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Abstract
We consider the problem of spherical Gaussian Mixture models with k ≥ 3 components when
the components are well separated. A fundamental previous result established that separation of
Ω(
√

log k) is necessary and sufficient for identifiability of the parameters with polynomial sample
complexity Regev and Vijayaraghavan (2017). In the same context, we show that Õ(kd/ε2) samples
suffice for any ε . 1/k, closing the gap from polynomial to linear, and thus giving the first
optimal sample upper bound for the parameter estimation of well-separated Gaussian mixtures. We
accomplish this by proving a new result for the Expectation-Maximization (EM) algorithm: we
show that EM converges locally, under separation Ω(

√
log k). The previous best-known guarantee

required Ω(
√
k) separation Yan et al. (2017). Unlike prior work, our results do not assume or

use prior knowledge of the (potentially different) mixing weights or variances of the Gaussian
components. Furthermore, our results show that the finite-sample error of EM does not depend on
non-universal quantities such as pairwise distances between means of Gaussian components.
Keywords: Gaussian Mixture Model, EM algorithm, optimal sample complexity

1. Introduction

Learning parameters of a mixture of Gaussian is a fundamental problem in machine learning. In
this model, we are given random samples from k ≥ 2 Gaussian components without observing the
label, i.e., the indicator of which component each sample comes from. In this paper, we focus on an
important special case of this model where the covariance of each Gaussian component is a multiple
of the identity matrix. Formally, we consider a Gaussian mixture model G∗ whose probability density
function (p.d.f.) can be represented as

∑k
j=1 π

∗
jN (µ∗j , σ

∗
j

2Id), where d is the dimension, Id is d× d
identity matrix, and N (µ,Σ) denotes the p.d.f. of a single Gaussian distribution with mean µ ∈ Rd
and covariance Σ ∈ Rd×d. Here π∗j are mixing weights, µ∗j ∈ Rd are means, and σ∗j are scale
factors for (identity) covariances of each Gaussian component. This special case is often called the
spherical Gaussian mixture model. Our goal is to estimate all parameters {(π∗j , µ∗j , σ∗j ),∀j ∈ [k]}
up to accuracy ε.

Learning a mixture of Gaussians has a very long and rich history (see Section 1.1 for an overview
of previous works). A variety of algorithms have been proposed for parameter learning. These either
require separation assumptions on the means, or structural assumptions on the mean placement,
requiring control of the tensor singular values (essentially requiring affine independence). Most
tensor-based analysis has therefore been done in a smoothed setting (e.g., Bhaskara et al. (2014);
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Ge et al. (2015)), however in the absence of such structural assumptions, mean separation is what
controls the hardness of the Gaussian Mixtures problem. Without any separation assumptions, even
in one dimension, worst case instances require Ω(ek) samples Moitra and Valiant (2010); Hardt and
Price (2015). At the other extreme, Dasgupta (1999) demonstrated that under Ω(

√
d) separation,

sample-efficient (polynomial number of samples) identifiability is possible, thus providing the first
upper bound on required separation for efficient identifiability. An important recent work by Regev
and Vijayaraghavan (2017) characterized the exact threshold for sample-efficient identifiability,
establishing that with separation Ω(

√
log k) sample-efficient identifiability is possible, where as

below that threshold, a super-polynomial number of samples are required.
Perhaps the most widely used algorithm for mixture models is the Expectation-Maximization

(EM) algorithm Wu et al. (1983). Recently, Yan et al. (2017); Zhao et al. (2018) established the
local convergence of the EM algorithm (i.e., EM converges if initialized from a neighborhood of
the ground truth) for mixtures of k spherical Gaussians. These results require Ω̃(

√
k) separation

between means, and assume all components have identity covariances (i.e., σ∗j = 1, ∀j ∈ [k]). Thus
this leaves open the key question as to the (local) behaviour of EM with Ω(

√
log k) separation.

The only known (local) algorithm that is guaranteed to converge in the Ω(
√

log k) separation
regime is the EM-like algorithm proposed in Regev and Vijayaraghavan (2017). However, the sample
complexity of their analysis also has a high dependence on k and instance-specific parameters as
we explain in more detail below. They also require the initialization to be O(1/k2)-close to the
true parameters. By obtaining guarantees that depend only on O(1)-close initialization, we are able
to give an optimal upper bound on sample complexity for learning the parameters of a mixture of
spherical Gaussians.

Main Contributions. In this work, we return to the classical EM algorithm in the same
Ω(
√

log k) separation regime, which thanks to the lower bound of Regev and Vijayaraghavan
(2017) we know is optimal. We obtain improved convergence guarantees in this regime, and thereby
close some of the existing gaps in the literature. Specifically, our main contributions are as follows:

• We show that with separation Ω(
√

log k), population EM converges given a good initialization.
This improves the previous results of Yan et al. (2017) that required Ω(

√
k)-separation. For the

initialization, our result only requires O(1)-closeness to the ground truth, hence improving the
O(1/k2) initialization requirement in Regev and Vijayaraghavan (2017). Finally, unlike all prior
work we are aware of, our result does not assume prior knowledge of mixing weights or variance
parameters, and these need not be the same; we show we can adaptively estimate these quantities
along with the means. These improvements enable our last result below on the optimal sample
complexity of learning Gaussian mixture model parameters.

• We show that (sample-splitting) finite-sample EM converges to the ground truth given an O(1)-
close initialization. Our result has sample complexity n = Õ(dπ−1

min/ε
2) (where πmin = mini π

∗
i )

to recover all parameters up to ε accuracy:

∀i ∈ [k], ‖µi − µ∗i ‖ ≤ σ∗i ε, |πi − π∗i | ≤ π∗i ε, |σi − σ∗i | ≤ σ∗i ε/
√
d.

Note that a natural sample complexity lower bound for the Gaussian mixture model is Ω(dπ−1
min/ε

2),
since we need to collect at least Ω(d/ε2) samples from each component. We give the best pos-
sible sample complexity in terms of all parameters πmin, k, d, ε. This significantly improves
over previous results Yan et al. (2017); Regev and Vijayaraghavan (2017) where even in the
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balanced setting (πmin = O(1/k)), the sample complexities are at least worse by Ω(k4ρ6) with
an instance-dependent parameter ρ 1.

• We show the sample-complexity Õ(max{kd/ε2, k3d}) for learning the parameters of spherical
Gaussian mixtures with Ω(

√
log k) separation. For ε ≤ 1/k this gives Õ(kd/ε2) and hence is

optimal. The sample complexity guarantee here does not require any initialization, or bounded-
ness of the parameters. The breakthrough in Regev and Vijayaraghavan (2017) was the first to
establish polynomial sample complexity learning, but only gave sample complexity in the form
poly(k, d, ρ, 1/ε), which is at least Ω(k9dρ4ε−2). Our result closes the gap and shows that the
information-theoretically necessary sample complexity is also sufficient: as long as the separation
is Ω(

√
log k), then Õ(kd/ε2) samples are sufficient; this matches a lower bound Ω(kd/ε2) up to

logarithmic factors.

1.1. Prior Art

Separation-Based Algorithms Learning mixtures of Gaussians has a long and rich history since
Dasgupta (1999) who gave a first polynomial-time algorithm under Ω(

√
d) separation. This result

has been followed by a number of works Sanjeev and Kannan (2001); Vempala and Wang (2004);
Dasgupta and Schulman (2007); Achlioptas and McSherry (2005); Kannan et al. (2005) that improve
the result in various separation regimes. Currently, the best algorithmic results are the recent
works by Diakonikolas et al. (2018); Hopkins and Li (2018); Kothari et al. (2018), where they
provide algorithms that estimate parameters assuming Ω(k1/γ) separation, using Õ(poly(kγ , d, 1/ε))
samples (and running time) for arbitrary γ > 0. In particular, their can recover parameters of spherical
Gaussian mixtures under Ω(

√
log k) separation using Ω(poly(klog k, d, 1/ε)) samples. While all

works mentioned here aim to get (nearly) polynomial-time algorithms, our work is more in line with
Regev and Vijayaraghavan (2017): we focus on upper bounding the sample complexity.

Iterative Algorithms EM is one of the most popular algorithms for mixture problems. The first
results on convergence were infinitesimally local, and asymptotic Redner and Walker (1984); Xu
and Jordan (1996); Ma et al. (2000). Recently, the work in Balakrishnan et al. (2017) builds off the
idea of coupling finite sample and population EM, characterizing the non-asymptotic convergence of
EM within a fixed (non-infinitesimal) basin of attraction. A flurry of work has followed in recent
years, making substantial progress in the theory of EM. For instance, Xu et al. (2016); Daskalakis
et al. (2017) established the global convergence of the EM algorithm from a random initialization for
Gaussian mixture models with two components, and Kwon et al. (2019) established the same for two
component mixed linear regression. For more than two components, we cannot hope for such a global
convergence guarantee, as shown by Jin et al. (2016). On the positive side, some recent works have
established local convergence results, showing that EM converges from a well-initialized point, under
some minimum separation conditions Yan et al. (2017); Kwon and Caramanis (2019). However, the
best known guarantees for the EM algorithm for a mixture of Gaussians with k components require
separation of order Ω̃(

√
k), and, moreover, are restricted to the equal identity covariance setting

across all components Yan et al. (2017). Another popular iterative heuristic is the k-means algorithm
(also called Lloyd’s algorithm) Kumar and Kannan (2010); Awasthi and Sheffet (2012); Lu and Zhou
(2016). The best known convergence result for this algorithm requires at least Ω(

√
k) separation.

1. ρ depends on instance-specific parameters such as maxi 6=j ‖µ∗i −µ∗j‖ or maxi 6=j σ
∗
i /σ

∗
j . Since our sample complexity

result does not depend on ρ, we do not require boundedness on parameters.
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Thus the state of the art analyses of EM and Lloyd’s both leave a significant gap to the limit of
Ω(
√

log k) mean separation. A variant of EM proposed in Regev and Vijayaraghavan (2017) takes a
big step forward: it is shown to converge locally for spherical Gaussian mixtures with Ω(

√
log k)

separation. While their algorithm is sample-efficient, the bound on samples is a (large) polynomial in
k and instance-specific parameters, where as the information theoretic lower bound is Ω(kd/ε2).

Moment-Based Methods The method-of-moments is a powerful general-purpose technique for
learning a family of parametric distributions. However, even in one dimension, an information-
theoretic argument shows that an exponential (in k) number of samples is required to recover the
parameters of a Gaussian mixture model in the absence of a minimum separation condition Moitra
and Valiant (2010); Hardt and Price (2015). To circumvent such information-theoretic bottleneck of
parameter learning, a vast line of work explores tensor-decomposition methods in a smoothed setting
Hsu and Kakade (2013); Ge et al. (2015); Anandkumar et al. (2014); Kalai et al. (2010); Anderson
et al. (2014). However, such an approach cannot work when the means of Gaussian components lie
in a low dimensional subspace. Furthermore, statistical precision of moment-based methods has poor
dependence on the geometric properties of an instance, such as singular values of a tensor matrix or
the norm of means. Therefore, they are often used in conjunction with an iterative procedure such as
the EM algorithm which produces much more accurate estimators as we show in this work.

Lower Bounds Without any separation, Ω(ek) samples are necessary Moitra and Valiant (2010);
Hardt and Price (2015). In fact, the separation condition has to be at least Ω(

√
log k) to get a

fully polynomial sample complexity as shown in Regev and Vijayaraghavan (2017). There are also
computational lower bound results due to Diakonikolas et al. (2017, 2018) framed in a statistical
query (SQ) model Feldman et al. (2017) for general (non-spherical) Gaussian mixtures. It would be
interesting to understand the implications of their results in the setting of spherical Gaussian mixtures
(though we do not explore this here).

Distribution Learning Another branch of research in Gaussian mixture models is density estima-
tion. Feldman et al. (2006); Chan et al. (2014); Suresh et al. (2014); Diakonikolas et al. (2019); Li and
Schmidt (2017); Ashtiani et al. (2018b,a). In this problem, the goal is to learn a distribution G that
minimizes the total variation distance to G∗. When this hypothesis G is also in the class of mixtures
of k Gaussian components, it is called proper learning. Most known proper-learning algorithms are
sample-efficient or even sample-optimal Ashtiani et al. (2018a). Our result connects the result in
Ashtiani et al. (2018a) to the parameter learning of a well-separated mixture of Gaussians.

Other Related Work Finally, we mention that there are a few related branches of research to
learning a mixture of Gaussians such as graph clustering and community detection Massoulié (2014);
Mixon et al. (2016); Yin et al. (2019). In such problems, an analogous notion of separation condition
is considered for sample-efficient learning (see the recent survey in Abbe (2017)).

1.2. A Roadmap and Proof Outline

Our starting point is the by-now standard procedure where we analyze EM in the population setting
first, and then connect the result to finite-sample EM through the concentration of measures.

Analysis of the Population EM Algorithm. The E-step in the EM algorithm constructs weights
(soft-label) for all components to construct the expectations of the log-likelihood on the current
estimators. If we have a good enough estimation of parameters, then we anticipate that most samples
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should have approximately the right weights according to which components they come from. Given
the current estimate of the mean parameters, let Egood denote the set where the E-step assigns
approximately the right label (weight). Then, the estimation error in means, for example, after one
EM step can be decomposed as

ED[wX]− µ∗ = (ED[wX|Egood]− µ∗)P (Egood)︸ ︷︷ ︸
errors from good samples

+ (ED[wX|Ecgood]− µ∗)P (Ecgood)︸ ︷︷ ︸
errors from bad samples

,

where ED[wX] is the M-step operator for means, and w is a weight constructed for a sample X in
the E-step. In the well-separated regime, we can show that ED[wX|Egood] ≈ µ∗ for good samples,
while P (Ecgood) ≈ 0 for bad samples. While previous local analysis has a similar flavor Yan et al.
(2017); Balakrishnan et al. (2017), it is significantly more challenging to construct these good events
for non-symmetric and non-equal variance Gaussian mixtures, since the effective dimension of the
EM operator does not shrink as in the symmetrized Balakrishnan et al. (2017) or equal-variance
setting Yan et al. (2017). We show that if all parameters are well-initailized (see details in Theorem
1), then EM converges locally to the true parameters at a linear rate.

Analysis of the Finite-Sample EM Algorithm. In order to get the right order of statistical error
for the EM algorithm, our measure concentration analysis treats good and bad samples separately. We
adopt the technique used in Kwon and Caramanis (2019), and we split the concentration of measure
argument into two parts: (i) concentration due to the sum of independent random variables and
(ii) concentration of the empirical probability of the event (see Proposition 8). This categorization
strategy is critical to get a finite-sample error that is instance-independent and does not depend
on, for example, pairwise distances between means. This independence is in contrast with results
of prior work, e.g., Yan et al. (2017); Zhao et al. (2018); Balakrishnan et al. (2017); Regev and
Vijayaraghavan (2017). While technical, this concentration argument is the key differentiator in our
results. We use this same technique again later in the paper, to obtain the optimal statistical error for
learning a mixture of well-separated Gaussians.

Minimal Initialization Requirements and Sample-Optimal Learning. We next consider the
problem of sample-optimal learning. To use our EM result, we need to show a sample-efficient
strategy for obtaining a sufficiently good initialization for EM. In a recent work, Ashtiani et al.
(2018a) gives the optimal sample-complexity result for proper learning. When applied to our setting,
we can learn a candidate mixture of spherical Gaussians G that satisfies ‖G − G∗‖TV ≤ ε using
Õ(kd/ε2) samples, where ‖ · ‖TV is the total variation (TV) distance. We use this result to obtain
a guarantee on the mean parameters. Specifically, we show that if a candidate spherical Gaussian
mixture G satisfies ‖G − G∗‖TV ≤ πmin/4, then the mean parameters in G satisfy

‖µi − µ∗i ‖ ≤
1

4
min
i 6=j
‖µ∗i − µ∗j‖, (1)

where µi are mean parameters of G and µ∗i are means of G∗. From (1), we get an initialization
condition that is not yet good enough to plug in our EM result. We develop a bridge to obtaining
a sufficiently good initialization of all parameters with (essentially) the k-means algorithm, and
conclude that Õ(π−1

mind/ε
2∨kπ−2

mind) samples are sufficient to recover all parameters up to arbitrary ε
accuracy. We note that this final result is possible because the initialization requirement we ultimately
need is significantly weaker than what prior art requires.
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2. Preliminaries and Notation

We consider the mixture of k spherical Gaussian mixtures with parameters {(π∗j , µ∗j , σ∗j ),∀j ∈ [k]}.
True parameters are denoted by (·)∗, while estimators are denoted using the same letters without ∗.
Each jth component has mean µ∗j and covariance σ∗j Id in Rd. We use D to represent the distribution
of the mixture of Gaussians G∗, and Dj to represent the distribution of the jth Gaussian component.

The EM algorithm is composed of two steps, the E-step that constructs the expectation of the
log-likelihood on the current estimators, and the M-step that maximizes this expectation. For a
mixture of spherical Gaussian distributions, each step of the EM algorithm is as follows:

(E-step) : wi(X) =
πi exp(−‖X − µi‖2/(2σ2

i )− d log(σ2
i )/2)∑k

j=1 πj exp(−‖X − µj‖2/(2σ2
j )− d log(σ2

j )/2)
,

(M-step) : π+
i = ED[wi], µ+

i = ED[wiX]/ED[wi],

σ+
i

2
= ED[wi‖X − µ+

i ‖
2]/(dED[wi]),

for all i ∈ [k]. In the above notation, we use ED[·] to denote the expectation over the entire mixture
distribution. We use EDj [·] to represent the expectation over the single jth Gaussian component. In
the E-step, wi := wi(X) represents the probability of the sample X being generated from the ith

component as computed using the current estimates of parameters {(πj , µj , σj), ∀j ∈ [k]}. After the
M-step, we use (·)+ to denote the corresponding updated estimators. When we consider the entire
sequence of estimators, we use (·)(t) to denote estimators in the tth step. Finite-sample EM replaces
the expectation with the empirical mean constructed with n i.i.d. samples. The corresponding
estimators are denoted by {(π̃j , µ̃j , σ̃j), ∀j ∈ [k]}. In the E-step in the finite-sample EM, we use
w1,i to represent the weight for the 1st component constructed with the ith sample Xi.

Finally, we introduce some conventions we use in this paper. We define πmin = mini π
∗
i ,

ρπ = maxi π
∗
i /mini π

∗
i , and ρσ = maxi σ

∗
i /mini σ

∗
i . We use R∗ij = ‖µ∗i − µ∗j‖2 to denote the

pairwise distance between components. We often use ‖ · ‖ without subscript 2 to denote the l2
norm of a vector in Rd. The estimation error in the mean of the ith component is defined as
∆µi := µ∗i − µi. We use 1E for the indicator function for the event E . We use standard complexity
analysis notations o(·), O(·), Õ(·),Ω(·). Finally, we use “with high probability” in statements when
the success probability of the algorithm is at least 1− δ where δ = n−Ω(1).

3. Convergence Analysis of the EM Algorithm

In this section, we give local convergence guarantees for both population EM and finite-sample EM.
We first study population EM, and connect the result to the finite-sample setting.

3.1. Analysis of Population EM

We first state our main result for population EM. Compared to previous works, we also consider
the setting of unknown and unequal variances, and hence must estimate these along with the means
and mixing weights. We focus on handling the means and mixing weights in the main text, as the
analysis for variance estimators is significantly more involved and delicate (see Appendix B.6 for the
analysis of variance estimation).
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Theorem 1 There exists a universal constant C ≥ 64 such that the following holds. Suppose a
mixture of k spherical Gaussians has parameters {(π∗j , µ∗j , σ∗j ) : j ∈ [k]} such that

∀i 6= j ∈ [k], ‖µ∗i − µ∗j‖ ≥ C(σ∗i ∨ σ∗j ) ·
(√

log k + log(ρσρπ)
)
, (2)

and suppose the mean initialization µ(0)
1 , ..., µ

(0)
k satisfies

∀i ∈ [k], ‖µ(0)
i − µ

∗
i ‖ ≤

σ∗i
16

min
i 6=j
‖µ∗i − µ∗j‖/(σ∗i ∨ σ∗j ). (3)

Also, suppose the mixing weights and variances are initialized such that

∀i ∈ [k], |π(0)
i − π

∗
i | ≤ π∗i /2, |(σ

(0)
i )2 − σ∗i

2| ≤ 0.5σ∗i
2/
√
d. (4)

Then, population EM converges in T = O(log(1/ε)) iterations to the true solution such that for all
i ∈ [k], we have ‖µ(T )

i − µ∗i ‖ ≤ σ∗i ε, |π
(T )
i − π∗i |/π∗i ≤ ε, and |(σ(T )

i )2 − σ∗i
2|/σ∗i

2 ≤ ε/
√
d.

Note that the convergence rate is linear and does not depend on instance-dependent quantities.
Furthermore, for estimating variances, we eventually get O(ε/

√
d) accurate estimates. Hence, the

final output parameters are also O(ε)-close to the true mixture distribution in total variation distance.
The proof of Theorem 1 starts with the useful fact about the EM operator.

Fact 2 True parameters {(π∗i , µ∗i , σ∗i ) : i ∈ [k]} are the fixed point of the EM operator, i.e.,

π∗i = ED[w∗i ], µ
∗
i = ED[w∗iX]/ED[w∗i ], σ

∗
i

2 = ED[w∗i ‖X − µ∗i ‖2]/(dED[w∗i ]),

where w∗i is the weight constructed with true parameters in the E-step. Then, we can represent the
estimation error after one EM iteration with the following lemma.

Lemma 3 Define ∆wi = wi − w∗i . The estimation errors after one EM iteration can be written as

π+
i − π

∗
i = ED[wi]− ED[w∗i ] = ED[∆wi ],

µ+
i − µ

∗
i = ED[∆wi(X − µ∗i )]/ED[wi]. (5)

From this lemma, we observe that errors are proportional to the difference in weights given by the
E-step that are constructed with true parameters and current estimates respectively. We focus on the
parameters for the first component i = 1 and omit the subscript i when the context is clear. The next
lemma is key; it defines what we call good samples.

Lemma 4 Suppose X comes from the jth component (j 6= 1). Let v = X − µ∗j (thus, v ∼
N (0, σ∗j

2Id)) and β = R∗j1
2/(64(σ∗1 ∨ σ∗j )2). Consider the following events:

Ej,1 := {−R∗j1
2/5 ≤ 〈v, µ∗j − µ∗1〉},

Ej,2 := {−R∗j1
2/64 ≤ 〈v,∆µ1〉} ∩ {〈v,∆µj 〉 ≤ (σ∗j /σ

∗
1)2R∗j1

2/64},

Ej,3 :=
{
d
(

1− 2
√
β/d

)
≤ ‖v‖2/σ∗j

2 ≤ d
(

1 + 2
√
β/d+ 2β/d

)}
. (6)

If the above three events occur, then the E-step assigns exponentially small weight to the other
components, i.e., w1 ≤ (π1/πj) exp(−β) and w∗1 ≤ (π∗1/π

∗
j ) exp(−β). We call such X a good

sample. This good event happens with probability at least 1− 5 exp(−β).
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Combined with the expression in (5), this lemma implies the following.

Corollary 5 In the setting of Lemma 4, for any j 6= 1 and s ∈ Sd−1,

EDj [∆w] ≤
(
3(π∗1/π

∗
j ) + 5

)
exp (−β) ,

|EDj [∆w〈v, s〉]| ≤
(
3(π∗1/π

∗
j )σ
∗
j + 5R∗j1

)
exp (−β) . (7)

The corollary bounds the estimation errors coming from the jth component for some j 6= 1. We
obtain this result by decomposing the error term as EDj [∆w] = EDj [∆w1Egood ] + EDj [∆w1Ecgood ],
for estimation errors in mixing weights. Then we control the error from good samples by small ∆w,
and control the error from bad samples with the small probability of event P (Ecgood). Finally we sum
up all errors from all components, and bound this sum with the following lemma.

