIVE STEP SIZE

Appendix A. First Order Convergence Rate
A.1. Variants of Adam

We list most of the existing variants of the ADAM algorithm together with their theoretical
convergence guarantees in Table 2.

Remark 13 The average regret bound result in the last line of Table 2 figures in Luo et al.
(2019). Actually, according to Savarese (2019), slightly different assumptions on the bound
functions should be considered to guarantee this regret rate.

A.2. Proof of Lemma 1

Supposing that V f is L—Lipschitz, using Taylor’s expansion and the expression of p, in the
algorithm, we obtain the following inequality:

L
f@n1) < f(an) = (Vf(@n), Gns1pnir) + §|’an+1pn+1H2 (10)
Moreover,
1 2 1 2 1 2 2 1 2
%(an+1vpn+l> - %Wnapn) = %<an+17pn+l —Pp) + %<an+1 — Qn, Pp)- (11)

Observing that p2 | — p2 = —b*(Vf(zn) — pn)? + 2bpns1(V f(2n) — pp), we obtain after
simplification :

L b 1
Hn+1 < H,+ 5 Han—i-lpn—l—l H2 - 5 <an+17 (Vf(.%'n) _pn)2> - <an+1pn+17pn> + % <an+1 —an, p721>
(12)
Using again p, = pny1 — b(V f(2n) — pn), we replace py, :

L b
Hn—i—l < Hn + EHan—ﬁ-lpn-i—lHZ - §<an+17 (Vf($n) _pn)2>

1
—(@ns1,P2i1) + 0{ans1Pns1, VI (20) — pp) + %<an+1 — ap, p2).

Under Assumption 2, we write: (ani1 — an,p2) < (1 — a){ans1,p2) and using p2 =
piH +b2(Vf(xn) — pn)? — 2bpni1(Vf(zn) — pn), it holds that:

b
Hyi1 < Hy — (ans1,p241) — §(an+1, (Vf(2n) = pn)?)

L
+ §Han+1pn+1H2 + (b — (1 — a)){(ant1Pn+1, VI(zn) — pn)

2 (a1, (V5 )~ o))

11—«

Tb<a”+1’p3‘+1> +

Using the classical inequality xy < % + “Ty2, we have :

()i (VS ) ) < PG gy PO ().

(13)
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Table 2: Theoretical guarantees of variants of Adam. The gradient is supposed L-
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CONVERGENCE RATES OF A MOMENTUM ALGORITHM WITH BOUNDED ADAPTIVE STEP SIZE

Hence, after using this inequality and rearranging the terms, we derive the following
inequality:

ant1L  b-—(1-a)] 1-a

Hpy1 < Hy — <an+1pi+1a 1- 9 9 5% )
b b—(1—a)lu
- Sana(V )~ (1- PEEE M ),

This concludes the proof.

A.3. A first result under an upperbound of the step size

Proposition 14 Let Assumption 1 hold true. Suppose moreover that 1 — a < b < 1. Let

>0 s.t. asup = % (1 — M — 12_—;)‘ — 5) is nonnegative. Assume for alln € N,

an
(py1 < min ( agup, — o)

Then, for alln > 1,

n—1 .
I )
k=0

Proof This is a consequence of Lemma 1. Conditions A,4+1 > € and B > 0 write as follow :

a <z 1_b—(1—a)_1—a_ and u<7ab
=7 2u % I SRy

We get the assumption made in the proposition by injecting the second condition into the
first one and adding the assumption a”“ < é made in the lemma. Under this assumption,
we sum over 0 < k < n — 1 Equation (4) rearrange it and use A, 1 > €, B > 0 to obtain :

n—1
28 k15 Pyr) < Ho — Hy
k=

Then, observe that H,, > f(z,) > inf f. Therefore, we derive :

n—1 .
Hy —inf f
> ki, pin) € ———

- (14)

o
[en]

Moreover, from the Algorithm 1 second update rule, we get Vf(xy) = %pk+1 — %bpk.
Hence, we have for all £ > 0 :

1 1-b 2
Vf(zp)? <2 (Z)Qpiﬂ + (b)pk> S (pk+1 +pk)
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We deduce that :
n—1

Z(akH, Vfzp)?) < 72 (akt1,PF 41 + PR)
k=0 k=0
n—1

IA

< b%(l + é) > {ak, vi)

k=0

_2l+a) <H0 —inff <a0’p3>> '

e

A.4. Proof of Theorem 2

This is a consequence of Lemma 1. Conditions A,,11 > ¢ and B > 0 write as follow :

a <z 1_b—(1—a)_1—04_6 and u<a7b
= 2u 2b “b-(1-a)

