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1. EPABF Step Size \. Derivation
EPABF updates the parameters by solving the following optimization problem.

1 K K

t+1 t+1 _ ; t12 T =

Wi ... Wi = argming g |lwy — w,||° s.t. E I, =0
W WK S 1 r=1

K

1

= argmin— Z [wo, — wi|? s.t. awg - X' —w, x> 1, Vr € [K]
W1,...,WK2 v=1

This is a quadratic optimization problem with K linear constraints. KKT conditions (Bert-
sekas (1999)) for optimal solution are as follows.

wy =W — Ax' a3, Ax, v
AL (1 +w, - xt — arwgt - xt) =0, Vr (1)
(1+Wr-xt—atht -xt) <0; AXL>0, vr
where the Lagrange multipliers, A\, turn out to be the step sizes of the updates for each
class. Using these equations, the weight vector could potentially be updated for every class.
To complete the update rule, we need to determine the values of A\L. Those with positive
AL should satisfy
t+1 1

atwgf xt—with xt =1 (2)
The classes for which A! > 0 are called support classes. Let the support class set is denoted
by St. We assume that S? is known. Plugging values of W?gt and wl in Eq. (2) we get the
following.

1+ wk-xt —awt, - xt It
2 t t t_ r 0] _ b
a E A — @A+ AL = = (3)
bt o <2 1<

Summing the above equation over all r € St, we get

Z 7t
21qt E t tiyvt reSt lr
(a’t‘S ‘ + 1) ~ >‘r - at’S ‘)\gt - th”g (4)
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We have two cases.

e Case 1: ¢’ € S’: In this case we have, Taking r = g in Eq.(3), we get,
i,
CL? Z )\;t — Clt)\%t + )\%’t = ||X:L;H2 (5)
rest

Using Eq.(4) and (5), we find the values of )\%t and ), gt AL as follows.

1+ |Sta? ~
M, = t L I
I+ Sa? —an) X2\ T 1+ |5t|@2 2

rest
E:M_u—w»;@@+wwwg
T 1+ [8YeF - el

reSt

Putting the values of A%, and 37, g AL in Eq.(3), we get,

1 ~ atﬁt CL2 ZZ t ’l\g
&:wa(ﬁ+ T T+ ©)

1+ |Sta? —a; 1+ |Sta? — a

o Case 2: §' ¢ S": In this case Al; = 0. Using Eq.(3) and (4), we will get,

2% = %w+1zﬁ

rest rest

SRS b SR )
N YRR IS

ieSt

2. Proof of Theorem 1

Proof We will have 2 cases:

e Case 1: If ' € S*
Using the KKT conditions, we see that for any r ¢ S?, we have,

a(W~t— tX + at Z/\tt — fn—)\fnxt)~xt21

Since AL = 0 for r ¢ S, the above equation reduces to,

1—|—w$-xt—atw?yvt-xt It

2 t t T
a A — a Ny > = (8)
P2 N anky ELE P
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We know that,

1+ |S"af
AL, = lt 9
¥ = T - a) P \ Y T XS: ©)
1 ~ ~
)\ﬁ = (1—ay) lfq + at\St\li (10)
2, <1+|St|a§at>||xtu2< 2, 7

Using Eq.(9) and Eq.(10), we can rewrite the equation Eq.(8) as,

2 Tt 7t
hgesli p Wy g (11)
1+ 1[Sta? —a; — 7 1+4|SHa? —a;’

Also we have,

’\i ~
Y (’f;&+ aly @i Yieseli ) (12)

TP 1+ [S'af —ar  1+|S'a} — a
To get support class, AL should be positive, so by Eq.(12), we get

2 Tt Tt

a; Y jest b 5 ayly: t
— ] — Vres 13
1+]Stlaf—at 7'+ 1+\St\a%—at " ( )

Let o(k) be the k-th class when sorted in descending order of E
(Sufficiency) Assume that lg(k) satisfies the theorem, then we have,

t 7t 7t at 7t
5>—— "> % ' <l — 1
1+ |5t a2 ]Z o(f) < lotk) T 1+ |Sta2 — a Ok

The second inequality is justified as the losses E(j) are in decreasing order. This means

o(k) corresponds to a label of some support classes (Eq.(13)).
(Necessity) Assume that [, does not satisfy theorem, then

k — 1)@% — Q¢33 1 7t
It l —t
Z o(j) = a2 ak) T ap V'

k
~ 14 (k)a? — az~ 1~
t t t t
D loZ oy + ol

ay
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2 k

ay 7t at Tt 7t
— N > >
1+ka%atjz;U(J) 1+ka2—a, v =0 =

o(k+1)

Therefore, any j larger than o(k) does not satisfy Eq.(13). It means |S!| < k and
thus o (k) does not correspond to a label of a support class.

e Case 2: If §* ¢ S!
Using the KKT conditions, we see that for any r ¢ S?, we have,

at(wfjt + ay Z Mxt) - xt — (wh — Aix) x> 1
i

Since AL = 0 for r ¢ S, the above equation reduces to,

1+ wt-xt —awk, - xt It

22At> T Yy — T
= EE ]2

We know that,

Y AT (th> "

rest €St

Using Eq.(14), we can rewrite this equation as,

at ZJGSt o) <

l , V¢ St 15
1+[Sta? ~ ré (15)

Also we have, N
)\t _ 1 F - a% Ziest lf (16)

TP 1 [Sa?