Lemma 6 For well-separated mixtures of Gaussians that satisfy the separation condition (2),∑
j 6=1

(π∗1 + π∗j )R
∗
j1
q exp

(
−R∗j1

2/64(σ∗1 ∨ σ∗j )2
)
≤ cqσ∗1

qπ∗1, (8)

for q ∈ {0, 1, 2} with sufficiently small absolute constants cq.

By combining these results, we can guarantee that after one single iteration, we get ‖µ+
i −

µ∗i ‖ ≤ 0.5σ∗i , |π+
i − π∗i | ≤ 0.5π∗i , and |σ+

i
2 − σ∗i

2| ≤ 0.5σ∗i
2/
√
d for all i ∈ [k]. Hence when

‖µi − µ∗i ‖ ≥ 0.5σ∗i , the lemmas stated in the main text suffice to guarantee that we get improved
estimators through the EM operation. The full proof in this case is given in Appendix B.

When ‖µi − µ∗i ‖ ≤ 0.5σ∗i , we define

Dm = max
i

[
max

(
‖µi − µ∗i ‖/σ∗i , |πi − π∗i |/π∗i ,

√
d|σ2

i − σ∗i
2|/σ∗i

2
)]
, (9)

and show thatD+
m ≤ γDm for some absolute constant γ < 1. We first get a more fine-grained expres-

sion for (5) that is proportional to Dm by differentiating ∆w using the mean-value theorem. Then we
use the (essentially) same lemmas to show that D+

m ≤ γDm, which guarantees a linear convergence
in Dm to ε in O(log(1/ε)) steps. Since the proof involves significant algebraic manipulation, we
defer the proof for this case to Appendix E.

3.2. Finite-Sample EM Analysis

Now we move on to the finite-sample EM algorithm. For analysis purposes, we use the common
variant of the iterative algorithm which is often referred to as the sample-splitting scheme. This
scheme divides the n samples into T batches of size n/T , and uses a new batch of samples in each
iteration, which removes the probabilistic dependency between iterations. We note that the uniform
concentration approach typically used to avoid sample-splitting often results in overly pessimistic
statistical error. While the analysis with sample-splitting suffices for the optimal sample-complexity
guarantee in this work, it will be interesting to remove this dependency in the future. We now state
the main theorem for the finite-sample EM algorithm.

Theorem 7 There exists a universal constant C ≥ 64 such that the following holds. Suppose a
mixture of k spherical Gaussians has parameters {(π∗j , µ∗j , σ∗j ) : j ∈ [k]} such that

∀i 6= j ∈ [k], ‖µ∗i − µ∗j‖ ≥ C(σ∗i ∨ σ∗j ) · c
√

log(ρσ/πmin), (10)

8
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with some given constant c > 2, and suppose the initializers {(π̃(0)
j , µ̃

(0)
j , σ̃

(0)
j ) : j ∈ [k]} satisfy

∀i ∈ [k], ‖µ̃(0)
i − µ

∗
i ‖ ≤

σ∗i
16

min
i 6=j
‖µ∗i − µ∗j‖/(σ∗i ∨ σ∗j ), (11)

∀i ∈ [k], |π̃(0)
i − π

∗
i | ≤ π∗i /2, |(σ̃

(0)
i )2 − σ∗i

2| ≤ 0.5σ∗i
2/
√
d. (12)

Suppose we use n ≥ C ′(dπ−1
min log2(k2T/δ)/ε2) samples with sufficiently large universal constant

C ′ for every iteration. Then, sample-splitting finite-sample EM converges in T = O(log(1/ε))

iterations to the true solution such that for all i ∈ [k], we have ‖µ̃(T )
i −µ∗i ‖ ≤ σ∗i ε, |π̃

(T )
i −π∗i | ≤ π∗i ε,

and |(σ̃(T )
i )2 − σ∗i

2| ≤ σ∗i
2ε/
√
d, with probability at least 1− δ − T/nc−2k30.

The separation condition (10) in the statement differs by the constant c > 2 from condition (2),
which we need to bound the failure probability by 1/nc. This inverse-polynomial failure probability
arises from the concentration of the empirical probability of rare events.

As mentioned earlier, our finite-sample analysis develops a concentration bound that handles
good and bad samples separately. Note that without splitting the analysis for different events, our
statistical error may be unnecessarily large. For instance, if we simply apply standard sub-Gaussian
tail bounds to 1

n

∑n
i=1w1,i(Xi − µ∗1) for mean updates, we end up having dependency on the norm

of Xi − µ∗1, which could be as large as O(maxj 6=1 ‖µ∗j − µ∗1‖). This dependence on the pairwise
distances of the true means is present in much of the prior art. However, this approach overlooks the
fact that the statistical properties of good samples and bad samples are very different. To overcome
this issue, we adopt the main statistical tool introduced in Kwon and Caramanis (2019).

Proposition 8 (Proposition 5.3 in Kwon and Caramanis (2019)) LetX be a random d-dimensional
vector, and A be an event in the same probability space with p = P (A) > 0. Define random variable
Y = X|A, i.e., X conditioned on event A, and Z = 1X∈A. Let Xi, Yi, Zi be the i.i.d. samples from
corresponding distributions. Then, the following holds,

P

(∥∥∥ 1

n

n∑
i=1

Xi1Xi∈A−E[X1X∈A]
∥∥∥ ≥ t) ≤ max

m≤ne
P

(
1

n

∥∥∥∥∥
m∑
i=1

(Yi − E[Y ])

∥∥∥∥∥ ≥ t1
)

+ P

(
‖E[Y ]‖

∣∣∣∣∣ 1n
n∑
i=1

Zi − p

∣∣∣∣∣ ≥ t2
)

+ P

(∣∣∣∣∣
n∑
i=1

Zi

∣∣∣∣∣ ≥ ne + 1

)
, (13)

for any 0 ≤ ne ≤ n and t1 + t2 = t.

We give a short overview of how we use this proposition in the proof for mixing weights. The
estimation error in mixing weight after one EM iteration is π̃+

1 − π∗1 = (1/n
∑n

i=1w1,i−ED[w1]) +
(ED[w1]− ED[w∗1]). The second term is (ED[w1]− ED[w∗1]) = π+

1 − π∗1 ≤ γπ∗1Dm, for γ and Dm

as in (9). This is the error after one population EM iteration. Hence, if we can show that the first term
is less than επ∗1 , linear convergence is guaranteed with convergence rate γ < 1 until Dm reaches the
target statistical error ε.

Now we decompose a single random variable w1,i into several parts using disjoint indicator
functions. Let us define Ej,good := Ej,1 ∩ Ej,2 ∩ Ej,3 where good events are as defined in (6), and let

w1,i = w1,i1E1 +
∑
j 6=1

w1,i1Ej∩Ej,good + w1,i1Ej∩Ecj,good .

9
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Then, we treat each decomposed O(k) terms as distinct quantities, and find a statistical fluctuation of
the sum of each term over samples using Proposition 8.

For each term, the first key step is to find a sub-Gaussian or sub-exponential norm of random
variables conditioned on each event. We use this to control the statistical fluctuation of the conditioned
random variable on each event, which appears as the first term in (13). This mainly controls the
concentration of good samples. For bad events Ecj,good, it is either that there are no bad sample with
probability O(1/poly(n)), or O(1) bad samples with high probability if 1/nc < P (Ecgood). This
controls the concentration of bad samples. The full proof of Theorem 7 is given in Appendix C.

4. Sample Optimal Learning with the EM Algorithm

We now show we can learn well-separated Gaussian mixtures with nearly optimal sample complexity.

Theorem 9 Suppose a mixture of k spherical Gaussians has parameters {(π∗j , µ∗j , σ∗j ) : j ∈ [k]}
such that

∀i 6= j ∈ [k], ‖µ∗i − µ∗j‖ ≥ C(σ∗i ∨ σ∗j ) · c
√

log(ρσ/πmin), (14)

with a universal constant C ≥ 64 and some given constant c > 2. Then there exists a (possibly
inefficient) algorithm that for any ε > 0, returns parameters {(πj , µj , σj) : j ∈ [k]} (up to
permutation) such that

|π∗i − πi|/π∗i ≤ ε, ‖µ∗i − µi‖/σ∗i ≤ ε, |σ∗i − σi|/σ∗i ≤ ε/
√
d, ∀i ∈ [k],

using n = Õ(π−1
mind/ε

2 ∨ kπ−2
mind) samples with high probability.

While a polynomial sample upper bound with Ω(
√

log k) separation previously has been established
in Regev and Vijayaraghavan (2017), our result guarantees the tightest sample complexity for
ε = O(πmin). In particular, our result implies that a trivial lower bound Ω(dπ−1

min/ε
2) is indeed a

tight upper bound in the well-separated regime. Furthermore, we do not impose any constraints on
the norms of means, or require prior knowledge on mixing weights or variances. Hence Theorem 9
allows any possible realization of Gaussian mixture models that satisfies (14).

We first show that we can relax the initialization conditions (11), (12) such that it is sufficient
to have a good initialization only for mean parameters. It makes the connection to proper-learning
significantly easier since then we do not need any requirement on G other than being close to G∗ in
TV distance. In contrast, Regev and Vijayaraghavan (2017) requires G to be close in TV distance
as well as to have all parameters close to G∗, which raises a technical challenge in connecting the
proper-learning and parameter initialization. This initialization requirement results in a much higher
sample complexity at least Õ(π−2

mink
3d3ρ16) with an instance-specific parameter ρ.

4.1. Better Initialization with the k-Means Algorithm

Algorithm 1 is essentially the k-means algorithm except for Step 3 which estimates the variances.
The next lemma is critical: it says Algorithm 1 can help initialize EM.

Lemma 10 Suppose we are given µ(0)
1 , ..., µ

(0)
k such that

‖µ(0)
i − µ

∗
i ‖ ≤

1

4
min
i 6=j
‖µ∗i − µ∗j‖, (15)

10
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Algorithm 1 One-Step k-means with Good Mean Initializers
Input: n i.i.d. samples from a mixture of well-separated Gaussians G∗ with parameters
{(π∗j , µ∗j , σ∗j ), j ∈ [k]}, and initial estimate of means {µ(0)

i ,∀i ∈ [k]}, satisfying (15).
Output: Good initializers for the EM algorithm satisfying (11) and (12).

1. Using n samples from mixtures of well-separated Gaussians, cluster points according to the
rule: Ci = {X : ‖X − µi‖ ≤ ‖X − µj‖,∀j 6= i}.

2. For each cluster Ci, let πi = |Ci|/n and µi = mean(Ci), the average over all elements in Ci.

3. For each clusterCi, let samples inCi stand in any pre-defined order. Compute pairwise distances
between all adjacent samples. Let F (x) be a cumulative distribution function of chi-square with
d degrees of freedom. Collect all |Ci| − 1 computed values, and find (αd|Ci|)th quantity among
them where αd = F (d). Set σi2 as the quantity divided by 2d.

where {(π∗j , µ∗j , σ∗j ) : j ∈ [k]} are the parameters of well-separated mixtures of Gaussians. Then
there exists a universal constant C ′ > 0 such that given with n ≥ C ′(dπ−1

min log2(k/δ)) samples,
Algorithm 1 returns estimators satisfying ‖µi − µ∗i ‖/σ∗i ≤ 4, |πi − π∗i |/π∗i ≤ 0.5, and |σi2 −
σ∗i

2|/σ∗i
2 ≤ 0.5/

√
d with high probability.

Thus Algorithm 1 succeeds, as long as the initialization satisfies 1/4-closeness to the true means,
which significantly relaxes the condition required for the EM algorithm. The key elements of the proof
of the lemma for mixing weights and means are reminiscent of the ideas we exploit in population EM,
as the k-means algorithm can be viewed as a variant of EM with hard-label assignment in the E-step.
Estimating variances is trickier since we need to get estimators as good as O(1/

√
d). Controlling

the noise to get a O(1/
√
d) estimate requires more than simply computing the average over each

cluster (which is what we do in Step 2 to compute the means, and the mixing weights πi). The key is
contained in Step 3 of Algorithm 1, which is essentially computing the median of pairwise distances.
The full proof of Lemma 10 is given in Appendix D.1.

4.2. Sample-Optimal Algorithm for Theorem 9

In this section, we first show that if we find a proper hypothesis that is πmin/4-close in total variation
distance, then all means in the hypothesis are 1/4-close to true means of well-separated Gaussian
mixtures. The is the content of the following lemma.

Lemma 11 Suppose a mixture of well-separated Gaussians G∗ with parameters {(π∗i , µ∗i , σ∗i ),∀i ∈
k}, and a candidate mixture of (any spherical) Gaussians G with parameters {(πi, µi, σi),∀i ∈ k},
satisfy ‖G − G∗‖TV ≤ πmin/4. Then

max
i

(min
j
‖µ∗i − µj‖/σ∗i ) ≤ 16

√
log(1/πmin). (16)

The proof of Lemma 11 is given in Appendix D.2. While similar connection between TV distance
and parameter distance are stated in Diakonikolas et al. (2017); Regev and Vijayaraghavan (2017),
they consider distances smaller than o(1/k2) either in parameter space or total variation. Matching
the sample complexity lower bounds requires a simpler connection to O(1/k)-TV distance. As

11
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mentioned earlier, G may completely ignore some components if ‖G−G∗‖TV > πmin, hence πmin/4
(which is O(1/k)) is order-wise the minimum possible requirement for this approach.

Now we recall that Ashtiani et al. (2018a) provide a sample-optimal guarantee Õ(kd/ε2) for
the proper-learning of a mixture of axis-aligned Gaussians, i.e., Gaussians with diagonal covariance
matrices. From their result, it is straightforward to get the same sample-optimal guarantee for
spherical Gaussian mixtures. We then combine it with Lemma 11, which gives a candidate distribution
G that satisfies ‖G − G∗‖TV ≤ πmin/4. Lemma 10 provides the final bridge: executing Algorithm 1
produces an initialization good enough for the EM algorithm, as guaranteed by Theorem 7. The full
proof of 9 is given in Appendix D.3.

4.3. Discussion on Initialization

We have shown that Õ(dπ−1
min/ε

2) samples are sufficient for learning a mixture of well-separated
spherical Gaussians. While the combination of proper learning and the EM algorithm gives a
sample-optimal algorithm, we note, however, that the algorithm given in Ashtiani et al. (2018a) is
not computationally efficient. In fact, as far as we know, no (orderwise) sample-optimal polynomial
time algorithm is known for proper-learning even in the Ω(

√
log k)-separated regime. Moreover,

for general (non-spherical) Gaussian mixtures, work in Diakonikolas et al. (2017, 2018) gives
statistical-query based lower bounds, though it is an interesting question to explore what these results
imply in the spherical setting. Hence, while our work resolves the sample-complexity question, the
computational complexity remains open.

The state-of-the-art algorithms in the Ω(
√

log k) separation regime appear in Diakonikolas et al.
(2018); Hopkins and Li (2018); Kothari et al. (2018). They run in quasi-polynomial time with
the required sample complexity Õ(poly(klog k, d, 1/ε)). However, it is still unknown whether it is
possible to learn a mixture of well-separated Gaussians in polynomial time with polynomial sample
complexity. Achieving polynomial running time with polynomial sample complexity would be a
great result that resolves a long lasting open problem in literature.

5. Conclusion

We provide local convergence guarantees for the EM algorithm for a mixture of well-separated
spherical Gaussians. We show that EM enjoys desirable local convergence properties in several
respects: minimal requirements on the separation condition, optimal sample complexity, and large
initialization region. Consequently, our results provide the optimal sample upper bound for learning
the parameters of well-separated Gaussian mixture models. Even under structural assumptions or
larger sample complexity regimes when other methods apply, EM may still be an appealing local
algorithm to amplify the estimation accuracy, as these global algorithms tend to incur large and
instance-dependent statistical error. While our analysis is restricted to the well-separated regime, we
conjecture that EM locally converges to the true parameters even with smaller separation. It will be
an interesting future challenge to establish a similar result in a weaker separation regime.
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Appendix A. Useful Technical Lemmas

We state some useful lemmas:

Lemma 12 (Sub-Gaussian tails Vershynin (2010)) Let v be a sub-Gaussian random vector with
parameter σ2 in d-dimensional space. Then for any unit vector s ∈ Sd−1 and α > 0,

P (〈v, s〉 ≥ α) ≤ exp(−α2/2σ2).

Lemma 13 (chi-Square tails Laurent and Massart (2000)) Let v be a chi-square random vari-
able with d degrees of freedom. Then for any α > 0,

P (v ≥ d+ 2
√
dα+ 2α) ≤ exp(−α),

P (v ≤ d− 2
√
dα) ≤ exp(−α).

Lemma 14 (Lower bound for chi-Square tails Inglot (2010)) Let v be a chi-square random vari-
able with degree of freedom d ≥ 2. Then for any u ≥ d− 1,

1− e−2

2

u

u− d+ 2
√
d
Ed(u) ≤ P (v ≥ u) ≤ 1√

π

u

u− d+ 2
Ed(u),

where Ed(u) = exp(−(1/2)(u− d− (d− 2) log u+ (d− 1) log d)).

Lemma 15 (Sub-Gaussian norm Vershynin (2010)) v is a sub-Gaussian random vector in d-dimensional
space if and only if for any unit vector s ∈ Sd−1, there exists a finite value K > 0 such that

sup
p≥1

p−1/2E[|〈v, s〉|p]1/p ≤ K.

We denote the sub-Gaussian norm of v as ‖v‖ψ2 ≤ K. Furthermore, the tail probability is bounded
by

P (〈v, s〉 ≥ t) ≤ exp(−ct2/K2),

for some universal constant c > 0.

Lemma 16 (Sub-exponential norm Vershynin (2010)) X is a sub-exponential random variable if
and only if there exists a finite value K > 0 such that

sup
p≥1

p−1E[|X|p]1/p ≤ K.

We denote the sub-exponential norm of v as ‖v‖ψ1 ≤ K. Furthermore, the tail probability is bounded
by

P (X ≥ t) ≤ exp(−cmin(t/K, t2/K2)),

for some universal constant c > 0.
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Lemma 17 Suppose v ∼ N (0, Id), u, s ∈ Sd−1 are any fixed unit vectors, and α > 0 is some
constant. Then the following holds:

Ev∼N (0,Id)[|〈v, s〉|p||〈v, u〉| ≥ α] ≤ (2α)p + 4α exp(−α2/2)(2p)p/2.

Proof Let us first decompose s = su + sp, where su is parallel to u and sp is orthogonal to u. We
can rewrite the target quantity as(E[|〈v, su〉+ 〈v, sp〉|p1〈v,u〉≥α]

P (〈v, u〉 ≥ α)

)1/p

≤
E[|〈v, su〉|p1〈v,u〉≥α]1/p + E[|〈v, sp〉|p1〈v,u〉≥α]1/p

P (〈v, u〉 ≥ α)1/p

= ‖su‖ (E[|〈v, u〉|p|〈v, u〉 ≥ α])1/p + E[|〈v, sp〉|p]1/p.

Thus, it boils down to upper-bound EZ∼N (0,1)[Z
p|Z ≥ α]. This can be bounded by

EZ [Zp1Z≥α]/P (Z ≥ α) = EZ [Zp12α≥Z≥α]/P (Z ≥ α) + EZ [Zp1Z≥2α]/P (Z ≥ α)

≤ (2α)p +
√
EZ [Z2p]

√
P (Z ≥ 2α)/P (Z ≥ α)

≤ (2α)p + 2p/2Γ(p+ 1/2)1/2/ 4
√
π exp(−α2)/(exp(−α2/2)/(

√
2π2α))

≤ (2α)p + 4(2p/2)pp/2α exp(−α2/2).

Lemma 18 Let v ∼ N (0, Id). Then for any p ≥ 1,

E[‖v‖p] = 2p/2Γ ((p+ d)/2) /Γ(d/2) ≤ (d+ p)p/2.

Proof The first equality is standard and given in Yan et al. (2017). From here, we can proceed as

Γ((p+ d)/2) = (d/2 + p/2)(d/2 + p/2− 1)...(d/2 + α+ 1)Γ(d/2 + α)

≤ ((d+ p)/2)[p/2]Γ(d/2 + α),

where α = p/2− [p/2] ∈ [0, 1) and [p/2] is the largest integer that does not exceed p/2. We then
use Gautschi’s inequality for the ratio of Gamma functions Wendel (1948) which states

Γ(x+ 1)/Γ(x+ s) ≤ (x+ 1)1−s.

Applying this with x+ s = d/2 and x+ 1 = d/2 + α, we get

((d+ p)/2)[p/2]Γ(d/2 + α)/Γ(d/2) ≤ ((d+ p)/2)[p/2](d+ α)α ≤ ((d+ p)/2)p/2.

Thus, we can conclude

E[‖v‖p] = 2p/2Γ ((p+ d)/2) /Γ(d/2) ≤ (d+ p)p/2.

The following lemmas are the upper bound on the Lp norm of random variables conditioned
on some events. We use them in an important way, as they help us bound expected errors from bad
events.
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Lemma 19 Let v ∼ N (0, Id). Let p ≥ 1 and r2 ≥ d. Then,

E[‖v‖p|‖v‖2 ≥ r2] ≤ (2r)p + 4(d+ 2p)p/2 exp(−r2/8).

Proof Similarly to the one-dimensional case, we start with

E[‖v‖p|‖v‖2 ≥ r2] ≤ (2r)p +
√
E[‖v‖2p]

√
P (‖v‖2 ≥ 4r2)

P (‖v‖2 ≥ r2)

≤ (2r)p + (d+ 2p)p/2
√
P (‖v‖2 ≥ 4r2)

P (‖v‖2 ≥ r2)
.

We can use the inequalities for lower and upper bounds for the tail probability of a chi-square
distribution from Proposition 3.1 in Inglot (2010). From the inequality,

P (‖v‖2 ≥ 4r2) ≤ 2 exp

(
−1

2
(4r2 − d− (d− 2) log(4r2) + (d− 1) log d))

)
,

P (‖v‖2 ≥ r2) ≥ 1

2
exp

(
−1

2
(r2 − d− (d− 2) log(r2) + (d− 1) log d))

)
.

Using this, we can bound√
P (‖v‖2 ≥ 4r2)

P (‖v‖2 ≥ r2)
≤ 2
√

2 exp

(
−1

2
r2 − 1

4
(d+ (d− 2) log(r2)) +

1

4
((d− 2) log(4d) + log d)))

)
,

≤ 2
√

2 exp(−r2/8).

Plugging in this relation, the lemma follows.

Lemma 20 Let v ∼ N (0, Id). Let p ≥ 1 and r2 = d+ 2
√
αd+ 2α with α > 8. Then for any fixed

unit vector s ∈ Sd−1,

E[|〈v, s〉|p|‖v‖2 ≥ r2] ≤ (64α)p/2 + 4(8α+ 2p)p/2.

Proof Due to the rotational invariance of standard Gaussian distribution, without loss of generality,
we can investigate E[|v1|p|‖v‖2 ≥ r2]. Let a = r2 − d and b = a − (d − 2) log(1 + a/d). We
first look at the case when α < d/8 (thus d > 64 if α > 8). In this case, first observe that
a/d = (2

√
αd+ 2α)/d < 1 and,

a2/d = 4(αd+ α2 + 2α
√
αd)/d = 4(α+ α/8 + α/

√
2) ≤ 8α,

b = a− (d− 2) log(1 + a/d) ≤ a− (d− 2)(a/d− (a/d)2/6)

≤ 2a/d+ (a2/6d)(d− 2)/d ≤ 2α.

