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Abstract

We consider the problem of spherical Gaussian Mixture models with £ > 3 components when
the components are well separated. A fundamental previous result established that separation of
Q(+/log k) is necessary and sufficient for identifiability of the parameters with polynomial sample
complexity Regev and Vijayaraghavan (2017). In the same context, we show that (j(kd /€?) samples
suffice for any ¢ < 1/k, closing the gap from polynomial to linear, and thus giving the first
optimal sample upper bound for the parameter estimation of well-separated Gaussian mixtures. We
accomplish this by proving a new result for the Expectation-Maximization (EM) algorithm: we
show that EM converges locally, under separation Q(+/log k). The previous best-known guarantee
required Q(\/%) separation Yan et al. (2017). Unlike prior work, our results do not assume or
use prior knowledge of the (potentially different) mixing weights or variances of the Gaussian
components. Furthermore, our results show that the finite-sample error of EM does not depend on
non-universal quantities such as pairwise distances between means of Gaussian components.
Keywords: Gaussian Mixture Model, EM algorithm, optimal sample complexity

1. Introduction

Learning parameters of a mixture of Gaussian is a fundamental problem in machine learning. In
this model, we are given random samples from k£ > 2 Gaussian components without observing the
label, i.e., the indicator of which component each sample comes from. In this paper, we focus on an
important special case of this model where the covariance of each Gaussian component is a multiple
of the identity matrix. Formally, we consider a Gaussian mixture model G* whose probability density
function (p.d.f.) can be represented as Z?zl N (13, a;-‘2ld), where d is the dimension, I is d X d
identity matrix, and (11, ) denotes the p.d.f. of a single Gaussian distribution with mean ;. € R?
and covariance ¥ € R%*?, Here 7 are mixing weights, p; € R? are means, and o} are scale
factors for (identity) covariances of each Gaussian component. This special case is often called the
spherical Gaussian mixture model. Our goal is to estimate all parameters {(77, 1}, 07),Vj € [k]}
up to accuracy e.

Learning a mixture of Gaussians has a very long and rich history (see Section 1.1 for an overview
of previous works). A variety of algorithms have been proposed for parameter learning. These either
require separation assumptions on the means, or structural assumptions on the mean placement,
requiring control of the tensor singular values (essentially requiring affine independence). Most
tensor-based analysis has therefore been done in a smoothed setting (e.g., Bhaskara et al. (2014);
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Ge et al. (2015)), however in the absence of such structural assumptions, mean separation is what
controls the hardness of the Gaussian Mixtures problem. Without any separation assumptions, even
in one dimension, worst case instances require 2(e”) samples Moitra and Valiant (2010); Hardt and
Price (2015). At the other extreme, Dasgupta (1999) demonstrated that under Q(\/&) separation,
sample-efficient (polynomial number of samples) identifiability is possible, thus providing the first
upper bound on required separation for efficient identifiability. An important recent work by Regev
and Vijayaraghavan (2017) characterized the exact threshold for sample-efficient identifiability,
establishing that with separation Q(+/log k) sample-efficient identifiability is possible, where as
below that threshold, a super-polynomial number of samples are required.

Perhaps the most widely used algorithm for mixture models is the Expectation-Maximization
(EM) algorithm Wu et al. (1983). Recently, Yan et al. (2017); Zhao et al. (2018) established the
local convergence of the EM algorithm (i.e., EM converges if initialized from a neighborhood of
the ground truth) for mixtures of &k spherical Gaussians. These results require Q(\/E) separation
between means, and assume all components have identity covariances (i.e., a;‘ = 1,Vj € [k]). Thus
this leaves open the key question as to the (local) behaviour of EM with ©(1/Iog k) separation.

The only known (local) algorithm that is guaranteed to converge in the Q(+/log k) separation
regime is the EM-like algorithm proposed in Regev and Vijayaraghavan (2017). However, the sample
complexity of their analysis also has a high dependence on & and instance-specific parameters as
we explain in more detail below. They also require the initialization to be O(1/k?)-close to the
true parameters. By obtaining guarantees that depend only on O(1)-close initialization, we are able
to give an optimal upper bound on sample complexity for learning the parameters of a mixture of
spherical Gaussians.

Main Contributions. In this work, we return to the classical EM algorithm in the same
Q(v/Iog k) separation regime, which thanks to the lower bound of Regev and Vijayaraghavan
(2017) we know is optimal. We obtain improved convergence guarantees in this regime, and thereby
close some of the existing gaps in the literature. Specifically, our main contributions are as follows:

e We show that with separation 2(/log k), population EM converges given a good initialization.
This improves the previous results of Yan et al. (2017) that required Q(\/E)—separation. For the
initialization, our result only requires O(1)-closeness to the ground truth, hence improving the
O(1/k?) initialization requirement in Regev and Vijayaraghavan (2017). Finally, unlike all prior
work we are aware of, our result does not assume prior knowledge of mixing weights or variance
parameters, and these need not be the same; we show we can adaptively estimate these quantities
along with the means. These improvements enable our last result below on the optimal sample
complexity of learning Gaussian mixture model parameters.

e We show that (sample-splitting) finite-sample EM converges to the ground truth given an 0(1)-

close initialization. Our result has sample complexity n = O(dwr_ml-n /€?) (where T, = min; )
to recover all parameters up to € accuracy:

Vi € [K], llwi — uill < ofe [mi — wf| < mie, o — of| < ofe/Vd.

Note that a natural sample complexity lower bound for the Gaussian mixture model is Q(dﬂ';ul-n /€?),
since we need to collect at least €2(d/e?) samples from each component. We give the best pos-
sible sample complexity in terms of all parameters m,,;,, k, d, €. This significantly improves
over previous results Yan et al. (2017); Regev and Vijayaraghavan (2017) where even in the
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balanced setting (i, = O(1/k)), the sample complexities are at least worse by Q(k*p%) with
an instance-dependent parameter p !

e We show the sample-complexity O(max{kd/ €2, k3d}) for learning the parameters of spherical
Gaussian mixtures with Q(y/Iog k) separation. For ¢ < 1/k this gives O(kd/e?) and hence is
optimal. The sample complexity guarantee here does not require any initialization, or bounded-
ness of the parameters. The breakthrough in Regev and Vijayaraghavan (2017) was the first to
establish polynomial sample complexity learning, but only gave sample complexity in the form
poly(k,d, p,1/¢), which is at least Q(k°dp*e=2). Our result closes the gap and shows that the
information-theoretically necessary sample complexity is also sufficient: as long as the separation
is Q(/Tog k), then O(kd/€?) samples are sufficient; this matches a lower bound Q(kd/e?) up to
logarithmic factors.

1.1. Prior Art

Separation-Based Algorithms Learning mixtures of Gaussians has a long and rich history since
Dasgupta (1999) who gave a first polynomial-time algorithm under Q(\/&) separation. This result
has been followed by a number of works Sanjeev and Kannan (2001); Vempala and Wang (2004);
Dasgupta and Schulman (2007); Achlioptas and McSherry (2005); Kannan et al. (2005) that improve
the result in various separation regimes. Currently, the best algorithmic results are the recent
works by Diakonikolas et al. (2018); Hopkins and Li (2018); Kothari et al. (2018), where they
provide algorithms that estimate parameters assuming €2(k'/7) separation, using O (poly(k?,d, 1/¢))
samples (and running time) for arbitrary v > 0. In particular, their can recover parameters of spherical
Gaussian mixtures under (/Iog k) separation using Q(poly(k'°¢*, d,1/¢)) samples. While all
works mentioned here aim to get (nearly) polynomial-time algorithms, our work is more in line with
Regev and Vijayaraghavan (2017): we focus on upper bounding the sample complexity.

Iterative Algorithms EM is one of the most popular algorithms for mixture problems. The first
results on convergence were infinitesimally local, and asymptotic Redner and Walker (1984); Xu
and Jordan (1996); Ma et al. (2000). Recently, the work in Balakrishnan et al. (2017) builds off the
idea of coupling finite sample and population EM, characterizing the non-asymptotic convergence of
EM within a fixed (non-infinitesimal) basin of attraction. A flurry of work has followed in recent
years, making substantial progress in the theory of EM. For instance, Xu et al. (2016); Daskalakis
et al. (2017) established the global convergence of the EM algorithm from a random initialization for
Gaussian mixture models with two components, and Kwon et al. (2019) established the same for two
component mixed linear regression. For more than two components, we cannot hope for such a global
convergence guarantee, as shown by Jin et al. (2016). On the positive side, some recent works have
established local convergence results, showing that EM converges from a well-initialized point, under
some minimum separation conditions Yan et al. (2017); Kwon and Caramanis (2019). However, the
best known guarantees for the EM algorithm for a mixture of Gaussians with k£ components require
separation of order Q(\/E), and, moreover, are restricted to the equal identity covariance setting
across all components Yan et al. (2017). Another popular iterative heuristic is the k-means algorithm
(also called Lloyd’s algorithm) Kumar and Kannan (2010); Awasthi and Sheffet (2012); Lu and Zhou
(2016). The best known convergence result for this algorithm requires at least Q(v/k) separation.

1. p depends on instance-specific parameters such as max;; ||p; — pt} || or max;»; o7 /o . Since our sample complexity
result does not depend on p, we do not require boundedness on parameters.
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Thus the state of the art analyses of EM and Lloyd’s both leave a significant gap to the limit of
Q(y/log k) mean separation. A variant of EM proposed in Regev and Vijayaraghavan (2017) takes a
big step forward: it is shown to converge locally for spherical Gaussian mixtures with Q(+/log k)
separation. While their algorithm is sample-efficient, the bound on samples is a (large) polynomial in
k and instance-specific parameters, where as the information theoretic lower bound is Q(kd/¢?).

Moment-Based Methods The method-of-moments is a powerful general-purpose technique for
learning a family of parametric distributions. However, even in one dimension, an information-
theoretic argument shows that an exponential (in k) number of samples is required to recover the
parameters of a Gaussian mixture model in the absence of a minimum separation condition Moitra
and Valiant (2010); Hardt and Price (2015). To circumvent such information-theoretic bottleneck of
parameter learning, a vast line of work explores tensor-decomposition methods in a smoothed setting
Hsu and Kakade (2013); Ge et al. (2015); Anandkumar et al. (2014); Kalai et al. (2010); Anderson
et al. (2014). However, such an approach cannot work when the means of Gaussian components lie
in a low dimensional subspace. Furthermore, statistical precision of moment-based methods has poor
dependence on the geometric properties of an instance, such as singular values of a tensor matrix or
the norm of means. Therefore, they are often used in conjunction with an iterative procedure such as
the EM algorithm which produces much more accurate estimators as we show in this work.

Lower Bounds Without any separation, {2(e”) samples are necessary Moitra and Valiant (2010);
Hardt and Price (2015). In fact, the separation condition has to be at least (y/log k) to get a
fully polynomial sample complexity as shown in Regev and Vijayaraghavan (2017). There are also
computational lower bound results due to Diakonikolas et al. (2017, 2018) framed in a statistical
query (SQ) model Feldman et al. (2017) for general (non-spherical) Gaussian mixtures. It would be
interesting to understand the implications of their results in the setting of spherical Gaussian mixtures
(though we do not explore this here).

Distribution Learning Another branch of research in Gaussian mixture models is density estima-
tion. Feldman et al. (2006); Chan et al. (2014); Suresh et al. (2014); Diakonikolas et al. (2019); Li and
Schmidt (2017); Ashtiani et al. (2018b,a). In this problem, the goal is to learn a distribution G that
minimizes the total variation distance to G*. When this hypothesis G is also in the class of mixtures
of k Gaussian components, it is called proper learning. Most known proper-learning algorithms are
sample-efficient or even sample-optimal Ashtiani et al. (2018a). Our result connects the result in
Ashtiani et al. (2018a) to the parameter learning of a well-separated mixture of Gaussians.

Other Related Work Finally, we mention that there are a few related branches of research to
learning a mixture of Gaussians such as graph clustering and community detection Massoulié (2014);
Mixon et al. (2016); Yin et al. (2019). In such problems, an analogous notion of separation condition
is considered for sample-efficient learning (see the recent survey in Abbe (2017)).

1.2. A Roadmap and Proof Outline

Our starting point is the by-now standard procedure where we analyze EM in the population setting
first, and then connect the result to finite-sample EM through the concentration of measures.

Analysis of the Population EM Algorithm. The E-step in the EM algorithm constructs weights
(soft-label) for all components to construct the expectations of the log-likelihood on the current
estimators. If we have a good enough estimation of parameters, then we anticipate that most samples
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should have approximately the right weights according to which components they come from. Given
the current estimate of the mean parameters, let £4,,4 denote the set where the E-step assigns
approximately the right label (weight). Then, the estimation error in means, for example, after one
EM step can be decomposed as

EplwX] — p* = (Ep[wX|Ego0a] — 1) P(Egood) + (Ep[wX[Egooal — 17)P(Egooa),

-~

errors from good samples errors from bad samples

where Ep[wX] is the M-step operator for means, and w is a weight constructed for a sample X in
the E-step. In the well-separated regime, we can show that Ep[wX |Ego.q] = p* for good samples,
while P( 0 .q) =~ 0 for bad samples. While previous local analysis has a similar flavor Yan et al.
(2017); Balakrishnan et al. (2017), it is significantly more challenging to construct these good events
for non-symmetric and non-equal variance Gaussian mixtures, since the effective dimension of the
EM operator does not shrink as in the symmetrized Balakrishnan et al. (2017) or equal-variance
setting Yan et al. (2017). We show that if all parameters are well-initailized (see details in Theorem
1), then EM converges locally to the true parameters at a linear rate.

Analysis of the Finite-Sample EM Algorithm. In order to get the right order of statistical error
for the EM algorithm, our measure concentration analysis treats good and bad samples separately. We
adopt the technique used in Kwon and Caramanis (2019), and we split the concentration of measure
argument into two parts: (i) concentration due to the sum of independent random variables and
(ii) concentration of the empirical probability of the event (see Proposition 8). This categorization
strategy is critical to get a finite-sample error that is instance-independent and does not depend
on, for example, pairwise distances between means. This independence is in contrast with results
of prior work, e.g., Yan et al. (2017); Zhao et al. (2018); Balakrishnan et al. (2017); Regev and
Vijayaraghavan (2017). While technical, this concentration argument is the key differentiator in our
results. We use this same technique again later in the paper, to obtain the optimal statistical error for
learning a mixture of well-separated Gaussians.

Minimal Initialization Requirements and Sample-Optimal Learning. We next consider the
problem of sample-optimal learning. To use our EM result, we need to show a sample-efficient
strategy for obtaining a sufficiently good initialization for EM. In a recent work, Ashtiani et al.
(2018a) gives the optimal sample-complexity result for proper learning. When applied to our setting,
we can learn a candidate mixture of spherical Gaussians G that satisfies |G — G*||7v < € using
O(kd/€?) samples, where || - |7 is the total variation (TV) distance. We use this result to obtain
a guarantee on the mean parameters. Specifically, we show that if a candidate spherical Gaussian
mixture G satisfies |G — G*||rv < Tmin/4, then the mean parameters in G satisfy

* 1 : * *
s = | < 5 i = 151, m

where 11; are mean parameters of G and y; are means of G*. From (1), we get an initialization
condition that is not yet good enough to plug in our EM result. We develop a bridge to obtaining
a sufficiently good initialization of all parameters with (essentially) the k-means algorithm, and
conclude that O(W;Zlnd /e2v kw;fn d) samples are sufficient to recover all parameters up to arbitrary e
accuracy. We note that this final result is possible because the initialization requirement we ultimately
need is significantly weaker than what prior art requires.
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2. Preliminaries and Notation

We consider the mixture of k spherical Gaussian mixtures with parameters { (77, yi5,07),Vj € [k]}.
True parameters are denoted by (-)*, while estimators are denoted using the same letters without .
Each j** component has mean w; and covariance o7 I in R?. We use D to represent the distribution

of the mixture of Gaussians G*, and D; to represent the distribution of the 4" Gaussian component.

The EM algorithm is composed of two steps, the E-step that constructs the expectation of the
log-likelihood on the current estimators, and the M-step that maximizes this expectation. For a
mixture of spherical Gaussian distributions, each step of the EM algorithm is as follows:

i exp(—|| X — pil|?/(207) — dlog(c?)/2)
Sk mjexp(—||X — p;]|2/(202) — dlog(0?)/2)
(M-step) : 7 =Eplwi], pf =Ep[wX]/Eplwi],

oi? = Eplwil| X — i |21/ (dEp[wi)),

(E-step) : wi(X) =

i

for all ¢ € [k]. In the above notation, we use Ep|[-] to denote the expectation over the entire mixture
distribution. We use Ep, [-] to represent the expectation over the single j th Gaussian component. In
the E-step, w; := w;(X) represents the probability of the sample X being generated from the i*"
component as computed using the current estimates of parameters {(7;, uuj, 0;),Vj € [k]}. After the
M-step, we use (-)* to denote the corresponding updated estimators. When we consider the entire
sequence of estimators, we use (~)(t) to denote estimators in the ¢* step. Finite-sample EM replaces
the expectation with the empirical mean constructed with n i.i.d. samples. The corresponding
estimators are denoted by {(7;, fi;,5;),Vj € [k]}. In the E-step in the finite-sample EM, we use
wy; to represent the weight for the 15¢ component constructed with the ith sample X;.