To get support class, AL should be positive, so by Eq.(16), we get

0} ¥jes by

It .. Yregst 17
1350 "l VM€ (17)

Let o(k) be the k-th class when sorted in descending order of it
(Sufficiency) Assume that lf;(k) satisfies the theorem, then we have,

— 1a?
Zlo(a —? lo(k)
|S|
1+ |St|at T
i’Zloo 2 v Lo (k)
Ed

2
ai 7t 7t
14 [5a? ;l”(j) < lat)



EXACT PASSIVE-AGGRESSIVE ALGORITHMS USING BANDIT FEEDBACKS

The second inequality is justified as the losses lNZ(j) are in decreasing order. This means

o(k) corresponds to a label of some support classes Eq. (17).
(Necessity) Assume that l’;(k) does not satisfy theorem, then

k—1
Zz > 1 + (k‘ — l)a?ﬁ
o) =T 2 ek
i1 t

k
~ 1+ (k)a?+
t t 7t
Dol 2 — 5o
j=1

2
ay

<

t
1+ k‘a2 Zl U(k; la(k—i—l)

Therefore, any j larger than o(k) does not satisfy Eq. (17). It means |S!| < k and
thus o (k) does not correspond to a label of a support class.

3. Proof of Theorem 2: EPABF bound

Proof

e Case 1: If gt € S*
We define A, as the following,

K K
Ap=Y lwh =l =) Wi —wy?
v=1 v=1

We can write it as,

I ¢
At_ZHW 7uy||2 ZHW —uv—)\ X +]I{~t_v} {}‘Z y}Z)\t t||2

Ligtyt s I
- 22 (xz S P E_ﬁ 5 ! ZM) wh—u,) x> (Ag — Ly Eg = J ZM) 1?2

v=1

—QZAt wl—u,) .x —QatZ)\ <W~t— ~t) Xy — Z ()\f))QthHQ

vES veSt

- aj (Z AZ) eI + 2a A ZV [

We know thatﬁ = 1—atht7t-xt—|—wf]-xt, Yv € St and l~;'jt > 1—aug-x'+u,-x', Yo e

[K]. Thus, (w! —u,)-x! > ZN,Z - E‘jt + a(w%t —ugt) - x'. So, we get the following.

2
Ar>2) A (EJ —’l?i*) = > () el - af (Z Ai) Iee | + 2a: A% >~ Xl

veS? veSt
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We use the following in the above equation.
t 1+ |8*|a;

M, = L
v (1+\St|a§—at)llxtl2( ' 1+|Stla2Z )

S (1= a) ¥yen bt + adl S*IL,
T (14 (SYa? = an) X2

reSt

A — 1 (lt atl'tzit _ ai Yiest I >

e\ T TS a? —ar T+ 1S%a? — af

Using the above values to get

1 - a ~ ~
A > It LIt — i 1L G
P é ( > IXUI2 Z x[12(a?[ST +1—ap)) ¥ 2L

veSt
a? ~ a?|S*|(a?|S?| + 1) =\ 2
+2 ' I l:‘,t+< 5ol > 15
(thlP(a?IStIH—at > ; %S: 12 (af|S* + 1 — ar)? (y>
at(at\St\—i—l—at ~ 2at(a?]St]2+1—at+a |St ~ ~
I Ly
i (nxtu e+ - o) \ 2 T e - 2

We observe the following.

CL2 ~
2 ¢ I It >0
<thH?(a2lSt|+1—at ) Z Z v

veSt  veSt
)2 t -
ST 1812 )7
[xt]|2(a7 S + 1 — ar)?
at(at|St|+1_at ( t)
l >0
t 2| at _ Z
e [2(al57 1~ a? \ 2,
<2at( \St\2+1at+a§|5t])>
[xt]|2(a7 St + 1 — ar)?

Using these, we get,

It Tt~ N [
S tH2 2 ( ) \XtH2 2 (XtHQ(a?IStIJrl—at) v 2 h

vest veS? veS?t

at 7 Tt 7t Tt
2 ( > 12 E Ly < —= 1l E 0.
t12( 2] St _ Y t)|2" vt v
[P ST + 1 —ar) ) ¥ =" 7 x H et
Using the above approximation the expression becomes,

Az > (B) - thH2 SR~ e

Also,

veS? veSt veS?
t 1 7%t
|| t||2z<l) H tH2 le ’
X veS? X veSt
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Taking expectation on both sides with respect to 37

1 Tt t*t
BIA) > Bl Y (B) ) - L3 B

veSt veSt

But, E[}" gt 1t < E[\/Zuest@;)Q Zvest(f“t)Q. Now using Cauchy Schwarz in-
equality E [zy] < \/E [22] E [y?], we get, E[>, gt 1) < \/E Y opest(l \/E Y ovest (13)2].