We get the assumption made in the proposition by injecting the second condition into the
first one and adding the assumption ‘IZ—:l < a made in the lemma. Under this assumption,
we sum over 0 < k < n—1 Equation (4), rearrange it and use A, +1 > ¢, B > 0and agy1 > 0
to obtain :

n—1

S 6e lIpistll? < Ho — Ha,
k=0
Then, observe that H,, > f(z,) > inf f. Therefore, we derive :

Z I 2 < O (15)

Moreover, from the algorithm 1 second update rule, we get V f(z) = %pkﬂ — %;bpk.
Hence, we have for all £ > 0 :

1 (1 —b)? 2
IV (@)l* <2 (bgnpwn? + 0 Hpkrr?) < 5 (lpesa|* + llpel®)

We deduce that :

n—1 9 = 9 n—1 4 n
S IV < = Z (Iprsa [P +pxl1?) = = (22 lpsl* + llpnll® + Hpo||2> <5 x| -
k=0 k=0 k=1 k=0

(16)
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Finally, using Equations (15) and (16), we have :

0<k<n—

. Hg —inf f
min |V ()| < Zuw @l < o (5 l?)

A.5. Proof of Theorem 3

The proof of this proposition mainly follows the same path as its deterministic counterpart.
However, due to stochasticity, a residual term (the last term in Equation (17)) quantifying
the difference between the stochastic gradient estimate and the true gradient of the objective
function (compare Equation (17) to Lemma 1) remains. Following the exact same steps of
Appendix A.2, we obtain by replacing the deterministic gradient V f(z,) by its stochastic
estimate V f(zp, &ny1)

an1L b—(1—-a) 11—«

Hn-‘rl < Hn - <an+1p%+17 1- 2 - 2 - 2% )
- g<an+1(vf<mm§n+l) - pn)zv (1 - |b—(1b—05)|u — (1 — 04)) 1)
+ (Vf(2n,&nt1) = VE(2n), any1Pnt1) - (17)

Using the classical inequality zy < “2”—727%—% with 7 = 1/2 and the almost sure boundedness
of the step size a,+1, we get :

1
(VI(@n,&nv1) = VE(2n), ant1Pn+1) < (VI (@n, §nt1) — VF(xn))Q + Epi-kb an+1)
< Gaupll V7, € 2) — VEG@)I? + lanin, i)

Therefore, taking the expectation and using the boundedness of the variance, we obtain
from Equation (17) :

3 anpnl [p-(1-9o) 1-«
4 2 2u 2b

E[Hp11] — E[H,) < —E |{ans 10241, )| 4 supo? .

Then, the proof follows the lines of Appendix A.3. Hence, we have
E[Hp+1] — E[H,] < -E [(an+1pi+1a 51>] + C_lsupaz'

We sum these inequalities for k = 0,--- ,n — 1, inject the assumption a,4+1 > ¢ and
rearrange the terms to obtain

n—1
E Z ||101~c+1||2
k=0

Then, using V f(xx, {pt1) = 3 Lopir — ;bpk and a similar upperbound to Equation (16)
we show that

<E > (ars1m) (18)

9 9
k=0

-1 . _
< ] < Hy —inf f n nasup02 ‘
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n—1
D IV F (@ &)l < 5 ZHpkHQ (19)

k=0
Therefore, combining Equations (18) and (19), we establish the following inequality

Hy —inf f 2 4asupn 5
Z”Vf I ] <5 (55+ Ipoll >+ 5?2 O

k=0

Finally, we apply Jensen’s inequality to || - ||? and divide the previous inequality by n to
obtain the sought result

n—1 .
1 4 Hy — inf f 9 4asup o2
— E VF + .

Remark 15 Following the derivations in Appendix A.3, note that we also obtain the fol-
lowing result

n—1 i 2 02
E Z<ak+lavf(xk7§k+l)2>] < 201 + o) (HO £ + (ag, p3) + nal’) .

b2a € €
k=0

A.6. Comparison to Ochs et al. (2014)

We recall the conditions satisfied by «a,, and 3, in Ochs et al. (2014) in order to traduce
them in terms of the algorithm (1) at stake. Define :

Conditions of Ochs et al. (2014) write: ayp > ¢1 B, > 0 §, > 7, > c2 where c1,co are
positive constants and (d,,) is monotonically decreasing.