Then we change the quantity as

E[|v1|pE[1‖v‖2≥r2−v21 |v1]]

P (‖v‖2 ≥ r2)
=

E[|v1|pP (‖u‖2 ≥ r2 − v2
1)]

P (‖v‖2 ≥ r2)
,
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where u ∼ N (0, Id−1). Continuing the process,

E[|v1|pP (‖u‖2 ≥ r2 − v2
1)]

P (‖v‖2 ≥ r2)
=

E[|v1|p1v21≥b] + E[|v1|p1v21≤bP (‖u‖2 ≥ r2 − v2
1)]

P (‖v‖2 ≥ r2)

≤
E[|v1|p|v2

1 ≥ b]P (v2
1 ≥ b) + E[|v1|p1v21≤bP (‖u‖2 ≥ r2 − v2

1)]

P (‖v‖2 ≥ r2)
.

Now using Lemma 14, we have

P (‖v‖2 ≥ r2) ≥ 1− e−2

2

r2

r2 − d+ 2
√
d

exp

(
−1

2
(r2 − d− (d− 2) log(r2) + (d− 1) log d)

)
,

≥ 1− e−2

4
exp

(
−1

2
(a− (d− 2) log(r2/d))

)
,

and

P (‖u‖2 ≥ r2 − v2
1) ≤ 1√

π

r2 − v2
1

r2 − v2
1 − d+ 1

exp

(
−1

2
(r2 − v2

1 − (d− 1)− (d− 3) log(r2 − v2
1) + (d− 2) log d)

)
=

1√
π

1

a− v2
1 + 1

exp

(
−1

2
(1 + a− v2

1 − (d− 2) log((r2 − v2
1)/d))

)
.

Therefore, we have that

E[|v1|p1v21≤bP (‖u‖2 ≥ r2 − v2
1)]

P (‖v‖2 ≥ r2)
≤ 4
√
π(1− e−2)

√
2π

∫ √b
−
√
b

|v1|p−1|v1|
1 + a− v2

1

exp

(
−1

2
(1− (d− 2) log((r2 − v2

1)/r2)

)
≤ 8b(p−1)/2

π

∫ √b
0

v1

1 + a− v2
1

exp

(
−1

2
+
d− 2

2
log(1− v2

1/r
2)

)
≤ 8b(p−1)/2

π

∫ √b
0

v1

1 + a− v2
1

≤ −4b(p−1)/2

π
ln(1 + a− v2

1)|
√
b

0

≤ 4b(p−1)/2

π

1 + a

1 + (d− 2) log(1 + a/d)
.

Recall a < d, log(1 + a/d) ≥ a/d− (a/d)2/6. Plugging this in, we have

4b(p−1)/2

π

1 + a

1 + (d− 2) log(1 + a/d)
≤ 4b(p−1)/2

π

1 + a

1 + a(d− 2)/d− (a/d)2/6

≤ 4b(p−1)/2 ≤ 4(2α)(p−1)/2 ≤ (2α)p/2.

On the other hand, we know from above that,

E[|v1|p|v2
1 ≥ b] ≤ (2

√
b)p + (2p)p/2 ≤ (8α)p/2 + 4

√
b exp(−b/2)(2p)p/2.

Furthermore, we know that

P (v2
1 ≥ b)

P (‖v‖2 ≥ r2)
≤ 2 exp(−b/2)

(1− e−2)/2(
√
d/2) exp(−b/2)

≤ 1/(1− e−2),
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where we used that d > 8α > 64. Thus, when α < d/8, we can conclude that

E[|v1|p|‖v‖2 ≥ r2] ≤ 2(8α)p/2 + 4(2p)p/2.

Now let us consider the other side, when α > d/8. In this case, we simply use Lemma 3.8.
Observe that

E[|v1|p|‖v‖2 ≥ r2] ≤ E[‖v‖p|‖v‖2 ≥ r2] ≤ (2r)p + 4(d+ 2p)p/2 exp(−r2/8).

Also, we can observe that when α > d/8,

b ≤ a = 2
√
αd+ 2α ≤ (4

√
2 + 2)α ≤ 8α,

2α ≤ r2 = d+ a ≤ 16α.

Therefore, we can apply these as is to obtain

E[|v1|p|‖v‖2 ≥ r2] ≤ (64α)p/2 + 4(8α+ 2p)p/2 exp(−α/4).

Now combining all inequalities, we can conclude that

E[|〈v, s〉|p|‖v‖2 ≥ r2] ≤ (64α)p/2 + 4(8α+ 2p)p/2.

Lemma 21 Let v ∼ N (0, Id). Then for any p ≥ 1 and for any fixed unit vector s ∈ Sd−1,

E[‖v‖p||〈v, s〉| ≥ α]1/p ≤ (2α) + (2p)1/2 + (d+ p− 1)1/2.

Proof It can be easily shown that

E[‖v‖p|〈v, s〉 ≥ α]1/p = E[(v2
1 + ‖v2:d‖2)p/2|v1 ≥ α]1/p

≤ E[(|v1|+ ‖v2:d‖)p|v1 ≥ α]1/p

≤ E[|v1|p|v1 ≥ α]1/p + E[‖v2:d‖p|v1 ≥ α]1/p

≤ (2α) + (2p)1/2 + E[‖v2:d‖p]1/p

≤ (2α) + (2p)1/2 + (d+ p− 1)1/2.

Here we used the fact that ‖X‖2 ≤ ‖X‖1 for any vector X ∈ R2 in the first step, Minkowski’s
inequality in the second step, and applied the previous lemmas.
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Appendix B. Proof for the Convergence of the Population EM when Dm ≥ 1/2.

B.1. Proofs for Fact 2 and Lemma 3

Proof for Fact 2. Note that for each sample X , w∗i (X) = π∗i fDi(X)/fD(X) where fD is a p.d.f. of
the mixture distribution, and fDi(X) is a p.d.f. of the ith component. Then,

ED[w∗i ] =

∫
w∗i (X)fD(X) =

∫
π∗i fDi(X) = π∗i ,

ED[w∗iX] =

∫
w∗i (X)XfD(X) =

∫
π∗iXfDi(X) = π∗i µ

∗
i .

Dividing by π∗i recovers µ∗i . For variances,

ED[w∗i ‖X − µ∗i ‖2] =

∫
π∗i ‖X − µ∗i ‖2fDi(X) = π∗i dσ

∗
i

2.

Dividing by dED[w∗i ] = dπ∗i gives σ∗i
2.

Proof for Lemma 3. For mixing weights, π+
i = ED[wi] by construction, π∗i = ED[w∗i ] by Fact 2.

Hence it is obvious that π+
i − π∗i = ED[∆wi ].

For means, note that µ+
i = ED[wiX]/ED[wi]. Then,

µ+
i − µ

∗
i = ED[wiX]/ED[wi]− µ∗i = (ED[wiX]− ED[wi]µ

∗
i )/ED[wi]

= (ED[wiX]− ED[wiµ
∗
i ])/ED[wi]

= ED[wi(X − µ∗i )]/ED[wi].

Now note that

ED[w∗i (X − µ∗i )] = ED[w∗iX]− E[w∗i ]µ
∗
i = µ∗iπ

∗
i − π∗i µ∗i = 0.

Hence we prove that µ+
i − µ∗i = ED[∆wi(X − µ∗i )]/ED[wi].

B.2. Proof of Lemma 4

Proof Let us examine the exponents in w1. By definition of the weight constructed in the E-step, we
can see that

w1 ≤
π1

πj
exp

(
−
‖v + µ∗j − µ1‖2

2σ2
1

+
‖v + µ∗j − µj‖2

2σ2
j

− d

2
log(σ2

1/σ
2
j )

)
.

Our goal is to find conditions for good event where w1 ≤ exp(·). The sufficient condition for this
is when the sum of these three terms is smaller than −C log(R∗j1kρπ/σ

∗
1). If this is the case, then

the weight given to this sample is less than O(σ∗1/(kR
∗
j1)) which can cancel out errors from the

mismatch in labels. The cases are divided based on whether σ1 ≥ σj or σ1 ≤ σj . We first rearrange
the inside of the exponent,

−
‖v + µ∗j − µ1‖2

2σ2
1

+
‖v + ∆j‖2

2σ2
j

− d

2
log(σ2

1/σ
2
j )
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= −
‖v + µ∗j − µ1‖2

2σ2
1

+
‖v + ∆j‖2

2σ2
j

− d

2
log(σ2

1/σ
2
j )

= −
‖v‖2 + ‖µ∗j − µ1‖2 + 2〈v, µ∗j − µ1〉

2σ2
1

+
‖v‖2 + 2〈v,∆j〉+ ‖∆j‖2

2σ2
j

− d

2
log(σ2

1/σ
2
j )

≤ −
7R∗j1

2

16σ2
1︸ ︷︷ ︸

I

+
‖∆j‖2

2σ2
j︸ ︷︷ ︸

II

+
(
−〈v, µ∗j − µ1〉/σ2

1

)︸ ︷︷ ︸
III

+ 〈v,∆j〉/σ2
j︸ ︷︷ ︸

IV

+

(
−‖v‖

2

2
(

1

σ2
1

− 1

σ2
j

)− d

2
log(σ2

1/σ
2
j )

)
︸ ︷︷ ︸

V

.

(17)

II , III and IV can be controlled in a fairly straight-forward manner. Check that,

II ≤ ‖∆j‖2

2σ2
j

≤
R∗j1

2

512(σ∗1 ∨ σ∗j )2

σ∗j
2

σ2
j

≤
3R∗j1

2

512σ1
2
,

P
(
III ≥ 7R∗j1

2/32σ1
2
)

= P
(
〈v, µ∗j − µ1〉 ≤ −7R∗j1

2/32
)

≤ P
(
〈v, µ∗j − µ∗1〉 ≤ −R∗j1

2/5
)

+ P
(
〈v,∆1〉 ≤ −R∗j1

2/64
)

≤ 2 exp
(
−R∗j1

2/(64σ∗j
2)
)
,

P
(
IV ≥ R∗j1

2/20σ1
2
)
≤ P

(
〈v,∆j〉 ≥ R∗j1

2σj
2/20σ1

2
)

≤ P
(
〈v,∆j〉 ≥ R∗j1

2(σ∗j /σ
∗
1)2/64)

)
≤ exp

(
−R∗j1

2/(64σ∗1
2)
)
,

Thus, I + II + III + IV is smaller than (R∗j1
2/σ1

2)(−7/16 + 7/32 + 1/20 + 3/512) ≤ −5/32
with high probability. Now the remaining main challenge is to bound V . We should consider cases
separately when σ1 ≥ σj and σ1 ≤ σj .

Let us first consider σ1 ≥ σj . Overall, we want V ≤ R∗j1
2/(8σ2

1) so that the entire sum inside
exponent is small enough to kill this sample. That is, we want that

−‖v‖
2

2

(
1

σ2
1

− 1

σ2
j

)
− d

2
log(σ2

1/σ
2
j ) ≤ R∗j1

2/(8σ1
2). (18)

Let us introduce some auxiliary variables to simplify the expression. Let x = (σ2
1 − σ2

j )/σ
2
1 and

a = R∗j1
2/(8σ1

2). Then the above equation can be written as

‖v‖2

2
(x/σ2

j ) +
d

2
log(1− x) ≤ a ⇐⇒ ‖v‖2

σ2
j

≤ 1

x
(−d log(1− x) + 2a)

⇐⇒ 1

d

‖v‖2

σ∗j
2 ≤

σ2
j

σ∗j
2

1

x
(− log(1− x) + 2a/d).
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Note that ‖v‖2/σ∗j
2 is a degree-d chi-square random variable and we can apply standard tail

bound for CDF of χd distribution (which is essentially upper tail bound for sub-exponential random
variable). The following useful inequality will help us to bound it in more convenient form:

− log(1− x) ≥ x+ x2/2,

so that the sufficient condition for this is,

1

d

‖v‖2

σ∗j
2 ≤

(
1− 1/(2

√
d)
)(

1 +
√

2a/d+ a/d
)
≤

σ2
j

σ∗j
2

(
1 +

x

2
+

2a

dx

)
.

More sufficient condition is

1

d

‖v‖2

σ∗j
2 ≤ 1 +

(√
a/d+ a/2d

)
,

where the initialization condition for |σ2
j − σ∗j

2|/σ∗j
2 ≤ 1/(4

√
d) �

√
a/d is used for the first

inequality. From the Lemma 13, this is true with probability at least 1 − exp(−a/4) ≥ 1 −
exp(−R∗j1

2/(64σ∗1
2)). In summary, when σ1 ≥ σj , we have w1 ≤ (π1/πj) exp(−R∗j1

2/(64σ∗1
2))

with probability 1−3 exp(−R∗j1
2/(64σ∗1

2)). Then, EDj [w1] ≤ 3(1+π∗1/π
∗
j ) exp(−R∗j1

2/(64σ∗1
2)).

Now we consider the second case when σ1 ≤ σj . We again use the same formulation as in (18).
This time, let x = (σ2

j − σ2
1)/σ2

1 and find the probability for

−‖v‖
2

2σ2
j

x+
d

2
log(1 + x) ≤ a ⇐⇒ ‖v‖2

σ2
j

≥ 1

x
(d log(1 + x)− 2a)

⇐⇒ ‖v‖2

dσ∗j
2 ≥

σ2
j

σ∗j
2

1

x
(log(1 + x)− 2a/d),

where x ranges from 0 to infinity. To control this, divide cases when 0 ≤ x ≤ 3/4 and x ≥ 3/4. If
0 ≤ x ≤ 3/4, then

log(1 + x) ≤ x− x2/2 + x3/3 ≤ x− x2/4.

Using this, it is enough to give a probability bound for

‖v‖2

dσ∗j
2 ≥ (1 + 1/(2

√
d))(1− 2

√
a/(2d)) ≥

σ2
j

σ∗j
2 (1− x/4− 2a/(xd)).

Therefore, the sufficient condition is

‖v‖2

dσ∗j
2 ≥ (1−

√
a/2d).

When 3/4 ≤ x, note that log(1 + x)/x ≤ 3/4. Therefore,

‖v‖2

dσ∗j
2 ≥ (1−

√
a/(xd)) ≥

σ2
j

σ∗j
2 (1− 1/4− 2a/(xd)).
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Note that a/x = R∗j1
2/(8(σ2

j − σ2
1)) ≥ R∗j1

2/(16σ∗j
2). The sufficient condition for ‖v‖2 is thus,

‖v‖2

dσ∗j
2 ≥ max

(
1−

√
R∗j1

2/(16dσ∗1
2), 1−

√
R∗j1

2/(16dσ∗j
2)
)
,

which will hold with probability at least 1− exp(−R∗j1
2/64σ∗j

2). Note that these are all sufficient
conditions to ensure w1 ≤ 3(π∗1/π

∗
j ) exp(−R∗j1

2/(64σ∗j
2)).

Combining all cases, when events defined in (6) happen, then w1 is small enough. As we have
seen already, this is true with probability at least 1− 5 exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2).

B.3. Proof of Lemma 5

Proof By the Lemma 4, the first equation is easy to show. Define Ej,good = Ej,1 ∩ Ej,2 ∩ Ej,3. For the
ease of notation, let β = R∗j1

2/64(σ∗1 ∨ σ∗j )2.

EDj [w1] = EDj
[
w11Ej,good

]
+ EDj

[
w11Ecj,good

]
≤ 3(π∗1/π

∗
j ) exp(−β) + P

(
1Ecj,good

)
≤ 3(π∗1/π

∗
j ) exp(−β) + 5 exp(−β).

For the second equation,

|EDj [w1〈v, s〉]| =
∣∣EDj [w1〈v, s〉1Ej,good

]∣∣+
∣∣∣EDj [w1〈v, s〉1Ecj,good

]∣∣∣
≤ 3(π∗1/π

∗
j ) exp(−β)EDj [|〈v, s〉|] + EDj

[
|〈v, s〉||Ecj,1

]
P (Ecj,1)

+ EDj
[
|〈v, s〉||Ecj,2

]
P (Ecj,2) + EDj

[
|〈v, s〉||Ecj,3

]
P (Ecj,3).

EDj
[
|〈v, s〉||Ecj,1

]
can be bounded with Lemma 17, with p = 1 and α = R∗j1/5σ

∗
j .

EDj
[
|〈v, s〉||〈v,R∗j1〉 ≥ R∗j1

2/5
]
≤ σ∗jEv∼N (0,Id) [|〈v, s〉|||〈v, u〉| ≥ α] ≤ σ∗j

(
2α+

√
2
)
≤ R∗j1.

Similarly, we can bound EDj [|〈v, s〉||Ecj,2]P (Ecj,2) ≤ 2R∗j1 using the same Lemma 17 with p = 1 and
α = R∗j1/4σ

∗
j . For the third term, we use Lemma 20, with p = 1 and α = R∗j1

2/64(σ∗1 ∨ σ∗j )2 = β.
Then,

σ∗jEv∼N (0,Id)[|〈v, s〉||‖v‖2 ≥ d+ 2
√
αd+ 2α] ≤ σ∗j

(
(64α)1/2 + 4 exp(−α/2)(8α+ 2)1/2

)
≤ 2R∗j1,

σ∗jEv∼N (0,Id)[|〈v, s〉||‖v‖2 ≤ d− 2
√
αd] ≤ σ∗jEv∼N (0,Id)[|〈v, s〉|] ≤ σ∗j ,

Collecting these three components, we can conclude that

|EDj [w1〈v, s〉]| ≤ (3(π∗1/π
∗
j )σ
∗
j + 5R∗j1) exp(−β).

The same argument holds for ∆w = w1 − w∗1 since 0 ≤ w1, w
∗
1 ≤ 3(π∗1/π

∗
j ) exp(−β) ensures

|∆w| ≤ 3(π∗1/π
∗
j ) exp(−β).
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B.4. Proof of Lemma 6

We will focus on q = 2 case. Due to the separation condition (2), we have R∗j1
2/(σ∗1 ∨ σ∗j )2 ≥

C2 log(ρσ/πmin) ≥ 4096 log(ρσ/πmin). Let x := R∗j1
2/(σ∗1∨σ∗j )2. One useful fact is, if x ≥ 4096,

then x ≥ 128 lnx. Hence,∑
j 6=1

R∗j1
2 exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2) =
∑
j 6=1

(σ∗j ∨ σ∗1)2x exp(−x/64) ≤
∑
j 6=1

(σ∗j ∨ σ∗1)2 exp(−x/128)

≤
∑
j 6=1

(σ∗j ∨ σ∗1)2(ρσ/πmin)−32 � cσ∗1
2, (19)

for some small constant c. The similar result holds for q = 0 and q = 1. Similarly,∑
j 6=1

π∗jR
∗
j1

2 exp(−R∗j1
2/64(σ∗1 ∨ σ∗j )2) =

∑
j 6=1

π∗j (σ
∗
j ∨ σ∗1)2x exp(−x/64) ≤

∑
j 6=1

π∗j (σ
∗
j ∨ σ∗1)2 exp(−x/128)

≤ max
j 6=1

(σ∗j ∨ σ∗1)2(ρσ/πmin)−32 � cσ∗1
2π∗1. (20)

Summing up the result of π∗1(19) + (20) ≤ c′π∗1σ
∗
1

2 gives the Lemma for q = 2. The cases for
q = 0, 1 can be shown similarly.

B.5. Convergence of Means and Mixing Weights

Proof First we consider the error that comes from other components.

When j 6= 1: We will primarily focus on bounding this quantity by analyzing the errors from each
components separately. Then we will give a bound to estimators after one population EM iteration.
Note that the Corollary 5 also holds for EDj [∆w] as in the corollary. With the Lemma 6, we can
bound the errors for mixing weights from other components. For mixing weights,∑
j 6=1

π∗jEDj [|w1 − w∗1|] ≤ 5
∑
j 6=1

π∗j exp(−R∗j1
2/64(σ∗1 ∨ σ∗j )2) + 3π∗1

∑
j 6=1

exp(−R∗j1
2/64(σ∗1 ∨ σ∗j )2) ≤ cπ∗1,

for some small constant c.
Similarly, we can bound the errors to the mean estimator from other components. First observe

that

‖µ+
1 − µ

∗
1‖ = ‖ED[∆w(X − µ∗1)]‖/ED[w1]

≤
∑
j

π∗j sup
s∈Sd−1

|EDj [∆w〈X − µ∗1, s〉]| ≤
∑
j

π∗j sup
s∈Sd−1

|ED[∆w〈v + µ∗j − µ∗1, s〉]|.

The errors from other components are thus,

∑
j 6=1

π∗j

(
sup

s∈Sd−1

|EDj [∆w〈v, s〉]|+R∗j1|EDj [∆w]|

)
≤ 10

∑
j 6=1

(π∗1 + π∗j )R
∗
j1 exp(−R∗j1/64(σ∗1 ∨ σ∗j )2)

≤ c′σ∗1π∗1,

for some small constant c′.
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When j = 1: From the correct component, we expect the weight is mostly close to 1, and 0 only
rarely to bad samples. For this case, we can consider the weights given to other components. That is,

ED1 [1− w1] =
∑
l 6=1

ED1 [wl] ≤
∑
l 6=1

(3π∗l /π
∗
1 + 5) exp(−R∗l1

2/64(σ∗l ∨ σ∗1)2)

≤ (1/π∗1)

3
∑
l 6=1

π∗l exp(−R∗l1
2/64(σ∗l ∨ σ∗1)2) + 5π∗1

∑
l 6=1

exp(−R∗l1
2/64(σ∗l ∨ σ∗1)2)


≤ (1/π∗1)(cπ∗1) ≤ c,

for some small constant c. The same result holds for ED1 [|∆w|] = ED1 [|(1− w1)− (1− w∗1)|].
Similarly, for the means,

|ED1 [(1− w1)〈v, s〉]| ≤
∑
l 6=1

ED1 [|wl〈v, s〉|] ≤ (1/π∗1)
∑
l 6=1

(3σ∗l π
∗
l + 5R∗j1π

∗
1) exp(−R∗j1

2/64(σ∗l ∨ σ∗1)2)

≤ (1/π∗1)(c′π∗1σ
∗
1) ≤ c′σ∗1.

The same result also holds for |ED1 [∆w〈v, s〉]| = |ED1 [((1− w1)− (1− w∗1))〈v, s〉]|.

Errors from all components: Now we can give a bound for the estimation errors after one
population EM operation. For mixing weights,

|π+
1 − π

∗
1| ≤ π∗1|EDj [∆w]|+

∑
j 6=1

π∗j |EDj [∆w]| ≤ cππ∗1,

and

π+
1 ‖µ

+
1 − µ

∗
1‖ ≤ π∗1‖ED1 [∆w(X − µ∗1)]‖+

∑
j 6=1

π∗j ‖|EDj [∆w(X − µ∗1)]‖ ≤ cπ∗1σ∗1.

Thus, |π+
1 − π∗1| ≤ cππ∗1 , ‖µ+

1 − µ∗1‖ ≤ cµσ∗1 for some small constants cπ, cµ ≤ 0.5.

B.6. Convergence of Variances

Proof We need some sharper bound on weights and probability of bad events, we need to go through
another case study if we also have to estimate σ2

1 . We need to show that σ+
1

2 will be very close to
σ∗1

2, i.e., |σ+
1

2 − σ∗12|/σ∗12 ≤ 0.5/
√
d. First, let us arrange the EM operator for σ+

1 .

σ+
1

2
= ED[w1‖X − µ+

1 ‖
2]/(dπ+

1 )

= ED[w1(‖X − µ∗1 + µ∗1 − µ+
1 ‖

2]/(dπ+
1 )

= (ED[w1(‖X − µ∗1‖2 + ‖µ∗1 − µ+
1 ‖

2] + 2〈ED[w1(X − µ∗1)], µ∗1 − µ+
1 〉)/(dπ

+
1 )

= (ED[w1‖X − µ∗1‖2]− π+
1 ‖µ

∗
1 − µ+

1 ‖
2)/(dπ+

1 )

= ED[w1‖X − µ∗1‖2]/(dπ+
1 )− ‖µ∗1 − µ+

1 ‖
2/d.