Using this and [|x!|| < R, we get the following.

> (®)

veSt

1 4
E[A] > —FE - =

R? £

> ()

veSt

E [Z (E;tf] (18)

veSt

e Case 2: If gt ¢ S*
We define A, as the following,

K K
Ap=Y lwh =l =) Wi —wy?
v=1 v=1

We can write it as,

Ap= ) Iwh —wl? + llwhe —ug® = Y lwit = w® — [wi - g

—— -
= D lwh —w P+ wh —uge P = Y llwh = A~ wl P [lwh +a Y A g
vFEY £yt i£Gt
2
=D Wl = wl® + wh =gl = Y wh —w P = > ()T P2 Y A (wh - w)
vAY v#Y* vAY vAY*
2
- HW%’t —ugp|?—a® Z M| Ixt? - 2a Z A (W%t — ugt> - x!
77 i#7
2
2
=2 Z AL (wh —uay,) - x' = 2a Z (Wlfy»t - ugt) xt— Z (AL Ix"? — a® Z M2
vAY Calk vAY £yt
2
=2 Z M (ij — aw%t —u, + augz) xt — z:()\i)th”2 —a? Z Mo jIxt)?
v v e

We know that Tf] =1—algi_, — W~, xt +w! - xt, Vv e St and l*t > 1—algg_y,) —
auge - x' +u, -x', Vv € [K]. Thus, (w —u,) - x' — a(w?gt —uge) x> 18 — I*. Thus,
we get the following.

2

Arz2) N, (Tt —l:’?t) = TODARE—a? | DAL )

A A o
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Let S* be the set of support classes in t* trial. For all v € S*, we can see that

2.0
2’5t’+1

Ix![2AL = TF, —

jest
I 3 % = iy
|S|+1
veESt veES?t

We can ignore all v ¢ S in the sum for the last representation of A; and substituting
the above values in that to get,

2
Az SN (2 - 2~ [ PAL) ~ )P (Z Ai)

veS VvES
> (i 1) (10 e S8 e (SF)
C (0 -2+ 50— > b ) - 5 I
thH2 = aQ\StHlest v aQ\StHljest] 11 (a2]57) + 1)* \ &5
2
s (i S (4 s Z’ﬁ) e (28
|xtH2 = a2\5t\+1 Est a?[ST+1 27 ) ]2 (a2)8 +1)° \ 52, "
l*tlt_|_ l*t lt
2
We see that LZ ¥ 1L > 0. Thus, we get the following
257 1 Lvest o' Lyesr o 2 0. Thus, -
2
S0 - () (28] - e (S7) - p s
t_ - YT 1 -
Eli @5+ 07\ & TP @s 0 \& ) IR &
2
X (1) - () (28] - ST
= 2 @S+ \ &Y TP &,
JES veS

2
ey 5 O s (19 S0 (SE)
12 (q2| St v 2 (q2| St v
RPERTED g5 T Mg\
*t7t
HXtHQ Zl by
veSst
We observe that n 32" m2 — (320, my)? = (n—1) S0, m2 =257 | D iy MM =
Z?:I Z?:z‘—f—l(mi - mj)2 > 0. Thus,

L *
Ay > HXtHQ (az‘st‘ +1) ; (v) HXtH2 Z l tlt

vest




EXACT PASSIVE-AGGRESSIVE ALGORITHMS USING BANDIT FEEDBACKS

Taking expectation on both side with respect to 7.
E[A]> — ! Z(ﬁ)2—221~*tl~t
P | (@25t 4 1) ! v

veSt veES?
1
TR (E

a2ysty+1 Z (z) _9E Lg;tl:’ﬁi])

est
But, E[>,cqt 1H1+] < E[\/Zyest@;)Q Zvest(flv*t); Now using Cauchy Schwartz in-

equality E [zy] < /E 22| E[y2], we get, B[S, cq: [L15] < \/E el \/E S et (12
Using this we get the following.
N2
> (i) ]

CEEnPS (ﬁ’ﬂ EdE [Z ) !

veSt veS?t

EA]> — E

> E
[Ix]?

K3
Since [|x'[|*? < R? a < — and |S'| < K, so a®|S"| +1 < — + 1, therefore
Y

Y

1 1 . 1 1
XS+ 1~ R? <K3 >
— +1

=

Using the above approximations to get,

,}/2

1 1
R? (K3
<72“>

Combining the lower bounds in (18) and (19), we can get the following lower bound
on E[A,].