One can remark that algorithm (1) can be written as (3) with step sizes ay, = ban+1 and
inertial parameters 3, = (1 — b)aZ—:l Conditions on these parameters can be expressed in
terms of a,. Supposing ce = 0, the condition v, > ¢y is equivalent to

An+1 2
anp — 2-0b(2-a,L)

Note that the classical condition a,, < 2/L shows up consequently. Moreover, the condition
on (6,) is equivalent to

(20)

1 3—-b1 1-b
<

for n > 1. 21
ant1 ~— 2 ay 2ap1 o ( )

Note that we get rid of condition (21) while allowing adaptive step sizes a,, (see Proposi-
tion 14).
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A.7. Performance of gradient descent in the nonconvex setting.

In the nonconvex setting, for a smooth function f, we cannot say anything about the
convergence rate of the sequences (f(zx)) and (zj). Nevertheless, as exposed in (Nesterov,
2004, p.28), we can control the minimum of the gradients norms. We prove this result in the
following for completeness.

Consider the gradient descent algorithm defined by : zx11 = xp — YV f(2x). Assume
that v > 0 and —%>0.

Supposing that V f is L—Lipschitz, using Taylor’s expansion and regrouping the terms,
we obtain the following inequality:

Flonn) < o) =7 (1= 3 ) IV @) B

Then, we sum the inequalities for 0 < & < n — 1, lower bound the gradients norms in the
sum by their minimum and we obtain for n > 1 :

, f(wo) —inf f
ouin IV F@)lls < (=1L

Appendix B. KL Convergence Analysis

B.1. Three abstract conditions

Inspired from the abstract convergence mechanism of Bolte et al. (2018, Appendix), we
show that similar conditions hold in our case. We highlight that these conditions are slightly
different here, since we do not deal with gradient-like descent sequences (for which the
objective function is nonincreasing over the iterations). Conditions below are closer to
those of Ochs et al. (2014) which studies a non-descent algorithm. Note however that the
Lyapunov function H and the sequence (zj) we consider are different.

Lemma 16 Let (z)ren be the sequence defined for all k € N by z = (zy,yr) where
Yk = arpr and (T, pr) is generated by Algorithm (1) from a starting point zy. Let
Assumptions 1 and 2 hold true. Assume moreover that condition (5) holds. Then,

(i) (sufficient decrease property) There exists a positive scalar py s.t. :
H(zp1) — H(zx) < —pn s -zl Wb € N,
(i) There exists a positive scalar py s.t. :
IVH (zi1)l] < p2 (lzksr — zell + llze — zpal]) Ve =1
(i) (continuity condition) If Z is a limit point of a subsequence (z,)jen, then Aligl H(z,;) =
j——+oo
H(z).

Remark 17 Note that the conditions in Lemma 16 can be generalized to a nonsmooth
objective function. Indeed, in Bolte et al. (2018, Appendix), the Fréchet subdifferential
replaces the gradient.
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Proof

(i) From Theorems 1 and 2, we get for all k € N:

2
Tl — Tk £
Hlet)—H() < —elonsniptin) < —slownn, (225 ) < - o
—Ag+1 Gsup

13
asup

We set p1 :=

(ii) First, observe that for all £ € N
1
IVH Gz )l < 1V F @rs)l] + 3 el (22)

Now, let us upperbound each one of these two terms. Recall that we can rewrite our
algorithm under a ”Heavy-ball”-like form as follows:

Tpy1 = T — apV f(xg) + Br(er — xp—1) VE> 1.

where ay := bagyq and B = (1 — b)afl—:l are vectors.

On the one hand, using the L-Lipschitz continuity of the gradient, we obtain

IV £ (@) < 2 (|VFap) — VE@)? + [V Fa)]?)
< 2(L?||mpgr — x| + IV £ (i) |P)

Moreover,
2
Tk — Tp1 | Bk
IV ()2 = || O )
Q. o
2 2
Tk — Th41 1-b1
<2||————— 2| ———(zp, — Tp—
- baj1 * ’ b ax (= 25-1)
2 2(1 — b)?
< sogz e — 2l + =g o — 2|
2
< h262 (ka+1 - kaQ + ka — xk,1H2).
Hence,

IVf(zes)l? < 2 (L2 lorsr = anll® + 1V f () [7)

2 4
<22+ g ) s =l + g o = P

IN

2
2 (224 o) Ul =l + s — sl

Therefore, the following inequality holds :

2
IVl <42 (224 g )l ol + i = ).
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(iii)

B.3.