We need to further change the expression to get a tight bound for the error. The difference from the
ground truth is,

σ+
1

2 − σ∗1
2 = ED[w1‖X − µ∗1‖2]/(dπ+

1 )− σ∗1
2 − ‖µ∗1 − µ+

1 ‖
2/d
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= ED[w1(‖X − µ∗1‖2 − dσ∗1
2)]/(dπ+

1 )− ‖µ∗1 − µ+
1 ‖

2/d

= ED[∆w(‖X − µ∗1‖2 − dσ∗1
2)]/(dπ+

1 )− ‖µ∗1 − µ+
1 ‖

2/d

=

∑
j π
∗
jEDj [∆w(‖µ∗j − µ∗1‖2 + 2〈v, µ∗j − µ∗1〉+ ‖v‖2 − dσ∗12)]

dπ+
1

− ‖µ
∗
1 − µ

+
1 ‖2

d
,

|σ+
1

2 − σ∗1
2| ≤

∑
j π
∗
j |EDj [∆w]|R∗j1

2

dπ+
1

+

∑
j 2π∗j |EDj [∆w〈v, µ∗j − µ∗1〉]|

dπ+
1

+

∑
j π
∗
j |EDj [∆w(‖v‖2 − dσ∗j

2)]|
dπ+

1

+

∑
j π
∗
j |EDj [∆w]d(σ∗j

2 − σ∗12)|
dπ+

1

+
‖µ∗1 − µ

+
1 ‖2

d
.

Let us consider the terms one by one. We can use Corollary 5 for the first and second terms. The
third term can be bounded with Cauchy-Schwartz inequality.

|EDj [∆w(‖v‖2 − dσ∗j
2)]| ≤

√
EDj [∆w]

√
EDj [(‖v‖2 − dσ∗j

2)2]

≤
√

(3π∗1/π
∗
j + 5) exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
√

2dσ∗j
4,

since the variance of chi-Square distribution with d degrees of freedom is 2d.
The fourth term requires redefinition of good events to get an error that only scales with

√
d

when d grows large. In order to bound this term, we need to give a sharper bound on EDj [∆w]. That
is, we need the following lemma:

Lemma 22 For j 6= 1, if |σ∗j
2 − σ∗12| ≥ 10R∗j1(σ∗j ∨ σ∗1)/

√
d, then

|EDj [∆w]|, |EDj [w1]| ≤ O
(

exp(−dmin(1, t2)/256) exp(−R∗j1
2/64(σ∗1 ∨ σ∗j )2)

)
,

where t = |σ∗j
2 − σ∗12|/σ∗12. This implies,

d|σ∗j
2 − σ∗1

2||EDj [∆w]| ≤ O
(√

d(1 + π∗1/π
∗
j )R

∗
j1(σ∗j ∨ σ∗1) exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)
)
.

The intuition is as follows: what if (σ∗j
2 − σ∗12) < 10(R∗j1σ

∗
1)/
√
d? Then we have nothing to

worry about, since
√
d is already canceled out and EDj [∆w] will be small enough to cancel the rest

which is R∗j1σ
∗
1 . The problem is when |σ∗j

2 − σ∗12| > 10(R∗j1σ
∗
1)/
√
d. Here, we expect that the error

bound EDj [|∆w|] would crucially depend on the quantity t = |σ∗j
2 − σ∗12|/σ∗12 > 10R∗j1/(σ

∗
1

√
d).

Recall that there are three main terms in the exponent of weights as in (17):

III = −〈v, µ∗j − µ1〉/σ2
1,

IV = 〈v,∆j〉/σ2
j ,

V = −‖v‖
2

2

(
1

σ2
1

− 1

σ2
j

)
− d

2
log(σ2

1/σ
2
j ).

Proof
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When σ∗1 ≥ σ∗j and |σ∗j
2 − σ∗12| > 10R∗j1σ

∗
1/
√
d: Let us refine good events so that each events

can take this case into account. Note that this can only happen for very large d > 642 · 100 given our
separation condition. We first show that if σ∗1

2 − σ∗j
2 ≥ 10R∗j1σ

∗
1/
√
d, then x > 4t/5. To see this,

σ1
2 − σj2 ≥ (1− 1/(2

√
d))σ∗1

2 − (1 + 1/(2
√
d))σ∗j

2

≥ (σ∗1
2 − σ∗j

2)− 1/(2
√
d)(σ∗1

2 + σ∗j
2) ≥ 9R∗j1σ

∗
1/
√
d

which then is connected to

x ≥ (σ∗1
2 − σ∗j

2)/σ2
1 − 1/(2

√
d)(σ∗1

2 + σ∗j
2)/σ2

1 ≥ 4t/5,

given good initialization of σ1 and σj .
Instead of just requiring V ≤ R∗j1

2/(8σ2
1) as in mixing weight case, let us require V ≤

−dx2/16 + a where x = (σ2
1 − σ2

j )/σ
2
1 and a = R∗j1

2/(8σ2
1). Then,

1

d

‖v‖2

σ∗j
2 ≤

σ2
j

σ∗j
2

(
1 +

x

2
− x

8
+

2a

dx

)
=

σ2
j

σ∗j
2

(
1 +

3x

8
+

2a

dx

)
,

is a sufficient condition to guarantee V ≤ −dx2/16 + a. The probability of this event is

P

(
‖v‖2

dσ∗j
2 ≥

σ2
j

σ∗j
2

(
1 +

3x

8
+

2a

dx

))
≤ P

(
‖v‖2

dσ∗j
2 ≥

(
1− 1

2
√
d

)(
1 +

3x

8
+

2a

dx

))
≤ exp

(
− dx/32−R∗j1/(64σ∗1

2)
)
.

For quantities III and IV , we will require

P
(
III ≥ dx2/32 + 7R∗j1

2/(32σ2
1)
)
≤ P

(
〈v, µ∗j − µ1〉 ≥

√
dx
√
d(σ2

1 − σ2
j )/32 + 7R∗j1

2/32
)

≤ P
(
〈v, µ∗j − µ∗1〉 ≥

√
dx
√
d(σ2

1 − σ2
j )/40 +R∗j1

2/5
)

+ P
(
〈v,∆1〉 ≥

√
dx
√
d(σ2

1 − σ2
j )/160 +R∗j1

2/32
)

≤ exp
(
− dx2/2 (

√
d(σ2

1 − σ2
j )/40σ∗jR

∗
j1)2︸ ︷︷ ︸

(i)

−R∗j1
2/(64σ∗j

2)
)

+ exp
(
− dx2/2 (

√
d(σ2

1 − σ2
j )/10σ∗jR

∗
j1)2︸ ︷︷ ︸

(i′)

−R∗j1
2/(16σ∗j

2)
)
.

For IV ,

P
(
〈v,∆j〉 ≥ dx2σ2

j /128 +R∗j1
2σ2
j /(20σ2

1)
)

≤ P
(
Z ≥ dx2(σ∗1 ∨ σ∗j )(σj2/σ∗j

2)/(8R∗j1) + 4R∗j1(σj
2/σ∗j

2)/(5σ2
1)
)

≤ exp
(
− dx2/2 (

√
d(σ2

1 − σ2
j )/16σ∗1R

∗
j1)2︸ ︷︷ ︸

(i′′)

−R∗j1
2/(64σ∗1

2)
)
,

When three events happens at the same time, we are guaranteed that w1 ≤ exp(−dx2/64 −
R∗j1

2/(64σ∗1
2)). Meanwhile, by the assumption on this case study we have (i), (i′), (i′′) ≥ 1/32.
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That is, we get w1 ≤ exp(−dt2/128 − R∗j1
2/(64σ∗1

2)) with probability 1 − 4 exp(−dt2/64 −
R∗j1

2/(64σ∗1
2)). Under the same events, we can show the same for w∗1. Therefore,

EDj [∆w] ≤ 10(π∗1/π
∗
j + 1) exp(−dt2/64−R∗j1

2/(64σ∗1
2)).

This is enough to bound the fourth term (note that if
√
dt > 8R∗j1/σ

∗
1 � 512, then dt2 ≥ 64 log(

√
dt)

will be guaranteed). The consequence of this relation is that

|EDj [∆w]d(σ∗j
2 − σ∗1

2)| ≤ σ∗1
2
√
d exp(−R∗j1

2/(64σ∗1
2)).

When σ∗1 ≤ σ∗j and |σ∗j
2 − σ∗1

2| > 10R∗j1σ
∗
j /
√
d: We can go through the other side (when

σ1 ≤ σj) similarly. For this case, let x = (σj
2 − σ1

2)/σ1
2. In this case, we consider the case when

t = (σ∗j
2 − σ∗12)/σ∗1

2 > 10R∗j1σ
∗
j /(σ

∗
1

2
√
d), and we show that x ≥ 4t/5 as before. Note that still

the case can only happen when d > 6402.

σ2
j − σ2

1 ≥ (1− 1/2
√
d)σ∗j

2 − (1 + 1/2
√
d)σ∗1

2

= (σ∗j
2 − σ∗1

2)− 1/(2
√
d)(σ∗j

2 + σ∗1
2)

≥ 9R∗j1σ
∗
j /
√
d,

x ≥ 4t/5 ≥ 8R∗j1σ
∗
j /(σ

∗
1

2
√
d).

We define the condition for V as

P (V ≥ −dx2/32 +R∗j1
2/(8σ2

1)) = P (−‖v‖2x/(2σj2) +
d

2
log(1 + x) ≥ −dx2/32 + a)

≤ P (−‖v‖2x/σj2 + d(x− x2/4) ≥ −dx2/16 + 2a)

= P (‖v‖2/σj2 ≤ d(1− 3x/16− 2a/(dx)))

≤ exp(−dx/128−R∗j1
2/(64σ∗1

2)), for 0 ≤ x ≤ 3/4,

We also similarly compute the bad probabilities for other quantities III and IV .

P (III ≥ dx2/64 + 7R∗j1
2/(32σ2

1))

≤ P (〈v, µ∗j − µ∗1〉 ≥
√
dx
√
d(σ2

j − σ2
1)/80 +R∗j1

2/5) + P (〈v,∆1〉 ≥
√
dx
√
d(σ2

j − σ2
1)/320 +R∗j1

2/64)

≤ exp(−dx2/2 (
√
d(σ2

j − σ2
1)/(80R∗j1σ

∗
j ))

2︸ ︷︷ ︸
(i)

−R∗j1
2/(32σ∗j

2))

+ exp(−dx2/2 (
√
d(σ2

j − σ2
1)/(20R∗j1σ

∗
j ))

2︸ ︷︷ ︸
(i′)

−R∗j1
2/(64σ∗j

2)),

P (IV ≥ dx2/128 +R∗j1
2/(20σ2

1)) ≤ P (〈x,∆j〉σ2
1/σ

2
j ≥ dx2σ2

1/16 + 4R∗j1
2/5)

≤ P (Z ≥
√
dx(
√
d(σ2

j − σ2
1)/(16R∗j1σ

∗
1)) +R∗j1

2/(4σ∗1
2))

≤ exp(−dx2/2 (
√
d(σ2

j − σ2
1)/(16R∗j1σ

∗
1))2︸ ︷︷ ︸

(i′′)

−R∗j1
2/(64σ∗1

2))
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Since we assumed |σ2
j −σ2

1| ≥ 9R∗j1σ
∗
j /
√
d , we can see that (i), (i′), (ii′) ≥ 1/100. Thus, similarly

we can get w1 ≤ 3(π∗1/π
∗
j ) exp(−dt2/256−R∗j1

2/(64σ∗1
2)) with probability 1− exp(−dt2/256−

R∗j1
2/(64σ∗1

2)). Using the same argument, EDj [∆w] can be bounded by exp(−dt2/256−R∗j1
2/(64σ∗1

2)).
When 3/4 ≤ x, we target:

P (V ≥ −dx/16 +R∗j1
2/(8σ1

2)) = P (−‖v‖2x/(2σj2) + (d/2) log(1 + x) ≥ −dx/8 +R∗j1
2/(8σ1

2))

≤ P (‖v‖2/σj2 ≤ d(log(1 + x)/x+ 1/8)−R∗j1
2/(4σ1

2)/x)

≤ P (‖v‖2/σj2 ≤ d(1− 1/8−R∗j1
2/(4d(σj

2 − σ2
1))))

≤ exp(−d/256−R∗j1
2/(64σ∗j

2)),

Note that when x = (σ2
j − σ2

1)/σ2
1 > 6(R∗j1σ

∗
j )/(σ

∗
1

2
√
d), it is true that d� 512 log

√
d. For III

and IV , when x ≥ 3/4, we find a probability for

P (III ≥ dx/32 + 7R∗j1
2/(32σ1

2)) ≤ P (〈v, µ∗j − µ∗1〉 ≥
√
d
√
d(σ2

j − σ2
1)/64 +R∗j1

2/5)

+ P (〈v,∆1〉 ≥
√
d
√
d(σ2

j − σ2
1)/64 +R∗j1

2/64)

≤ exp(−d/2 (
√
d(σ2

j − σ2
1)/(64R∗j1σ

∗
j ))

2︸ ︷︷ ︸
(i)

−R∗j1
2/(64σ∗j

2))

+ exp(−d/2 (
√
d(σ2

j − σ2
1)/(4R∗j1σ

∗
j ))

2︸ ︷︷ ︸
(i)

−R∗j1
2/(64σ∗j

2)),

and,

P (IV ≥ dx/64 +R∗j1
2/(20σ2

1)) ≤ P (ZR∗j1σ
∗
j ≥ dxσ1

2/4 + 4R∗j1
2/5)

≤ exp(−d/2 (
√
d(σ2

j − σ2
1)/(4R∗j1σ

∗
j ))

2︸ ︷︷ ︸
(i′)

−R∗j1
2/(64σ∗1

2)),

Again, the similar result holds for EDj [∆w]. Therefore,

EDj [∆w] ≤ 3(1 + π∗1/π
∗
j ) exp(−d/256−R∗j1

2/(64σ∗j
2)),

Collecting all cases yields the Lemma.

Errors from own component j = 1: Note that if j = 1, first, second, and fourth terms are gone
automatically. For the third term, ED1 [∆w] ≤ c for some small c as we have seen several times, and
ED1 [(‖v‖2 − dσ∗12)2] ≤ 2dσ∗1

4. The fifth term is less than O(σ∗1
2/d) as we have already seen that

next estimates for means are already within cµσ∗1 . Hence the error from own component is less than
c1 for some small constant c1.

Errors from all components: Now we can collect every terms to give a bound the error of σ+
1 ,

σ+
1

2 − σ∗1
2 ≤ c1σ

∗
1

2 +

∑
j 6=1 π

∗
jR
∗
j1

2EDj [∆w]

dπ+
1

+
2
∑

j 6=1 π
∗
jR
∗
j1EDj [∆w]

dπ+
1
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+

∑
j 6=1 5σ∗j

2(π∗1 + π∗j )
√
d exp(−R∗j1

2/128(σ∗1 ∨ σ∗j )2)

dπ+
1

+

∑
j 6=1 50(π∗1 + π∗j )

√
dR∗j1(σ∗j ∨ σ∗1) exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)

dπ+
1

+
c2
µσ
∗
1

2

d
,

which gives |σ+
1

2 − σ∗12| ≤ cσσ∗12/
√
d, for some small constant cσ < 0.5 given good enough SNR

condition in (2).

Appendix C. Proof for Finite-Sample EM

We define some additional notations. We use Ej to denote the event that the ith sample comes from
jth component. Define Ej,good := Ej,1 ∩Ej,2 ∩Ej,3 where Ej,· are as defined in (6). For the simplicity
in notation, we now use looser upper bound ρπ for (1∨ π∗1/π∗j ). We use . when the inequality holds
up to some universal constants. Finally, under the modified condition in (10), we will use slightly
modified version of Lemma 6:

Lemma 23 For well-separated mixture of Gaussians, for q ∈ {0, 1, 2},

ρπ
∑
j 6=1

R∗j1
q exp

(
−R∗j1

2/(128c)(σ∗1 ∨ σ∗j )2
)
≤ cqσ∗1

qπmin, (21)

for some small constants cq given separation condition as in (10).

Proof The proof is similar to that of Lemma 6. Note that R∗j1
2/(σ∗1 ∨ σ∗j )2 ≥ C2c2 log(ρσ/πmin)

where the universal constant C is such that C2 ≥ 4096. Let x := R∗j1
2/(σ∗1 ∨ σ∗j )2. Then, since

log(x)/x is decreasing in x whenever x ≥ e,

log(x)

x
≤ log(C2c2 log(ρσ/πmin))

C2c2 log(ρσ/πmin)
≤ 1

256c
.

Applying this to the equation (21) with q = 2,

ρπ
∑
j 6=1

R∗j1
2 exp

(
−R∗j1

2/(128c)(σ∗1 ∨ σ∗j )2
)
≤ ρπ

∑
j 6=1

(σ∗1 ∨ σ∗j )2 exp
(
−R∗j1

2/(256c)(σ∗1 ∨ σ∗j )2
)

≤ ρπ
∑
j 6=1

(σ∗1 ∨ σ∗j )2(ρσ/πmin)−32 � c2σ
∗
1

2πmin,

which gives the lemma with some small constant c2. Similar claims hold for q = 0, 1.

We also restate here the Proposition 8.

Proposition 24 (Restatement of Proposition 8) Let X be a random d-dimensional vector, and
A be an event in the same probability space with p = P (A) > 0. Define random variable
Y = X|A, i.e., X conditioned on event A, and Z = 1X∈A. Let Xi, Yi, Zi be the i.i.d samples from
corresponding distributions. Then, the following holds,

P

(∥∥∥ 1

n

n∑
i=1

Xi1Xi∈A−E[X1X∈A]
∥∥∥ ≥ t) ≤ max

m≤ne
P

(
1

n

∥∥∥∥∥
m∑
i=1

(Yi − E[Y ])

∥∥∥∥∥ ≥ t1
)
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+ P

(
‖E[Y ]‖

∣∣∣∣∣ 1n
n∑
i=1

Zi − p

∣∣∣∣∣ ≥ t2
)

+ P

(∣∣∣∣∣
n∑
i=1

Zi

∣∣∣∣∣ ≥ ne + 1

)
. (22)

for any 0 ≤ ne ≤ n and t1 + t2 = t.

C.1. Concentration in Mixing Weights

Proof We give a concentration result for mixing weights first. We can first check that

π̃+
1 − π

+
1 =

1

n

n∑
i=1

w1,i − ED[w1].

Then, single w1,i can be decomposed using indicators. Then,

w1,i = w1,i1E1 +
∑
j 6=1

w1,i1Ej∩Ej,good + w1,i1Ej∩Ecj,good .

Now let us apply proposition 8 step by step.

With E1: Note that P (E1) = π∗1 . We can pick ne = 2nπ∗1 . By multiplicative version of concentra-
tion inequality for Bernoulli random variable, the second and third terms will be safely killed. Also,
we note that w1,i is bounded random variable. Therefore,

P (1/n|
ne∑
i=1

(w1,i − ED1 [w1,i])| ≥ t) ≤ exp(−2ne(nt/ne)
2) = exp(−2n2/net

2).

Thus, t = O
(√

ne/n
√

ln(k2T/δ)/n
)

= O(
√
π∗1 ln(k2T/δ)/n) gives δ/(k2T ) error bound.

With Ej ∩ Ej,good: When a good sample comes from jth 6= 1 component, the weight given to
first component is very small, i.e., w1,i1Ej∩Ej,good ≤ 5ρπ exp(−R∗j1

2/(64(σ∗j ∨ σ∗1)2)). Thus, it is a
bounded random variable, therefore its statistical error can be bounded by

t = O
(
ρπ
√
π∗j
√

ln(k2T/δ)/n
)

exp
(
−R∗j1

2/64(σ∗j ∨ σ∗1)2
)
,

with probability at least 1− (k2T/δ).

With Ecj,good: This is a very special case, since the chance of this event to happen is p :=

5π∗j exp(−R∗j1
2/64(σ∗1 ∨ σ∗j )2), i.e., exponentially small. We first need to bound the number of

samples that have fallen into this bad event with high probability. We divide the case as when
n ≥ p1/c and n ≤ p1/c for some constant c > 2.

Let us first consider when n ≥ p1/c. Recall the Bernstein’s inequality, which states for Bernoulli
random variable that

P

(∣∣∣ 1
n

n∑
i=1

Zi − p
∣∣∣ ≥ t) ≤ exp(−nt2/(2p+ 2/3t)).

Solving the right hand side to get a δ/(k2T ) probability bound, we get

ne = O(c ln(k2T/δ) + c
√
np ln(k2T/δ)).
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Then using the proposition, we can decide how large the sum of 1/n
∑n

i=1w1,i1Ecj,good , which will
be

t = O

(√
p ∨ 1/n

√
ln2(k2T/δ)/n

)
= O

(
p1/2c

√
ln2(k2T/δ)/n

)
= Õ

(
π32
min

√
1/n

)
,

with probability 1− nc.
On the other side, if n ≤ p1/c, then we will have ne = 0 with probability at least 1 − np ≥

1− p1−1/c. Note that p1−1/c ≤ O(π32
min/n

c−2) given SNR condition as in the theorem. Thus, in this
case, with probability at least 1− 1/(nc−2k32), we have∣∣∣∣∣ 1n

n∑
i=1

w1,i1Ecj,good − ED[w1,i1Ecj,good ]

∣∣∣∣∣ ≤ EDj [w1,i1Ecj,good ] ≤ exp(−R∗j1
2/(64(2c)(σ∗1 ∨ σ∗j )2)).

Collect all errors: Now we can collect all items we found for each cases. Taking union bound
over all O(k) items, with probability 1−O(δ/kT )−O(1/(nc−2k31)),∣∣∣∣∣ 1n

n∑
i=1

w1,i − ED[w1,i]

∣∣∣∣∣ ≤ O
(√

π∗1 ln(k2T/δ)/n

)
+O

(
ρπ

√
ln2(k2T/δ)/n

)∑
j 6=1

exp(−R∗j1
2/(128c(σ∗j ∨ σ∗1)2))

≤ O(π∗1ε),

where we used Lemma 23. Thus, |π̃+
1 − π∗1|/π∗1 ≤ |π̃

+
1 − π

+
1 |/π∗1 + |π+

1 − π∗1|/π∗1 ≤ ε + γDm.
Thus, after T = O(log(1/ε)) iteration, we get |π̃(T )

1 − π∗1| ≤ π∗1ε with probability 1 − O(δ/k) −
O(T/(nc−2k31)). We can take union bound over all O(k) components to get the result for all
components with probability 1−O(δ)−O(log(1/ε)/nc−2k30).

C.2. Concentration in Means

Proof Now let us look at the iteration for means. First, we should observe that

µ̃+
1 − µ

∗
1 =

(
1

n

n∑
i=1

w1,i(X − µ∗1)

)
/

(
1

n

n∑
i=1

w1,i

)

=

(
1

n

n∑
i=1

w1,i(Xi − µ∗1)− ED[w1(X − µ∗1)] + ED[w1(X − µ∗1)]− ED[w∗1(X − µ∗1)]

)
/π̃+

1

=

 1

n

n∑
i=1

w1,i(Xi − µ∗1)− ED[w1(X − µ∗1)]︸ ︷︷ ︸
eµ

+ED[∆w(X − µ∗1)]︸ ︷︷ ︸
Bµ

 /π̃+
1 .

Bµ is decreasing as we have seen for population EM, we focus on the fluctuation of the sum of
random variables W = w1(X − µ∗1). We further decompose this random variable using disjoint
events. That is,

Wi = Wi1E1 +
n∑
j 6=1

(
Wi1Ej,good +Wi1Ecj,1 +Wi1Ej,1∩Ecj,2 +Wi1Ej,1∩Ej,2∩Ecj,3

)
.