Finally, we introduce some conventions we use in this paper. We define 7,,;, = min; 7},
pr = max; ; / min; 7, and p, = max; o]/ min; o7. We use R}; = [[uj — |2 to denote the
pairwise distance between components. We often use || - || without subscript 2 to denote the [y
norm of a vector in R?. The estimation error in the mean of the i*” component is defined as
Ay, = pf — pi. We use 1¢ for the indicator function for the event £. We use standard complexity
analysis notations o(-), O(-), O(-), Q(-). Finally, we use “with high probability” in statements when
the success probability of the algorithm is at least 1 — § where § = n (1),

3. Convergence Analysis of the EM Algorithm

In this section, we give local convergence guarantees for both population EM and finite-sample EM.
We first study population EM, and connect the result to the finite-sample setting.

3.1. Analysis of Population EM

We first state our main result for population EM. Compared to previous works, we also consider
the setting of unknown and unequal variances, and hence must estimate these along with the means
and mixing weights. We focus on handling the means and mixing weights in the main text, as the
analysis for variance estimators is significantly more involved and delicate (see Appendix B.6 for the
analysis of variance estimation).
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Theorem 1 There exists a universal constant C > 64 such that the following holds. Suppose a
mixture of k spherical Gaussians has parameters {(r7, u;,075) : j € [k]} such that

Vi# j € W], It — 5] = C(o7 v o3) - (viogh + Tog(pepn)) @
and suppose the mean initialization ugo), o ,u,(€0) satisfies
e k] lu ™ = pill = g minllpd = w5/ (o7 V o). 3)

Also, suppose the mixing weights and variances are initialized such that
Vi€ K, =il < 71/2 |(0]") — 0% < 0.507% V. )
Then, population EM converges in T = O(log(1/¢)) iterations to the true solution such that for all

o ) —wtl/mr < € and|(0{")? — 01?|fo;? < ¢/ V.

7 7

i € [k], we have ||, " — pf]| < ol

Note that the convergence rate is linear and does not depend on instance-dependent quantities.

Furthermore, for estimating variances, we eventually get O(e/ \V/d) accurate estimates. Hence, the

final output parameters are also O(e)-close to the true mixture distribution in total variation distance.
The proof of Theorem 1 starts with the useful fact about the EM operator.

*

Fact 2 True parameters {(n}, ut,0}) : i € [k]} are the fixed point of the EM operator, i.e.,
* * * * * *2 * * *
i = Eplw]], pi = Ep[w; X]/Ep[w]], o} = Eplwi| X — ui|’]/(dEp[w]]),

where wj is the weight constructed with true parameters in the E-step. Then, we can represent the
estimation error after one EM iteration with the following lemma.

Lemma 3 Define A,,, = w; — w;. The estimation errors after one EM iteration can be written as

i —m = Eplwi] - Epw]] = Ep[Ay],

i —

i — pp = Ep[Aw, (X — 1)) /Eplw;). (5)

From this lemma, we observe that errors are proportional to the difference in weights given by the
E-step that are constructed with true parameters and current estimates respectively. We focus on the
parameters for the first component ¢ = 1 and omit the subscript ¢ when the context is clear. The next
lemma is key; it defines what we call good samples.

Lemma 4 Suppose X comes from the j'" component (j # 1). Letv = X — u; (thus, v ~
N(0, O';QId)) and f = R;IQ (64(o7 V J}‘)Q). Consider the following events:

E = {=R;1*/5 < (v, 15 — 1)},

€ 1= (=R /64 < (0, 0,0} 0 {(0, A) < (07 /01) R [64),

Eis = {d (1 - 2\/67d) < |vl*/o3? < d (1 +2v/B/d + 26/d>} . ©6)

If the above three events occur, then the E-step assigns exponentially small weight to the other
components, i.e., w1 < (m1/m;) exp(—B) and wi < (wj/7})exp(—p). We call such X a good
sample. This good event happens with probability at least 1 — 5 exp(—[3).
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Combined with the expression in (5), this lemma implies the following.

Corollary 5 In the setting of Lemma 4, for any j # 1 and s € S*1,

Ep,[Ay] < (3(n}/7}) +5) exp (=),
[Ep, [Auw(v,s)]| < (3(n7/7})o} + 5R};) exp (—5) . 7

The corollary bounds the estimation errors coming from the j** component for some j # 1. We
obtain this result by decomposing the error term as Ep, [A,] = Ep, [Aw]lggw J +Ep; [Aw]15§ood]’
for estimation errors in mixing weights. Then we control the error from good samples by small A,
and control the error from bad samples with the small probability of event P( go oq)- Finally we sum
up all errors from all components, and bound this sum with the following lemma.

Lemma 6 For well-separated mixtures of Gaussians that satisfy the separation condition (2),

> (i + 7)) Ry exp (=R, [64(07 V 07)?) < g0, ®)
J#1
for q € {0, 1,2} with sufficiently small absolute constants c,.

By combining these results, we can guarantee that after one single iteration, we get || ,u;r —
will < 0507, |7 — 7f| < 0577, and ‘O';FZ — 0¥?| < 0.507%/V/d for all i € [k]. Hence when
| — ]| > 0.507, the lemmas stated in the main text suffice to guarantee that we get improved
estimators through the EM operation. The full proof in this case is given in Appendix B.

When ||p; — 4] < 0.507, we define

Dy = maix [max (| = pi /o7 |mi = |/t Vd|o? = 1)/ ©)

and show that D, < ~D,, for some absolute constant v < 1. We first get a more fine-grained expres-
sion for (5) that is proportional to D,, by differentiating A,, using the mean-value theorem. Then we
use the (essentially) same lemmas to show that D, < ~D,,, which guarantees a linear convergence
in Dy, to € in O(log(1/¢)) steps. Since the proof involves significant algebraic manipulation, we
defer the proof for this case to Appendix E.

3.2. Finite-Sample EM Analysis

Now we move on to the finite-sample EM algorithm. For analysis purposes, we use the common
variant of the iterative algorithm which is often referred to as the sample-splitting scheme. This
scheme divides the n samples into 7" batches of size n/7T", and uses a new batch of samples in each
iteration, which removes the probabilistic dependency between iterations. We note that the uniform
concentration approach typically used to avoid sample-splitting often results in overly pessimistic
statistical error. While the analysis with sample-splitting suffices for the optimal sample-complexity
guarantee in this work, it will be interesting to remove this dependency in the future. We now state
the main theorem for the finite-sample EM algorithm.

Theorem 7 There exists a universal constant C > 64 such that the following holds. Suppose a
mixture of k spherical Gaussians has parameters { (77, 3, 07) : j € [k]} such that

Vi j € [kl i — pjll = Clo7 V 03) - ev/10g(po /Tmin), (10)
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with some given constant ¢ > 2, and suppose the initializers {(NJ(-O), ﬁgo), ~§o)) 2 j € [k]} satisfy
vi € (k] " — ufl) < Tp min |l = 311/ (o7 v o), (1)
Vi € [k], |7 — 77| < 77 /2, [(6\)2 — 07| < 0.5072/Vd. (12)

Suppose we use n > C’ (dﬂ'r_ml‘n log?(k>T'/6)/€?) samples with sufficiently large universal constant
C' for every iteration. Then, sample-splitting finite-sample EM converges in T = O(log(1/¢))

iterations to the true solution such that for all i € [k], we have || ,&gT) —pl <

and |(5‘Z(T))2 — 01?| < a72¢/\/d, with probability at least 1 — § — T /n¢~2k30.

_(T)
* * *
i _ﬂ-i‘STriE’

The separation condition (10) in the statement differs by the constant ¢ > 2 from condition (2),
which we need to bound the failure probability by 1/n¢. This inverse-polynomial failure probability
arises from the concentration of the empirical probability of rare events.

As mentioned earlier, our finite-sample analysis develops a concentration bound that handles
good and bad samples separately. Note that without splitting the analysis for different events, our
statistical error may be unnecessarily large. For instance, if we simply apply standard sub-Gaussian
tail bounds to % >y wii(X; — pf) for mean updates, we end up having dependency on the norm
of X; — pj, which could be as large as O(max;1 [|1j — pi|). This dependence on the pairwise
distances of the true means is present in much of the prior art. However, this approach overlooks the
fact that the statistical properties of good samples and bad samples are very different. To overcome
this issue, we adopt the main statistical tool introduced in Kwon and Caramanis (2019).

Proposition 8 (Proposition 5.3 in Kwon and Caramanis (2019)) Let X be a random d-dimensional
vector, and A be an event in the same probability space with p = P(A) > 0. Define random variable
Y = X|A, ie., X conditioned on event A, and Z = 1 xc 4. Let X;,Y;, Z; be the i.i.d. samples from
corresponding distributions. Then, the following holds,

> t1>

P(H:L;Xi]lxiEA_E[XﬂXEA]H > t) < max P (:L Z(Yl — E[Y])
> Ne + 1) , (13)

- n
> %

> tQ) P (
=1

We give a short overview of how we use this proposition in the proof for mixing weights. The
estimation error in mixing weight after one EM iteration is 7, — 7} = (1/n > 1, w1, — Eplwi]) +
(Ep[wi] — Ep[w}]). The second term is (Ep[w1] — Ep[w?]) = 7] — 7f < vt D,y, for v and D,y,
as in (9). This is the error after one population EM iteration. Hence, if we can show that the first term
is less than e}, linear convergence is guaranteed with convergence rate v < 1 until D,,, reaches the
target statistical error e.

Now we decompose a single random variable w1 ; into several parts using disjoint indicator
functions. Let us define &; 4504 := 5,1 N Ej2 N E; 3 where good events are as defined in (6), and let

m<ne

oo

forany 0 <n. <nandt, +1ty =t.

wi; = wile + Zwl,iﬂsjmsj,good +wiilgnes -
i#1
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Then, we treat each decomposed O(k) terms as distinct quantities, and find a statistical fluctuation of
the sum of each term over samples using Proposition 8.

For each term, the first key step is to find a sub-Gaussian or sub-exponential norm of random
variables conditioned on each event. We use this to control the statistical fluctuation of the conditioned
random variable on each event, which appears as the first term in (13). This mainly controls the
concentration of good samples. For bad events £ J it is either that there are no bad sample with

c
j,good’

probability O(1/poly(n)), or O(1) bad samples with high probability if 1/n® < P(E,,,). This

controls the concentration of bad samples. The full proof of Theorem 7 is given in Appendix C.

4. Sample Optimal Learning with the EM Algorithm
We now show we can learn well-separated Gaussian mixtures with nearly optimal sample complexity.

Theorem 9 Suppose a mixture of k spherical Gaussians has parameters {(75, i}, 07) : j € [k]}
such that

Vi # j € [k] I — pjll = Cloi v a3) - ev/1og(po /Tmin), (14)

with a universal constant C > 64 and some given constant ¢ > 2. Then there exists a (possibly
inefficient) algorithm that for any € > 0, returns parameters {(7j, uj,05) : j € [k]} (up to
permutation) such that

imf —mil /i < e i — pill/of < €lof —ail/o} < €/Vd, Vi€ [k],
using n = O(W;L%nd/e? V kw;fnd) samples with high probability.
While a polynomial sample upper bound with 2(+/log k) separation previously has been established
in Regev and Vijayaraghavan (2017), our result guarantees the tightest sample complexity for
¢ = O(Tmin). In particular, our result implies that a trivial lower bound Q(d7 1 /¢?) is indeed a
tight upper bound in the well-separated regime. Furthermore, we do not impose any constraints on
the norms of means, or require prior knowledge on mixing weights or variances. Hence Theorem 9
allows any possible realization of Gaussian mixture models that satisfies (14).

We first show that we can relax the initialization conditions (11), (12) such that it is sufficient
to have a good initialization only for mean parameters. It makes the connection to proper-learning
significantly easier since then we do not need any requirement on G other than being close to G* in
TV distance. In contrast, Regev and Vijayaraghavan (2017) requires G to be close in TV distance
as well as to have all parameters close to G*, which raises a technical challenge in connecting the
proper-learning and parameter initialization. This initialization requirement results in a much higher
sample complexity at least O(ﬁ;?nk:?’d?’ p'0) with an instance-specific parameter p.

4.1. Better Initialization with the k-Means Algorithm

Algorithm 1 is essentially the k-means algorithm except for Step 3 which estimates the variances.
The next lemma is critical: it says Algorithm 1 can help initialize EM.

(0) (0)

Lemma 10 Suppose we are given iy ", ..., ju;.° such that
1 — 7] < 3 mim [ — 5| 15)
My M _4111%11 Hi — Hjlls

10
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Algorithm 1 One-Step k-means with Good Mean Initializers
Input: n iid. samples from a mixture of well-separated Gaussians G* with parameters

{(77,1},07%),J € [k}, and initial estimate of means {,ugo), Vi € [k]}, satisfying (15).
Output: Good initializers for the EM algorithm satisfying (11) and (12).

1. Using n samples from mixtures of well-separated Gaussians, cluster points according to the
rule: C; = {X | X — pul| < [ X — pl], V5 # i}

2. For each cluster Cj, let m; = |C;|/n and p; = mean(C;), the average over all elements in C;.

3. For each cluster C;, let samples in C; stand in any pre-defined order. Compute pairwise distances
between all adjacent samples. Let F'(x) be a cumulative distribution function of chi-square with

d degrees of freedom. Collect all |C;| — 1 computed values, and find (ag|C;|)** quantity among
them where oy = F'(d). Set 0,2 as the quantity divided by 2d.

where {(r7, 1}, 07) : j € [k]} are the parameters of well-separated mixtures of Gaussians. Then

there exists a universal constant C' > 0 such that given with n. > C'(dn ! log?(k/d)) samples,

min
Algorithm 1 returns estimators satisfying |p; — pil|/of < 4, |m — wf|/mF < 0.5, and |o;® —
02| /o¥? < 0.5/+/d with high probability.

Thus Algorithm 1 succeeds, as long as the initialization satisfies 1/4-closeness to the true means,
which significantly relaxes the condition required for the EM algorithm. The key elements of the proof
of the lemma for mixing weights and means are reminiscent of the ideas we exploit in population EM,
as the k-means algorithm can be viewed as a variant of EM with hard-label assignment in the E-step.
Estimating variances is trickier since we need to get estimators as good as O(1/ \/&) Controlling
the noise to get a O(1/+/d) estimate requires more than simply computing the average over each
cluster (which is what we do in Step 2 to compute the means, and the mixing weights ;). The key is
contained in Step 3 of Algorithm 1, which is essentially computing the median of pairwise distances.
The full proof of Lemma 10 is given in Appendix D.1.

4.2. Sample-Optimal Algorithm for Theorem 9

In this section, we first show that if we find a proper hypothesis that is 7,5 /4-close in total variation
distance, then all means in the hypothesis are 1/4-close to true means of well-separated Gaussian
mixtures. The is the content of the following lemma.

Lemma 11 Suppose a mixture of well-separated Gaussians G* with parameters { (7}, i\, 0}),Vi €

k}, and a candidate mixture of (any spherical) Gaussians G with parameters {(m;, i, 0;), Vi € k},
satisfy |G — G*||rv < Tmin/4. Then

max(min |5 — gl /o7) < 16+/10g(1/Tmin). (16)

The proof of Lemma 11 is given in Appendix D.2. While similar connection between TV distance
and parameter distance are stated in Diakonikolas et al. (2017); Regev and Vijayaraghavan (2017),
they consider distances smaller than o(1/k?) either in parameter space or total variation. Matching
the sample complexity lower bounds requires a simpler connection to O(1/k)-TV distance. As

11
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mentioned earlier, G may completely ignore some components if |G —G*||7y > Tpin, hence mp,ip /4
(which is O(1/k)) is order-wise the minimum possible requirement for this approach.