On the otherhand,

Tp+1 — Tk

HkaH = ||\/ak+1pk+1H = N

1
< — [[Zr41 — xk]| -
=l = o]
Finally, combining the inequalities for both terms in Equation (22), we obtain

IVH (20l < p2llenss — il + llog — zxoall) V> 1.
with p ;:( 2(L2+ﬁ)+ﬁ)_

This is a consequence of the continuity of H.

. Proof of Lemma 6

By Theorem 2, the sequence (H(zy))nen is nonincreasing. Therefore, for all n € N,
H(z,) < H(zp) and hence z, € {z: H(z) < H(z)}. Since f is coercive, H is also
coercive and its level sets are bounded. As a consequence, (zj)nen is bounded and
there exist z, € R? and a subsequence (ij)jeN st zg; — 2z as j — 00, Hence,
w(20) # 0. Furthermore, w(z0) = [\ ey Up>,{2k} is compact as an intersection of
compact sets.

First, critH = critf x {0} because VH(z) = (Vf(x),y/b)T. Let z, € w(z). Recall
that xp1 — 2 — 0 as k — oo by Theorem 2. We deduce from the second assertion of
Lemma 16 that VH(z;) — 0 as k — 00. As z. € w(zp), there exists a subsequence
(2, )jen converging to z.. Then, by Lipschitz continuity of VH, we get that VH (z,;) —
VH(z) as j — oo. Finally, VH (2,) = 0 since VH (2;,) — 0 and (VH (z,))jen is a
subsequence of (VH (zy))neN -

This point stems from the definition of limit points. Every subsequence of the sequence
(d(zx,w(20)))ken converges to zero as a consequence of the definition of w(zp).

The sequence (H(zp))nen is nonincreasing by Theorem 2. It is also bounded from
below because H(zr) > f(xr) > inf f for all K € N. Hence we can denote by [ its
limit. Let z € w(zp). There there exists a subsequence (2;)jen converging to z as
j — 0o. By the third assertion of Lemma 16, jEI—&I-loo H(z;) = H(Zz). Hence this limit

equals [ since (H(zy))nen converges towards [. Therefore, the restriction of H to w(zp)
equals [.

Proof of Theorem 10

The first step of this proof follows the same path as Bolte et al. (2018, Proof of Theorem 6.2,
Appendix). Since f is coercive, H is also coercive. The sequence (H (zx))ken is nonincreasing.
Hence, (1) is bounded and there exists a subsequence (i, )gen and z € R?? s.t. 2, — 7 as
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g — 00 . Then, since (H (zy))ken is nonincreasing and lowerbounded by inf f, it is convergent
and we obtain by continuity of H,

lim H(zx) = H(Z). (23)
k—+o0

Using Theorem 2, observe that the sequence (yy) converges to zero since (ay) is bounded
and py — 0. If there exists k € N s.t. H(z;) = H(Z), then H(z;,4) = H(2) and by
the first point of Lemma 16, x;,; = x7 and then (zj)ren is stationary and for all k > k,
H(z;) = H(Z) and the results of the theorem hold in this case (note that z € critH by
Lemma 6). Therefore, we can assume now that H(Z) < H(zp)Vk > 0 since (H(zk))ken i8
nonincreasing and Equation (23) holds. One more time, from Equation (23), we have that for
all n > 0, there exists kg € N s.t. H(z;) < H(Z) +n for all kK > k. From Lemma 6, we get
d(zk,w(z0)) = 0 as k — 400 . Hence, for all € > 0, there exists k; € N s.t. d(zx,w(20)) <€
for all k > ki . Moreover, w(zg) is a nonempty compact set and H is finite and constant on
it. Therefore, we can apply the uniformization Lemma 8 with Q = w(zy). Hence, for any
k > 1 := max(ko, k1), we get

@' (H(2) = H(2))? |[VH (1) > 1. (24)

This completes the first step of the proof. In the second step, we follow the proof of Johnstone
and Moulin (2017, Theorem 2). Using Lemma 16 .(i)-(ii), we can write for all £ > 1,

2 2
IVH (ze0))1? < 203 (lorsr — 2xl® + g — 2 [?) < %(H(Zkfl) — H(zk41)) -
Injecting the last inequality in Equation (24), we obtain for all k > ko := max(l, 2),

205 1 (H () — H()? (H(oha) — H(2) > 1
P @ 2k Z Zl—9 2k)) = 1.