E[A,] > E E

B )

veSt

> (Est)z] (19)

veSt veSt

4

_EE

N\ 2 N2
> (1)) =[x )]
vest vest
Summing A; = 25:1 Wi —u,l|? — Zv Wit —u,||? from t =1 to T

T K K
DA = lwy —wlP =) wi -
t=1 v=1 v=1

U= 0and [wIth —uwl® > 0, we get S5 Ay < 38w Let o =

Since w

K3
(’)/2 + 1), then comparing the upper and lower bounds on Z;‘FZI E[A], we get

> &)

veSt

CE |y (1)

veS?t

< R%Z [y || + 4az

> (@)=

veS?t

t=1
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Using Cauchy-Shwartz Inequality, we get

T T
Z ELY @], (B @07 < | DB ()] >ELY ()
veSt

veESt veSt t=1 t=1 peSt

Let Ly = /X0 E[Yes: (6)?) and Ur = /S BT, cor(B5)7]. So, we get

K
L3 <R’ |lw|f® + 4aLsUr.
v=1

The upper bound is bounded by largest root of the polynomial L%, — 4aL7Ur —
R2a YK ||u,||? which is 2aUr + \/4042U% + R%« Eﬁil |uy||?2. Using the inequality
that va + b < v/a+ vb, we get, Ly < 4aUr + R\/a S5 |u,|2. AslL =0, Vo ¢ S;,
we get, Y gt <Z~Z>2 = Zf){:l (TZ)Q Thus, we get,

T K K T B 2
D ED ()] < <R @ ful? +4ay | > B[ (liit)2]>
t=1 v=1 \ v=1 t=1 veSt
K T K 2
S CAD SRR S ) B
\ v=1 t=1 v=1
|
4. Derivation Of EPABF-1I Updates
EPABF-I updates the parameter by solving the following optimization problem.
with  wif! = argmin— Z |wy, — Wi ||? + C’Zl
Wi, Wi 2
= arg min — Z |wy — Wi ||? + CZ&,
Wi1,.. 7WK
atw§t-xt—wr-xt21—£r,re [K] (20)
&> 0,re [K]

KKT conditions for the optimal solution of the optimization problem (20) are as follows.

)\f) (1_§’U+WU'Xt—atht -xt) =0, Yv

AL > 0; 1—§v+wv-xt—atW§t -xt <0, Yo
Bh>0; & >0, Vv

Wy = Wi — Aox! + Loy a4 SE A W
(C' =\ + 8L, Vo

10
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We now determine AL for the support classes. When A\ > 0, we see that

W?{l cxtay — Wf.+1 xt=1-— &

Using the corresponding values of Wifl and wit!
g p g 7

-, we get

it

&r

+a2) N —a kM= (21)
R TN Ny A =
Summing the above for Vr € St, we get,
&r 2|t t byt Zrestflz2
Ezst HXtH2 +(at|S |+1) ezst)\r—at’»s ‘)\gt = W (22)
T T
Now, we have two cases:
e Case 1: ' € S%: Using r = 3 in Eq.(21) we get,
52 (1 g, = 23
e o 2 2+ (1= 00y = i 29)

reSt

Using (22) and (23), we solve for )\%t and >, gt AL

Z )\t B (1 — at) ZTESt E« + at|St|Z§]t (at‘Stth + (1 — at) ZreSt gr)

= Ixt2(a2[S +1—a)  [[xH2(a?][SY + 1 — ar)
o @IS+ D —af Y g bt af Ve & (a}ISY+ Deg
v It [2(a?|S7 + 1 — ar) 2217 + 1 — ap)

Plugging the values of )\%t and ", cgt AL in Eq.(21) , to get AL as follows.

)\t 1 <~i atl%t a% ZUESt fl\,{f) ) _

= —+ —
TORPT O aflSt I+l —a aflS 41— a

1 (f até.ﬂt CL? EUES"’ v )

X2 \>" a?[SH+1—a; ' af|ST+1—a
2
. ai&ge a Z €St v
S — Y v >0, have,
ince <§r a%|St|+1—at a%|St|—|—1—at > 0, so we have
Tt 9 7
)\t < fﬁ + atlgt _ at Z’UESt lf}
TP @IS+ 1—ar af[SH+1—a

From the KKT conditions we know that A, < C. Thus,

1 [~ alt a? It
A =min | C, +— | [ + v - Qtzvest 5
B a7|St+1—a;  af|SY+1—a

11
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e Case 2: ' ¢ S': In this case )\%t = 0. Using Eq.(21) and (22) , we will get,
1 ~ GQZ tﬁ
M =min [ C,—— [} - Le=west v 24
7" ( EE ( P EIES! 24

5. Proof of Theorem 3: EPABF-I bound

Proof In the previous proof, we had

2

TR 2

322300 (R - X 00l - of (D) bl 200 3 e
veSt veS?t v v

e Case 1: If ' € S! The step size for EPA-I is

1 7t at Y a? ~
A, = min | C, L, + I — - I}
° mm( 1=t < U1 [Sa? —ar 1+ [SYa? - a 21

€S

e Case 2: If §' ¢ S The step size for EPA-I is

1
t __ . t
Ao = min (C e (B 1+rswa22 ))

ties

So in both the cases we have A, < C,\LIEt < O, S0 ot MJIE < O o 1, (/\lf))2 < C?,

Spest (M) < €218
So,

2
Ap>2) ML =23 AR - (A (AL)? |1xe]|? = a2 (Z Af,) e[| + 2ae b > AL |

vest vest vest
By using the above mentioned approximations, we get,
- CQKQ ’St‘2R2
2 2
Ar>2) ML —20) I —C?|S'R T
vest vest
Since |S!| < K, we get,

» C2KAR?
A >23 AL —ZCle’jt—CQKRQ—iQR
veSst veSt v

C?’K*R?
~2

E[A{] > 2E

Z ALTE

veS?