Now for each decomposed sample, we compute ψ2 or ψ1 norm conditioned on each event, and sum
everything at the end.
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With j 6= 1, Ej,good: Let Yi = Wi1Ej,good |Ej and Zi = 1j . Then using the proposition,

P

(∥∥∥∥∥1/n

n∑
i

Wi1j,good−ED[W1j,good]

∥∥∥∥∥ ≥ t
)
≤ P

(
1

n

∥∥∥∥∥
ne∑
i

Yi − EDj [Y ]

∥∥∥∥∥ ≥ t1
)

+ P

(
EDj [Y ]

∣∣∣∣∣ 1n
n∑
i

Zi − π∗j

∣∣∣∣∣ ≥ t2
)

+ P

(
n∑
i=1

Zi ≥ ne + 1

)
.

Now we find a sub-Gaussian norm of Yi, which can be computed as

‖Y ‖ψ2 = sup
p≥1

p−1/2EDj [|w11j,good〈v + µ∗j − µ∗1, s〉|p]1/p

≤ 10ρπ exp(−R∗j1
2/64σ∗1

2) sup
p≥1

p−1/2(EDj [|〈v, s〉|p]1/p +R∗j1)

≤ 20ρπ(R∗j1 + σ∗1) exp(−R∗j1
2/64σ∗1

2).

Meanwhile, we can set ne = nπ∗j + O(
√
np ln(k2T/δ)) ≤ 2nπ∗j as previously to get a high

probability bound for the number of samples from jth component. Using standard 1/2-covering
argument for d-dimensional sub-Gaussian vector, we have

P

(∥∥∥∥∥
ne∑
i=1

Yi − EDj [Y ]

∥∥∥∥∥ ≥ nt1
)
≤ exp

(
− (nt1)2

ne‖Y ‖2ψ2

+ Cd

)
,

for some universal constant C. That is, t1 = O

(
‖Y ‖ψ2

√
ne
n

√
d+log(k2T/δ)

n

)
with probability at

least 1− δ/(k2T ).

With j 6= 1, Ecj,1: We can use the same trick with Yi = Wi|Ej∩Ecj,1. Note that p := P (Ej∩Ecj,1) ≤
π∗j exp(−R∗j1

2/64σ∗1
2). Sub-Gaussian norm of Yi in this case can be bounded with using one of the

lemmas.

‖Y ‖ψ2 = sup
p≥1

p−1/2EDj [|w1〈v + µ∗j − µ∗1, s〉|p|〈v, u〉 ≥ R∗j1/5]1/p

≤ sup
p≥1

p−1/2(R∗j1 + EDj [|〈v, s〉|p|〈v, u〉 ≥ R∗j1/5]1/p)

≤ R∗j1 + sup
p≥1

p−1/2σ∗j (2R
∗
j1/5σ

∗
j + (2p)1/2)

≤ 2R∗j1,

where u is a unit vector in direction µ∗j − µ∗1. Since the probability of the bad event is very small,
we divide the cases into n ≥ p−1/c and n ≤ p−1/c for some c > 2, as we have done for handling
bad events for mixing weights. From Bernstein’s inequality, if n ≥ p−1/c, with probability at least
1− δ/k2T ,

ne ≤ O
(

ln(k2T/δ) +
√
np ln(k2T/δ)

)
.
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Using this, we can give a good bound for t1 with high probability,

t1 = O
(
‖Y ‖ψ2

√
ne/n

√
(d+ ln(k2T/δ))/n

)
≤ O

(
R∗j1

√
1/n ∨

√
p/n

√
ln(k2T/δ)

√
(d+ ln(k2Tδ))/n

)
≤ Õ

(
R∗j1p

1/2c
√
d/n

)
,

and

t2 = O(R∗j1 ln(k2T/δ)/n) = O

(
R∗j1p

1/2c
√

ln2(k2T/δ)/n

)
,

getting a similar scale of fluctuation.
For the other case when n ≤ p−1/c, we can again get ne = 0 with probability at least 1 −

p1−1/c, which is again greater than 1 − (1/(nc−2k32). In this case, t1 = 0 and t2 = E[Y ]p ≤
2R∗j1p

1−1/c/n . σ∗1πmin/n, which is again sufficiently small.
In all cases, we have that the fluctuation conditioned on this bad event is Õ(σ∗1πmin

√
d/n) with

probability at least 1− δ/(k2T )− 1/(nc−2k32).

With j 6= 1, Ej,1 ∩ Ecj,2: Let Yi = Wi1Ej,1 |Ecj,2. Then p := P (Ecj,2) ≤ 2π∗j exp(−R∗j1
2/64(σ∗1 ∨

σ∗j )
2). We can again follow the same path as we have done for other bad events. The key step is to

get a sub-Gaussian norm.

‖Y ‖ψ2 = sup
p≥1

p−1/2EDj [|w11Ej,1〈v + µ∗j − µ∗1, s〉|p|Ecj,2]1/p

≤ R∗j1 + sup
p≥1

p−1/2EDj [|w1〈v, s〉|p|〈v,∆1〉 ≥ R∗j1
2/64]1/p

+ sup
p≥1

p−1/2EDj [|w1〈v, s〉|p|〈v,∆j〉 ≥ (σ∗j /σ
∗
1)2R∗j1

2/64]1/p

≤ R∗j1 + 2σ∗j sup
p≥1

p−1/2Ev∼N (0,Id)[|〈v, s〉|p|〈v, u〉 ≥ R∗j1/4(σ∗j ∨ σ∗1)]1/p

≤ R∗j1 + 2 sup
p≥1

p−1/2(σ∗j (2R
∗
j1/4(σ∗j ∨ σ∗1) +

√
2p))

≤ 3R∗j1.

The rest of the step is similar to the previous case. We can thus again get a results that the deviation
in this case is also Õ

(
R∗j1 exp(−R∗j1

2/(64 · (2c)(σ∗1 ∨ σ∗j )2))
√
d/n

)
with probability at least 1−

δ/(k2T )− 1/(nc−2k32).

With j 6= 1, Ej,1∩Ej,2∩Ecj,3: Let Yi = Wi1Ej,1∩Ej,2 |Ecj,3. Again, p := P (Ecj,3) ≤ 2π∗j exp(−R∗j1
2/64(σ∗1∨

σ∗j )
2) again. This time, we can invoke lemma 3.9 with α = R∗j1

2/64(σ∗1 ∨ σ∗j )2, to get

‖Y ‖ψ2 = sup
p≥1

p−1/2EDj [|w11Ej,1〈v + µ∗j − µ∗1, s〉|p|Ecj,3]1/p

≤ R∗j1 + sup
p≥1

p−1/2EDj [|w1〈v, s〉|p|‖v‖2/σ∗j
2 ≥ d+ 2

√
dα+ 2α]1/p
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+ sup
p≥1

p−1/2EDj [|w1〈v, s〉|p|‖v‖2/σ∗j
2 ≤ d− 2

√
dα]1/p

≤ R∗j1 + c1σ
∗
j + σ∗j sup

p≥1
p−1/2EDj [|〈v, s〉|p|‖v‖2 ≥ d+ 2

√
dα+ 2α]1/p

≤ R∗j1 + c1σ
∗
j + σ∗j sup

p≥1
p−1/2((64α)1/2 + 41/p(8α+ p)1/2)

≤ 3R∗j1.

The rest of the step is similar to the previous case. We can thus again get a results that the deviation
in this case is also Õ

(
R∗j1 exp(−R∗j1

2/(64 · 2c(σ∗1 ∨ σ∗j )2))
√
d/n

)
with probability at least 1 −

δ/(k2T )− 1/(nc−2k32).

With E1: Let Yi = Wi|E1, p := P (E1) = π∗1 . ‖Y ‖ψ2 can be easily verified such that

‖Y ‖ψ2 = sup
p≥1

p−1/2ED1 [|w1〈v, s〉|p]1/p ≤ Kσ∗1,

for some constant K. We can set ne = 2nπ∗1 as usual, to get the statistical error by those samples are

Õ
(
σ∗1
√
π∗1
√
d/n

)
,

with probability at least 1− δ/(k2T ).
Summing up every terms, the entire error is

eµ . σ∗1

√π∗1√d/n+
√
d/nρπ

∑
j 6=1

R∗j1 exp
(
−R∗j1

2/(128c(σ∗j ∨ σ∗1)2)
)

. σ∗1πminε,

with probability 1−O(δ/kT + 1/nc−2 · 1/k31)). In consequence,

‖µ̃+
1 − µ

∗
1‖ ≤ πminσ∗1(ε+ γ‖µ̃1 − µ∗1‖/σ∗1)/π̃+

1 ≤ σ
∗
1(ε+ γDm).

Similarly to mixing weights, after taking union bound over all k components and T = O(log(1/ε))

iterations, we get ‖µ̃(T )
1 − µ∗1‖ ≤ σ∗1ε with probability 1−O(δ + T/nc−2 · 1/k30).

C.3. Concentration in Variances

Proof
With finite samples, the finite-sample EM iteration for variance is

σ̃+
1

2 − σ∗1
2 =

(
n∑
i=1

w1,i‖Xi − µ̃+
1 ‖

2

)
/

(
d

n∑
i=1

w1,i

)
− σ∗1

2

=

(
1/n

n∑
i=1

w1,i‖Xi − µ∗1‖2)/(dπ̃+
1 )

)
− σ∗1

2 − ‖µ̃+
1 − µ

∗
1‖2/d
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=

(
1

n

n∑
i=1

w1,i(‖Xi − µ∗1‖2 − dσ∗1
2)− E[w1(‖X − µ∗1‖2 − dσ∗1

2)]

)
︸ ︷︷ ︸

eσ

/(dπ̃+
1 )

+
E[∆w(‖X − µ∗1‖2 − dσ∗12)]

dπ̃+
1

− ‖µ̃
+
1 − µ∗1‖2

d
.

In order to be more precise, we may need to target Õ(
√

1/nd) for statistical precision. But it is
enough to proceed more roughly, since Õ(

√
1/n) is enough to guarantee ε/

√
d statistical error with

n = Ω(d) samples (we need this for estimating means). Let us defineWi = w1,i(‖Xi−µ∗1‖2−dσ∗12)
and use the decomposition strategy as we have done for µ.

With j 6= 1, Ej,good: Let Yi = Wi1j,good|Ej , p := π∗j . First task is, similarly, to find a sub-
exponential norm (since now Y are sum of squared variables). We first compute it,

‖Y ‖ψ1 = sup
p≥1

p−1EDj [|w11j,good(‖v + µ∗j − µ∗1‖2 − dσ∗1
2)|p]1/p

≤ |w11j,good| sup
p≥1

p−1

(
R∗j1

2 + EDj [‖v‖2p]1/p + 2EDj [|〈v, µ∗j − µ∗1〉|p]1/p + EDj [|dσ∗1
2|p]1/p

)

≤ 10ρπ exp

(
−

R∗j1
2

64(σ∗1 ∨ σj)2

)
sup
p≥1

p−1
(

(R∗j1
2 + dσ∗1

2) +KR∗j1σ
∗
j

√
p+K ′dσ∗j

2p
)

≤ Cρπ exp
(
−R∗j1

2/64(σ∗1 ∨ σ∗j )2
)(

R∗j1
2 + dσ∗1

2 + dσ∗j
2 +R∗j1σ

∗
j

)
≤ Cρπ

(
R∗j1

2 + d(σ∗j ∨ σ∗1)2
)

exp
(
−R∗j1

2/64(σ∗1 ∨ σ∗j )2
)
.

Here we bound this term with the tail bound for sub-exponential random variable with ψ1-norm
‖Y ‖ψ1 . Note that for sub-exponential random variable, from Vershynin (2010),∣∣∣∣∣

ne∑
i=1

(Y − E[Y ])

∣∣∣∣∣ ≤ ‖Y ‖ψ1O
(√

ne log(1/δ′) + log(1/δ′)
)
,

with probability 1−δ′. In order to decide the statistical fluctuation, we just need to pick the maximum
among

√
p/n and 1/n, which is in effect same to the case when Y is sub-Gaussian. For this event,

we can set ne = 2nπ∗j as before to bound the number of samples. Thus, we get bound the statistical
error as

Õ
(
ρπ
√
π∗j
√

1/n
)(

R∗j1
2 + d(σ∗j ∨ σ∗1)2

)
exp

(
−R∗j1

2/64(σ∗j ∨ σ∗1)2
)
,

with probability at least 1− δ/(k2T ). Note that d term will be canceled out with division by d at the
end.

With j 6= 1, Ecj,1: Similarly, we find sub-exponential norm of Y = W |Ej ∩ Ecj,1.

‖Y ‖ψ1 = sup
p≥1

p−1EDj [|w1(‖v + µ∗j − µ∗1‖2 − dσ∗1
2)|p|〈v, µ∗j − µ∗1〉 ≥ R∗j1/5]1/p
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≤ sup
p≥1

p−1

(
(R∗j1

2 + dσ∗1
2) + EDj [‖v‖2p|〈v, µ∗j − µ∗1〉 ≥ R∗j1/5]1/p

+ 2EDj [|〈v, µ∗j − µ∗1〉|p|〈v, µ∗j − µ∗1〉 ≥ R∗j1/5]1/p

)
≤ R∗j1

2 + dσ∗1
2 + sup

p≥1
p−1

(
2R∗j1σ

∗
j (2R

∗
j1/(5σ

∗
j ) +

√
2p) + (8R∗j1

2/25 + 4p+ 2π1/p(d+ p− 1))
)

≤ R∗j1
2 + dσ∗1

2 +
(
R∗j1

2 + 5σ∗j
2 + 3dσ∗j

2
)
≤ 3R∗j1

2 + dσ∗1
2 + 3dσ∗j

2.

Rest of the procedure follows similarly to the cases handled bad cases on means. We will get the
statistical error of

Õ
((
R∗j1

2 + d(σ∗1 ∨ σ∗j )2
)
p1/2c

√
1/n

)
= Õ

(√
1/n

)(
R∗j1

2 + d(σ∗1 ∨ σ∗j )2
)

exp
(
−R∗j1

2/(128c(σ∗j ∨ σ∗1)2)
)
,

with probability 1− 1/(nc−2k32).

With j 6= 1, Ecj,2: For this, we can follow exactly same procedure to Ecj,1 case to get the same result.

With j 6= 1, Ecj,3: We need to bound the pth norm conditioned on ‖v‖2/σ∗j
2 ≥ r2 where r2 :=

d+ 2
√
dα+ 2α, where α = R∗j1

2/64(σ∗1 ∨ σ∗j )2.

‖Y ‖ψ1 = sup
p≥1

p−1
(
R∗j1

2 + dσ∗1
2 + EDj [‖v‖2p|‖v‖2/σ∗j

2 ≥ r2]1/p + 2R∗j1EDj [|〈v, s〉|p|‖v‖2/σ∗j
2 ≥ r2]1/p

)
≤ R∗j1

2 + dσ∗1
2

+ sup
p≥1

p−1

(
σ∗j

2Ev∼N (0,Id)[‖v‖2p|‖v‖2 ≥ r2]1/p + 2R∗j1σ
∗
jEv∼N (0,Id)[|〈v, s〉|p|‖v‖2 ≥ r2]1/p

)
,

where s is unit vector in direction µ∗j − µ∗1. We can invoke Lemma 19 to get

Ev∼N (0,Id)[‖v‖2p|‖v‖2 ≥ r2]1/p ≤ (4r2) + 41/p(d+ 4p) exp(−r2/8p)

≤ 4d+ (R∗j1/(σ
∗
1 ∨ σ∗j ))

√
d+ (R∗j1

2/8(σ∗1 ∨ σ∗j )2) + 41/p(d+ 4p) exp(−d2/8p)

≤ 5d+ 5p+ (R∗j1/σ
∗
j )
√
d+R∗j1

2/(8σ∗j
2).

We can also invoke Lemma 20 to get

Ev∼N (0,Id)[|〈v, s〉|p|‖v‖2 ≥ r2]1/p ≤ (64α)1/2 + 41/p(8α+ 2p)1/2 exp(−α/2p)

≤ 2R∗j1/(σ
∗
1 ∨ σ∗j ) + 4p1/2.

Now we can further continuing to bound sub-exponential norm as

‖Y ‖ψ1 ≤ R∗j1
2 + dσ∗1

2 + sup
p≥1

p−1

(
R∗j1

2/8 +R∗j1σ
∗
j

√
d+ 5dσ∗j

2 + 5pσ∗j
2 + 2R∗j1σ

∗
j + 4p1/2σ∗j

2

)
≤ 4R∗j1

2 + dσ∗1
2 + 15dσ∗j

2 + 3R∗j1σ
∗
j

√
d.

Hence following the same procedure for bad events, statistical fluctuation will be again smaller than

Õ
(√

1/n
(
R∗j1

2 + d(σ∗1 ∨ σ∗j )2
)

exp
(
−R∗j1

2/(128c(σ∗j ∨ σ∗1)2)
))

.
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With j = 1: Finally, we need to handle this case. We recall Lemma 18, sub-exponential norm will
be less than

‖Y ‖ψ1 = sup
p≥1

p−1ED1 [|w1(‖v‖2 − dσ∗1
2)|p]1/p

≤ 3dσ∗1
2.

We can use Proposition 8 with ne = 2nπ∗1 . Similar to Ej,good case, the statistical fluctuation is
Õ(dσ∗1

2
√
π∗1
√

1/n) with probability at least 1− δ/(k2T ).
Now collecting all O(k) error terms,

eσ .
√

1/n

dσ∗12
√
π∗1 + ρπ

∑
j 6=1

(R∗j1
2 + d(σ∗j ∨ σ∗1)2) exp

(
−R∗j1

2/(128c(σ∗j ∨ σ∗1)2)
) ≤ √dσ∗12επ∗1,

with probability at least 1− δ/(kT )− 1/(nc−2 · k31). Now we can conclude that,

|σ̃+
1

2 − σ∗1
2| ≤ eσ/(dπ∗1) + (π+

1 /π̃
+
1 )
(
σ+

1
2 − σ∗1

2 + ‖µ+
1 − µ

∗
1‖2/d

)
− ‖µ̃+

1 − µ
∗
1‖2/d

≤ σ∗1
2(ε/
√
d+ (1 + ε)γDm/

√
d+ 3εDm/d)

≤ σ∗1
2(ε′ + γDm)/

√
d,

with some constant rescaling of ε to ε′.

Appendix D. Proofs for Section 4

D.1. Proof for Lemma 10

Proof Let us first check the correctness of πi and µi. This proof is reminiscent of the analysis on
population EM when Dm ≥ 1/2. The step 1 and 2, which are essentially the stpes of the k-mean
algorithm, can be also considered as a variant of E-step and M-step, with a rule (for 1st component):

(E’-step) : w1 = 1‖X−µ1‖2≤‖X−µj‖2,∀j 6=1,

(M’-step) : π+
1 = ED[w1],

µ+
1 = ED[w1X]/ED[w1]. (23)

Let us follow the proof strategy of population EM. As before, note that π∗1 = ED[w∗1], where w∗1
is a weight constructed at E-step with the standard EM algorithm. Regardless of different weight
assignment rules, the estimation error after one step can be represented as

π+
1 − π

∗
1 = ED[w1]− ED[w∗1] = ED[∆w],

µ+
1 − µ

∗
1 = ED[w1(X − µ∗1)]/ED[w1] = ED[∆w(X − µ∗1)]/ED[w1],

which is exactly the same as in standard population EM. We similarly split the errors from other
components and own component.
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When j 6= 1: Let v = X − µ∗j and define good event as

E ′j = {〈v, µj − µ1〉 ≥ −R∗j1
2/4}.

Since ‖µj − µ1‖ ≤ ‖µ∗j − µ∗1‖ + ‖µ∗j − µj‖ + ‖µ∗1 − µ1‖ ≤ 3R∗j1/2, we have P (Ecj ) ≤
exp(−R∗j1

2/(72σ∗j
2)). Observe that,

‖X − µ1‖2 ≤ ‖X − µj‖2 ⇐⇒ 2〈v, µ∗j − µ1〉+ ‖µ∗j − µ1‖2 ≤ 2〈v, µ∗j − µj〉+ ‖µ∗j − µj‖2

⇐⇒ 2〈v, µj − µ1〉 ≤ ‖µ∗j − µj‖2 − ‖µ∗j − µ1‖2

=⇒ 〈v, µj − µ1〉 ≤ −R∗j1
2/4.

Note that by the initialization condition, ‖µ∗j − µj‖ ≤ R∗j1/4 and ‖µ∗j − µ1‖ ≥ 3R∗j1/4. That is, if
1E ′j = 1, then w1 = 0. We can conclude that EDj [w1] ≤ exp(−R∗j1

2/(72σ∗j
2)) for all j 6= 1. Now

using Lemma 4, we can also see that

|EDj [∆w]| ≤ EDj [|w1 − w∗1|] ≤ 5(1 + π∗1/π
∗
j ) exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2) + exp(−R∗j1
2/(72σ∗j

2)).

Summing up all errors from j 6= 1,∑
j 6=1

π∗j |EDj [∆w]| ≤ 6
∑
j 6=1

(π∗1 + π∗j ) exp
(
−R∗j1

2/128(σ∗1 ∨ σ∗j )2
)
,

which can be bounded by some small constants c1 < 0.01 with Lemma 23, given good separation
condition.

Similarly, the errors to means are also small: for any unit vector s ∈ Sd−1,

|EDj [∆w〈v, µ∗j − µ∗1 + s〉]| ≤ R∗j1|EDj [∆w]|+ |EDj [∆w〈v, s〉]|

. R∗j1(1 + π∗1/π
∗
j ) exp

(
−R∗j1

2/128(σ∗1 ∨ σ∗j )2
)
,

where we applied the same technique to bound as in Corollary 5. Summing up over j 6= 1 and
applying Lemma 23 gives the similar result,

∑
j 6=1 π

∗
jEDj [∆w〈X−µ∗1, s〉] ≤ c2σ

∗
1π
∗
1 for some small

constant c2.

When j = 1: Recall that when we compute errors from its own component, we bounded ED1 [1−
w1].

ED1 [1− w1] =
∑
l 6=1

ED1 [wl] ≤
∑
l 6=1

exp(−R∗l1
2/72σ∗1

2) ≤ c1,

for some small constant c1 < 0.01. Meanwhile, in the population EM, we have shown that
ED1 [1 − w∗1] ≤ c2 for small constant c2. Hence, ED1 [∆w] = ED1 [(1 − w1) − (1 − w∗1)] ≤ c3 for
small constant c3. Similarly, we can bound the errors for means,

|ED1 [∆w〈v, s〉]| ≤ c4σ
∗
1,

for some small constant c4.
Collecting errors from all components gives that |π+

1 − π∗1| ≤ cππ∗1 and ‖µ+
1 − µ∗1‖ ≤ cµσ∗1 for

some small constants cπ < 0.5, cµ < 4.
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Population to Finite-Sample: We can reproduce the proof for finite-sample EM with modified
rule (23). To see this, observe that

π̃+
1 − π

∗
1 =

1

n

n∑
i=1

w1,i − ED[w1],

µ̃+
1 − µ

∗
1 =

(
1

n

n∑
i=1

w1,i(X − µ∗1)− ED[w1(X − µ∗1)] + ED[∆w(X − µ∗1)]

)
/

(
1

n

n∑
i=1

w1,i

)
,

which is exactly in the same format as when we used standard EM iteration. Note that the proof
of concentration in finite-sample EM holds for any different rule of assigning weights in E-step,
as long as the probability of bad events is exponentially small. In this case it is as small as
exp(−R∗j1

2/72σ∗j
2). Hence the same procedure in Appendix C can give a desired finite-sample error

bound with high probability.