Now we recall that Ashtiani et al. (2018a) provide a sample-optimal guarantee O (kd/€?) for
the proper-learning of a mixture of axis-aligned Gaussians, i.e., Gaussians with diagonal covariance
matrices. From their result, it is straightforward to get the same sample-optimal guarantee for
spherical Gaussian mixtures. We then combine it with Lemma 11, which gives a candidate distribution
G that satisfies |G — G*||7v < Tmin/4. Lemma 10 provides the final bridge: executing Algorithm 1
produces an initialization good enough for the EM algorithm, as guaranteed by Theorem 7. The full
proof of 9 is given in Appendix D.3.

4.3. Discussion on Initialization

We have shown that O(dw;%n /€?) samples are sufficient for learning a mixture of well-separated
spherical Gaussians. While the combination of proper learning and the EM algorithm gives a
sample-optimal algorithm, we note, however, that the algorithm given in Ashtiani et al. (2018a) is
not computationally efficient. In fact, as far as we know, no (orderwise) sample-optimal polynomial
time algorithm is known for proper-learning even in the Q(+/log k)-separated regime. Moreover,
for general (non-spherical) Gaussian mixtures, work in Diakonikolas et al. (2017, 2018) gives
statistical-query based lower bounds, though it is an interesting question to explore what these results
imply in the spherical setting. Hence, while our work resolves the sample-complexity question, the
computational complexity remains open.

The state-of-the-art algorithms in the Q(+/log k) separation regime appear in Diakonikolas et al.
(2018); Hopkins and Li (2018); Kothari et al. (2018). They run in quasi-polynomial time with
the required sample complexity O(poly(k'°2*, d,1/€)). However, it is still unknown whether it is
possible to learn a mixture of well-separated Gaussians in polynomial time with polynomial sample
complexity. Achieving polynomial running time with polynomial sample complexity would be a
great result that resolves a long lasting open problem in literature.

5. Conclusion

We provide local convergence guarantees for the EM algorithm for a mixture of well-separated
spherical Gaussians. We show that EM enjoys desirable local convergence properties in several
respects: minimal requirements on the separation condition, optimal sample complexity, and large
initialization region. Consequently, our results provide the optimal sample upper bound for learning
the parameters of well-separated Gaussian mixture models. Even under structural assumptions or
larger sample complexity regimes when other methods apply, EM may still be an appealing local
algorithm to amplify the estimation accuracy, as these global algorithms tend to incur large and
instance-dependent statistical error. While our analysis is restricted to the well-separated regime, we
conjecture that EM locally converges to the true parameters even with smaller separation. It will be
an interesting future challenge to establish a similar result in a weaker separation regime.
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Appendix A. Useful Technical Lemmas

We state some useful lemmas:

Lemma 12 (Sub-Gaussian tails Vershynin (2010)) Let v be a sub-Gaussian random vector with
parameter o in d-dimensional space. Then for any unit vector s € S%~! and oo > 0,

P((v,s) > a) < exp(—a?/20?).

Lemma 13 (chi-Square tails Laurent and Massart (2000)) Let v be a chi-square random vari-
able with d degrees of freedom. Then for any o > 0,

P(v>d+2Vda + 2a) < exp(—a),
P(v < d—2Vda) < exp(—a).

Lemma 14 (Lower bound for chi-Square tails Inglot (2010)) Let v be a chi-square random vari-
able with degree of freedom d > 2. Then for any u > d — 1,

1—e 2 U 1 u
< > <—
5 u_d+2\/35d(u)_P(v_u)_ﬁu_d+2<€d(u),

where Eq(u) = exp(—(1/2)(u —d — (d — 2)logu + (d — 1) log d)).

Lemma 15 (Sub-Gaussian norm Vershynin (2010)) v is a sub-Gaussian random vector in d-dimensional
space if and only if for any unit vector s € S, there exists a finite value K > 0 such that

suppfl/QEH(v, s)]p]l/p < K.
p>1

We denote the sub-Gaussian norm of v as ||v||y, < K. Furthermore, the tail probability is bounded
by

P((v,s) > t) < exp(—ct?/K?),
for some universal constant ¢ > 0.

Lemma 16 (Sub-exponential norm Vershynin (2010)) X is a sub-exponential random variable if
and only if there exists a finite value K > 0 such that

supp 'E[| X|P]V/P < K.
p=1

We denote the sub-exponential norm of v as ||v||y, < K. Furthermore, the tail probability is bounded
by

P(X >t) < exp(—cmin(t/K,t?/K?)),

for some universal constant ¢ > 0.
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Lemma 17 Suppose v ~ N(0,1;), u,s € S*1 are any fixed unit vectors, and o > 0 is some
constant. Then the following holds:

Eynr(0.10)[|(0: ) [PIl{v,0)| > o] < (20)P + 4a exp(—a®/2)(2p)/>.

Proof Let us first decompose s = s,, + sp, where s, is parallel to u and s, is orthogonal to u. We
can rewrite the target quantity as

<E[|<U, Su> + <U, Sp> ’p]l<v,u>2a] > p < EH<U’ 5u>‘p]l(v,u>2a]1/p + E[|<U7 5p>|p]l(v,u)2a]1/p
P({o,u) > a) = P({v,u) = a)i/v
= [|sull (B[|{v, w)[P| (v, u) > o)) /P + E[|(v, 5,)[P]'/7.

Thus, it boils down to upper-bound E . zr(,1)[Z”|Z > a]. This can be bounded by

Ez[ZP1250]/P(Z > o) = Ez[ZP150>2>0]/P(Z = ) + EZ[ZP1 2520]/P(Z > «)
< (20)P + VEz[Z%]\/P(Z > 20)/P(Z > «)
< (20)P + 2PPT(p + 1/2)'/2/ /7 exp(—a?) / (exp(—a? /2) / (V2720))
< (2a)P + 4272 pP P exp(—a? /2).

Lemma 18 Let v ~ N (0, 1;). Then for any p > 1,
Ellv]]”] = 2°/°T ((p + d)/2) /T(d/2) < (d + p)"/>.
Proof The first equality is standard and given in Yan et al. (2017). From here, we can proceed as

D((p+d)/2) = (d/2 +p/2)(d/2 +p/2 — 1)...(d/2 + a + 1)[(d/2 + )
< ((d+p)/2PPT(d/2 + @),

where v = p/2 — [p/2] € [0,1) and [p/2] is the largest integer that does not exceed p/2. We then
use Gautschi’s inequality for the ratio of Gamma functions Wendel (1948) which states

T(z+1)/T(z+s) < (z+1)'7*.
Applying this with z + s = d/2 and = + 1 = d/2 + a, we get
((d+p)/2)PT(d/2 + ) /T(d/2) < ((d+p)/2)PP(d + )* < ((d+ p)/2)""*.
Thus, we can conclude
E[|v|P] = 2¢/*T ((p+ d)/2) /T(d/2) < (d +p)*'*.
|

The following lemmas are the upper bound on the L, norm of random variables conditioned
on some events. We use them in an important way, as they help us bound expected errors from bad
events.
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Lemma 19 Letv ~ N(0,1y). Letp > 1 and r? > d. Then,
E[lo]?|[[o]* > %] < (2r)” + 4(d + 2p)"/? exp(—r?/8).

Proof Similarly to the one-dimensional case, we start with

Ef|Jv|[Pl|[v]|* > %] < (2r)P + /E[||v]|?] P(||v]|? > 4r2)

P(|lv]* = r?)
P(l|v]* > 4r2)
P(|lv]* = r?)

< (2r)P + (d + 2p)P/?

We can use the inequalities for lower and upper bounds for the tail probability of a chi-square
distribution from Proposition 3.1 in Inglot (2010). From the inequality,

P(l[v]2 > 4r2) < 2exp (_;(472 —d—(d—2)log(4r?) + (d— 1) log d))) ,
P(v|2 > r2) > < exp (—1(r2 —d—(d—2)log(r?) + (d— 1) logd))> .

Using this, we can bound

P 2
If((||‘v’|”2 ZZ;J;) ) < 2v2exp <—;r2 — %(d + (d — 2) log(r?)) + i((d — 2)log(4d) + log d)))) ,

< 2v2exp(—1?/8).

Plugging in this relation, the lemma follows. |

Lemma 20 Letv ~ N(0,1;). Letp > 1 and r* = d + 2V ad + 2a with a > 8. Then for any fixed
unit vector s € S,

E|{v, )Plllv]® = 7%] < (640)"/% + (8cv + 2p)"/*.

Proof Due to the rotational invariance of standard Gaussian distribution, without loss of generality,
we can investigate E[|v1|P|||v||?> > 7?]. Leta = r> —dand b = a — (d — 2)log(1 + a/d). We
first look at the case when o < d/8 (thus d > 64 if & > 8). In this case, first observe that
a/d = (2vad + 2a)/d < 1 and,

a?/d = 4(ad + o® + 20V ad) /d = 4(a + a/8 + a/V?2) < 8a,
b=a—(d—2)log(l+a/d) <a—(d—2)(a/d— (a/d)?/6)
< 2a/d+ (a*/6d)(d —2)/d < 2.

Then we change the quantity as

Ello1 PE[L 2202wz (vil]l _ Effor[PP(||u]? > r* — v})]
P(||v|[* = r?) ; P(||v][* = r?) ’
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where u ~ N(0, I;_1). Continuing the process,

Eljor[PP(Juf)? > r2 —o2)]  ElloalPLyzsy] + ElloaP Lz, P([Juf]? > r? — of)]

P(llv]? = r?) B P(llv]? = r?)
_ Elloy [Plof > P (v} > b) + Ef|vy P12 P(||ul|* > r? — v])]
B P(|lv]* = r2) '

Now using Lemma 14, we have

PP > +?) > L0 i (d—2)log(r?) + (d - 1>logd>) ,

1—e2 r2 o < (2
<p [ —=
2 2_dyavd T\ 2

—e2
> L TP (;(a —(d—2) 10g(7’2/d))> ,

and

2 _ .2 1
P([ul? > r? = v?) T exp <—<r2 — 02— (d—1) = (d—3)log(r? — v}) + (d — 2) logcw)

1
< -
VT2 —v?—d+1 2
1

_ \}%(h;%“exp (-iu ta—v?—(d—2)log((r® — v%)/d))) .

Therefore, we have that

E[|v1 P12, P(||Jul?* > r? — v? 4 Vb p—1 1
el FEai Ly = [ T e (<50 (a- 2on(? — )% )
P([ol? = %) Vil — e ovar ) i 1 +a—? >
gpl—L/2 (Vg 1 d—2
< —= log(1 — v /r?
- T /0 1+a—v%eXp< 2+ 2 og( vl/r)>
(p-1)/2 Vb —4pp—1)/2
< < -
™ o 1l+a—v7 ™
4pP—1)/2 1+a

< .
- 7 14 (d—2)log(l+a/d)
Recall a < d, log(1 + a/d) > a/d — (a/d)?/6. Plugging this in, we have

4pp—1)/2 1+a - 4pP=1)/2 l+a
T 1+ d—-2)log(l+a/d) = 7 1+a(d—2)/d— (a/d)?/6
< 4pP=D/2 < 4(2a) P12 < (20)P/2.

On the other hand, we know from above that,
El|vi[P]o? > b] < (2VD)P + (2p)P/? < (8)P/? + 4Vbexp(—b/2)(2p)"/2.
Furthermore, we know that

P(v? > b)
P([[of* = r?)

2exp(—b/2)

_ 6_2
=) 2d2yep—bz) ~ 0T

<

20



EM GIVES SAMPLE-OPTIMALITY FOR LEARNING MIXTURES OF WELL-SEPARATED GAUSSIANS

where we used that d > 8a > 64. Thus, when o < d/8, we can conclude that
EflorPlllvf® > %] < 2(8)"2 + 4(2p)"/>.

Now let us consider the other side, when o > d/8. In this case, we simply use Lemma 3.8.
Observe that

Elor["[[lv]* = ] < E[[olP[o]|* > r?] < (2r)F + 4(d + 2p)/? exp(—12/8).
Also, we can observe that when o > d/8,

b<a=2Vad+2a < (4V2+2)a < 8a,
20 <1’ =d+a< 16a.

Therefore, we can apply these as is to obtain
Effor?|llo]]* > r?] < (64)P"* + 4(8cx + 2p)""? exp(—ar/4).
Now combining all inequalities, we can conclude that

E[|{v, )Plllvl® > 7?] < (640)"/2 + 4(8cv + 2p)P/*.

Lemma 21 Letv ~ N(0, 1). Then for any p > 1 and for any fixed unit vector s € S*1,
E[[[o[?[l[(v, s)| > a]"/? < (2a) + (2p)"/* + (d+p — 1)"/?,
Proof It can be easily shown that
E[|o]P|(v,s) > a]'/? = E[(v] + [[va.all®)"/*[v1 > a]'/P
[(Jor] + [|oz:alPlor = o] /7
011 > o)/ + E[||vg.a]/P|or > a] /7
< (20) + (2)" + El||o2al)/7
< (20) + (2p)2 + (d+p— 1)/

<E
<E

Here we used the fact that || X |2 < || X||; for any vector X € R? in the first step, Minkowski’s
inequality in the second step, and applied the previous lemmas. |
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Appendix B. Proof for the Convergence of the Population EM when D,, > 1/2.
B.1. Proofs for Fact 2 and Lemma 3

Proof for Fact 2. Note that for each sample X, w}(X) = 7} fp,(X)/ fp(X) where fp is a p.d.f. of
the mixture distribution, and fp, (X) is a p.d.f. of the i"* component. Then,

Boluf] = [ wi(X)fp(X) = [ i fp,(X) =7,
BoluiX) = [wl(X)Xfo(X) = [ 7 f0,(X) = mipi.
Dividing by 7} recovers ;. For variances,
Eplwi|| X — u; %) = /ﬂfIIX — ;1P foi (X) = mdo} .

Dividing by dEp[w}] = dr} gives o>, "

Proof for Lemma 3. For mixing weights, ;" = Ep[w;] by construction, 7} = Ep[w}] by Fact 2.
Hence it is obvious that 7;" — 7} = Ep[A,,].
For means, note that y;” = Ep[w; X]/Ep[w;]. Then,

it — 1} = EplwiX]/Eplwi] — g = (Ep[wiX] — Eplwili)/Eplw]
— (Ep[wiX] — Eplwi}])/Eplw]
— Epfuwi(X — uf))/Epluw).

Now note that
Epl[w; (X — p;)] = Eplw; X] — E[w;|u; = pin; — mjpu; = 0.

Hence we prove that y1; — p1f = Ep[Ay, (X — 17)]/Ep[wi]. [ |

B.2. Proof of Lemma 4

Proof Let us examine the exponents in w;. By definition of the weight constructed in the E-step, we
can see that

wy < —ex ——1lo
1_7Tj P 207 2032- g %8

* 2 * 2
m (_ b+ p5—ml? o+ ws—wl® d (ﬁ/ﬁ)) |
Our goal is to find conditions for good event where w; < exp(-). The sufficient condition for this
is when the sum of these three terms is smaller than —C'log(Rj, kpr/o7). If this is the case, then
the weight given to this sample is less than O(o7/(kR],)) which can cancel out errors from the
mismatch in labels. The cases are divided based on whether 01 > o or o1 < 0. We first rearrange
the inside of the exponent,

o+ w5 —mll*  Jo+2502 d
_ g | 2 /52
20_% + 20_32 2 Og(al /UJ )
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ek mlP oA d

2/ 2
20% 20? 510g(01/0j)
2 * 2 *
oll* + |l — + 2(v, pj — 24200, 0) + | AP d
_ WPl = P 2o =) P 20080 4 IAE
201 20"7 2 J
TRy o 11
J1 J * 2 2 2, 9
= 1602 2sz + (v i — ) /o7) + (0, Aj) foi 4 | = 5 (;% - 072) ~3 log(oy/07)
— NV N=— 11T 1A% -~
I II v

II,IIT1 and IV can be controlled in a fairly straight-forward manner. Check that,

* 2 *2 * 2
P e | T M. 0]
T 207 T 512(07 Voj)? o T 512097

J

P (IU > 73;12/32012) —p (<v,u§- ~ ) < —7R;12/32)
< P (o5 — i) < —R32/5) + P (0, A1) < —Ry,?/64)

< 2exp (—R;flz/(640;2)) ;

P (IV > R;f12/20012) <P ((v, Aj) > R;fl?aﬂ/zoal?)
< P ((v,85) = B *(0 /o1)/64)) < exp (~R;,*/(6407%))

Thus, [ + IT + II1 + IV is smaller than (R;12/012)(—7/16 +7/3241/20 + 3/512) < —5/32
with high probability. Now the remaining main challenge is to bound V. We should consider cases
separately when 01 > o and 01 < 0.