Now, use ¢'(s) = s~ to derive the following for all k > ko:

[H(zk—2) — H(2)] = [H(z) — H(2)] > 2;%16_2[11(%) — H(z)P00. (25)

Let i := H(z) — H(z) and C1 = 55. Then, we can rewrite Equation (25) as

2p3 2"

(1-6)

Th_o — Tk > Cl"“i Vk > ko . (26)

We distinguish three different cases to obtain the sought results.

(i) 9=1:
Suppose 1 > 0 for all k > ko. Then, since we know that r; — 0 by Equation (23), C}
must be equal to 0. This is a contradiction. Therefore, there exist k3 € N s.t. r, =0
for all k > ks (recall that (ry)ken is nonincreasing).

10
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(i) 0> 3:
As i — 0, there exists k4 € N s.t. for all £ > kg, 1, < 1. Observe that 2(1 —0) <1
and hence rp_9 — ri > Cyry for all k£ > ko and then

rp < (1 + Cl)_lrk_g < (1 + Cl)_plrk4 . (27)
where p; := {%J . Notice that p; > %. Thus, the linear convergence result
follows. Note also that if 8 = 1/2, 2(1 — ) = 1 and Equation (27) holds for all k > ko .

(i) 0 < 3
Define the function h by h(t) = %th—l where D > 0 is a constant. Then,

Tk Tk—2
h(r) = h(ry—2) = / B (t)dt = D/ 120-2dt > D (ry_g — 1y,) 2052 |
Tk

Tk—2
We disentangle now two cases :
a) Suppose 2r20-2 > p20-2, Then, by Equation (26), we get
k—2 k

_ Ci1D
h(ry) — h(ry—2) = D (rg—g — 1) 72052 > 12 . (28)

(b) Suppose now the opposite inequation 27“29__22 < rie_Q. We can suppose without

loss of generality that rj are all positive. Otherwise, if there exists p such that
rp = 0, the sequence (74)ren Will be stationary at 0 for all £ > p. Observe that
20 —2 < 20 —1 < 0, thus % > 0. As a consequence, we can write in this

20—1
case rzefl > qrie_gl where ¢ := 226=2 > 1. Therefore, using moreover that the

sequence (7 )keN is nonincreasing and 26 — 1 < 0, we derive the following

. D _
(q=1)ri?5t > (q—1)r¥ 1= Cy.

D _ _
h(rg)—h(ry—2) = (' =r5h > T 20
(29)

1—20 1—260

Combining Equation (28) and Equation (29) yields h(ry) > h(rg—2) + C3 where

C3 := min(Co, ClzD). Consequently, h(ry) > h(rg—2p,) + p2 C3 where py := L%j .
We deduce from this inequality that

h(ri) = h(rk) = h(ri—2p,) = p2 Cs.

Therefore, rearranging this inequality using the definition of h, we obtain ri_%) <

D - . k—ky—2
1295 (C3p2) 1. Then, since py > —F,

1
A k—ky— 2\ 2T
re < Capy’™' < Cy <22> .

1
where Cy := (W)m .

We conclude the proof by observing that f(x;) < H(z) and recalling that z € critH .

11



B.4. Proof of Lemma 11

Since f has the KL property at & with an exponent 6 € (0,1/2], there exist ¢, and v > 0
s.t.

IVF@)[77 > e(f(x) - £(2)) (30)

for all € R? s.t. ||z —z|| < e and f(x) < f(z) + v where condition f(z) — f(z)
is dropped because Equation (30) holds trivially otherwise. Let z = (z,y) € R?? be s.t.
lx—z| <e, |lyl| <eand H(z,0) < H(x,y) < H(Z,0)+v. We assume that € < b (¢ can be
shrunk if needed). We have f(z) < H(z,y) < H(z,0) + v = f(z) + v. Hence Equation (30)
holds for these x. )
By concavity of u + u20-9 | we obtain
1
19>

VA7 2 G (1951 + |2

1
]
where Cp := 220-9) |

Hence, using Equation (30), we get

—~

IVH(z,)|75 > Co (

1
19)

_1
=7 = Nly/bl?

f@) = F@)+||%

Observe now that 1%9 > 2 and H%H < ¢ < 1. Therefore,
Finally,

IVH(z, y)|™ > Co ( (f(z) - f(@) + 21||y||2)

b 2b
> Cymin (.3 ) (£ 5(@) + P
— C) min (c, i) (H(z,y) — H(z,0)) .

This completes the proof.