—2CE — C’KR? -

>

veSt

12
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If we consider Case 1:

Adding and subtracting 2E

2 It
—2E [Zvest /\sz‘st‘zj_eft] and E [}, cr(AL)?] and using the fact that >, cge A

)\ atﬁ
Zvest v 2|St|—|—1—at

2 ~
t Z]GSt lt _
v 2\St|+1—at

atl'it
Y vest AZW >0 and Y, gt (AL)? > 0 and simplifying to get,

. alt, Yl A ~ C2K*R?
E[A;] > 2E AL+ Y — 12 7 _Zv )| _9CE It - C?’KR? - ———
(A vezst ( a|SH+1—a; a?|SH+1—ar 2 U%;t 2
If we consider Case 2: 2 _
lt
Adding and subtracting —2E [ o AL le and E [}, cq(A))?] and using the
2 . lt
fact that 37, g AL ﬁ and Y, ot (A5)? > 0 and simplifying to get,
a2y, ﬁ ¢ 2 jd 2
E[A]>2E | Y X (7 - tQdest - i ~2CE | Y | - C?KR? - 0723
vESt ai|S+1 veSt v
Combining the two cases we get,
D L] C2K*R?
E[A]>2E Y X zf—i—f —2CE | S I - CPKR? - =
[ t}— [Z ’U(U CL%|St|+1 Z 72
vest vest
N Z gt lt AL _ C2KAR2
> 2R AL - = ~ 22 )| —2CE I - C*KR* — ———
[Z (!xtHQ(” A iy | PV s
vest vest
Now the above expression becomes,
K 2 7t K
1 ~ ay Z'ES‘Z' ~ C2KAR?
E[Ay] > 2CE s | - = —20E |) ' - C*KR*— ———
A= ;¢<||xt||2 ( st +1 25 7
1 . T . :
where ¢(z) = ol <m1n(z, ) <z ~3 min(z, C’))),Shalev—Shwartz and Singer (2007). Sum-
ming the above from t=1 to T to get,
T T K TR AT S 7t
SEA]=20) (E|D ¢ g | 1 - 5222 202 Zz*t — TC*K R?
= 2\ &\ s 2
TC*K*R?
-

13
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Also ¢(.) is a convex function, so we get,

T T K 2 Tt
t=1

— a?| St +1
TC?K*R?
2
We had,
T K
D A<D fulp?
t=1 v=1
T K

On comparing the lower and upper bounds we get,

20T d = 5 ai Zjestl?' = 2 d = Tt 2 1 p2
2 Z E sz—m <N w203 (B> G ) + TC*KR
t=1 = t v=1 t=1 v=1
TC2K4R?
72

Simplifying it to get,

T K 7%

1 ~ E: Stl
— ol B

TR2 (Z( [Z v |St|+1

t=1 v=1

IN

l*t
t 1 Z 272

1 K
- (mg |l + Z (

) 0KR2 . CK4R2>

Notice that,

T K 2 7t
1 Z E Zﬁ . at Ejest l;
TR? v 2|8t + 1

t=1 v=1

C
we know that ¢~ 1(z) < z+ §,Shalev-ShwartZ and Singer (2007). Hence we get,

1<zcnglluv\2+ Z( Zl*tD B 2 2)‘2CTZ”““”2 Z( lzl*tD

CKR?> CK'R* C
+ +

2 272 2

14
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Combining the last two inequalities we get,

w02 (2 ([2])) o me 2 (e

” TCKR? TCK'R* CT
Zz + + + -

2
s 2 2y 2

K
2 =t [luf?

We use C = as it minimizes the upper bound. Using that we get,
TK*R?
TKR? + +T
Y

K T K
TK*R? ~
E HuUHQ\/TKRQ—i- > +T+§ E[E l:;t]

t=1 v=1

6. Derivation of EPABF-II Updates

The optimization problem associated to the EPABF-II is as follows.

K
with  whil = argmin— z:va—wiHQ—FC'z:(lv)2

W1..Wg

= argmin *ZHWU —Wt|]2—|—C'Z£2

W1 WEK
1 v=1

s.t. aw -xt—wr‘x >1—-¢&, ve K]

gt
The optimal solution satisfies the following KKT conditions.