Let us first consider o1 > ;. Overall, we want V' < ij (802) so that the entire sum inside
exponent is small enough to kill this sample. That is, we want that

HU”2 1 1 d 2/, 2 x 2 2
—— -] — =1 ) < RY 8 . 18
2 O'% 032‘ 2 Og(Ul/U]) = It /( 01 ) (18)

Let us introduce some auxiliary variables to simplify the expression. Let 7 = (0% — 0]2-) /o? and
a= R;IQ (8c12). Then the above equation can be written as

[vll*, , 5y d B vl 1, B
(x/0}) + Slog(l —7) <a <= —5 < —(—dlog(l — ) + 2a)
2 2 a; x
Lfof> _ of 1
= s < U*JQ;(—log(l —x) + 2a/d).
J J
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Note that ||v||?/ ajz is a degree-d chi-square random variable and we can apply standard tail
bound for CDF of y distribution (which is essentially upper tail bound for sub-exponential random
variable). The following useful inequality will help us to bound it in more convenient form:

—log(1—xz) >z +2%/2,

so that the sufficient condition for this is,

1 |v)? ( o7 z  2a
- <1—12d><1 2a/d d)< J(142 420
da;fQ < /( \[) + a/d+a/d) < —5 +2+da:

More sufficient condition is

2
cll””” <1+ (Vafd+aj2d),
]

where the initialization condition for 10]2. - 0;2] / 0;2 < 1/(4V/d) < +/a/d is used for the first
inequality. From the Lemma 13, this is true with probability at least 1 — exp(—a/4) > 1 —
exp(—R}*l2 (640%?)). In summary, when o1 > o, we have wy < (/) exp(—R}fl2 (6407F%))
with probability 1 —3exp(—R},?/(6407%)). Then, Ep, [w1] < 3(1+n} /7)) exp(—R},*/(6407?)).

Now we consider the second case when o1 < o;. We again use the same formulation as in (18).

This time, let z = (02 — 0?) /0% and find the probability for

J

|l ol 1
2x+flog(1+x)§a = —5 > —(dlog(1+z) — 2a)
20 2 o; T
2
I S P
= 5 > g(l+x) —2a/d),
do? O'j

where x ranges from 0 to infinity. To control this, divide cases when 0 < x < 3/4 and x > 3/4. If
0 <z < 3/4, then
log(1+z) <z —2%/2+2%/3 <z —2%/4.

Using this, it is enough to give a probability bound for

o2
> (1+1/(2Vd)(1 —2y/a/(2d)) > ] 5(1—x/4 —2a/(xd)).

]

||v||

q

UJ
Therefore, the sufficient condition is

lv]?

—5 > (1= +/a/2d).
da;-‘

When 3/4 < z, note that log(1 + z)/x < 3/4. Therefore,
I

1 > - JarGay) >

W;Q > (1—1/4—2(1/(a:d))
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Note that a/z = R},?/(8(c? — %)) > R},%/(1607>). The sufficient condition for ||v]|? is thus,

Jv]|?
do;Q

> max (1 —\JR52/(16d072),1 — /R, (16da;2)),

which will hold with probability at least 1 — exp( —R;IQ / 640;2). Note that these are all sufficient
conditions to ensure wy < 3(7} /7rj*) exp(—R}fl2 (640;2)).

Combining all cases, when events defined in (6) happen, then w; is small enough. As we have
seen already, this is true with probability at least 1 — 5 exp(—R;12 /64(o7 V a;f)Q). [

B.3. Proof of Lemma 5

Proof By the Lemma 4, the first equation is easy to show. Define &; jo0q = £j,1 N Ej 2 N ;3. For the
ease of notation, let 5 = R;*f /64(o7 vV a]’f)Q.

J ],good:|

< 3(my/m)exp(—B) + P (1ez, ) < 3(mi/m}) exp(—B) + 5 exp(—B).

Ep,[wi] = Ep; [wilg; ,,,.] + Ep, [wﬂlgc

C
J7,good

For the second equation,

< 3(m}/m}) exp(—=B)Ep, [[{v, s)I| + Ep, [[(v, s)||€]1] P(€51)
+Ep, [[(v, 5)l|€]2] P(£79) +En, [[(v, s)II€]5] P(E53).

|Epﬂwﬂvﬁn\:\EDj@q@h@nwaJ}+wEDjhm@ggng

Ep, [| (v, 5>H5ﬁ1} can be bounded with Lemma 17, with p = 1 and @ = R}, /507.

Ep, [0, $)[1(0, R}1) > Bj\/5] < 07 Bynvo ) [0, )l [0, u)] > o] < 0} (2a+v2) < Ry,

Similarly, we can bound Ep, [|(v, $)||€5 5] P(€5 ) < 2R} using the same Lemma 17 with p = 1 and
o = R}, /407. For the third term, we use Lemma 20, with p = 1 and o = R;12/64(0’1" \Y% a;)2 =p.
Then,

o E o0 ) ll0ll? = d + 2Vad + 20] < o}

T3 Eon (0,10 [V, )[0]* < d = 2Vad] < 0T By 0,1, [0, 8)]] < 0,

(wmm”2+4emx—aﬂn@a+2fﬂ)323;,

Collecting these three components, we can conclude that
[Ep, [wi{v, )]| < (3(m1/7})0j + 5Rjy) exp(=p).

The same argument holds for A,, = w; — w} since 0 < wy, wi < 3(7] /7}) exp(—/3) ensures
|[Aw| < 3(mi/7}) exp(=P). _
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B.4. Proof of Lemma 6

We will focus on g = 2 case. Due to the separation condition (2), we have R;*12 (o7 V a;*)2 >
C?108(po/Tmin) = 409610g(po/Tmin)- Letz := R3,* /(o Vo7)?. One useful fact s, if z > 4096,
then x > 128 In x. Hence,

> Ry Zexp(—R; 2 /64(07 v 03)?) = (0] Voi) xexp(—x/64) < (0] Vo) exp(—z/128)

J#1 J#1 J#1
<N (03 V 1) (o /Tmin) "2 < et (19)
#1

for some small constant c. The similar result holds for ¢ = 0 and ¢ = 1. Similarly,

> miRs P exp(— R 2 /64(0F vV o)) = ) (0] V oi) wexp(—x/64) < Y 7 (0F V of)? exp(—x/128)

J#1 71 7
< m;gx(a V 01 (po ) Tmin) 22 < thfzﬂ'ik (20)
j

Summing up the result of 77(19) + (20) < 7o} 2 gives the Lemma for ¢ = 2. The cases for
q = 0, 1 can be shown similarly.

B.5. Convergence of Means and Mixing Weights

Proof First we consider the error that comes from other components.

When j # 1:  We will primarily focus on bounding this quantity by analyzing the errors from each
components separately. Then we will give a bound to estimators after one population EM iteration.
Note that the Corollary 5 also holds for Epj [A,] as in the corollary. With the Lemma 6, we can
bound the errors for mixing weights from other components. For mixing weights,

> B, [lwy — wil] <5 wFexp(—R;,%/64(0F v 0})?) + 371 Y exp(—R5,%/64(0f V 07)?) < et
J#1 J#1 J#1
for some small constant c.

Similarly, we can bound the errors to the mean estimator from other components. First observe
that

11 = pill = [Ep[Aw(X — p])]|l/Ep[wi]
<> o sup. [Ep, (A (X — 1, 5) |<Z7T sup |Ep[Ay (v + pf — g7, 5)]].
. sESYT

seSa—1
The errors from other components are thus,
> ( sup |Ep,[Ay (v, s)]| + R} |Ep, [Aw]!> <10) (nf + 7)) Rjy exp(—Rj; /64(07 V 75)?)

, -1 ,
J#1 sesd J#1

< dojny,

for some small constant ¢’.
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When j = 1: From the correct component, we expect the weight is mostly close to 1, and 0 only
rarely to bad samples. For this case, we can consider the weights given to other components. That is,

Ep,[1 —wi] =Y Ep,[w] <Y (3n]/7} +5) exp(— R}, /64(0f V 07)?)
1£1 1£1

< (/1) | 3D i exp(=Rjy*/64(0] V oi)?) + 571 Y exp(—Rjy*/64(0] V o7)?)
1#1 1#1
< (1/m7)(emy) < ¢,
for some small constant c. The same result holds for Ep, [|Ay|] = Ep, [|(1 —w1) — (1 — wi)]].
Similarly, for the means,

B, [(1 = wi)(v, s)]| <D Ep, [Jwi(v, s)|] < (1/75) > (Bofni + 5R7}) exp(—Rj,* /64(0] V 07)?)
1#£1 1#£1
< (1/m))(nio]) < dof.

The same result also holds for [Ep, [A, (v, s)]| = |Ep, [((1 —w1) — (1 — w})) (v, s)]|.

Errors from all components: Now we can give a bound for the estimation errors after one
population EM operation. For mixing weights,

|mi =il < 7fEp, [Au]l + Y [Ep,[Au]| < crni,
J#1
and
ol = will < w1 Epy [Aw(X — p)]Il+ ) w5 IED; [Au(X — )] < enfor.
i1
Thus, |7 — 7%| < cqni, | — pf]| < cuof for some small constants ¢, ¢, < 0.5. [

B.6. Convergence of Variances

Proof We need some sharper bound on weights and probability of bad events, we need to go through

. . 2 .
another case study if we also have to estimate o2. We need to show that o]~ will be very close to

ot ie., |cr1 — 0%?|/ot? < 0.5/V/d. First, let us arrange the EM operator for o;.

= Eplwi || X — i [?]/(dn])
= Eplwi(|X — pi + pi — i |P)/ (dm)
= (Eplwi(IX — pill* + ||u1 = uf 1]+ 2Eplwi (X — u)), 7 — 1))/ (drf)
= Eplwr | X — pill*) =« |7 — i %)/ (dmi)
= Eplwi[|X — p°]/(dm{) — |7 — i |°/d.
We need to further change the expression to get a tight bound for the error. The difference from the

ground truth is,

2 * * * *
of " —o1? = Eplwn||X — ui|*]/(dnf) = oi® = |uf — pi ?/d
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= Epfwi(|X — ui|® — doi™)]/(dni) — llui — i |I?/d
= Ep[Au(IX — uill? = dot))/(dri) — i — uf |P/d
i [Aw (s — P + 200,45 — i) + 0l = dot®)] |lug — pf )2

d?TIr d ’
0+2 _ 0*2‘ < Zj ﬂj“EDj [Aw”R}HQ n Zj QW;IEDJ' [Aw (v, M;f — ]
! L= dﬂi" dﬂi"
N > 7 Ep, [Aw([|v]|* — do}?)]] N > 7 |Ep, [Ay]d(a}? — o1?)] N s — pi |12
dry dr d '

Let us consider the terms one by one. We can use Corollary 5 for the first and second terms. The
third term can be bounded with Cauchy-Schwartz inequality.

[E, [Au([lo]]? — doj?)]| < \/Epj [Aw]\/EDj[(W — do?)?]

< \/ (377 /77 + 5) exp(— R, 2 64(03 v 07)?), [2d07,

since the variance of chi-Square distribution with d degrees of freedom is 2d.

The fourth term requires redefinition of good events to get an error that only scales with v/d
when d grows large. In order to bound this term, we need to give a sharper bound on Ep, [A,,]. That
is, we need the following lemma:

Lemma 22 Forj # 1, if]Uj2 —o?| > 10R3, (07 V ot)/Vd, then
Ep, [Ay]], [Ep, [wn]] < O (exp(—dmin(l, £2)/256) exp(— R}, 2/64(0} v a;)2)) ,

where t = |aj2 — ot%| /ot This implies,

d|o;? = o1 |[Bp, [A]| < O (VAL + 71 /7)) Ry (0] V of) exp(—Bj,*/64(c} v 07)?) ).

The intuition is as follows: what if (0;-‘2 —o?) < 10(R;y07)/ v/d? Then we have nothing to
worry about, since v/d is already canceled out and Ep,[A] will be small enough to cancel the rest
which is R}, 07. The problem is when ]a;fz — ot > 10(R;07)/ V/d. Here, we expect that the error
bound Ep, [|A|] would crucially depend on the quantity ¢ = |cr;-‘2 — ot )ot > 10R3, /(o7 Vd).
Recall that there are three main terms in the exponent of weights as in (17):

1T = —{o, 155 — )
IV = <U7Aj>/032‘7

HU”2 1 1 d 2/, 2
= — — — —= | — =1 “).

Proof

28



EM GIVES SAMPLE-OPTIMALITY FOR LEARNING MIXTURES OF WELL-SEPARATED GAUSSIANS

When o > o7 and ]a}‘z —ot? > 10R} 07/ Vd:  Let us refine good events so that each events
can take this case into account. Note that this can only happen for very large d > 642 - 100 given our
separation condition. We first show that if 03“2 — 0;‘2 > 10R;10>{ / Vd, then z > 4t /5. To see this,

012 — 0% > (1-1/(2Vd)oi? — (1 +1/(2Vd))o}?
> (072 — 03%) = 1/(2Vd) (07 + 0}%) > 9R}y 07 /Vd
which then is connected to
x> (01— 0}?) /o — 1/(2Vd)(0}* + 03%) /o] > 4t/5,

given good initialization of o1 and o;.
Instead of just requiring V' < R;-‘lz (80%) as in mixing weight case, let us require V <
—dz?/16 + a where © = (02 — JJQ-)/U% and a = R}'f12 (80%). Then,

1|\U||2< o +777+2a o 1+3x+2a
daj - ;‘2 dx _J;.‘Q dx

is a sufficient condition to guarantee V' < —dx?/16 + a. The probability of this event is

[[v]|? (72‘ < 3z 2a> v < 1 > < 3z 2a>
P > 1+ —+ <P >(1——= ) (1+—+—
(da;-‘2 ~ o 8 dz)) " \doi* ™ 2v/d 8 ' dax

< exp ( — dx/32 — R;l/(64af2)).

For quantities /11 and IV, we will require

P (m > dz?/32 + 7R;12/(3za%)) <p ((v, 15— m) > Vdavd(o? — 02)/32 + TR, 2 /32)

<P (@,u;f — 1) > VdeVd(o? — 0%)/40 + R;12/5> +P ((v, A1) > VdzVd(o? — 62)/160 + R

< exp ( — da?/2 (Vd(0? — 02) /400" R, —R}’-‘IQ/(GZLU;-‘Q))
(i
+exp ( — da?/2 (Vd(0} — 02)/100% R:,)? — R, (160;2)).
(i

For IV,
P(@,A]) > da’02/128 + R}, %07 (200%))
< P(Z = di*(o1 v 0})(0,%/07) /(8R0) + 4R;(0,2/03) [ (507))
< exp ( — da?/2(Vi(o} — ) /1601 R}1)? ~ R,/ (64077) )
(@)

When three events happens at the same time, we are guaranteed that w; < exp(—dz?/64 —
R;le (640%%)). Meanwhile, by the assumption on this case study we have (i), (i), (i) > 1/32.

29
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That is, we get w; < exp(—dt?/128 — R},?/(6407%)) with probability 1 — 4 exp(—dt?/64 —
R;f12 (640%%)). Under the same events, we can show the same for w?. Therefore,

Ep,[Aw] < 10(n}/7} + 1) exp(—dt? /64 — R} % /(6407%)).

J

This is enough to bound the fourth term (note that if v/dt > 8RR}, /oy > 512, then dt? > 641og(v/dt)
will be guaranteed). The consequence of this relation is that

[Ep,[Au]d(0} — 01| < 07*Vdexp(~R;,"/(6407%)).

When o] < o} and ]0;2 0% > 10R Hor/Vd Vd: We can go through the other side (when
o1 < aj) similarly For this case, let z = (0]2 — 012) /012, In this case, we consider the case when
t=(0;"—of Mot > 10R;fla;f/(af2\/g), and we show that © > 4¢/5 as before. Note that still
the case can only happen when d > 6402.
o? — o} > (1-1/2Vd)o}* — (1 + 1/2Vd)o}?
*2 *2 *2
(077 = o%) — /(2\/3)(% +o17)
x> 4t/5 > 8 07/ (072Vd).