Estimating σ∗i
2: From the analysis of estimating the mixing weights, we can conclude that the

elements in each cluster Ci are mostly from ith component and only a few fraction of elements are
from the other components (say, less than 1%). Furthermore, only less than 1% of samples from ith

component are missing. Thus, each cluster Ci can be considered as 2%-corrupted data from the ith

component. In order to retrieve σ2
i such that |σ2

i − σ∗i
2| ≤ 0.5σ∗i

2/
√
d, we can consider taking a

median-like quantity among pairwise distances of samples.
In each cluster, let the elements be in some fixed order which is pre-defined before we see

the entire dataset. First let us consider the case when there is no corruption in each cluster. That
is, each cluster has the true samples from its own component. Without loss of generality, let us
focus on the first cluster C1. Let the elements in C1 as X1, X2, ..., Xm where m = |C1|. Since all
Xi ∼ N (µ∗1, σ

∗
1

2Id), distribution ofXi−Xi+1 followsN (0, 2σ∗1
2Id). Hence, ‖Xi−Xi+1‖2/(2σ∗12)

is a chi-square random variable with d degrees of freedom.
Let F (x) be the cdf function of a chi-square distribution with d degrees of freedom. Consider cdf

value xl := F (d−
√
d/2) and xr := F (d+

√
d/2). We can numerically check that xr − αd ≥ 0.1

and αd− xl ≥ 0.1 where αd = F (d) as defined in the Algorithm 1 (for large d, the pdf of chi-square
distribution is very well-approximated by normal distribution).

Now let us define ri = ‖X2i − X2i−1‖2/(2σ∗12) and r′i = ‖X2i+1 − X2i‖2/(2σ∗12) for i =
1, 2, ...,m/2− 1. Then let Z,Z ′ be the portion of ris such that ri ≤ d−

√
d/2 and r′i ≤ d−

√
d/2

respectively. By standard concentration of Bernoulli random variable, both Z and Z ′ are well
concentrated around xl with probability at least 1 − δ/k, given m = Ω(log(k/δ)) samples (this
holds since we generate n = Ω(π−1

min log(k/δ)) samples from mixture distribution). Note that the
key point here is, there is no probabilistic dependency between ris for all i, and similarly between
r′is for all i.

Finally, we return to the 2% corrupted data from the first component. In this set, we see all
adjacent pairs ‖Xi+1−Xi‖2/(2σ∗12) for all i = 1, 2, ..., |Ci|−1. This is because due to the insertion
of wrong samples and deletion of authentic samples, the parity of original index might have changed.
By looking at all adjacent pairs, we can look at both ri and r′i. Note that 2% corruption can at most
corrupt 4% of original ris and r′is respectively. Fortunately, we have 10% margin from αd. That is,
in the corrupted set, it is still guaranteed that αthd value is greater than d−

√
d/2, which is a standard

argument for median-type estimators. The similar argument holds for the other direction.
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In conclusion, if we take αthd value among distances of all adjacent pairs in cluster C1, that
value is within σ∗1

2[2d−
√
d, 2d+

√
d] range with high probability. We get a desired initialization

parameter for variances by dividing the quantity by 2d.

D.2. Proof for Lemma 11

We define some additional notations that will be used in this section. We use PG(·) to denote the
probability of some event when underlying distribution is the candidate G. Similarly, PG∗(·) denotes
the probability when underlying distribution is true mixture G∗. We use PG(·|X ∼ jth) to denote the
probability of event when X comes from jth component in candidate distribution G. PG∗(·|X ∼ jth)
is defined in a similar way. We use Rj1 to denote ‖µj − µ∗1‖ for j 6= 1.
Proof Suppose the conclusion is not true, i.e., ∃i ∈ [k] s.t. ‖µ∗i − µj‖/σ∗i ≥ 16

√
log(1/πmin),

∀j ∈ [k]. Without loss of generality, let µ∗1 is far from all µj by at least 16
√

log(1/πmin). We
consider the cases when d ≥ 128 log(1/πmin) and d ≤ 128 log(1/πmin).

Case I. d ≥ 128 log(1/πmin): We define an event,

E = {‖X − µ∗1‖2/σ∗1
2 + d log σ∗1

2 ≤ ‖X − µj‖2/σ2
j + d log σj

2, ∀j ∈ [k]}.

Our goal is to show that PG∗(E) ≥ 3πmin/4 and PG(E) ≤ πmin/2. Then, by the definition of total
variation distance, ‖G − G∗‖TV ≥ |PG∗(E)− PG(E)| ≥ πmin/4.

Probability from true distribution: Let us first show PG∗(E) ≥ 3πmin/4. It suffices to show that
PG∗(E|X ∼ 1st) ≥ 3/4. Thus, we are considering the event

‖v‖2/σ∗1
2 + d log(σ∗1

2) ≤ ‖v + µ∗1 − µj‖2/σ2
j + d log(σj

2), (24)

where v ∼ N (0, σ∗1
2I). Similarly to we have seen in previous proofs for EM, we divide the cases

into when σ∗1 ≥ σj and σ∗1 ≤ σj .
When σ∗1 ≥ σj , let x = (σ∗1

2 − σj2)/σj
2. After rearranging (24), we get

−‖v‖
2

σ∗1
2 x+ d log(1 + x) ≤ ‖µ∗1 − µj‖2/σ2

j + 2〈v, µ∗1 − µj〉/σ2
j ,

Then the probability of PG∗(Ec|X ∼ 1st) is less than

P

(
〈v, µ∗1 − µj〉 ≤ −

‖µ∗1 − µj‖2

4

)
+ P

(
−‖v‖

2

σ∗1
2 x+ d log(1 + x) ≥ ‖µ

∗
1 − µj‖2

2σ2
j

)

≤ exp(−Rj12/32σ∗1
2) + P

(
‖v‖2

dσ∗1
2 ≤

1

x

(
log(1 + x)−

R2
j1

2dσ2
j

))
.

Using the similar trick as before, first consider when 0 ≤ x ≤ 3/4. Then,

P

(
‖v‖2

dσ∗1
2 ≤

log(1 + x)

x
−

R2
j1

2dσ2
jx

)
≤ P

(
‖v‖2

dσ∗1
2 ≤ 1− x

4
−

R2
j1

2dσ2
jx

)
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≤ P

(
‖v‖2

dσ∗1
2 ≤ 1− 2

√
R2
j1

2dσ2
j

)
≤ exp(−R2

j1/2σ
2
j ).

When x ≥ 3/4,

P

(
‖v‖2

dσ∗1
2 ≤

log(1 + x)

x
−

R2
j1

2dσ2
jx

)
≤ P

(
‖v‖2

dσ∗1
2 ≤ 1− 1

4
−

R2
j1

2d(σ∗1
2 − σ2

j )

)

≤ P

‖v‖2
dσ∗1

2 ≤ 1− 2

√√√√ R2
j1

8d(σ∗1
2 − σ2

j )

 ≤ exp(−R2
j1/8σ

∗
1

2).

In either case, PG∗(Ec|X ∼ 1st) ≤ 2 exp(−R2
j1/32σ∗1

2) ≤ 2π8
min ≤ 1/4.

When σ∗1 ≤ σj , let x = (σj
2 − σ∗12)/σj

2 and we similarly rearrange (24).

‖v‖2

σ∗1
2 x+ d log(1− x) ≤ ‖µ∗1 − µj‖2/σ2

j + 2〈v, µ∗1 − µj〉/σ2
j .

We need to divide the cases when σ2
j ≤ 8σ∗1

2 and σ2
j ≥ 8σ∗1

2. When σ2
j ≤ 8σ∗1

2, we proceed
similarly to previous cases,

P (Ec|X ∼ 1st) ≤ P
(
〈v, µ∗1 − µj〉 ≤ −

‖µ∗1 − µj‖2

4

)
+ P

(
‖v‖2

σ∗1
2 x+ d log(1− x) ≥ ‖µ

∗
1 − µj‖2

2σ2
j

)

≤ exp(−Rj12/32σ∗1
2) + P

(
‖v‖2

dσ∗1
2 ≥

1

x

(
− log(1− x) +

R2
j1

2dσ2
j

))

≤ exp(−Rj12/32σ∗1
2) + P

(
‖v‖2

dσ∗1
2 ≥ 1 +

x

2
+

R2
j1

2dxσ2
j

)

≤ exp(−Rj12/32σ∗1
2) + P

(
‖v‖2

dσ∗1
2 ≥ 1 + 2

√
R2
j1

8dσ2
j

+ 2
R2
j1

8dxσ2
j

)
≤ exp(−Rj12/32σ∗1

2) + exp(−R2
j1/8σj

2) ≤ exp(−Rj12/32σ∗1
2) + exp(−Rj12/64σ∗1

2)

≤ π8
min + π4

min ≤ 1/4.

When σ2
j ≥ 8σ∗1

2, we first note that x ≥ 7/8. Thus, − log(1− x)/x ≥ 2.376. We can then bound
the term simply as

P (Ec|X ∼ 1st) ≤ P
(
〈v, µ∗1 − µj〉 ≤ −

‖µ∗1 − µj‖2

4

)
+ P

(
‖v‖2

σ∗1
2 x+ d log(1− x) ≥ ‖µ

∗
1 − µj‖2

2σ2
j

)

≤ π8
min + P

(
‖v‖2

dσ∗1
2 ≥ 1 + 1.376

)
.

Using standard tail probability for chi-Square distribution, we get

P

(
‖v‖2

dσ∗1
2 ≥ 1 + 1.376

)
≤ exp(−1.376d/8) ≤ π20

min,

since we are considering the case when d ≥ 128 log(1/πmin). Therefore, we get P (Ec|X ∼ 1st) ≤
1/4 in all cases. It concludes that PG∗(E) ≥ 3πmin/4.
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Probability from candidates: Now we show that PG(E) ≤ πmin/2. Toward this goal, we need to
show that for each j ∈ [k], PG(E|X ∼ jth) ≤ πmin/2. The corresponding event becomes

‖v + µj − µ∗1‖2/σ∗1
2 + d log(σ∗1

2) ≤ ‖v‖2/σj2 + d log(σj
2). (25)

Let us first consider the case when σj ≤ σ∗1 . Now we set x = (σ∗1
2 − σ2

j )/σ
∗
1

2. Then the
rearrangement of (25) gives

‖µ∗1 − µj‖2/σ∗1
2 + 2〈v, µj − µ∗1〉/σ∗1

2 ≤ ‖v‖
2

σj2
x+ d log(1− x).

We bound the probability of this event similarly to previous cases.

P (E|X ∼ jth) ≤ P
(
〈v, µj − µ∗1〉 ≤ −

‖µ∗1 − µj‖2

4

)
+ P

(
‖v‖2

σj2
x+ d log(1− x) ≥ ‖µ

∗
1 − µj‖2

2σ∗1
2

)
≤ exp(−Rj12/32σj

2) + P

(
‖v‖2

dσj2
≥ 1

x

(
− log(1− x) +

R2
j1

2dσ∗1
2

))

≤ exp(−Rj12/32σ∗1
2) + P

(
‖v‖2

dσj2
≥ 1 +

R2
j1

2dxσ2
j

)
≤ exp(−Rj12/32σ∗1

2) + exp(−R2
j1/(16(σ∗1

2 − σ2
j )))

≤ π8
min + π16

min ≤ πmin/2.

When σj ≥ σ∗1 , the proof should be more delicate. First we rearrange (25) to see that

‖µ∗1 − µj‖2/σ∗1
2 + 2〈v, µj − µ∗1〉/σ∗1

2 ≤ −‖v‖
2

σj2
x+ d log(1 + x),

is the event to bound, where x = (σ2
j − σ∗1

2)/σ∗1
2. Here, we will consider three cases, 0 ≤ x ≤ 3/4,

3/4 ≤ x ∩R2
j1/σ

2
j ≥ 32 log(1/πmin), and R2

j1/σ
2
j ≤ 32 log(1/πmin). First, if 0 ≤ x ≤ 3/4, then

log(1 + x) ≤ x− x2/4 and σ2
j ≤ 2σ∗1

2, thus

P (E|X ∼ jth) ≤ P
(
〈v, µj − µ∗1〉 ≤ −

7

16
‖µ∗1 − µj‖2

)
+ P

(
−‖v‖2

σj2
x+ d log(1 + x) ≥ ‖µ

∗
1 − µj‖2

8σ∗1
2

)
≤ exp(−49Rj1

2/512σj
2) + P

(
‖v‖2

dσj2
≤ 1

x

(
log(1 + x)−

R2
j1

8dσ∗1
2

))

≤ exp(−Rj12/32σ∗1
2) + P

(
‖v‖2

dσj2
≤ 1− x

4
−

R2
j1

8dxσ∗1
2

)
≤ exp(−Rj12/32σ∗1

2) + exp(−R2
j1/(32σ∗1

2)) ≤ π8
min + π8

min ≤ πmin/2.

If 3/4 ≤ x and R2
j1/σ

2
j ≥ 32 log(1/πmin), then log(1 + x)/x ≤ 3/4, thus

P (E|X ∼ jth) ≤ P
(
〈v, µj − µ∗1〉 ≤ −

7

16
‖µ∗1 − µj‖2

)
+ P

(
−‖v‖2

σj2
x+ d log(1 + x) ≥ ‖µ

∗
1 − µj‖2

8σ∗1
2

)
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≤ exp(−49Rj1
2/512σj

2) + P

(
‖v‖2

dσj2
≤ 1

x

(
log(1 + x)−

R2
j1

8dσ∗1
2

))

≤ exp(−6 log(1/πmin)) + P

(
‖v‖2

dσj2
≤ 1− 1

4
−

R2
j1

8dxσ∗1
2

)

≤ exp(−6 log(1/πmin)) + P

‖v‖2
dσj2

≤ 1− 2

√√√√ 1

64
+

R2
j1

64d(σ2
j − σ∗1

2)


≤ exp(−6 log(1/πmin)) + exp(−d/64−R2

j1/64σ2
j ) ≤ π6

min + π2.5
min ≤ πmin/2.

Finally, if R2
j1/σ

2
j ≤ 32 log(1/πmin), we take a different path. First of all, this can only happen

when σ2
j ≥ 8σ∗1

2 and x ≥ 7, and R2
j1/σ

2
j ≤ d/4. Using rotational invariance property of Gaussian

with (scale of) identity covariance, without loss of generality, we can set v = v1êj1 + v2:d where êj1
is a unit vector in direction µj − µ∗1, and v2:d is the rest d− 1 dimensional orthogonal component.
Then, we can rearrange the event as

(v1 +Rj1)2/σ∗1
2 − v2

1/σj
2 ≤ −‖v2:d‖2

σj2
x+ d log(1 + x),

=⇒

(
1

σ∗1
2 −

1

σ2
j

)v1 −

(
1

σ∗1
2 −

1

σ2
j

)−1
Rj1

σ∗1
2

2

−

(
1

σ∗1
2 −

1

σ2
j

)−1
R2
j1

σ∗1
4 +

R2
j1

σ∗1
2

=
x

σ2
j

(
v1 −

σ2
j

x

Rj1

σ∗1
2

)2

−
R2
j1

σ2
j − σ∗1

2 ≤ −
‖v2:d‖2

σj2
x+ d log(1 + x)

=⇒ ‖v2:d‖2

σj2
≤ d log(1 + x)

x
+

1

x

R2
j1

σ2
j − σ∗1

2

=⇒ ‖v2:d‖2

(d− 1)σj2
≤
(

1 +
1

d− 1

)(
log 8

7
+

2

49

)
≤ 1

2
.

And, the probability of P (‖v2:d‖2/σ2
j ≤ (d − 1)/2) ≤ exp(−(d − 1)/16) ≤ π4

min upper-bounds
the probability PG(E|X ∼ jth).

Combining all cases, we can conclude that PG(E) ≤ πmin/2. Hence, we get ‖G∗ − G‖TV ≥
πmin/4 as desired when d ≥ 128 log(1/πmin).

Case II. d ≤ 128 log(1/πmin): In this case, we consider the following two events.

E1 = {‖X − µ∗1‖ ≤ σ∗1
√

2d},

E2 = {‖X − µ∗1‖ ≤ 3σ∗1
√

2d}.

We will show that either PG∗(E1)− PG(E1) ≥ πmin/4 or PG(Ec1 ∩ E2)− PG∗(Ec1 ∩ E2) ≥ πmin/4.
As a first step, we show that PG∗(E1|X ∼ 1st) > 3/4, and PG∗(E2|X ∼ jth) � πmin/100 for
j = 2, ..., k.

It is easy to see that

PG∗(E1|X ∼ 1st) = Pv∼N (0,I)(‖v‖2 ≤ 2d) ≥ 3/4,
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using the pre-computed cdf value of chi-square distribution with degree d (we can numerically check
it for small d, and we can approximate it with approximation to normal distribution for large d). For
other components,

PG∗(E2|X ∼ jth) = Pv∼N (0,σ∗j
2I)(‖v + µ∗j − µ∗1‖2 ≤ 18σ∗1d)

≤ Pv∼N (0,σ∗j
2I)((〈v, êj1〉+R∗j1)2 ≤ 18σ∗1d)

≤ Pv∼N (0,σ∗j
2I)(〈v, êj1〉 ≤ 3σ∗1

√
2d−R∗j1)

≤ Pv∼N (0,σ∗j
2I)(〈v, êj1〉 ≤ −R

∗
j1/4)

≤ exp(−R∗j1
2/32σ∗j

2) ≤ π64
min,

where êj1 is a unit vector in direction µ∗j −µ∗1. Note that 3σ∗1
√

2d ≤ 48σ∗1
√

log(1/πmin) ≤ 3R∗j1/4.
Combining two facts, it is easy to see that PG∗(E1) ≥ 3πmin/4 and PG∗(Ec1 ∩ E2) ≤ πmin/4.

Now we show that either PG(E1) ≤ πmin/2 or PG(Ec1 ∩ E2) ≥ πmin/2 is true. Suppose
PG(E1) ≥ πmin/2. Observe that ‖µj − µ∗1‖/σ∗1 ≥ 16

√
log(1/πmin) ≥

√
2d for all j. That is, all

µj are outside of the sphere that E1 considers. Therefore, if we imagine a bigger ball of radius
3
√

2d, for any j, there exists a ball of radius
√

2d in E2 ∩ Ec1 where the contribution from jth

component is larger than the ball considered in E1. Since this is true for all j, we can conclude that
PG(Ec1 ∩ E2) ≥ πmin/2.

In conclusion, ‖G −G∗‖TV ≥ πmin/4 if any one of µ∗i cannot find a good initailizer in candidate
parameters. Note that this result does not assume any separation condition in candidate distributions.
Neither, this lower bound for TV distance does not depend on any other parameters but πmin.

D.3. Proof of Theorem 9

Proof Lemma 11 indicates that if ‖G − G∗‖TV ≤ πmin/4, then we have initializers that satisfy
the requirement (15) up to some permutation in G. Note that since the true mixture distribution G∗
satisfies the separation condition (14), when (16) holds true, each ith component has its unique j
for initial mean µj : if ‖µj − µ∗i ‖ is less than 16σ∗i

√
log(1/πmin) < 1

4‖µ
∗
i − µ∗i′‖ for i′ 6= i, then µj

is at least 3
4‖µ

∗
i′ − µ∗i ‖ > 48σ∗i′

√
log(1/πmin) far apart from other µ∗i′ . Hence, one µj can only be

associated with only one µ∗i and vice versa.
We first show how to get the sample-optimal guarantee for the proper-learning of spherical

Gaussian mixtures using the sample-compression scheme introduced in Ashtiani et al. (2018a). The
compressibility of a distribution is (informally) defined as follows:

Definition 25 (Informal Definition of Compressibility in Ashtiani et al. (2018a)) For any ε > 0,
a distribution F is called (τ(ε), t(ε),m(ε))-compressible if the following holds: if m(ε) samples
are drawn from F , we can carefully select τ(ε) samples (among m(ε) samples) and additional
t(ε)-bits such that a pre-defined systematic procedure (decoder) takes them as inputs, and returns a
distribution F̂ that satisfies ‖F̂ − F‖TV ≤ ε with high probability.

See Definition 3.1 and 3.2 in their work Ashtiani et al. (2018a) for more details. Their key result (see
Theorem 3.5 in Ashtiani et al. (2018a)) states that if a distribution is (τ(ε), t(ε),m(ε))-compressible,
then Õ(m(ε) + (τ(ε) + t(ε))/ε2) samples suffice to learn a ε-close distribution in TV distance. The
optimal sample upper bound Õ(kd/ε2) for learning a mixture of axis-aligned Gaussians then follows
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by (i) showing that a single axis-aligned Gaussian is (O(d), O(d log(d/ε)), O(d))-compressible, and
(ii) using their Lemma 3.7 in Ashtiani et al. (2018a) to conclude that a mixture of k axis-aligned
Gaussians is (O(kd), O(kd log(d/ε)), Õ(kd/ε))-compressible.

Given their argument for a mixture of axis-aligned Gaussians, it is straight-forward to get the
same result for spherical Gaussians. We only need to show that a single spherical Gaussian is also
(O(d), O(d log(d/ε)), O(d))-compressible. Then we can use the same argument using their Lemma
3.7 to conclude that a mixture of k spherical Gaussians is also (O(kd), O(kd log(d/ε)), Õ(kd/ε))-
compressible, hence Õ(kd/ε2) samples suffice to learn a ε-close distribution in TV distance.

Suppose a single axis-aligned Gaussian with mean µ = (µ1, µ2, ..., µd) ∈ Rd and covaraince
Σ = diag(σ1, σ2, ..., σd). The decoder they construct for an axis-aligned Gaussian outputs µ̂ and
Σ̂ = diag(σ̂1, σ̂2, ..., σ̂d) such that

|µi − µ̂i| ≤ σiε/d, |σi − σ̂i| ≤ σiε/d, ∀i ∈ [k],

which hence guarantees that ‖N (µ,Σ)−N (µ̂, Σ̂)‖TV ≤ ε. For a spherical Gaussian, we can use
the same decoder by considering it as an axis-aligned Gaussian, and simply pick σ1 as a common
scale factor of an identity matrix for a spherical Gaussian. Therefore, a spherical Gaussian is also
compressible with the same parameters (O(d), O(d log(d/ε)), O(d)). Combining with Lemma 3.7
and Theorem 3.5 in Ashtiani et al. (2018a), we obtain a Õ(kd/ε2) sample-complexity guarantee for
the proper-learning of spherical Gaussian mixtures.

Now we can first get the candidate distribution G using the algorithm given in Ashtiani et al.
(2018a) with Õ(kdπ−2

min) samples to get ‖G − G∗‖TV ≤ πmin/4. Then we can run Algorithm 1 and
then the EM algorithm using Õ(dπ−1

min/ε
2) samples. This gives the algorithm for Theorem 9.

Appendix E. Deferred Proof: Convergence of Population EM when Dm ≤ 1/2.

We define a target error Dm = maxj

(
‖µj − µ∗j‖/σ∗j , |πj − π∗j |/π∗j ,

√
d|σj2 − σ∗j

2|/σ∗j
2
)
≤ 1/2.

Proof First of all, we differentiate our EM operator with respect to all variables being estimated (σ2
i

are considered as a single variable). For instance,

π+
1 − π

∗
1 = ED[w1]− ED[w∗1] = ED[∆u

w],

µ+
1 − µ

∗
1 = ED[∆u

w(X − µ∗1)]/ED[w1],

σ+
1

2 − σ∗1
2 = ED[∆u

w(‖X − µ∗1‖2 − dσ∗1
2)]/(dπ+

1 )− ‖µ+
1 − µ

∗
1‖2/d,

where

∆u
w = −wu1 (1− wu1 )(X − µu1)T (µ1 − µ∗1)/σu1

2 +
∑
l 6=1

wu1w
u
l (X − µul )T (µl − µ∗l )/σul

2

− wu1 (1− wu1 )(π1 − π∗1)/πu1 +
∑
l 6=1

wu1w
u
l (πl − π∗l )/πul

− wu1 (1− wu1 )(+‖X − µu1‖2/(2σu1
4)− d/(2σu1

2))(σ2
1 − σ∗1

2)

+
∑
l 6=1

wu1w
u
l (+‖X − µul ‖2/(2σul

4)− d/(2σul
2))(σ2

l − σ∗l
2),
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where wu1 is a weight constructed with µu1 := µ∗1 + u(µ1 − µ∗1) for some u ∈ [0, 1], and other u
scripted variables are defined similarly. In addition to previous technical lemmas, we state a few
more helper lemmas. The same result holds for EDj [∆w] as in this corollary. With the above lemma,
we can bound the errors for mixing weights from other components. We need one more lemma for
bounding the sum of errors.