M(1=& +wp - xt —apwye -x') =0, Vr
> 0; (1—§T+W7“Xt—atht‘ t) <0, Vr

W, = W — P Xt + H{~z_r}at Z )\ X Vr
t

>‘r
§T - %7 VT

Now we determine A\! for the support classes.

a; (W%g_ ~txt—|—atZ)\t t) X —(w —)\t t).xtzl—fr

= atw%.xt—atxgtnxtn?mtuxtn DX —whox MNP =1-¢

[
= &+ (a? Z)\f - at)\%t + )X =1~ atwfﬁ x4+ wk X!

i
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Using value of &, and rearrange to get,

1

i
A 7

Bl

Zx* ath + A =
Summing the above for Vr € S, we get,

7t
2| ot t iyt Darest b
(aH151+1+ goueye) 32 % -l = S5
resSt X
Now, we have two cases:
e Case 1 : y' € S: Taking r = ¥, the Eq.(25) becomes,
PP N =
a — — b, — 4
A A T M P
T

Using Eq.(26) and (27), we get the following.

~ 1 ~
oy (1 s ) Zrew
AL =

r 1 1
cst |2 2| gt 1 _ 1
' Il (“f' e ) T s

1 ~ -
(a%\st\ +1+ QCHXtH2> Ly — af Ypege Iy

1 1
t]12 2 St 1 _ 1
<l (“t’ L e )( +2cuxtu2>

Using Eq.(28) and Eq.(29) in Eq.(25), we can find ! as follows.

t
Agt -

1 i ally —af 3 jegill

T

1 1
t||2 - 216t + 14+ ——
bl (1 ggeqe) \ 11+ e o

y' ¢ S': In this case \; = 0. Using Eq.(25) and (26), we will get,

AL =

r

) _
AL = 1 Tt @ Ljest by

' H2 (1 ! ' 218t + 1+ !
e a —
||X || + 2C||Xt||2 t 2CHXtH2

16
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7. Proof of Theorem 4

Proof We will have 2 cases:

e Case 1: If §' € St
Using the KKT conditions, we see that for any r ¢ S?, we have,

ar(Wh — Aax' + Z Mxh) - xt — (wh = ALxt) . xP > 1 ¢

)

t
Since & = %, AL =0 for r ¢ S?, the above equation reduces to,
1+ wh-xt —awt, - x? It
2 t t r Y r
a; Al — ANy > =
2 N—ay EZE E4E

We know that,

1

s (1 zopae ) Zreo
AL =

" 1 1
rest [|xt||? (az\St\—i—l—i——at) <1+>
! 2C1x"||? 2C1x"||?
S 41+ — VT — 2SS T
t 2CHXt”2 gt t reSt ‘r

1 1
t||12 21 Qt 1 _ 1
<l <<“t5 L e >( +2c||xt||2>

Using Eq.(33) and (32) in Eq.(31), we get

t
ALy =

2 7t 7t
ay ZjeSt l] > flv " a/tlgt

o+

<

1
Stla? +1 — S Stlg2 +1 —
SR SR

, Vré¢st

(32)

(33)

On the other hand, if r lies in the support set S, we have AL > 0. Using Eq.(30), we

get the following condition for r € S*.

2 7t 7t
at Zjest lO’(]) atl@'t

7t
1 < la(r) +

Stla? 4+ 1 — —
|Stay + at + 2C|xt|2

Sta? 4+ 1 — —
|Stay + at + 20|12

Let o(k) be the k-th class when sorted in descending order of l~;‘;

17
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(Sufficiency) Assume that ny(k) satisfies the theorem, then we have,

1
= <L+%_1M%_%+QQRWJ7 1
Yl < lo(ky + —
=1

22 o
|St| <1+ \St\a?—at-i—th)
jzz‘i(j) < ) 20 |x"| Tt + lﬁgt
= a; at
2 |S*|
= 4 Iy <oy + @ Ik,

1 1 Y
14 [Sta? — ag + ——— ) i=1 1+ [Sta? — ag + —
(*‘Wt“”dme>J (*‘“ta”dmww)

The second inequality is justified as the losses lz(j) are in decreasing order. This means
o (k) belongs to the support set S.

(Necessity) Assume that l~g(k) does not satisfy theorem, then

1
k-1 1+(k—1)a2—at+>
n >< F O
o) = p o) T ol
=1 !
k <1+(k)a2 ar + ! >
gt
N Gt i< ) P
o(j) = 3 o) T ol
J=1 t
a k a
t Tt t Tt Tt Tt
o 1 Yol - o 1 It 2 o) 2 lo(et)
( T “t+2cwa2>J ( T “t+2cwa2>

Therefore, any j larger than o(k) does not satisfy Eq.(34). It means |S*| < k and
thus k£ does not correspond to a label of a support class.