We define the condition for V as

P(V > —dx*/32 + R;12/(80f)) P(—||v]|*z/(20%) + glog(l +2) > —da®/32 + a)
P(—|[v|*z/0;* + d(x — 2% /4) > —d2? /16 + 2a)
P(||vl*/o;* < d(1 — 32/16 — 2a/(dx)))

exp(—dx/128 — R;f12/(640f2))7 for 0<uz<3/4,

IN

IN

We also similarly compute the bad probabilities for other quantities /77 and IV

P(III > da? /64 + TR}, %/ (320%))

< P((v, 1 — pi) > VdaVd(o] — 07)/80 + R, %/5) + P((v, Ay) > VdaVd(o? — 07)/320 + R}, /64)

< exp(—da®/2 (Vd(o] — 07)/(80R},07))> — R % /(3205%))

(4)
T exp(—da? /2 (Val(o? — o)/ (20R}105))? 5,2/ (64072)),

(@)

P(IV > da?/128 + R}, /(2007)) < P((z, Aj)oi/o? > dz0? /16 + AR}, /5)
< P(Z > Vdx(Vd(oF - 01)/(16R;07)) + R}, %/ (407%))
< exp(—da®/2 (Vd(o] — 07)/(16R;,07))> —R;,*/(64077))

J
(@)
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Since we assumed |U — 02| > 9R 10*/\/& we can see that (4), ('), (¢') > 1/100. Thus, similarly

we can get wy < 3(m}/7}) exp(— dt2/256 R 2/(640+%)) with probability 1 — exp(—dt? /256 —

R;lz (640+?)). Using the same argument, Ep,[Ay] can be bounded by exp(—dt2/256—R;?12 (64072)).
When 3/4 < z, we target:

P(V > —dz/16 + R},*/(801%)) = P(—lv|*z/(20;%) + (d/2)log(1 + ) > —dz/8 + R},?/(801%))

P(|Jv]?/o;* < d(log(1 + ) /x +1/8) = R}1?/(401%) /)

P(lvl2/o7? < d(1 - 1/8 = B}/ (4d(0;? - 03))

< exp(—d/256 — R},*/(6403%)),

I/\ I/\

Note that when z = (032 —02)/o? > 6(R§1a;)/(0f2\/g), it is true that d > 5121log v/d. For 1T

and IV, when x > 3/4, we find a probability for
P(III > dz/32 + TR} */(3201%)) < P((v, 1} — u}) > Vdvd(o? — 03)/64 + R},*/5)
+ P({v, A1) > VdVd(o} — 0}) /64 + R},%/64)
< exp(—d/2 (Vd(0? — 1) /(64R},07))* =R}, /(6407%))
()
+exp(—d/2 (Vd(o} — o)/ (4R},07))* —Rj, %/ (64077)),
(@)

and,
P(IV > dz/64 + R;,%/(200})) < P(ZR}y0} > dzoi? /4 + 4R}, /5)
< exp(=d/2 (Vd(o? — 07)/(4R},07))* =R %/ (64077)),
(@)

Again, the similar result holds for Ep, [A,]. Therefore,
EDj [Aw] < 3(1 + WT/?T;() exp(_d/256 _ R;12/(640';-<2))7

Collecting all cases yields the Lemma. |

Errors from own component j = 1: Note that if j = 1, first, second, and fourth terms are gone
automatically. For the third term, Ep, [A,,] < ¢ for some small ¢ as we have seen several times, and
Ep, [(|[v]|? — doi?)?] < 2dot?. The fifth term is less than O(o%?/d) as we have already seen that
next estimates for means are already within c,,07. Hence the error from own component is less than
¢, for some small constant ¢;.

Errors from all components: Now we can collect every terms to give a bound the error of af,

> i1 TR PEp, [Ay] N 235 T B B, [Au]
dr drf

2 2 2
of " —o* <ot +
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> 41 50;‘2(7Ti‘ + Tr;)\/gexp(—R;12/128(Ji‘ v O‘;)Q)
dr
> i1 50(m] + W;f)ﬂR;fl(a; Vo) exp(—R;12/64(0f V a;-‘)Q) N ciai&
dr d ’

+

which gives |07 - 072 < c,0t? /V/d, for some small constant ¢, < 0.5 given good enough SNR
condition in (2). |

Appendix C. Proof for Finite-Sample EM

We define some additional notations. We use £; to denote the event that the it sample comes from
4" component. Define Ejgood = Ej1NEj2NE;j3 where £ are as defined in (6). For the simplicity
in notation, we now use looser upper bound p, for (1V 77}/ 77]*) We use < when the inequality holds
up to some universal constants. Finally, under the modified condition in (10), we will use slightly

modified version of Lemma 6:
Lemma 23 For well-separated mixture of Gaussians, for q € {0,1,2},
pr > Riy%exp (—R;fl? /(128¢) (7t v a;f)2) < g0 Tomin, @1)
#1
for some small constants cq given separation condition as in (10).

Proof The proof is similar to that of Lemma 6. Note that R;‘-‘lQ /(o7 Vv o}f)2 > C%c?log(po [ Tmin)

where the universal constant C' is such that C? > 4096. Let z := R}*lQ (o7 V aj)Q. Then, since
log(z)/z is decreasing in  whenever x > e,

log(x) - log(C%c210g(po /Tmin)) < 1
x = C22log(ps/Tmin) ~ 256¢

Applying this to the equation (21) with ¢ = 2,

pr Y Ry exp (—R;\2/(1280) (0 V 0})2) < pr D (01 v o) exp (— R,/ (2560) (0} v 0})?)

J#1 J#1
< Pr Z(O—T v U;)2(p0/77min)_32 < CZUTZT"mina
J#1
which gives the lemma with some small constant cp. Similar claims hold for ¢ = 0, 1. |

We also restate here the Proposition 8.

Proposition 24 (Restatement of Proposition 8) Ler X be a random d-dimensional vector, and
A be an event in the same probability space with p = P(A) > 0. Define random variable
Y = X|A, ie., X conditioned on event A, and Z = 1 xc . Let X;,Y;, Z; be the i.i.d samples from
corresponding distributions. Then, the following holds,

1 n 1 m
= A x.ca— >t < = - >
P<Hn ;:1 Xilx,ea E[XHXeA]H > t) < ;{ggiP (n ;Zl(Yz E[Y])| > t1>
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2t2)+p(

n

2. %

=1

+P<||E[Y]||‘i§jzi—p an). (2)
i=1

forany 0 < n, <nandt; +ts =1t.

C.1. Concentration in Mixing Weights

Proof We give a concentration result for mixing weights first. We can first check that

1 n
7}1’— - 7Ti"_ = ﬁzwl’i —Ep[wl].
=1

Then, single w1 ; can be decomposed using indicators. Then,
wi; = wi;le, + Zwl,ﬂlgjmsj,good +wiilgnes -
J#1
Now let us apply proposition 8 step by step.

With £:  Note that P(&;) = 7f. We can pick n, = 2n7}. By multiplicative version of concentra-
tion inequality for Bernoulli random variable, the second and third terms will be safely killed. Also,
we note that w1 ; is bounded random variable. Therefore,

P(1/n) S (wn — B, [wn )] > £) < exp(—2nc(nt/ne)?) = exp(—2n /net?).

i=1

Thus, t = O (%ne Jn\/In(k2T/3) /n) = O(\/nf (k2T /5)/n) gives 6/ (k2T error bound.

With & N & jooa:  When a good sample comes from 4" # 1 component, the weight given to
first component is very small, i.e., w1 ;1g;ng; yooq < 5P exp(—R}fl2 (64(07 Vv 0%)?)). Thus, itis a
bounded random variable, therefore its statistical error can be bounded by

t=0 <pm [/ (k2T /5) /n) exp (—R;fl? /64(c% v of)2> ,
with probability at least 1 — (k*T/§).

With £7
5} exp(—R}le /64(o7 V a;‘)2), i.e., exponentially small. We first need to bound the number of
samples that have fallen into this bad event with high probability. We divide the case as when
n > p'/¢ and n < p'/¢ for some constant ¢ > 2.

Let us first consider when n > p!/¢. Recall the Bernstein’s inequality, which states for Bernoulli

random variable that

This is a very special case, since the chance of this event to happen is p :=

P (‘iZlZl —p‘ > t) < exp(—nt?/(2p + 2/3t)).

Solving the right hand side to get a 6 /(k*T") probability bound, we get
ne = O(cIn(k*T/8) + cy/npIn(k2T/5)).
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Then using the proposition, we can decide how large the sum of 1/n )" | wq ;1 ES sooa’ which will
be ’

t=0 (m In2(k2T/5) /n) ~0 <p1/2cy/ln2(k2T/5) /n) ~0 (ﬂgfnm) ,

with probability 1 — n°.

On the other side, if n < p'/¢, then we will have n, = 0 with probability at least 1 — np >
1 —p*~1/¢. Note that p' /¢ < O(732, /n°~2) given SNR condition as in the theorem. Thus, in this
case, with probability at least 1 — 1/(n¢"2k32), we have

< Ep,fwiilee || < exp(—Rji%/(64(20)(0f V 07)%)).

1 n
- g wrilee = Eplwiilee ]
i=1

Collect all errors: Now we can collect all items we found for each cases. Taking union bound
over all O(k) items, with probability 1 — O(§/kT) — O(1/(n"2k31)),

L3 uns ~ Bofund| < O (/R 0T/0)/n ) + 0 (5o W202T/5)/n ) S expl- i (128c(05 v o))
=1

J#1

< O(mye),
where we used Lemma 23. Thus, |7 — nf|/7} < |7] — 7 |/#F + |7 — 75|/7F < € + yD.
Thus, after 7' = O(log(1/€)) iteration, we get |7~r§T) — 75| < mie with probability 1 — O(d/k) —
O(T/(n“"2k®)). We can take union bound over all O(k) components to get the result for all
components with probability 1 — O(8) — O(log(1/¢)/nc2k3°). [ |

C.2. Concentration in Means

Proof Now let us look at the iteration for means. First, we should observe that
1 & 1 —
il —pi = (n D wia(X - MT)) / (n > wu‘)
i=1 i=1

= <i Y wii(Xi = i) = Epfwi(X — ui)] + Eplwn (X — pf)] - Eplwi(X - u“f)]) /7
=1

1 - * * * ~
= ﬁZwM(XZ- —17) = Eplwi (X — )] +Ep[Ay(X — p7)] | /77
=1 B,

Cu
B,, is decreasing as we have seen for population EM, we focus on the fluctuation of the sum of

random variables W = w; (X — pj). We further decompose this random variable using disjoint
events. That is,

n
Wi =Wile, + Y (Wil
#1
Now for each decomposed sample, we compute 2 or 11 norm conditioned on each event, and sum
everything at the end.

+ Wilee + Wilg; nee, + Wi]lfj,lﬂfjﬁgis) :
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With j # 1, gooat  LetY; = Wilg, ,|€; and Z; = 1. Then using the proposition,

n
1 n . n
EZZi—wj zm) +P(ZZi2ne+1>.

i=1
Now we find a sub-Gaussian norm of Y;, which can be computed as

n
1/n Z Wi]ljyood—ED[W]lj,good]
i

> Yi-Ep,[Y]

+P (Epj V]

1Y [y, = Sg}fp”/QEDj w1l gooa(v + p} — 12}, s)[P]/P
p=

< 10px exp(— R}, /64077 sup p~ V2 (Ep,[|(v, s)[P]V/P + Ry)
b=

< 20p,(R}; + o) exp(— R}, /6407%).

Meanwhile, we can set ne = nmj + O(y/npIn(k*T/5)) < 2n7} as previously to get a high
probability bound for the number of samples from j** component. Using standard 1/2-covering
argument for d-dimensional sub-Gaussian vector, we have

£)2
P( 2nt1> < exp (—(71;)24-061) ,
— nel| ||¢2

Ne

> Yi—Ep,[Y]

i=1
for some universal constant C. That is, t; = O <HY||¢2 V g/ W) with probability at
least 1 — &§/(k%T).

With j # 1,E7,:  We can use the same trick with Y; = W;|€;NES . Note thatp := P(£;NEF ) <
L exp(—R}fl2 /6407%2). Sub-Gaussian norm of Y; in this case can be bounded with using one of the
lemmas.

1Y)y, = iglfp_l/zEDjUM(U + i = i, 8) [Pl (v, u) > R, /5]
< Sglfp_l/z(3§1 +Eop,[|(v, s) P (v, u) > R}, /5]'/7)
b=
<Ry + iglfp‘l/%}f(?l%}fl/%}-‘ +(2p)/?)
< 2R},

where u is a unit vector in direction p — . Since the probability of the bad event is very small,
we divide the cases into n > 10_1/C and n < p‘l/c for some ¢ > 2, as we have done for handling
bad events for mixing weights. From Bernstein’s inequality, if n > p~'/¢, with probability at least

1—6/kK*T,

ne < O <ln(k:2T/5) +/np ln(k:2T/5)) .
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Using this, we can give a good bound for ¢; with high probability,

t = O (1Y lya Ve /ny/(d + I (R2T73)) /)

<0 < iy 1/nv Vp/nv/In(k2T/6)+/(d + ln(kQT(S))/n>
<0 (R;lpl/zc\/%) )

and
to = O(R; In(K*T/5)/n) = O (R;1p1/2c In?(k2T/6) /n) :

getting a similar scale of fluctuation.

For the other case when n < p™*/¢, we can again get n. = 0 with probability at least 1 —
p'=1/¢, which is again greater than 1 — (1/(n° 2k32). In this case, t; = 0 and to = E[Y]p <
2R;flp1_1/ ¢/n < 07 Tmin/n, which is again sufficiently small.

In all cases, we have that the fluctuation conditioned on this bad event is O (07 Tpnin+/d/n) with
probability at least 1 — 6 /(k*T) — 1/(n®2k32).

1/c

With j # 1,61 NESy: LetY; = Wil |E5,. Then p := P(E5,) < 27} exp(—R},%/64(of V

aj)z). We can again follow the same path as we have done for other bad events. The key step is to

get a sub-Gaussian norm.
1Y llve = supp™"En, [[wnle;, v + 115 = i, )" [€5o]7
p>
< Rj + Sglfp‘l/QEDj[lwﬂv, )PI(v, A1) = Ry /64]'/7
p>

+Sg}fp‘l/QEDijMv,8>|”\<v,Aj> > (07 /o1)*R;,*/64]'7
p=

< Rj) +20; Slifl)p_l/zvaN(O,Id)WU, )P|(v,u) > Rjy /4(0f v o})]'P
b=

< R +2sup p*1/2(a;(23;f1 JA(oF V o7) + \/2p))
p>1

The rest of the step is similar to the previous case. We can thus again get a results that the deviation
in this case is also O (R;fl exp(—R;‘-l2 (64 (2¢)(o] V 0]*)2)) \/d/n) with probability at least 1 —
§/(K*T) — 1/(n°2k32).

With j £ 1,£;1NE;2NES s LetY; = Willg, \ng;,|E5 5. Again, p := P(E73) < 2] exp(—R;-‘lz/Gél(a’f\/

aj)Q) again. This time, we can invoke lemma 3.9 with o = R;f12 /64(o7 V 0;)2, to get

Yy, = sgll)pfl/QEDj [lwile, v+ 5 = i, 5)[P|€5 5]
b=

<R+ sglipfl/QEDj[\wlw, s)Pll[v]*/o3? > d + 2V da + 2a]'/P
p=
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+supp™?Eop,[Jwi (v, s)P||[v]|* /o7 < d — 2v/da] P
p=>1

<R}y +cio) +0) SL>111)p_1/2EDj [[{v, s)P|[|v]|? > d + 2Vda + 2a]'/P
p=

< R} +co; +0j supp~ Y2 ((640)'/? + 417 (8a 4 p)/?)
p>1
< 3R}

The rest of the step is similar to the previous case. We can thus again get a results that the deviation
in this case is also O (le exp(—R;‘fl2 (64 - 2¢(oF V a;)Q))\/d/n) with probability at least 1 —
§/(K*T) — 1/(nc2k32).

With £1: LetY; = W&y, p:= P(&1) = }. ||Y ||, can be easily verified such that

1Y [l = Sggp‘l/zﬁvl[lwﬂv, )PP < Ko,
b=

for some constant K. We can set n, = 2nm7 as usual, to get the statistical error by those samples are
0, <af«/w{x/d/n> ,
with probability at least 1 — & /(k%T).

Summing up every terms, the entire error is

ew S of | VAV + dnps Y Ry exp (R, /(128¢(0} v 07)?))
i#1

5 Ufﬂ'minea
with probability 1 — O(§/kT + 1/n°"2 - 1/k31)). In consequence,
1] = il < Tmino (e + v in = will/o1) /7] < of(e+ D).

Similarly to mixing weights, after taking union bound over all k£ components and 7' = O(log(1/¢))
iterations, we get ||[L§T) — i || < ofe with probability 1 — O(6 + T/nc2 - 1/k3). [

C.3. Concentration in Variances

Proof
With finite samples, the finite-sample EM iteration for variance is

n n
517 —oi? = <Zw1,i||Xi —ﬂfll2> / (dzwu> — o}
i—1 i=1

= <1/nzw1,iHXi - u’{H?)/(dﬁf)) — ot = |l — uil?/d
i=1
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< Zwu I1X; = uill? = dot?) — Efwi (JIX — pii|? —dUT2)]> /(d7)

€o

E[Aw(IX — pill® = dot®)] Nl —will®

+
diy d

In order to be more precise, we may need to target O~(\ /1/nd) for statistical precision. But it is
enough to proceed more roughly, since O(+/1/n) is enough to guarantee ¢/+/d statistical error with
n = Q(d) samples (we need this for estimating means). Let us define W; = w1 ; (|| X; — p§[|? — do}?)
and use the decomposition strategy as we have done for p.