Lemma 26 For values q ∈ {0, 1, 2, 3, 4}, the following summations are bounded by∑
j 6=1

(π∗1 + π∗j )(R
∗
j1/σ

∗
1)q exp(−R∗j1

2/128(σ∗1 ∨ σ∗j )2) ≤ cqπ∗1, (26)

∑
j 6=1

(π∗1 + π∗j )(R
∗
j1/σ

∗
j )
q exp(−R∗j1

2/128(σ∗1 ∨ σ∗j )2) ≤ cqπ∗1, (27)

with some small constant cq given large enough universal constant C.

The proof is similar to Lemma 23, and we will allow much larger universal constant C ≥ 128 in the
separation condition (2) to lighten the algebraic burden. The proof will be given in Appendix E.4.

From this point, due to the heavy calculation and algebra, we give up tracking most constants in
error bounds. Bounds will be often given in O(·) notation, but we note that the hidden constants will
not be too large.

E.1. Convergence of Mixing Weights

Let us start with the simplest targets. Similarly to Dm ≥ 1/2, we consider errors from other
components first.

Errors from other components j 6= 1: We first bound

ej1 = |EDj [wu1 (1− wu1 )(X − µu1)T (µ1 − µ∗1)]/σu1
2|

≤ 2‖EDj [wu1 (1− wu1 )(X − µu1)]/σ∗1‖‖(µ1 − µ∗1)/σ∗1‖
≤ 2Dm sup

s∈Sd−1

EDj [w
u
1 〈X − µu1 , s〉]/σ∗1.

Using the Lemma 6,

EDj [|wu1 〈X − µu1 , s〉|] ≤ O
(

(1 + π∗1/π
∗
j )R

∗
j1 exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)
)
,

which yields ej1 ≤ DmO
(

(1 + π∗1/π
∗
j )(R

∗
j1/σ

∗
1) exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)
)

.
The second target is

ej2 = |EDj [
∑
l 6=1

wu1w
u
l (X − µul )T (µl − µ∗l )]/σul

2]|

≤ 2
∑
l 6=1

‖EDj [wu1wul (X − µul )]‖‖µl − µ∗l ‖/σ∗l
2

≤ 2Dm

∑
l 6=1

‖EDj [wu1wul (X − µul )/σ∗l ]‖
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≤ 2Dm

√
EDj [wu1 ]

∑
l 6=1

√
sup

s∈Sd−1

EDj [wul 〈X − µul , s〉2/σ∗l
2]︸ ︷︷ ︸

I

.

Main challenge is to show that
∑

l 6=1

√
sups∈Sd−1 EDj [wul 〈X − µul , s〉2]/σ∗l

2 = O(1). As this will
appear several times, we state a helping lemma.

Lemma 27 The summation of term I over l 6= j is bounded by∑
l 6=j

√
sup

s∈Sd−1

EDj [wul 〈X − µul , s〉2]/σ∗l
2 ≤ c,

for some small constant c. When l = j, I = O(1).

The proof of lemma is given in Section E.4. By the lemma, the summation over the entire term is
O(1). The term

√
EDj [wu1 ] are less than

O
(√

(1 + π∗1/π
∗
j ) exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)
.

Therefore, we can conclude that

ej2 ≤ DmO
(

(1 + π∗1/π
∗
j ) exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

The third target is

ej3 = |EDj [wu1 (1− wu1 )(π1 − π∗1)]/πu1 |

≤ 2Dm|EDj [wu1 ]| ≤ DmO
(

(1 + π∗1/π
∗
j ) exp(−R∗j1

2/64σ∗1
2)
)
.

The fourth target is

ej4 = |EDj [
∑
l 6=1

wu1w
u
l (π1 − π∗1)]/πu1 |

≤ 2Dm|EDj [
∑
l 6=1

wu1w
u
l ]| ≤ 2DmEDj [w

u
1 ] ≤ DmO

(
(1 + π∗1/π

∗
j ) exp

(
−R∗j1

2/64σ∗1
2
))

,

since
∑

l 6=1w
u
l ≤ 1.

The fifth target is

ej5 =
∣∣∣EDj [wu1 (1− wu1 )(‖X − µu1‖2 − dσu1

2)/(2σul
2)
]

(σ2
1 − σ∗1

2)/σu1
2
∣∣∣

≤
(

2Dm/
√
d
) ∣∣EDj [wu1 (1− wu1 )(‖X − µu1‖2 − dσu1

2)/(2σu1
2)
]∣∣

≤
(

2Dm/σ
∗
1

2
√
d
)
|EDj [wu1 (1− wu1 )(‖v‖2 − dσ∗j

2 + 2〈v, µ∗j − µu1〉

+ ‖µ∗j − µu1‖2 + d(σ∗j
2 − σ∗1

2) + d(σ∗1
2 − σu1

2))]|

≤
(

2Dm/σ
∗
1

2
√
d
)
EDj

[ ∣∣∣wu1 (‖v‖2 − dσ∗j
2)
∣∣∣+ 2

∣∣wu1 〈v, µ∗j − µu1〉∣∣
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+ 2
∣∣∣wu1R∗j12

∣∣∣+
∣∣∣wu1d(σ∗j

2 − σ∗1
2)
∣∣∣+ wu1d

(
σ∗1

2Dm/
√
d
)]

.

We have seen similar terms in Dm ≥ 1/2 case. Each term we can bound as

EDj [|wu1 (‖v‖2 − dσ∗j
2)|] ≤

√
EDj [|wu1 |]

√
EDj [(‖v‖2 − dσ∗j

2)2]

≤ 4σ∗j
2
√
d(1 + π∗1/π

∗
j ) exp(−R∗j1

2/128(σ∗1 ∨ σ∗j )2),

EDj [|wu1 〈v, µ∗j − µu1〉|] ≤ O
(

(1 + π∗1/π
∗
j )R

∗
j1σ
∗
j exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)
)
,

d(σ∗j
2 − σ∗1

2)EDj [|wu1 |] ≤ O
(
R∗j1(σ∗j ∨ σ∗1)(1 + π∗1/π

∗
j )
√
d exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)
)
,

and the rest terms can also be easily bounded. Thus, we have shown that

ej5 ≤ DmO
(
R∗j1(σ∗j ∨ σ∗1)/σ∗1

2 · (1 + π∗1/π
∗
j ) exp(−R∗j1

2/64(σ∗1 ∨ σ∗j )2)
)
.

Finally, we control the last term.

ej6 =

∣∣∣∣∣∣EDj
∑
l 6=1

wu1w
u
l (‖X − µul ‖2 − dσul

2)/(2σul
2) · (σ2

l − σ∗l
2)/σul

2

∣∣∣∣∣∣
≤
∑
l 6=1

(
2Dm/(σ

∗
l

2
√
d)
)
|EDj [wu1wul (‖X − µul ‖2 − dσ∗j

2 + d(σ∗j
2 − σul

2)]|

≤ (2Dm/
√
d)
∑
l 6=1

√
EDj [wu1 ]

×

(√
EDj [wul (‖v‖2 − dσ∗j

2)2] + 2
√
EDj [wul 〈v, µ∗j − µul 〉2] + 2R∗jl

2
√
EDj [wul ] + d(σ∗j

2 − σul
2)
√
EDj [wul ]

)
/σ∗l

2

︸ ︷︷ ︸
II

.

As II will appear frequently, we state a helping lemma.

Lemma 28 The summation of II over all l 6= j is much less than
√
d. That is,

∑
l 6=j

(
1/σ∗l

2
)(√

EDj [wul (‖v‖2 − dσ∗j
2)2] + 2

√
EDj [wul 〈v, µ∗j − µul 〉2]

+ 2R∗jl
2
√
EDj [wul ] + d(σ∗j

2 − σul
2)
√
EDj [wul ]

)
≤ c
√
d,

for some small constant c. When l = j, II = O(
√
d).
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We will also prove this lemma in the last Section E.4. Thus, the entire summation is O(
√
d). Now

we can conclude that

ej6 ≤ (2Dm/
√
d)
√

EDj [wu1 ]O
(√

d
)
≤ O

(
(1 + π∗1/π

∗
j )Dm exp(−R∗j1

2/128(σ∗j ∨ σ∗l )2)
)
.

Collecting all components, we can conclude that

EDj [w
u
1 ] ≤ DmO

(
(R∗j1

2/σ∗1
2)(1 + π∗1/π

∗
j ) exp

(
−R∗j1

2/128(σ∗j ∨ σ∗1)2
))

.

The summation over all other components j 6= 1 can be bounded thus with Lemma 26.

Computing errors from j = 1: Reproducing the equation (), we start from

e11 ≤ 2Dm sup
s∈Sd−1

ED1 [wu1 (1− wu1 )〈v + µ∗1 − µu1 , s〉]/σ∗1

≤ 2Dm sup
s∈Sd−1

(ED1 [(1− wu1 )〈v, s〉]/σ∗1 + ED1 [1− wu1 ]Dm).

Observe that ED1 [1−wu1 ] =
∑

l 6=1 ED1 [wul ] ≤
∑

l 6=1 8(π∗l /π
∗
1) exp(−R∗l1

2/64(σ∗1 ∨ σ∗l )2). This is
smaller than 1 by Lemma 26. Similarly, we can see that

ED1 [(1− wu1 )〈v, s〉] =
∑
l 6=1

ED1 [wul 〈v, s〉] ≤ O

∑
l 6=1

σ∗1

√
1 + π∗l /π

∗
1 exp

(
−R2

l1/128(σ∗1 ∨ σ∗l )2
) .

This gives that e11 ≤ Dm
∑

l 6=1O
(
(1 + π∗l /π

∗
1) exp(−R2

l1/128(σ∗1 ∨ σ∗l )2)
)
� Dm.

The second error term is

e12 ≤ 2Dm

∑
l 6=1

sup
s∈Sd−1

ED1 [wul 〈v + µ∗1 − µul , s〉]/σ∗l

≤ Dm

∑
l 6=1

O
(

(R∗l1/σ
∗
l )(1 + π∗l /π

∗
1) exp(−R∗l1

2/64(σ∗l ∨ σ∗1)2)
)
,

which is guaranteed to be e12 � Dm.
The third and fourth terms are smaller than 2Dm

∑
l 6=1 ED1 [wul ]� Dm. Now we need to deal

with fifth and sixth terms, which again require some algebraic manipulation. We can start from ()...

e15 ≤ (2Dm/σ
∗
1

2
√
d)ED1

[
(1− wu1 )

(
|‖v‖2 − dσ∗1

2|+ 2|〈v, µ∗1 − µu1〉|+D2
m + d(σ∗1

2 − σu1
2)
)]
.

For each item, we can say that

ED1 [(1− wu1 )(‖v‖2 − dσ∗1
2)] ≤

√
ED1 [1− wu1 ]

√
ED1 [(‖v‖2 − dσ∗12)2]

≤ O

√∑
l 6=1

(1 + π∗l /π
∗
1) exp(−R∗l1

2/64(σ∗1 ∨ σ∗l )2)
√

2dσ∗1
4

 ,

and for two other terms,

ED1 [(1− wu1 )〈v, µ∗1 − µu1〉] ≤ Dmσ
∗
1

√
ED1 [1− wu1 ]

√
ED1 [〈v, s〉2]
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≤ Dmσ
∗
1

2O

√∑
l 6=1

(1 + π∗l /π
∗
1) exp(−R∗l1

2/64(σ∗1 ∨ σ∗l )2)

 ,

and

ED1 [(1− wu1 )d(σ∗1
2 − σu1

2)] ≤
(
σ∗1

2Dm

√
d
)
O

∑
l 6=1

(1 + π∗l /π
∗
1) exp(−R∗l1

2/64(σ∗1 ∨ σ∗l )2)

 .

Thus e15 ≤ 2Dm/(σ
∗
1

2
√
d) · c

√
dσ∗1

2 ≤ c′Dm for small constants c, c′.
Finally, the sixth term can be similarly bounded as

e16 ≤
∑
l 6=1

(2Dm/σ
∗
l

2
√
d)|ED1 [wu1w

u
l (‖X − µul ‖2 − dσu1

2)]|

≤
∑
l 6=1

(2Dm/σ
∗
l

2
√
d)
∣∣∣ED1

[
wul

(
(‖v‖2 − dσ∗1

2) + 2〈v, µ∗1 − µul 〉+ ‖µ∗1 − µul ‖2 + d(σ∗1
2 − σu1

2)
)]∣∣∣

≤ Dm

∑
l 6=1

(2/σ∗l
2
√
d)

(
|ED1 [wul (‖v‖2 − dσ∗1

2)]|

+ 2Dmσ
∗
1|ED1 [wul 〈v, s〉]|+ ED1 [wul ]D2

mσ
∗
1

2 +
√
dDmσ

∗
1

2ED1 [wul ]

)
≤ Dm

∑
l 6=1

(2/σ∗l
2
√
d)(5 + 3π∗l /π

∗
1) exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)
(√

2dσ∗1
2 + 2Dmσ

∗
1

2 +D2
mσ
∗
1

2 +
√
dDmσ

∗
1

2
)

≤ 20Dm/π
∗
1

∑
l 6=1

(σ∗1
2/σ∗l

2)(π∗1 + π∗l ) exp(−R∗l1
2/128(σ∗l ∨ σ∗1)2) ≤ cDm

for small constant c. Collecting all components, we can conclude that ED1 [∆u
w] ≤ c′Dm.

Errors from all components: Collecting the errors from other components and own components,
now we can conclude that ED[∆u

w] =
∑

j π
∗
jEDj [∆u

w] ≤ cµπ∗1Dm for some small cµ < 1.

E.2. Convergence of Means

Computing errors from j 6= 1: Let us proceed in a very similar way we did for mixing weights.
Let us first handle −wu1 (1− wu1 )(X − µu1)T (µ1 − µ∗1)/σ2

1 .

ej1 = ‖EDj [wu1 (1− wu1 )(X − µu1)T (µ1 − µ∗1)(X − µ∗1)]/σu1
2‖

≤ 2‖EDj [wu1 (1− wu1 )(X − µ∗1)(X − µu1)T ]/σ∗1‖op‖(µ1 − µ∗1)/σ∗1‖
≤ 2Dm sup

s∈Sd−1

EDj [w
u
1 (1− wu1 )〈X − µ∗1, s〉〈X − µu1 , s〉]/σ∗1.

Therefore, it is enough to show that for any fixed unit vector s,

|EDj [wu1 (1− wu1 )〈X − µ∗1, s〉〈X − µu1 , s〉],

is exponentially small. We state one more helper lemma that bounds
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Lemma 29 For j 6= 1,

EDj [w
u
1 〈v, s〉2] ≤ 5(1 + π∗1/π

∗
j )R

∗
j1

2 exp
(
−R∗j1

2/64(σ∗j ∨ σ∗1)2
)
. (28)

Proof We can reproduce the proof of Corollary 5. Let β = R∗j1
2/64(σ∗j ∨ σ∗1)2. Then,

|EDj [w1〈v, s〉2]| =
∣∣EDj [w1〈v, s〉21Ej,good

]∣∣+
∣∣∣EDj [w1〈v, s〉21Ecj,good

]∣∣∣
≤ 3(π∗1/π

∗
j ) exp(−β)EDj

[
|〈v, s〉|2

]
+ EDj

[
|〈v, s〉|2|Ecj,1

]
P (Ecj,1)

+ EDj
[
|〈v, s〉|2|Ecj,2

]
P (Ecj,2) + EDj

[
|〈v, s〉|2|Ecj,3

]
P (Ecj,3).

EDj
[
|〈v, s〉||Ecj,1

]
can be bounded with Lemma 17, with p = 2 and α = R∗j1/5σ

∗
j .

EDj
[
|〈v, s〉|2|〈v,R∗j1〉 ≥ R∗j1

2/5
]
≤ σ∗jEv∼N (0,Id)

[
|〈v, s〉|2||〈v, u〉| ≥ α

]
≤ σ∗j

2 (4α2 + 4
)
≤ R∗j1

2.

Similarly, we can bound EDj [|〈v, s〉|2|Ecj,2]P (Ecj,2) ≤ 2R∗j1 using the same Lemma 17 with p = 2 and
α = R∗j1/4σ

∗
j . For the third term, we use Lemma 20, with p = 2 and α = R∗j1

2/64(σ∗1 ∨ σ∗j )2 = β.
Then,

σ∗jEv∼N (0,Id)[|〈v, s〉|2|‖v‖2 ≥ d+ 2
√
αd+ 2α] ≤ σ∗j

2 ((64α) + 4 exp(−α/2)(8α+ 2)) ≤ 2R∗j1
2,

σ∗j
2Ev∼N (0,Id)[|〈v, s〉|2|‖v‖2 ≤ d− 2

√
αd] ≤ σ∗j

2Ev∼N (0,Id)[|〈v, s〉|2] ≤ σ∗j
2,

Collecting these three components, we can conclude that

|EDj [w1〈v, s〉2]| ≤ (3(π∗1/π
∗
j )σ
∗
j

2 + 5R∗j1
2) exp(−β).

This yields the equation (28).

Then we can proceed as

|EDj [wu1 (1− wu1 )〈X − µ∗1, s〉〈X − µu1 , s〉]| ≤ EDj
[
wu1

(
〈v, s〉2 + 2|〈v, s〉|R∗j1 + 2R∗j1

2
)]

≤ O
(

(1 + π∗1/π
∗
j )R

∗
j1

2 exp(−R∗j1
2/64(σ∗j ∨ σ∗1)2)

)
,

which yields ej1 ≤ Dmσ
∗
1O
(

(1 + π∗1/π
∗
j )(R

∗
j1/σ

∗
1)2 exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)

.
Similarly, we bound the second term.

ej2 ≤ 2Dm

∣∣∣∣∣∣EDj
∑
l 6=1

wu1w
u
l 〈X − µ∗1, s〉〈X − µul , s〉/σ∗l

∣∣∣∣∣∣
≤ 2Dm

√
EDj [wu1 〈X − µ∗1, s〉2]

∑
l 6=1

√
EDj [wul 〈X − µul , s〉2]/σ∗l

2.

Using the Lemma 27 as in mixing weights, we get

ej2 ≤ Dmσ
∗
1O
(

(1 + π∗1/π
∗
j )(R

∗
j1/σ

∗
1) exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.
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Third term and fourth term are straight-forward to bound.

ej3 ≤ 2Dm

∣∣EDj [wu1 〈X − µ∗1, s〉]
∣∣ ≤ DmO

(
R∗j1 exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)
,

ej4 ≤ 2Dm

∣∣∣∣∣∣EDj
∑
l 6=1

wu1w
u
l 〈X − µ∗1, s〉

∣∣∣∣∣∣ ≤ 2Dm

∣∣EDj [wu1 〈X − µ∗1, s〉]
∣∣ ,

which is again smaller than DmO
(
R∗j1 exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)

.
The challenging fifth and sixth term is also bounded using similar algebra.

ej5 =
∣∣∣EDj [wu1 (1− wu1 )〈X − µ∗1, s〉(‖X − µu1‖2 − dσu1

2)/(2σu1
2)
]

(σ2
1 − σ∗1

2)/σu1
2
∣∣∣

≤
(

2Dm/
√
d
) ∣∣EDj [wu1 〈X − µ∗1, s〉(‖X − µu1‖2 − dσu1 2)/(2σu1

2)
]∣∣

≤
(

2Dm/σ
∗
1

2
√
d
) ∣∣∣∣∣√EDj [wu1 〈X − µ∗1, s〉2]

(√
EDj [(‖v‖2 − dσ∗j )2] + 2

√
EDj [〈v, µ∗j − µu1〉2]

)
+ 2R∗j1

2|EDj [wu1 〈X − µ∗1, s〉]|+ d(σ∗j
2 − σu1

2)
√
EDj [wu1 ]

√
EDj [〈X − µ∗1, s〉2]

∣∣∣∣∣
≤
(

2Dm/σ
∗
1

2
√
d
)

(1 + π∗1/π
∗
j )O

(√
R∗j1

2 exp(−R∗j1
2/64(σ∗j ∨ σ∗1)2)

(√
2d+ 4R∗j1σ

∗
j

)
+ 2R∗j1

3 exp(−R∗j1
2/64(σ∗j ∨ σ∗1)2) +

√
dR∗j1

2(σ∗j ∨ σ∗1) exp(−R∗j1
2/128(σ∗j ∨ σ∗1)2)

)
≤ Dmσ

∗
1O
(

(1 + π∗1/π
∗
j )(R

∗
j1/σ

∗
1)3 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

Finally,

ej6 =

∣∣∣∣∣∣EDj
∑
l 6=1

wu1w
u
l 〈X − µ∗1, s〉(‖X − µul ‖2 − dσul

2)/(2σul
2)

 (σ2
l − σ∗l

2)/σul
2

∣∣∣∣∣∣
≤
(

2Dm/
√
d
)∑
l 6=1

(1/σ∗l
2)
√

EDj [wu1 〈X − µ∗1, s〉2]

×

(√
EDj [wul (‖v‖2 − dσ∗j )2] + 2

√
EDj [wul 〈v, µ∗j − µul 〉2 + 2R∗jl

2
√

EDj [wul ] + d(σ∗j
2 − σul

2)
√
EDj [wul ]

)
.

Using Lemma 28, the summation is less than c
√
d and hence

ej6 ≤ Dmσ
∗
1O
(

(1 + π∗1/π
∗
j )(R

∗
j1/σ

∗
1) exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

So all guarantee that∑
j 6=1

π∗j ‖EDj [∆u
w(X − µ∗1)]‖ ≤ Dmσ

∗
1

∑
j 6=1

O
(

(π∗1 + π∗j )(Rj1/σ
∗
1)3 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

(29)
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Errors from j = 1: We repeat the process of bounding six terms as always.

e11 ≤ 2Dm sup
s∈Sd−1

ED1 [wu1 (1− wu1 )〈X − µ∗1, s〉〈X − µu1 , s〉]/σ∗1

≤ 2Dm sup
s∈Sd−1

ED1 [(1− wu1 )(〈v, s〉2 + 〈v, s〉Dmσ
∗
1)]/σ∗1.