e Case 2: If ' ¢ St
Using the KKT conditions, we see that for any r ¢ St we have,

at(w%t +ay Z Mxt) - xt— (wh = Aixh) -xt > 1 - €L
i

t
r

Since & = 50

A =0 for r ¢ S, the above equation reduces to,

14+ wh-xt —awk, - xt

'lvt
2 t Y r
a g A > =

18
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We know that,

Z 1 Z ~

)\i - 1 t],2 t|2 ( li) (35)
T 1 PTG T

est ( + 2CHXtH2 + |S |at)”x || est

Using Eq.(35), we can rewrite this equation as,
2 7t
a4 2jest lo(y)

1 = Yo(r)
St 2
T 3cTpE 1S

1

Also we have,

e
AL = ! [ % jest

r 1 r 1
t]|2 1 2 St 1
<l ( +2o||xf||2) <af' I+ +20||xtu2>

To get support class, AL should be positive, so by Eq.(37), we get

(37)

ai Yjest logy)
LT
2C1x*|

<l Wres (38)
1 +15%af

Let o(k) be the k-th class when sorted in descending order of it.
(Sufficiency) Assume that lg(k) satisfies the theorem, then we have,

1
14— k—1)a?
o F D

k—1
Tt Tt
; loj) < a2 Lok

1 -
" 202
The second inequality is justified as the losses E_(j) are in decreasing order. This means

o(k) corresponds to a label of some support classes Eq. (38).
(Necessity) Assume that [% does not satisfy theorem, then

1
14+ ——— k—1)a2
T 3oE TR e

k—1
Tt Tt
; lo(j) 2 a2 10!

19
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1
1+ + (k)a?
k . +2C’||xt||2 +( )at?
DM AR
j=1
2 k
ay Tt Tt 7t
) T e lo() 2 lok) 2 lo(k+1)
+ 2C<|2 + Kag j=1

Therefore, any j larger than o(k) does not satisfy Eq. (38). It means |S?| < k and
thus (k) does not correspond to a label of a support class.

8. Proof of Theorem 5: EPABF-II bound
Proof
e Case 1: If ' € S We had

S (T —Tiit)_ ~E [Z (AL) I

veSt veS?

2005 > AL [[x
v _

2
|

—E |af <Zx\i> ]|

E[A,] > 2F

+E

And the step sizes for EPABF-II are as follows,

~ 1 ~
t|71t t
sy T (1+ g — ) e
T 1 1
St t||2 2| Gt 1 _ 1
h <l (‘”' L e > < " 2cth12>

1 - -
2 2
(at 1S+ 1+ ZC'HXtH2) lge — ai Dpese
It 12 (218 + 14 o —ar ) (14 sy
! 202 20|12

t 2 7t
A= 1 i arlg — 0§ 2 jest by

r 1 1
t12 1 2 St 1—
I < +20|xt|r2> (at' I+ “”2c|xt|2>

Txt

l
The Inequality is true even if we subtract E |} _q: (a/\f, — 2) from it. Here,

1

V202
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- - 2
ElA]>2E |3 X (B -5 | -E Z(Aifuxt\\?]—E af (ZAZ) xel?
vES? | Lve St v

2 _ _ v
a AL, ZAthH E|> |aX .
_veSt
zw] (Il + 2 | T () ] B |o? (zx) Pl
veSt veSt
~ 2
E |2a,)L, ZM ]xtHQ] ElY (z;;t) ]
veSt
_ 2 E[Z @ alh —a} Siesrl )
1 v 1 v
2 {1+ ——rs vest 2|5t 1-— —
Il ( +2cuxtu2> : (“t' I+ “t+2cuxt||2>

(el + a?)

(et Y
202

2
ay

E

5 5 2
Z . atl%t—atzzjestl§
| )

est 218 4+ 1 —ap 4+ —=——
v ST+ =t SE

1 1
( t]|12 2|qt 1 _ 1
Il (“t‘ L e )( +2cuxf||2>

—-E

1 ~
14+ —=— — It 2
( "3 ) Zreslr )
+ a : I
I (a5 + 1+ i = o) (14 s
/ 20T 20T
1 ~ ~
(at2|5t| +1+ QCthH2> 15 —ai sl
+E 2at

1 1
t]|12 2 St 1 _ 1
<l <“t‘ I S ) ( * 2c||xt||2>
- 1 -
t17t _ t
15T + 1+ e ~ ) e ¥ )| a2
- : Il = —E |3 (B)
|| x| (afS’t\ +14+————>— at> (1 + ) veS?

20 x*||? 20 x*||?
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2 <] + o

) <\xt12 (1

1 1
+ s [ (I Ep——
20||xf||2> Il < ML

1

)

1

doh

1

- veSt
20 |x*|?

)]

7l l~’ty”t ZE
-t (1+ ) :

t

K

ot

1
~ —E
a2

>

veSt

<[ + o

] e (1
()

2
+ veSt ) ]

Ve [(

20 x*||?