With j # 1, j00a: Let Yy = Wil go0al&j, p = W;f. First task is, similarly, to find a sub-

exponential norm (since now Y are sum of squared variables). We first compute it,
_ 2
Y]l = supp "Eop, (w1l gooa(||v + 1 — pil|* — doi?)[P)P
p>

< |wil,goodl Sglfp’l (R;HQ + Ep, [I[v]*)'/7 + 2Ep, [I(v, 1§ — i) PTV7 + EDj[IdUTQ\p]”p>
p=

Rr:?
31 -1 * 2 *2 * % 13 %2

< Cprexp (—R§12/64(01‘ v a]’f)Q) (R;HZ +doi? + dcf;f2 + R;‘»la;f)
< Cpn (R;fl? +d(o5 Vv a;)2) exp (—R;f /64(aF a;)2) .

Here we bound this term with the tail bound for sub-exponential random variable with ;-norm
|Y||4, - Note that for sub-exponential random variable, from Vershynin (2010),

S~ EY]| < 1Y 1,0 (Ve loa(1/) +1og(1/8))
=1

with probability 1 —¢’. In order to decide the statistical fluctuation, we just need to pick the maximum
among +/p/n and 1/n, which is in effect same to the case when Y is sub-Gaussian. For this event,
we can set e = 2nm; as before to bound the number of samples. Thus, we get bound the statistical
error as

O (pe /s V/1/0) (B +d(o; v o})?) exp (~ B3, 64007 v 07 ?)

with probability at least 1 — §/(k%T'). Note that d term will be canceled out with division by d at the
end.

With j # 1,£7,: Similarly, we find sub-exponential norm of Y = WiEin &

Yy, = SglfpflEDj[lwl(llv + 415 = il = doi?)P v, ;= i) = Ry /5)'P
p=z
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< 81;11)29_1 ((R}Hz +dot?) + Ep, [[[0]|*|(v, 1} — i) = Rjy/5]'7
p=

+ 2Ep,[[(v, puj — 1) [P0, 15 — p1) = R§1/5]1/p>

< R;? +doi? + Sl>111)p_1 (23;10;(23;1/(50;‘) +1/2p) + (8R}, /25 + 4p + 27" /P(d + p — 1)))
b=

< Ry +dot® + (R + 507 + 3do;”) < 3R, + doi” + 3dor)”.

Rest of the procedure follows similarly to the cases handled bad cases on means. We will get the
statistical error of

O ((R;fl? +d(ot v 0;-‘)2) pl/QC\/l/n) ~0 (\/l/n) ( * 2 4 d(o} v a;)Q) exp (—3;12/(1280(0; v a{)Q)) ,
with probability 1 — 1/(n¢2k32).

With j # 1,£7,: For this, we can follow exactly same procedure to £ case to get the same result.

With j # 1,£5;: We need to bound the p'" norm conditioned on ||v||%/ 0372 > 72 where r? 1=

d+ 2Vdo + 2a, where o = R3,%/64(07 V 07)2.

— * 2 *2 *2 * *2
[hgiove = supp ! (le +dot? + Ep,[[[v]*|[[vo]*/05® > 1?1V + 2R3 B, [| (v, ) P[[|v]]* /o7 > Tz]l/p>
b=

< Ry’ +dot?

— *2 * %
+supp ' (Uj Epno, i 01701 = 7217 4+ 251 03By s 1 I (0, )Pl [0]* = 7”2]1/”),
p=

where s is unit vector in direction u;f — pj. We can invoke Lemma 19 to get
Eyno.tp 01?10 = v/ < (4%) + 417 (d + 4p) exp(—r*/8p)
<4d+ (R /(0] vV ol))Vd+ (R /8(o7 v 0})?) + 4P (d + 4p) exp(—d* /8p)
< 5d+ 5p + (Rly/o))Vd + R}/ (8077).
We can also invoke Lemma 20 to get
Eynro,)[1(vs 8)Pl10)|> = 72)'/7 < (640)'/? + 41/ (80 + 2p)'/2 exp(—a /2p)
<2R; /(o1 Voj)+ 4p'/2.
Now we can further continuing to bound sub-exponential norm as

1Y [l < R;12 +do;? +supp? R;12/8 + R;la;\/;i + 5da;2 + 5p0;2 + 2R} 07 + 4p1/2c7;‘2
p>1

< AR +doy” + 15do? + 3R 03V d.

Hence following the same procedure for bad events, statistical fluctuation will be again smaller than
O (\/1/71 (R;%ﬂ +d(o* v a;)Q) exp (73;12/(12&(0; v a;)2))) .
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With j = 1: Finally, we need to handle this case. We recall Lemma 18, sub-exponential norm will
be less than

_ *2
1Y ]y, = Sup p "Ep, [|lwr (|v]* — doj?) PP
p=

< 3do?.

We can use Proposition 8 with n, = 2nzy. Similar to &; 4004 case, the statistical fluctuation is

O(do3?\/7F+/1/n) with probability at least 1 — §/(k>T).
Now collecting all O(k) error terms,

o SV | doi/m + pe > (R +d(0} v 07)?) exp (—3;12/(1280(0; v 01)2)) < Vdo2er?,
i#1

with probability at least 1 — & /(kT) — 1/(n®"2 - k3'). Now we can conclude that,

~ * * ~ 2 * * ~ *
672 = 01| < o/ (dm}) + (it /71 (0" = o + it = wil*/d) — it — wilP/d
< 01 (e/Vd+ (1 + €)yDyy/Vd + 3¢Dy /d)
< o7( + D)V,

with some constant rescaling of € to €. |

Appendix D. Proofs for Section 4
D.1. Proof for Lemma 10

Proof Let us first check the correctness of m; and w;. This proof is reminiscent of the analysis on
population EM when D,, > 1/2. The step 1 and 2, which are essentially the stpes of the k-mean
algorithm, can be also considered as a variant of E-step and M-step, with a rule (for 15 component):

(E’-step) © w1 = Ty x—py 2<||x—puy |2, 515
(M’-step) : wf = Ep[w],
wi = Eplwi X]/Ep[wi]. (23)

Let us follow the proof strategy of population EM. As before, note that 7] = Ep[w]], where w}
is a weight constructed at E-step with the standard EM algorithm. Regardless of different weight
assignment rules, the estimation error after one step can be represented as

7l — 7 = Ep[wi] — Ep[w]] = Ep[Ay],
pi — i = Eplwi(X — p7)]/Ep[wi] = Ep[Aw(X — u1)]/Eplwi],

which is exactly the same as in standard population EM. We similarly split the errors from other
components and own component.
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When j # 1:  Letv = X — p7 and define good event as

& ={{v,pn; — m) > —R},*/4}.
Since [la; — mll < g — il + 5 — wsll + It — mll < 3R}, /2, we have P(E]) <
exp(—R;'f12 (720';2)). Observe that,
IX — 2 S IX — 12 = 200,15 — ) + I — 2 < 200,455 — pig) + 1 — 5 2
= 20,5 — ) < 1§ = gl = s — g
— (0,15 — ) < =R} % /4.
Note that by the initialization condition, |[x; — || < R}, /4 and ||} — p1|| > 3R, /4. Thatis, if
T¢ =1, then wy = 0. We can conclude that Ep, [w1] < exp(—R;’fl2 (720}72)) forall j # 1. Now
usfng Lemma 4, we can also see that
Ep;[Au]| < Ep,[Jwn — wi|] < 5(1 + 77 /7}) exp(=Rj,*/64(a7 V 0})) + exp(—Rj1*/(72057)).
Summing up all errors from j # 1,
S 7 Ep, [Aull <6 (w7 +73) exp (—3;12/128(07 v a;f)2) ,
#1 #1
which can be bounded by some small constants ¢; < 0.01 with Lemma 23, given good separation

condition.
Similarly, the errors to means are also small: for any unit vector s € S%~1,

[Ep; [Aw (v, 1j = i + $)I| < Bji[Ep; [Aw]| + [Ep,[Aw(v, 5)]]
S R(1+ mi/m)) exp (—R5,2128(07 v 07)?)
where we applied the same technique to bound as in Corollary 5. Summing up over j # 1 and

applying Lemma 23 gives the similar result, 3 ©, ; 77 Ep, [Ay (X — p7, s)] < cpo7] for some small
constant c;.

When j = 1: Recall that when we compute errors from its own component, we bounded Ep, [1 —
’U)l].

Ep,[1—wi] =Y Ep fw] <Y exp(—R},*/7207%) < e,
1#1 1#1

for some small constant ¢c; < 0.01. Meanwhile, in the population EM, we have shown that
Ep,[1 — wi] < ¢g for small constant co. Hence, Ep, [A,] = Ep, [(1 —wi) — (1 — w})] < ¢3 for
small constant c3. Similarly, we can bound the errors for means,

[Ep, [Auw (v, s)]| < cao,

for some small constant c4.
Collecting errors from all components gives that |7 — 75| < ¢} and ||uf — wi|| < c,o7 for
some small constants ¢, < 0.5,¢, < 4.
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Population to Finite-Sample: We can reproduce the proof for finite-sample EM with modified
rule (23). To see this, observe that

1 n
il - = Ezwl,i — Eplun],
i=1

i == (:L Zwl,i(X — 17) = Ep[wi (X — pi)] + Ep[Ay (X — MT)]) / (:L Zwl,i> ;
=1 i=1

which is exactly in the same format as when we used standard EM iteration. Note that the proof
of concentration in finite-sample EM holds for any different rule of assigning weights in E-step,
as long as the probability of bad events is exponentially small. In this case it is as small as
exp(—R;“»l2 / 720;2). Hence the same procedure in Appendix C can give a desired finite-sample error
bound with high probability.

*2: From the analysis of estimating the mixing weights, we can conclude that the

Estimating o “:
elements in each cluster C; are mostly from i*" component and only a few fraction of elements are
from the other components (say, less than 1%). Furthermore, only less than 1% of samples from ‘"
component are missing. Thus, each cluster C; can be considered as 2%-corrupted data from the it
component. In order to retrieve o2 such that [0? — 072| < 0.50%/+/d, we can consider taking a
median-like quantity among pairwise distances of samples.

In each cluster, let the elements be in some fixed order which is pre-defined before we see
the entire dataset. First let us consider the case when there is no corruption in each cluster. That
is, each cluster has the true samples from its own component. Without loss of generality, let us
focus on the first cluster C;. Let the elements in C as X7, X, ..., X;;, where m = |C1]. Since all
X; ~ N (i3, 0%21,), distribution of X; — X, 1 follows A'(0, 20321 ,). Hence, || X; — X;11]|2/(2072)
is a chi-square random variable with d degrees of freedom.

Let F'(z) be the cdf function of a chi-square distribution with d degrees of freedom. Consider cdf
value z; := F(d — v/d/2) and x, := F(d + +/d/2). We can numerically check that z, — ag > 0.1
and ag — x; > 0.1 where oy = F'(d) as defined in the Algorithm 1 (for large d, the pdf of chi-square
distribution is very well-approximated by normal distribution).

Now let us define r; = || X2 — Xo;—1|?/(207%) and v} = || Xai41 — Xoi||?/(2072) for i =
1,2,...,m/2 — 1. Then let Z, Z' be the portion of r;s such that r; < d — v/d/2 and v}, < d — \/d/2
respectively. By standard concentration of Bernoulli random variable, both Z and Z’ are well
concentrated around z; with probability at least 1 — §/k, given m = Q(log(k/d)) samples (this
holds since we generate n = Q(7 1 log(k/d)) samples from mixture distribution). Note that the
key point here is, there is no probabilistic dependency between ;s for all ¢, and similarly between
ris for all 4.

Finally, we return to the 2% corrupted data from the first component. In this set, we see all
adjacent pairs || X; 1 — X;||2/(207%) forall i = 1,2, ..., |C;| — 1. This is because due to the insertion
of wrong samples and deletion of authentic samples, the parity of original index might have changed.
By looking at all adjacent pairs, we can look at both r; and . Note that 2% corruption can at most
corrupt 4% of original 7;s and r}s respectively. Fortunately, we have 10% margin from «. That is,
in the corrupted set, it is still guaranteed that aﬁlh value is greater than d — v/d/2, which is a standard
argument for median-type estimators. The similar argument holds for the other direction.

42



EM GIVES SAMPLE-OPTIMALITY FOR LEARNING MIXTURES OF WELL-SEPARATED GAUSSIANS

In conclusion, if we take afih value among distances of all adjacent pairs in cluster C', that
value is within 01‘2 [2d — v/d, 2d 4 +/d] range with high probability. We get a desired initialization
parameter for variances by dividing the quantity by 2d. |

D.2. Proof for Lemma 11

We define some additional notations that will be used in this section. We use Pg(+) to denote the
probability of some event when underlying distribution is the candidate G. Similarly, Pg-(-) denotes
the probability when underlying distribution is true mixture G*. We use Pg(-|X ~ j'*) to denote the
probability of event when X comes from j*"* component in candidate distribution G. Pg«(-|X ~ j'*)
is defined in a similar way. We use R;; to denote ||z1; — p}| for j # 1.

Proof Suppose the conclusion is not true, i.e., 3i € [k] s.t. ||u; — pj||/of > 164/log(1/Tmin),
Vj € [k]. Without loss of generality, let ;] is far from all p; by at least 16+/log(1/mpmn). We
consider the cases when d > 128 log(1/7ip) and d < 1281og(1/mpmin)-

Case I. d > 1281og(1/mpmin):  We define an event,
E={IX - uill*/o}® + dlogo}? < [|X — p;|%/07 + dloga;®, Vi € [K]}.
K1l /01 0go1 = Hill~ /0 0goj-, J

Our goal is to show that Pg«(€) > 3mpin/4 and Pg(E) < Tpin/2. Then, by the definition of total
variation distance, |G — G*||7y > |Pg=(E) — Pg(E)| > Tmin/4.

Probability from true distribution: Let us first show Pg+(E) > 3m,in /4. It suffices to show that
Pg«(E|X ~ 15%) > 3/4. Thus, we are considering the event

lol[*/07? + dlog(07?) < [lv+ pf — yl|*/o + dlog(a;?), (24)

where v ~ N(0, O’TQI ). Similarly to we have seen in previous proofs for EM, we divide the cases
into when o} > 0; and 0] < 0.
When o} > 0, let x = (0% — 0;2)/0;2. After rearranging (24), we get

lv]|? A )
— ozt +dlog(1+z) < |l — wl1*/oF +2(v, 47 — p5) /7,
1

Then the probability of Pg«(£¢|X ~ 15%) is less than

* 2 2 " 9
— v —
P((”alff — ) < —W) + P <—||O*|2x+dlog(1 +z) > w>

1 20]‘

e o (0l 1 Bh
< exp(—R;j1°/32017) + P do?? <7 \lel+2) =505 ) )
J

Using the similar trick as before, first consider when 0 < z < 3/4. Then,

2 R? 2 R?
P(wu<bauﬁy_ ﬂ>gp<wu<1_x ﬂ)

da]’[2 - x 2d0]2x dan - 4 2d0]2-x
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2
Mol o o [ B o 2o

01 J
When z > 3/4,
2 R2 2 .
p (I log@+az) ) _pfIolE 1y
do? x 2d0]2-:n doi? 4
2
Y I
doy

In either case, Pg«(£¢|X ~ 15%) < 26xp(—R§1/32a )y <2t <1/4.

When o} < g, let z = (0;2 — 0}?) /o;2 and we similarly rearrange (24).
Ell
o

5@+ dlog(1 — ) < ||ui — uyll*/0F + 2(v, uf — py) /0]
1

We need to divide the cases when 0]2- < 80%? and o 2 807, When o j2 < 8032, we proceed
similarly to previous cases,

* 12 2 * 12
HgWNPwSPOWﬁﬂWS_mljm> Cn o+ dlog(l—2) > mlum>

20?-
o> _ 1 R,
> = [ —log(1 —
<d01‘2 —x og(l — ) + 2da]2
2
< exp(—R;j1%/3207%) + P s > 1+ + iy
- J dai‘2 - 2dm0
[v]” R R3,
>142 2
(d@2 =T 8do? * 8dxo?