Then,

ED1 [(1− wu1 )〈v, s〉2] =
∑
l 6=1

ED1 [wul 〈v, s〉2] ≤
∑
l 6=1

O
(

(1 + π∗l /π
∗
1)R∗l1

2
)

exp(−R∗l1
2/64(σ∗l ∨ σ∗1)2)

≤ (1/π∗1)
∑
l 6=1

(π∗1 + π∗l )R
∗
l1

2 exp(−R∗l1
2/64(σ∗l ∨ σ∗1)2) ≤ cσ∗1

2,

for some small constant c with the Lemma 26.
The second term will be similarly,

e12 ≤ 2DmED1

∑
l 6=1

|wu1wul 〈v, s〉〈X − µul , s〉|/σ∗l


≤ 2Dmσ

∗
1

∑
l 6=1

√
ED1

[
wul 〈X − µul , s〉2

]
/σ∗l

2 ≤ cDmσ
∗
1,

for some small constant c.
Third and fourth term is easy to handle,

e13, e14 ≤ Dm

∑
l 6=1

O
(
R∗l1 exp(−R∗l1

2/64(σ∗l ∨ σ∗1)2)
)
,

which is again much less than Dm.
For the fifth term, we again start from

e15 =
∣∣∣ED1

[
wu1 (1− wu1 )〈X − µ∗1, s〉(‖X − µu1‖2 − dσu1

2)/(2σu1
2)
]

(σ2
1 − σ∗1

2)/σu1
2
∣∣∣

≤
(

2Dm/
√
d
) ∣∣ED1

[
(1− wu1 )〈v, s〉(‖v + µ∗1 − µu1‖2 − dσu1

2)/(2σu1
2)
]∣∣

≤
(

2Dm/σ
∗
1

2
√
d
) ∣∣∣∣∣√ED1 [(1− wu1 )〈v, s〉2]

(√
ED1 [(‖v‖2 − dσ∗12)2] + 2

√
ED1 [〈v, µ∗1 − µu1〉2]

)

+ 2D2
mσ
∗
1

2|ED1 [(1− wu1 )〈v, s〉]|+Dm

√
dσ∗1

2|ED1 [(1− wu1 )〈v, s〉]|

∣∣∣∣∣,
The first term in the above can be bounded with Lemma 29,

ED1 [(1− wu1 )〈v, s〉2] =
∑
l 6=1

ED1 [wul 〈v, s〉2] ≤ σ∗1
2O

∑
l 6=1

(1 + π∗l /π
∗
1)R∗l1

2 exp(−R∗l1
2/64(σ∗l ∨ σ∗1)2)


≤ cσ∗1

2.
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and

ED1 [(‖v‖2 − dσ∗1
2)2] = 2dσ∗1

4, ED1 [〈v, µ∗1 − µu1〉2] ≤ D2
mσ
∗
1

4.

Similarly, we have that ED1 [(1− wu1 )〈v, s〉] ≤ cσ∗1 . Collecting all components, we can bound this
fifth term e15 � Dmσ

∗
1 .

The bound for the final term follows similarly.

e16 =

∣∣∣∣∣∣ED1

∑
l 6=1

wu1w
u
l 〈X − µ∗1, s〉(‖X − µul ‖2 − dσul

2)/(2σul
2)

 (σ2
l − σ∗l

2)/σul
2

∣∣∣∣∣∣
≤
(

2Dm/
√
d
)∑
l 6=1

(1/σ∗l
2)
√

ED1 [wul 〈v, s〉2]

×

(√
ED1 [wul (‖v‖2 − dσ∗j )2] + 2

√
ED1 [wul 〈v, µ∗1 − µul 〉2 + 2R∗jl

2
√
ED1 [wul ] + d(σ∗1

2 − σul
2)
√

ED1 [wul ]

)
.

We can again use Lemma 28 and get ej6 ≤ cDmσ
∗
1 for some small constant c.

Finally, we collect all error terms to conclude that ED1 [∆u
w(X − µ∗1)] ≤ cDmσ

∗
1 for some small

constant c. Now with the equation (29),

‖µ+
1 − µ

∗
1‖ = (

∑
j

π∗jEDj [∆
u
w(X − µ∗1)])/π+

1

≤ Dmσ
∗
1O

∑
j 6=1

(π∗1 + π∗j )(R
∗
j1/σ

∗
1)3 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)

 /π+
1

≤ cDmσ
∗
1π
∗
1/π

+
1 ≤ c

′Dmσ
∗
1,

for some small constant c′, where we used Lemma 26 with q = 3.

E.3. Convergence of the Variance

The most challenging part is again to show the convergence of variance estimators. We start with
each term by term as other quantities.

Errors from other components j 6= 1: Let us start from the first error term.

ej1 = |EDj [wu1 (1− wu1 )(X − µu1)T (µ1 − µ∗1)(‖X − µ∗1‖2 − dσ∗1
2)]/σu1

2|

≤ 2
∥∥∥EDj [wu1 (‖X − µ∗1‖2 − dσ∗1

2)(X − µ∗1)]/σ∗1

∥∥∥ ‖(µ1 − µ∗1)/σ∗1‖

≤ 2Dm sup
s∈Sd−1

EDj [w
u
1 (‖X − µ∗1‖2 − dσ∗1

2)〈X − µu1 , s〉]/σ∗1

≤ 2Dm sup
s∈Sd−1

EDj
[
wu1

(
(‖v‖2 − dσ∗j

2) + 2〈v, µ∗j − µ∗1〉+ ‖µ∗j − µ∗1‖2 + d(σ∗j
2 − σ∗1

2)
)
〈X − µu1 , s〉

]
/σ∗1.

For each item,

EDj [w
u
1 〈X − µu1 , s〉(‖v‖2 − dσ∗j

2)] ≤
√

EDj [wu1 〈X − µu1 , s〉2]
√
EDj [(‖v‖2 − dσ∗j

2)2]
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≤ O
(√

(1 + π∗1/π
∗)R∗j1

2 exp(−R∗j1
2/64(σ∗j ∨ σ∗1)2)σ∗j

2
√

2d
)

≤ O
(√

dσ∗j
2R∗j1(1 + π∗1/π

∗
j ) exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

2R∗j1EDj [w
u
1 〈X − µu1 , s〉〈v, s′〉] ≤ 2R∗j1

√
EDj [wu1 〈X − µu1 , s〉2]

√
EDj [wu1 〈v, s′〉2]

≤ O
(

(1 + π∗1/π
∗
j )R

∗
j1

2σ∗j exp(−R∗j1
2/64(σ∗j ∨ σ∗1)2)

)
,

and the third item is

R∗j1
2EDj [w

u
1 〈X − µu1 , s〉] ≤ O

(
(1 + π∗1/π

∗)R∗j1
3 exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)
.

The final item, we again need Lemma 22 to get

d(σ∗j
2 − σ∗1

2)EDj [w
u
1 〈X − µu1 , s〉] ≤ d(σ∗j

2 − σ∗1
2)
√

EDj [wu1 ]
√
EDj [wu1 〈X − µu1 , s〉2]

≤ O
(

(1 + π∗1/π
∗
j )R

∗
j1

2(σ∗j ∨ σ∗1)
√
d exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)
.

Hence, the first error term is bounded as

ej1 ≤ σ∗1
2O
(

(1 + π∗1/π
∗
j )
√
d(R∗j1/σ

∗
1)3 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

The error bound for second error term starts with arranging equations as usual,

ej2 =
∑
l 6=1

|EDj [wu1wul (X − µul )T (µl − µ∗l )(‖X − µ∗1‖2 − dσ∗1
2)]/σul

2|

≤ 2Dm

∑
l 6=1

sup
s∈Sd−1

EDj
[
wu1w

u
l (‖X − µ∗1‖2 − dσ∗1

2)〈X − µul , s〉
]
/σ∗l

≤ 2Dm

√
EDj

[
wu1
(
‖X − µ∗1‖2 − dσ∗12

)2]∑
l 6=1

√
EDj

[
wul 〈X − µul , s〉2/σ∗l

2
]
.

For the first square root, useful inequality is (a+ b+ c+ d)2 ≤ 4(a2 + b2 + c2 + d2) for any real
a, b, c, d. Using this,

EDj

[
wu1

(
‖X − µ∗1‖2 − dσ∗1

2
)2
]

≤ 4EDj
[
wu1

(
(‖v‖2 − dσ∗j

2)2 + 4〈v, µ∗j − µ∗1〉2 + ‖µ∗j − µ∗1‖4 + d2(σ∗j
2 − σ∗1

2)2
)]

≤ 4
√
EDj [wu1 ]

√
EDj [(‖v‖2 − dσ∗j

2)4

+ 16R∗j1
2EDj [w

u
1 〈v, s′〉2] + 4R∗j1

4EDj [w
u
1 ] + 4d2(σ∗j

2 − σ∗1
2)2EDj [w

u
1 ]

≤ (1 + π∗1/π
∗
j )
(
O
(
dσ∗j

4
)

exp(−R∗j1
2/128(σ∗j ∨ σ∗1)2) +O

(
dR∗j1

4
)

exp(−R∗j1
2/64(σ∗j ∨ σ∗1)2)

)
,

(30)
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where we used Lemma 22. Meanwhile, the summation over l 6= 1 in right hand side is O(1) by
Lemma 27. Therefore,

ej2 ≤ σ∗1
2O
(√

d(1 + π∗1/π
∗
j )(R

∗
j1/σ

∗
1)2 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
,

As we can imagine, ej3 and ej4 can be shown to be bounded using the same procedure for ej1
and ej2.

Now we jump to ej5 and ej6.

ej5 =
∣∣∣EDj [wu1 (1− wu1 )(‖X − µ∗1‖2 − dσ∗1

2)(‖X − µu1‖2 − dσu1
2)/(2σu1

2)
]

(σ2
1 − σ∗1

2)/σu1
2
∣∣∣

≤
(

2Dm/σ
∗
1

2
√
d
)√

EDj
[
wu1 (‖X − µ∗1‖2 − dσ∗12)2

]√
EDj

[
wu1 (‖X − µu1‖2 − dσu1 2)2

]
.

The rest of the procedure is repetition of (30) (we get a same order-wise bound for both square roots).
Therefore, we get

ej5 ≤ Dmσ
∗
1

2O
(

(1 + π∗1/π
∗
j )
√
d(R∗j1/σ

∗
1)4 exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)
.

Finally, with the similar strategy, we have

ej6 =

∣∣∣∣∣∣
∑
l 6=1

EDj
[
wu1w

u
l (‖X − µ∗1‖2 − dσ∗1

2)(‖X − µul ‖2 − dσul
2)/(2σul

2)
]

(σ2
l − σ∗l

2)/σul
2

∣∣∣∣∣∣
≤
(

2Dm/
√
d
)√

EDj
[
wu1 (‖X − µ∗1‖2 − dσ∗12)2

]∑
l 6=1

(1/σ∗l
2)
√
EDj

[
wu1 (‖X − µu1‖2 − dσu1 2)2

]
,

The summation over l 6= 1 is O(1) as shown in Lemma 28. Therefore,

ej6 ≤ Dmσ
∗
1

2O
(

(1 + π∗1/π
∗
j )
√
d(R∗j1/σ

∗
1)2 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)
)
.

Collecting all error terms, every term is less than

σ∗1
2(1 + π∗1/π

∗
j )
√
dO
(

(R∗j1/σ
∗
1)3 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2) + (R∗j1/σ
∗
1)4 exp(−R∗j1

2/64(σ∗j ∨ σ∗1)2)
)
.

By Lemma 26, the entire summation is smaller than cσ∗1
2π∗1
√
d for some small constant c. Recall

that
√
d will be divided by d in the end.

Errors from own component j = 1: We will walk through the same procedure. The first term is:

e11 = |ED1 [wu1 (1− wu1 )(X − µu1)T (µ1 − µ∗1)(‖v‖2 − dσ∗1
2)]/σu1

2|
≤ 2Dm sup

s∈Sd−1

ED1 [(1− wu1 )(‖v‖2 − dσ∗1
2)〈X − µu1 , s〉]/σ∗1

≤ 2Dm sup
s∈Sd−1

∑
l 6=1

ED1 [wul (‖v‖2 − dσ∗1
2)〈X − µu1 , s〉]/σ∗1

≤ 2Dm

√
ED1 [(‖v‖2 − dσ∗12)2]/σ∗1 sup

s∈Sd−1

∑
l 6=1

√
ED1 [wul 〈X − µu1 , s〉2]
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≤ Dm

√
dσ∗1O

∑
l 6=1

(1 + π∗l /π
∗
1)σ∗1 exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)

 ,

which is smaller than cDm

√
dσ∗1 for some small c by Lemma 26.

Similarly, the second term can be bounded as

e12 =

∣∣∣∣∣∣ED1 [
∑
l 6=1

wu1w
u
l (X − µul )T (µl − µ∗l )(‖v‖2 − dσ∗1

2)]/σul
2

∣∣∣∣∣∣
≤ 2Dm

∑
l 6=1

sup
s∈Sd−1

ED1 [wul (‖v‖2 − dσ∗1
2)〈X − µul , s〉]/σ∗l

≤ 2Dm sup
s∈Sd−1

∑
l 6=1

ED1 [wul (‖v‖2 − dσ∗1
2)〈X − µu1 , s〉]/σ∗l

≤ 2Dm

√
ED1 [(‖v‖2 − dσ∗12)2 sup

s∈Sd−1

∑
l 6=1

√
ED1 [wul 〈X − µu1 , s〉2]/σ∗l

2

≤ cDm

√
dσ∗1

2,

for small constant c, where in the last step we used Lemma 27.
e13 and e14 can be bounded similarly. Finally, e15 can be bounded as

e15 =
∣∣∣ED1

[
wu1 (1− wu1 )(‖v‖2 − dσ∗1

2)(‖X − µu1‖2 − dσu1
2)/(2σu1

2)
]

(σ2
1 − σ∗1

2)/σu1
2
∣∣∣

≤
(

2Dm/σ
∗
1

2
√
d
)∑
l 6=1

ED1

[
(‖v‖2 − dσ∗1

2)wul (‖v + (µ∗1 − µu1)‖2 − dσ∗1
2 + d(σ∗1

2 − σu1
2)2
]

≤
(

2Dm/σ
∗
1

2
√
d
)∑
l 6=1

ED1

[
wul (‖v‖2 − dσ∗1

2)
(

(‖v‖2 − dσ∗1
2) + 2Dmσ

∗
1〈v, s〉+D2

mσ
∗
1

2 +Dmσ
∗
1

2
√
d
)]

≤
(

2Dm/σ
∗
1

2
√
d
)∑
l 6=1

√
ED1 [wul ]

√
ED1 [(‖v‖2 − dσ∗12)4] + 2Dmσ

∗
1

√
ED1 [wul 〈v, s〉2]

√
ED1 [(‖v‖2 − dσ∗12)2]

+ (Dm

√
d+D2

m)σ∗1
2
√
ED1 [wul ]

√
ED1 [(‖v‖2 − dσ∗12)2]

Then, we are summing over O
(
(1 + π∗l /π

∗
1)(Rl1/σ

∗
1) exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)
)

for l 6= 1,
which is bounded again with Lemma 26. Dominating error bound is therefore e15 ≤ cDm

√
dσ∗1

2

again for small constant c. We follow the similar procedure for the final term e16.

e16 =

∣∣∣∣∣∣ED1

∑
l 6=1

wu1w
u
l (‖X − µ∗1‖2 − dσ∗1

2)(‖X − µul ‖2 − dσul
2)/(2σul

2)

 (σ2
l − σ∗l

2)/σul
2

∣∣∣∣∣∣
≤
(

2Dm/
√
d
)∑
l 6=1

(1/σ∗l
2)ED1

[
wu1w

u
l (‖v‖2 − dσ∗1

2)((‖v‖2 − dσ∗1
2) + 2R∗l1〈v, s〉+ 2R∗l1

2 + d(σ∗1
2 − σul

2))
]

≤
(

2Dm/
√
d
)∑
l 6=1

(1/σ∗l
2)

(
ED1

[
wul (‖v‖2 − dσ∗1

2)2
]

+ 2ED1

[
R∗l1w

u
l (〈v, s〉+R∗l1)(‖v‖2 − dσ∗1

2)
]
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+ ED1 [wul (‖v‖2 − dσ∗1
2)d(σ∗1

2 − σ∗l
2)] + ED1 [wul (‖v‖2 − dσ∗1

2)d(σ∗l
2 − σul

2)]

)
.

The remaining steps are bounding each four term in the summation.

ED1 [wul (‖v‖2 − dσ∗1
2)2] ≤

√
ED1 [wul ]

√
ED1 [(‖v‖2 − dσ∗12)4]

≤ O
(
dσ∗1

4(1 + π∗l /π
∗
1) exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)
)
,

where we used (31) for bounding fourth order central moment of degree-d chi-square random variable.
The second one is

2R∗l1ED1 [wul (〈v, s〉+R∗l1)(‖v‖2 − dσ∗1
2)] ≤ 2R∗l1

√
2ED1 [wul (〈v, s〉2 +R∗l1

2)]
√
ED1 [(‖v‖2 − dσ∗12)2]

≤ O
(√

dR∗l1
2σ∗1

2(1 + π∗l /π
∗
1) exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)
)
.

Third term we will use Lemma 22 to get,

d(σ∗1
2 − σ∗l

2)ED1 [wul (‖v‖2 − dσ∗1
2)] ≤ d(σ∗1

2 − σ∗l
2)
√
ED1 [wu1 ]

√
ED1 [(‖v‖2 − dσ∗12)]

≤ O
(√

dR∗l1(σ∗l ∨ σ∗1) exp(−R∗l1
2/128(σ∗l ∨ σ∗1)2)

√
2dσ∗1

2
)
,

and finally we have

d(σ∗l
2 − σul

2)ED1 [wul (‖v‖2 − dσ∗1
2)] ≤

√
dDmσ

∗
l

2
√
ED1 [wu1 ]

√
ED1 [(‖v‖2 − dσ∗12)]

≤ O
(√

dσ∗l
2 exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)
√

2dσ∗1
2
)
.

Now, we can collect all terms and bound e16 as

e16 ≤
√
dDmσ

∗
1

2O

∑
l 6=1

(R∗l1/σ
∗
l )

2(1 + π∗l /π
∗
1) exp(−R∗l1

2/128(σ∗l ∨ σ∗1)2)

 ≤ c√dDmσ
∗
1

2,

with small constant c.

Errors from all components: Now we have that errors across all components can be bounded as

k∑
j=1

π∗j (ej1 + ...+ ej6) ≤ π∗1c(Dm

√
dσ∗1

2)

+ c(Dm

√
dσ∗1

2)O

∑
j 6=1

(π∗1 + π∗j )(Rj1/σ
∗
1)4 exp(−R∗j1

2/128(σ∗j ∨ σ∗1)2)


≤ c′Dm

√
dσ∗1

2π∗1,

using Lemma 26 with q = 4. Finally, recalling the errors for variances,

|σ+
1

2 − σ∗1
2| ≤ c′Dm

√
dσ∗1

2π∗1/dπ
+
1 + ‖µ+

1 − µ
∗
1‖2/d ≤ cσDmσ

∗
1

2/
√
d,
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where we considered that the mean estimator at the next iteration is also improved. The constant is
cσ < 1 given large enough separation between centers of Gaussians.

In all cases, we can conclude that D+
m = maxj(‖µ+

j − µ∗j‖/σ∗j , |π
+
j − π∗j |/π∗j ,

√
d|σ+

j
2 −

σ∗j
2|/σ∗j

2) ≤ γDm, for some constant γ < 1.

E.4. Proof of Auxiliary Lemmas

E.4.1. PROOF OF LEMMA 26

Proof We will only show for q = 4 and the other cases will follow similarly. Again, let x :=
R∗j1

2/(σ∗1 ∨ σ∗j )2. Then, since x ≥ C2 ≥ 1282 by the separation condition, x ≥ 512 log x. Then the
proof is again trivial:∑

j 6=1

(π∗1 + π∗j )ρ
4
σx

2 exp(−x2/128) ≤
∑
j 6=1

(π∗1 + π∗j )ρ
4
σ exp(−x2/256)

≤
∑
j 6=1

(π∗1 + π∗j )ρ
4
σ(ρσ/πmin)−32 � cπmin,

for small constant c.

E.4.2. PROOF OF LEMMA 27

Proof If l = j, upper bound is simply obtained by setting wuj = 1.

EDj [w
u
j 〈v + µ∗j − µuj , s〉2] ≤ EDj [2〈v, s〉2 + 2σ∗j

2D2
m] ≤ 4σ∗j

2.

If l 6= j, then

EDj [w
u
l 〈v + µ∗j − µul , s〉2] ≤ EDj [w

u
l (2〈v, s〉2 + 4R∗jl

2)] ≤ O
(
R∗jl

2(1 + π∗l /π
∗
j ) exp

(
−R∗jl

2/64(σ∗j ∨ σ∗l )2
))

,

where we used Lemma 29. Then, summation over l 6= j yields∑
l 6=j

√
EDj [wul 〈v + µ∗j − µul , s〉2]/σ∗l

2 ≤
∑
l 6=j

O
(

(R∗jl/σ
∗
l )(1 + π∗l /π

∗
j ) exp

(
−R∗jl

2/128(σ∗j ∨ σ∗l )2
))
≤ c,

for some small constant c by Lemma 26.

E.4.3. PROOF OF LEMMA 28

Proof If l = j, then the upper bound can be found by setting wul = 1. That is,

(
1/σ∗j

2
)(√

EDj [(‖v‖2 − dσ∗j
2)2] + 2

√
EDj [〈v, µ∗j − µuj 〉2] + d(σ∗j

2 − σul
2)

)
≤
(√

2dσ∗j
2 + 4σ∗j

2Dm +Dmσ
∗
j

2
√
d
)
/σ∗j

2 = O(
√
d).
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Now consider when l 6= j. In addition to previous lemmas, we need the fact about chi-square
distribution with degree d. Its fourth central moment is,

Ev∼N (0,Id)[(‖v‖2 − d)4] = 12d(d+ 4). (31)

With this fact,

EDj [w
u
l (‖v‖2 − dσ∗j

2)2] ≤
√

EDj [wul ]
√
EDj [(‖v‖2 − dσ∗j

2)4] ≤ 8dσ∗j
4(1 + π∗l /π

∗
j ) exp(−R∗jl

2/128(σ∗j ∨ σ∗l )2).

Other terms can also be bounded similarly as

EDj [w
u
l 〈v, µ∗j − µul 〉2] ≤ 2R∗jl

2EDj [w
u
l 〈v, s〉2] ≤ O

(
(1 + π∗l /π

∗
j )R

∗
jl

4
)

exp(−R∗jl
2/64(σ∗j ∨ σ∗l )2),

EDj [w
u
l ] ≤ O

(
(1 + π∗l /π

∗
j )
)

exp(−R∗jl
2/64(σ∗j ∨ σ∗l )2).

We use Lemma 22 to bound the value of d(σ∗j
2− σul

2)EDj [wul ]. We first remove u superscript as

d(σ∗j
2 − σul

2)EDj [w
u
l ] = (d(σ∗j

2 − σ∗l
2) + d(σ∗l

2 − σ∗l
2))EDj [w

u
l ]

≤ d(σ∗j
2 − σ∗l

2)EDj [w
u
l ] +

√
dσ∗l

2EDj [w
u
l ].

From Lemma 22, either we have (σ∗j
2 − σ∗l

2) ≤ 10R∗jl(σ
∗
j ∨ σ∗l )/

√
d or

EDj [w
u
l ] ≤ O

(
exp(−dmin(1, t2)/256) exp(−R∗jl

2/64(σ∗j ∨ σ∗l )2)
)
,

where t = (σ∗j
2 − σ∗l

2)/σ∗l
2. This gives us

d(σ∗j
2 − σ∗l

2)/σ∗l
2EDj [w

u
l ] ≤ O((1 + π∗l /π

∗
j )R

∗
j1(σ∗j ∨ σ∗l )

√
d exp(−R∗jl

2/64(σ∗j ∨ σ∗l )2).

Now summing up all terms over l 6= j, we get∑
l 6=j

√
d
√

1 + π∗l /π
∗
jO
(
R∗jl

2/σ∗l
2 exp(−R∗jl

2/128(σ∗j ∨ σ∗l )2) + σ∗j
2/σ∗l

2 exp(−R∗jl
2/256(σ∗j ∨ σ∗l )2)

)
≤
√
d/π∗j

∑
l 6=j

(π∗j + π∗l )O
(
R∗jl

2/σ∗l
2 exp(−R∗jl

2/128(σ∗j ∨ σ∗l )2) + σ∗j
2/σ∗l

2 exp(−R∗jl
2/256(σ∗j ∨ σ∗l )2)

)
≤ c
√
d,

for some small constant c.
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