[

1 1
xt|2 <1 + > AIEY R —
(bl 2C«HXtH2 (b + 2C||XtH2

1

2

2 t

S

+

1
20 |x*||?
1

% g
Z B <Zlvl§t
> veS?
o 7t
)215; Y I
<1 + o
14+ —

vest
1Y 1
) (s

2
20 * 2cuxtu2>
>2IE[ (Z Il -1

2
veSt
X

2
2

e (14

12 (1

I (
2 (1

Since (v — y)? + 2y =

+

1
NPTk

1
~ —E

2

1
+

1
MEITdE

2

[\

T
2

(z —y)
2

2
Y

= >

5 2 +

+ 4

2 <11 +

ﬂ e (1+

> ()

veSt

E

veSt

v
2

1

v
St
20T h

> ()

veSt

|

2
- - 1
t E t
) i eStlv] _?E

>0

a2

>

- ~
P (L + Samarz ) I (1
20 <2

) " (xn

veSt
22

3

_<2

1

1
20x"1?

)

It (1+

T a2

1

1
—E
a2

2

veSt
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1
L+ tl|2 2 o\ 2
| e[S )]
12 1 t)14 1
<l ( +2cuxtu2> <l ( +2cuxtu?>

Gy (52) |- e[z @]

t12 1 veSt Lve St
<l ( T3P
1+71 71
t([2 t(|2 K N\ 2
z( el - el - (Z’) 1 )E ) (zz)]
t)2 1 t||4 1 t12 1 vES?t
<l < +2cuxtu2> <l ( +2c||xt||2) il ( +20||xt||2>
1 Tt
- 3= | (@)
veSt

N2 N2
We have used E |:(ZUES’5 lé) ] < KE |:ZUES’5 (lfj) ] in the last inequality

e Case 2: If §" ¢ S, At =0, then we had

E[A,] > 2E

> —th)] ~E [Z (N)? Ixil?| ~ E |a? (Z Az)z e

veSt veSt

And the step sizes for EPABF-II are as follows,

S = 2restlr
r
T (azm f1g

_ 1
20 |x"||?
A — 1 7t a? ZjGSf l;-

" t112 1 1 " QSt 1 1
<l ( +2C|rxfu?> (‘”’ I+ +2cuxtu2>

Tt
l’U

The Inequality is true even if we subtract E |} _q (a/\f} — a> from it. Here,

1

V202
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E[A/] > 2E ~E

>ox (I -T)

veSt

{Z (3]

E|> Atlt] (Ile* + o®)E

veSt

> ()’ wa] E {2 (Z %)2 Xt2]

S () ] E{at (ZM) xﬁ] —%E

> ()]

veSt veS?t veS?t
2 7t Z]EStlt 5
-t x| (&- - )
14+ ——— St 14+ —
<l ( +2cuxtu2) v <af' I+ +2cthr2>
~ 2
(JIxe || + o2) e ai Y jest U
_ E It
o4 (1 1 2 ;t ! <2|St|+1+ 1 )
- v a —
Il ( +20||xt||2> ‘ 2C[x 2
2
7 1 o
~E |a} DL B e —QQE[Z (u)]
2
HXtH2 (at |St’ + 1 + W) vES?
1 1 1
1+ —— _ 3+ —— | K
§ MReE 202 ( +2c*||xt||2>
= 1 2 1 2 2 1 .
t]|12 - tl14 1 - X 1_|_>
I +20thu2> I ( +20|yxt|y2> Il ( 20x!|12

> 0] | S )]

2 N2
We have used E [ ueStl ] < KE [Zvest (lf)) ] in the last inequality

veSt veSt
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Combining the two cases we get,

1 1
1+ t|2 t12
2 A) > min Ol ] (3 K )
t]12 1 1 ? |14 1 1 ? 2 t]|12 1 1 ?
Il ( +2crxt|12> <l < +2OR2> <l < +2c||xt||2>
- 1 N2
t *t
=[x ()] -2 |2 E)).
veSt veSt
1 1 1
14+ — _— 3+ —— | K
R 202 ( +2cuxt||2>
1\ 1 \2 ) 1 .
214+ — 41+ — xt <1+>
<l ( +2c||xt||2> Il < +2crxtu?> P seppe
N2 1 SUND)
t *t
2> (1)) - |2 )]
veSt veSt
So we can write,
1 1 1
14+ — —_ 3+ ——— | K
TOE O (3+ zee) )

E[At] Z < 1 2 1 2 o 1
t]|2 1 - t||4 1 - X (1_|_>
<l ( * 2cuxtu2) <l ( * 2cuxt|12> P sefe

> @]z 2 @]

veSt

E

Since, we have

K
A —E [z Wt — ]
v=1

Summing it over t to get,

K
R [z Wt — uw]
v=1

T

ZAt:E

t=1

—E

K K
St = w | B[S jwr —uUuQ]
v=1 v=1

—u,||? is a positive quantity, we will get

T K
Sa <k znuvu?]
t=1 v=1

T+1

Since w! = 0 and ||w!

which is same as

T K
S A <Y u?
t=1 v=1
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Comparing the upper and lower bounds on Zthl Ay, we get

el )] - <<§ ($ e 2[5 2
C
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