< exp(—Rj1%/3207%) + exp(—R?l/San) < exp(—Rj12/3207) + exp(—Rj12/6407?)
< anin + Trim'n < 1/4

< exp(—Rj1%/3207%) + P

< exp(—Rj1%/3207%) + P

When 0]2 > 80{2, we first note that x > 7/8. Thus, — log(1 — z)/x > 2.376. We can then bound
the term simply as

lvll®

c st x . ||HT — :U’j||2
PEIX ~17) < P((v,p) —pj) < ————F——— | + P 5
4 01 207

* 12
W12, | grogr — 2 > 14 mH)

2
mm+P<” l >141. 376>
doy
Using standard tail probability for chi-Square distribution, we get

2
<” Y 376> < exp(—1.376d/8) <

mzn?

since we are considering the case when d > 128 log(1/mmin ). Therefore, we get P(£¢|X ~ 15¢) <
1/4 in all cases. It concludes that Pg«(E) > 3mmin /4.
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Probability from candidates: Now we show that Pg(E) < i /2. Toward this goal, we need to
show that for each j € [k], Pg(E|X ~ j) < mmin/2. The corresponding event becomes

lo+ 15 = will?/o7? + dlog(o1?) < |Jol|*/o;® + dlog(o;?). (25)

Let us first consider the case when o; < of. Now we set x = (072 — 032-) /o2, Then the
rearrangement of (25) gives

H H2

It = will? /07 + 20, i — pi5) [0} < (1- ).
We bound the probability of this event similarly to previous cases.
* |12 2 2
P(gXthh)<P<<UHUj—/[{><_HM14'uJH>+P<H H ( ) H/L12*,L2LJ||>
01

vl

1 .
< exp(—Rj1%/320;%) + P <d042 > o (— log(l — x) + 2dc]r12>>
J 1

2 oy 2 o] R
S exp(—le /320’1 ) + P dO"Z 2 1 -+ W
j j

< exp(— jf/sza;‘?) +exp(—R%, /(16(07? — 02)))

< 7rmm + 7rmm S ﬂ-mln/Q

When o; > o7, the proof should be more delicate. First we rearrange (25) to see that

. . . [Jv]|?
||M1*Mj||2/012+2<va,uj*M1>/012 < ——5z+dlog(1l+x),

0;?

is the event to bound, where x = a — o} ) /ot 2 Here, we will consider three cases, 0 < z < 3 /4,
3/4<xNR3/oF> 32log(1/7rmm) and R, /af. < 32log(1/Tmin)- First, if 0 < x < 3/4, then
log(1+ ) <z —2%/4 and UJZ < 2032, thus

. * 7 * ’ a :
PE|X ~jM <P <<v,uj —p1) < — 7wl - Mj||2> +P < o H 7+ dlog(1 + ) > |1802”>
1
2
< exp(—49R;12/5120,2) + H ||2 log(1 4+ ) — 5
< j J T 8d0{2

2 1oy 22 o2 x  RY
< exp(—R;1°/3207°)+ P ng———
J

4 8d$01‘2
< exp(—Rj1%/32077) + exp(—R%, /(32077)) < mhin + Toin < Tumin/2-

If 3/4 < x and Rfl/a? > 321og(1/mmin), then log(1l + z)/z < 3/4, thus

P(EIX th <p L x <_l * 2 P _||/UH2 dl 1 Hlu’l H2
(EIX ~ ") <P (v,p5 —p1) < 16Hu1 mill* ) + 52+ dlog(1+x) > 72

. *
0j 01
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< exp(—49R;1%/5120,%) + P <1 (1+x)— %
= exXp 51 j deQ = g 8d0f2

< exp(—6log(1/mmin)) + P M <1_ 1 RJQ‘I
>~ min d0j2 — 4 8d(L’O’T2
2
< exp(—6log(1/mmin)) + P [l <1-2.|—+ Rj
> d 32 - 64 64d(0’2 JTZ)

Finally, if R?l / 0]2 < 32log(1/mmin), we take a different path. First of all, this can only happen
when 0]2- > 80?2 andz > 7, and Rjz-1 / 0]2 < d/4. Using rotational invariance property of Gaussian
with (scale of) identity covariance, without loss of generality, we can set v = v1€;1 + vo.q Where €;1
is a unit vector in direction j; — uj, and va.q is the rest d — 1 dimensional orthogonal component.
Then, we can rearrange the event as

[v2:all?
.2

J

—1 2 -1
11 11 R; 11 R} Ry
=\ 2) |\ 2 2] 2 2 2 2t ,e
1 J 1 J 1 1 J 1 1

2 2 2
O'.RA R . 2
—x2<1)1— J ‘71> — 71 <—||U2'dH x + dlog(1 + x)
0j

(v1 + Rj1)? O‘TQ—’U%/O']? < - x + dlog(1 + z),

3.a]? 1\ (log8 2 _1
= ——— < (1 4+ — — | < -
d-Doz -\ Ta-1)\77 T19) =2
And, the probability of P(|]v2:dH2/0j2- < (d—1)/2) < exp(—(d —1)/16) < 7} . upper-bounds
the probability Pg(E|X ~ j).
Combining all cases, we can conclude that Pg(€) < /2. Hence, we get ||G* — G||7v >
Tmin/4 as desired when d > 1281og(1/mmin ).

Case II. d < 128log(1/mmin): In this case, we consider the following two events.
& =X = pill < o7v2d},
& = {||X — pi|| < 3o7V2d}.

We will show that either Pg- (51) — FPg (51) > 7Tmm/4 or Pg (glc N 52) — Pg~ (glc N 52) > ’/Tmm/4.
As a first step, we show that Pg«(£1|X ~ 1%) > 3/4, and Pg«(&|X ~ ) < myin/100 for
j=2 ..k

It is easy to see that

Pg-(&1]1X ~ 1) = P yony(vll* < 2d) > 3/4,
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using the pre-computed cdf value of chi-square distribution with degree d (we can numerically check
it for small d, and we can approximate it with approximation to normal distribution for large d). For
other components,

Pg(E21X ~ j™) = P, x0 oran(llv+ 5 — pil|* < 1807d)

<P v~ ( 00*21 ((<v7éj1> + R;l)Q < 180’;61)
< Ppnorzn (v é1) < 307V2d - Rjy)

< Ppnvioorzn (v, €51) < —3}3/4)
<exp(—R 12/320*2) < 78

mzn’
where €;1 is a unit vector in direction 41} — ij. Note that 301v2d < 4807 \/log(1/Tmin) < 3R;, /4.
Combining two facts, it is easy to see that Pg«(£1) > 3mmin/4 and Pg-(Ef N &) < Tpmin /4.

Now we show that either Pg(&1) < mmin/2 or Pg(Ef N &) > mmin/2 is true. Suppose
Pg(&1) > Tomin/2. Observe that || — pil|/of > 16+/log(1/mmin) > v/2d for all j. That is, all
; are outside of the sphere that £; considers. Therefore, if we imagine a bigger ball of radius
3v/2d, for any j, there exists a ball of radius v/2d in & N £ where the contribution from ;"
component is larger than the ball considered in &;. Since this is true for all j, we can conclude that
Pg(glc N 82) > 7Tmm/2.

In conclusion, ||G — G*||7v > Tmin/4 if any one of 1) cannot find a good initailizer in candidate
parameters. Note that this result does not assume any separation condition in candidate distributions.
Neither, this lower bound for TV distance does not depend on any other parameters but 7,,;,. H

D.3. Proof of Theorem 9

Proof Lemma 11 indicates that if |G — G*||7v < Tmin/4, then we have initializers that satisfy
the requirement (15) up to some permutation in G. Note that since the true mixture distribution G*
satisfies the separation condition (14), when (16) holds true, each ith component has its unique j
for initial mean 4u;: if ||1; — 17| is less than 1607 \/log(1/mmin) < $ll1; — p3|| for i’ # i, then p;
is at least 3|5 — pf|| > 4807 \/log(1/mmin) far apart from other 1.;. Hence, one 1; can only be
associated w1th only one y; and vice versa.

We first show how to get the sample-optimal guarantee for the proper-learning of spherical
Gaussian mixtures using the sample-compression scheme introduced in Ashtiani et al. (2018a). The
compressibility of a distribution is (informally) defined as follows:

Definition 25 (Informal Definition of Compressibility in Ashtiani et al. (2018a)) For any ¢ > 0,
a distribution F is called (7(€),t(€), m(€))-compressible if the following holds: if m(e) samples
are drawn from F, we can carefully select T(€) samples (among m(e) samples) and additional

t(e)-bits such that a pre- deﬁned systematic procedure (decoder) takes them as inputs, and returns a
distribution F that satisfies | F — F||rv < € with high probability.

See Definition 3.1 and 3.2 in their work Ashtiani et al. (2018a) for more details. Their key result (see
Theorem 3.5 in Ashtiani et al. (2018a)) states that if a distribution is (7(¢), t(¢), m(€))-compressible,
then O(m(e) + (7(e€) + t(e)) /€%) samples suffice to learn a e-close distribution in TV distance. The
optimal sample upper bound O(kd /€2) for learning a mixture of axis-aligned Gaussians then follows
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by (i) showing that a single axis-aligned Gaussian is (O(d), O(dlog(d/¢)), O(d))-compressible, and
(ii) using their Lemma 3.7 in Ashtiani et al. (2018a) to conclude that a mixture of k axis-aligned
Gaussians is (O(kd), O(kdlog(d/e)), O(kd/€))-compressible.

Given their argument for a mixture of axis-aligned Gaussians, it is straight-forward to get the
same result for spherical Gaussians. We only need to show that a single spherical Gaussian is also
(O(d),O(dlog(d/€)), O(d))-compressible. Then we can use the same argument using their Lemma
3.7 to conclude that a mixture of & spherical Gaussians is also (O(kd), O(kdlog(d/€)), O(kd/e))-
compressible, hence O(kd/e?) samples suffice to learn a e-close distribution in TV distance.

Suppose a single axis-aligned Gaussian with mean p = (p1, 2, ..., ptq) € R? and covaraince
Y = diag(o1, 09, ...,04). The decoder they construct for an axis-aligned Gaussian outputs /i and

A

Y = diag(61, 02, ...,04) such that
|,ul—[m §Jie/d, |0'i—5'i’ SO‘iE/d, Vi € [k?],

which hence guarantees that | NV (p, ©) — N (fi, 2)||7v < €. For a spherical Gaussian, we can use
the same decoder by considering it as an axis-aligned Gaussian, and simply pick o1 as a common
scale factor of an identity matrix for a spherical Gaussian. Therefore, a spherical Gaussian is also
compressible with the same parameters (O(d), O(dlog(d/e)),O(d)). Combining with Lemma 3.7
and Theorem 3.5 in Ashtiani et al. (2018a), we obtain a O(kd /€2) sample-complexity guarantee for
the proper-learning of spherical Gaussian mixtures.

Now we can first get the candidate distribution G using the algorithm given in Ashtiani et al.
(2018a) with O(kdm2 ) samples to get |G — G* |7y < Tmin/4. Then we can run Algorithm 1 and

min
then the EM algorithm using O(cl7r_1 /€?) samples. This gives the algorithm for Theorem 9. MW

min

Appendix E. Deferred Proof: Convergence of Population EM when D,, < 1/2.

— 2 2 2
We define a target error D), = max; (HMj —will/os, |mj — 5| /75, Vd|o;? — o;%|/o} ) <1/2.
Proof First of all, we differentiate our EM operator with respect to all variables being estimated (oi2
are considered as a single variable). For instance,

m —m = Eplwi] — Eplw]] = Ep[A}],
py — i = EplAl (X — ul)]/Eplwi],
2 * u * * *
o —o1? = Ep[AL(| X — pi||* — doi?)]) /(i) — |luf — wi]?/d.,

AY = —wi(1—w?)(X = )T (= p}) /ot + > whwp(X — i) (= pi) o}
1#£1
—wi(l —w})(m — )/} + Y wiwp(m — )/
1£1
—wi (1= wi)(+|X = uf?/(201) — d/(201))(0F — 07?)
+ > whw(+1X = pitl*/ (201 — d/(201%)) (0] — 0F?),
1£1
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where w} is a weight constructed with p% := pi + u(uy — pj) for some u € [0, 1], and other u
scripted variables are defined similarly. In addition to previous technical lemmas, we state a few
more helper lemmas. The same result holds for Epj [A,,] as in this corollary. With the above lemma,
we can bound the errors for mixing weights from other components. We need one more lemma for
bounding the sum of errors.

Lemma 26 For values q € {0, 1,2, 3,4}, the following summations are bounded by

D (w7 (RS oT) exp(—R;, % /128(0F V 07)?) < cqni, (26)
i#l
> (w7 (Rfy [0} exp(—R;, % /128(0F V 07)?) < cqni, (27)
J#1

with some small constant c, given large enough universal constant C.

The proof is similar to Lemma 23, and we will allow much larger universal constant C' > 128 in the
separation condition (2) to lighten the algebraic burden. The proof will be given in Appendix E.4.

From this point, due to the heavy calculation and algebra, we give up tracking most constants in
error bounds. Bounds will be often given in O(-) notation, but we note that the hidden constants will
not be too large.

E.1. Convergence of Mixing Weights

Let us start with the simplest targets. Similarly to D,, > 1/2, we consider errors from other
components first.

Errors from other components j # 1:  We first bound
eji = |Ep, [wi(1 —wi)(X — u)" (11 — p)) /ot

< 2|Ep, [wi (1 — wi)(X — pi)l/o7[[[[ (1 — p1) /7]l

< 2Dy, sup Ep,[wi(X —puf,s)]/o7.
seSd—1

Using the Lemma 6,
Ep, [0} (X — uf, )| < O (1 + 7 /m}) R}y exp(— R /64(07 v 07)?))

which yields ej; < Dy,O ((1 + 71/ (R o7) exp(—R3, % /64(07 V a;)2)).
The second target is

ej2 = [Ep, [ wiw (X — uf)" (i — p)]/o1)]

1#1
* *2
<2 |[Ep, [wiwi (X — wi)llllm — uill/o;
1#1
< 2Dy Y |[Ep, [wiw (X — pit) /o] |
1#1
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I

Main challenge is to show that }; \/Sllpsegd—l Ep, [wi(X — pt, 5)2]/o7* = O(1). As this will
appear several times, we state a helping lemma.

Lemma 27 The summation of term I over | # j is bounded by

S [ s B (X — w2 /o7 <
1#5 seSd—1

for some small constant c. Whenl = j, I = O(1).

The proof of lemma is given in Section E.4. By the lemma, the summation over the entire term is

O(1). The term ,/Ep, [w{] are less than

0 (\/(1+7r;</7r;f)exp( R 2[64(0% V 07)2))
Therefore, we can conclude that
¢j2 < DO ((1 + 7 /78) exp(—R:y 2 /128(0F v a;‘)?)) .
The third target is
ej3 = [Ep, [wi (1 — wy)(m — 71)]/|
< 2Dy[Ep, [w}]] < DO ((1+ 71/m) exp(~ R;,* 6407%))
The fourth target is

ejo = [Ep, [y wiwj (m —m)]/xf|
1#1
< 2D,|Ep, Y wiw}]| < 2D,Ep,[wl] < DyO ((1 + % /7 exp (—3;12 /64012)) ,
1#1
since 3, wy' < 1.
The fifth target is

ej5 = [Ep, [wh (1 = wi)(1X = | = dot®)/(201)] (o1 = 07%) o}
< (20,/Vd) [En, [wi (1 = wi)(1X = it = do}*)/(2012)]|
< (2D/0*Va) [Ep, [wi (1 = wt)(|[o]* - do}® +2(v, 45 — i)
155 = 1P + d(o3” = 01) + dlo}? — o1))]

< (2Dw/0?Vd) En,

2
[wi (o] — do?)| + 2wt (v, 1 = )|
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+2 )w}‘R}*lQ‘ + ]wgd(af - 0f2)’ +wtd (0;2Dm/\/&) ] .

We have seen similar terms in D,,, > 1/2 case. Each term we can bound as

Ep, [lwt (Jol|® — do2)]] </, [[wf[)}y/En, [(o]]2 — do3?)?]

< 403 Jd(1 + 7} /m%) exp(— 5, /128(0F V o)),
Ep, [[wi (v, pj — p1)[] < O ((1 + 75 /7 Ry 07 exp(—Rj, /64(o7 v a;-‘)Q)) ;

d(o}? = o")Ep,[Jwi[] < O ( 51(05 Vo) (1 + i /m))Vdexp(—Rj,*/64(07 v U}*)Q)) :

and the rest terms can also be easily bounded. Thus, we have shown that
e < DO (Biy(0 v 07) /07 - (L4 i /) exp(—R > 64(07 v 07)?))

Finally, we control the last term.

*2
eio = [En, | S wtwi(IX — w2 — o)/ (2012) - (o} - 07) ot

1#1
<3 2D/ (VD)) [, lwtwi (1X - |2 = do + d(o} = o12)]
1#£1
< (2D/VA) Y [, [w]
I1#1
x (ﬁzpj [y (l[o]2 = dors)2) + 2, /B, [t (v, 13 — )] + 2R\ B, [wf] + d(o}* = 01%) /En, [wm> Joi”.

n'g

11

As I will appear frequently, we state a helping lemma.

Lemma 28 The summation of 11 over all l # j is much less than Vd. That is,

> (1ei?) (w@ o (ol = da®)) + 24/, (0,15 — 1’
I#j
+ 2R /Ep, [wj] + d(o;” — 0}'*), /Ep, [w}‘]) < eVd,

for some small constant c. When | = j, I = O(+/d).
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We will also prove this lemma in the last Section E.4. Thus, the entire summation is O(v/d). Now
we can conclude that

ejo < (2D /Vd)\[Ep, [w]0 (V) < O (141 /m}) Dy exp(— R}y /128(0} V o)) ).
Collecting all components, we can conclude that
Ep, [w!] < D,,0 ((R;q? Jo1?)(1+ 7 /7%) exp (—R;f /128(0 v a;)2)) .
The summation over all other components j # 1 can be bounded thus with Lemma 26.

Computing errors from j = 1: Reproducing the equation (), we start from

€11 < 2Dy, sup Ep, [wi(1 —wi){v + p1 — pi, s)l/o1
seSd—1
<20, sup (Ep,[(1 - wi)(v,5))/o} + Ep,[1 - v}l D).
seSd-1
Observe that Ep, [1 — wi| =3, Ep, [w)'] < 3, 8(] /77) exp(—R},?/64(cF V 07)?). This is
smaller than 1 by Lemma 26. Similarly, we can see that

Ep, [(1 - wi)(v,5)] = Y Ep, [wf(v,s)] <O | Y oiy/1+nj /i exp (= Ry /128(07 V 0})?)

1£1 1£1
This gives that e11 < Dy >, O (1 + 7 /m}) exp(—R3, /128(05 V 07)?)) < Dy,

The second error term is

e12 < 2Dy, Y sup Ep,[wf(v + pj — pi', s)] /o7
1751 s€Sd—1

< Do y_ O ((Biy/o}) (1 + i /) exp(—Riy [64(07 V 0})%))
1#1

which is guaranteed to be e12 <K< D,,,.
The third and fourth terms are smaller than 2D,,, > 11 B, [w}'] < D,,,. Now we need to deal
with fifth and sixth terms, which again require some algebraic manipulation. We can start from ()...

15 < (2D /0" VED, [(1—wl) (|[v]? — doi| + 2/{v, i — )| + D, + d(o7” — o1?) )|

For each item, we can say that

Ep, [(1— wf) (ol — doi®)] < \/Ep, [1 — wily/Ep, [([[o]> — dot?)?]

<O [S+ /) exp(— Ry /64007 V 07)?) /2407 |

1£1

and for two other terms,

Ep, [(1 — i) (v, 1§ — )] < Dot /B, [1 —wi]y/Ep, [(v, 5)2
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< Dpot?O (D (147 /m}) exp(—Ry, 2 /64(o} v 07)?) |
1#£1

and
Ep,[(1 = wi)d(o}” = o)) < (01 DmV/d) O [ Y1+ w7 /i) exp(~Riy> /6407 V of)?)
1#1

Thus e15 < 2D,,,/ (af\/&) . C\/ZZUTQ < ¢ D,,, for small constants ¢, ¢’.
Finally, the sixth term can be similarly bounded as

e16 < ) (2Dm/0}*Vd)|Ep, [wiwf'(|X — uf||* — doi?)]

1#1
<> @Dw/0i?Va) |[En, [wh (0] — dot?) + 200, ut — i) + 16 — i ? + d(o7? = 1))
1#£1
< Dy Y (2/012Vd) (MEDI i (lo]]* - dori)
1#£1

+2Dp07 [Ep, [w]'{v, 8)]| + Ep, [w}] D}, 07* + VdDynoi *Ep, [W])

< Dy S-(2/0iVA)(5 + i 7)) exp(—Riy*128(07 v 01)?) (V2doi® + 2Dyt + D20} + VDo)
1£1
< 20D, /m; Y (07 o1 ) (ni + 1) exp(— R /128(0} V 07)?) < Dy
1£1

for small constant ¢. Collecting all components, we can conclude that Ep, [AL] < ¢ Dy,.

Errors from all components: Collecting the errors from other components and own components,
now we can conclude that Ep[AY] = >, mrEp, [AL] < ¢, 7] Dy, for some small ¢, < 1.

E.2. Convergence of Means
Computing errors from j £ 1: Let us proceed in a very similar way we did for mixing weights.
Let us first handle —w¥ (1 — w¥)(X — p)T (1 — pt)/o?.
eji = |[Ep, [wi (1 — wi)(X — uf)" (1 — p))(X = u)]/o1?|
< 2| Ep, [wi(1 = wi)(X — p))(X — 1))/ oFllopll (1 — 1) /07l
(

< 2Dy sup B, fwf(1 - wd)(X i, 5HX — p, 5)) /o
seSd—1

Therefore, it is enough to show that for any fixed unit vector s,

[Ep, [wi (1 — wi)(X — w1, s)(X — pis 9)],

is exponentially small. We state one more helper lemma that bounds
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Lemma 29 Forj # 1,
Ep, [w} (v, )% < 5(1 + 71/ R}, exp (— R, /64(c v o})?) (28)

Proof We can reproduce the proof of Corollary 5. Let 5 = R}‘HQ /64(c; V o} )2. Then,

< 3(ri/m;) exp(=B)Ep, (v, s)°] + Ep, [I{v, 5)]*|€5 1] P(£51)
+Ep, [|(v, ) PI€5 2] P(52) + Ep, [|(v, 5)7I€5 5] P(E53)-

[Ep, w1 (v, 8)°]| = [Ep, [wi(v, s)*1e, ...]| + ’Epj {w1(073>215@

Ep, [| (v, 5>H5ﬁ1} can be bounded with Lemma 17, with p = 2 and @ = R}, /507.

B, [|{v ) I{0, B51) 2 R3x*/5) < 05 Buiong [0, )P0 )] 2 0] < 07 (10 +4) < R3,%

Similarly, we can bound Ep, [| (v, s) | |E£5]P(E55) < 2R3, using the same Lemma 17 with p = 2 and
?h: 71 /407 For the third term, we use Lemma 20, with p = 2 and o = ]%;.‘12/64(0’1k \Y% a;)2 =p.
en,

3 Eyen(o,)[| (0 8) PlI0l* > d + 2Vad + 2a] < 077 ((640) + 4exp(—a/2)(8a +2)) < 2R},
3 B pno,1)[| (0 8)PlI0]]* < d = 2Viad] < 0By ry) (v, 9)7] < 07,

Collecting these three components, we can conclude that
[Ep, [wi(v, )] < (3(r}/m})o}? + 5R;; ) exp(—B).
This yields the equation (28). |
Then we can proceed as
[Ep, lwt (1 - wi)(X — i, s]X — it 5)]| < B, [wf ((v,5)2 + 20(v, 5) R}, + 2R, |
< O ((1+71/m) R}, exp(— 5, /64(05 v 0})?))

which yields ej; < DyotO ((1 + 3 /7 (RS Jo7)2 exp(—R3, 2 [64(07 v a;)2)).
Similarly, we bound the second term.

€52 <2Dp ED]- Zw%w;%X - MT78> <X - M}L7$>/O—l*
I#1

< 2D [Ep, [w} (X — i, 52 ; VEp, [wp (X — it 5)2) /7>

Using the Lemma 27 as in mixing weights, we get

ej2 < DO (1471 /7) (Ryfof) exp(— Ry, /128(05 v o)) )
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Third term and fourth term are straight-forward to bound.

ejs < 2D [Ep, [wi(X — i, )| < DO (Rjyexp(— R}y /64(0] v o))

eja < 2D Ep; | > wiwi(X — pi,s) | | < 2D |Ep, [wi(X — 1, 5)]],
1£1

which is again smaller than D,,,O (R;l exp(—Rj 2/ 64(0; V o7) ))
The challenging fifth and sixth term is also bounded using similar algebra.

€j5 = ‘ED [wi(1 = wi)(X = i, ) (1X = uf|® = doi?)/(201%)] (0F - 07%) /ot

< (2D /Vd) [Ep, [wi (X = i, $)(IX = || — dot?)/(201)]]

< (2D /o1*Vd) WEDJ. [ (X = ui,5)2) ({/En,[(I0]2 = dog)?] + 2B, [(v, 115 — )]

+ 2R} [, [wd (X — pf, 5)]| + (032 — o042y /o, [wt]y /B, [(X — 17, )7

(2Dm/o \f) (1 +77/73)0 <\/R;12 exp(—R:,2/64(0" v 07)2) (\/ﬁ n 4R;fla;)
+ 2R}, exp(— R}, % /64(07 V 01)?) + VAR, * (0] V o) exp(— R}, /128(0 v a;)2)>

< Dot (1471 /7)) R}y /1) exp(—Rji*/128(05 v 01)?))

Finally,

ejo = |Ep, | Y wiwi(X — i, ) (IX — uf*)|* — doj®) /(201*) | (o — 07?)/0}"?
1£1

< (2Dm/\/&)z 1/07?) \/ED [wi(X — pi, 5)?]

1£1

x <¢Epj [wp (lel2 = do3)2] + 2, [Ep, [wf (v, 15 — )2 + 2R5,% B, [wf] + d(o} — o), /B, [wﬂ).

Using Lemma 28, the summation is less than c¢v/d and hence
¢jo < DmtO ((1+ 71 /m)(Rjyfo7) exp(—R;y*/128(05 v 01)?))

So all guarantee that

> IED, [AL(X = i)l < Dmoi O ((xf + 7)) (Bjn/o1)* exp(—R;y*/128(05 V 01)?) ).
J#1 J#1

(29)
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Errors from j = 1: We repeat the process of bounding six terms as always.
e11 < 2Dy, sup Ep, [wi (1 — wi)(X — p1, s)(X — pi, 5)]/07
sesd—1
< 2D, sup Ep,[(1—w})((v,5)? + (v,5) Duo?)] /o7

s€Sd-1

Then,

Ep, (1 - wi)(v, )% = > Ep, [wj'(v, )2 < 3 O ((1L+ 7 /7)) Riy?) exp(— R /64(a7 v o))
1#1 1#£1
< (1/7}) Y (wf + 7Ry exp(— Ry /64(0f V 07)?) < ot
1#£1
for some small constant ¢ with the Lemma 26.
The second term will be similarly,

e12 < 2DnEp, | 3wl (v, s)(X — uf',5)| o}
1#£1

< 2Dt S \[Ep, [wp(X — i, 5)?] foi? < cDyo,
1£1

for some small constant c.
Third and fourth term is easy to handle,

e13,e14 < Dy, Z @) (Rfl exp(—R},?/64(0] Vv 01‘)2)) ,
1£1

which is again much less than D,,,.
For the fifth term, we again start from

15 = [Ep, [wh(1 — wf)(X — . $(1X — ] — dot?)/(201)] (03 — 01) /o

< (2D / V) [Ep, [(1 = wi)w )l -+ i = it = dot?)/(201)]|

< (wm o1 d)

ol = 0t (VB (10l = do?]+ 24/ B (0 - )

+2D7,01°|Ep, [(1 = wi') (v, 8)]| + D Vdo?[Ep, [(1 — wi) (v, 5)]]

)

The first term in the above can be bounded with Lemma 29,

Ep, [(1—w})(v,8)%] = Ep, [wj(v,5)*] <070 | Y (1 +7f /7)) Ry exp(—Rj,%/64(07 v 07)?)
1#£1 1£1

< cot?.
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and
Ep, [(|lv]|* — do}?)?] = 2dot?, Ep, [(v, pu} — u})?] < D2,07".

Similarly, we have that Ep, [(1 — w})(v, s)] < co}. Collecting all components, we can bound this
fifth term e15 < Dy, 07.

The bound for the final term follows similarly.

e16 = [Ep, | S whef (X — i, s)(1X — uf|> = do}?)/(201%) | (o} — o127
1#1

< (2Dn/Vd) Y (1072 B, wf (0, 5)7
1£1

><<\/ED1[@U1“(HUH2—d0§)2}+2\/EDle“<U7MT—M7>2+2R§12 Ep, [uw}] + d(07? - o}?) Epl[w;ﬂ)

We can again use Lemma 28 and get ejg < cD,,,07 for some small constant c.
Finally, we collect all error terms to conclude that Ep, [AY (X — u})] < e¢D,,07 for some small
constant c. Now with the equation (29),

i = il = Qw3 Ep, [AL (X — wi)])/mf
j

* * * * * * 2 * *
< Dy010 Z(Wl + Wj)(le/Ul)s exp(—Rj; " /128(0; V oi)?) | /=
i#
< cDmeﬂi‘/ﬂfr < dDy0of,

for some small constant ¢/, where we used Lemma 26 with ¢ = 3.

E.3. Convergence of the Variance

The most challenging part is again to show the convergence of variance estimators. We start with
each term by term as other quantities.

Errors from other components j # 1: Let us start from the first error term.

ej1 = [Ep, [wf (1 —w}) (X — i) (= ) (IX = s3]]? = dor}?)] /o
<2 |[Ep, [wi(1X — il - doi>)(X — u))/oi | I (m — ) /o]

< 2Dy, SéldplEDj [wi(IX = pi])> = dot*)(X — pt, )] /o7
sESYT

< 2Dy sup Ep, [wf (ol = do®) + 205 — i) + 15} = i]]? + d(o? = 01%)) (X = ut, )] Jor.
seS4—

For each item,

Ep, [wi(X — it s)(lol]2 — do})] < \/Eo, [wi (X — at,5)2] /B, ([0 - do7?)?
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(\/(L+ 71 /m) Ry 2 exp(— R, [64(07 v 01)?)0;V2d))

< 0 (Vo Ry (1 4w} /73 expl(— R}y /128(05 v 1)) )

2R\ Ep, [wi (X — i, 5)(v,8)] < 21y /Ep, [w} (X — ut, )%]\[Ep, [ (v, 5)?]
< O (14 71/m) R}, 0 exp(— Ry [64(0; v o7)?))

and the third item is

R\ *Ep, [wi (X — i, )] < O (1471 /7 R},® exp(— R}y /64(0] v 01)?))

The final item, we again need Lemma 22 to get

(05"~ o1)Eo, [ (X — pf, )] < (07" ~ o)\ B, [wf]y/Ep, [wf (X — i 5)?

<O ((1+71/m) R} (05 V o) Vdexp(~R;,*[64(07 V 01)?) ).
Hence, the first error term is bounded as
et < 01°0 (1475 /m)VA(R;1 /07)? exp(— R, /128(07 V 07)?) )
The error bound for second error term starts with arranging equations as usual,

ejz = [Ep[wiwi (X — uf)" (= p)(IX = will* = doi?)] /01|

1#£1
<20,y sup Ep, [wiwi(|X — pi|? = doi’)(X — uf,s)] /of
I1#1 s€Sd—1
u ®([2 %22 u U o\2 /%2
< 2Dy B, [t (1 — il — doi®)?] 3 [, [ (X — 07/

1£1

For the first square root, useful inequality is (a + b+ ¢ + d)? < 4(a® + b2 + ¢ + d?) for any real
a, b, ¢, d. Using this,

Ep, |w! (||1X — ut|2 = do?)’
D; | W1 [ pill 01
< 4Ep, [wi (vl = do®)? + 4w, = i) + | = i | + d2(o} = o))

< 4y/Eo, fwt]\/Ep, (]2 = do}?)’
+ 16K}, °Ep, [w (v, )] + 4R}, "Ep, [w{] + 4d* (0} — 01*)’Ep

s (W]
< (1475 /x7%) (o (da;4) exp(—R;,2/128(07 V 07)%) + O (dR;f14) exp(— R}, 2/64(0 v af)2>> ,
(30)
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where we used Lemma 22. Meanwhile, the summation over [ # 1 in right hand side is O(1) by
Lemma 27. Therefore,

ej2 < 0120 (VAL + 71 /7)) (R}y /1) exp(— R}y /128(0; v 01)?))
As we can imagine, e;3 and e;4 can be shown to be bounded using the same procedure for e;;

and ejo.
Now we jump to e;5 and ej.

ejs = [Ep, [wi(1 —wi)(IX = ]2 = doi®)(1X = i |2 - dot?)/(201%)] (o} = 07%) /ot

< (2D /072Vd) \[Bp, [w}(IX — ]2 — doi)2] B, [wt(1X — ]2 — dot?)?].

The rest of the procedure is repetition of (30) (we get a same order-wise bound for both square roots).
Therefore, we get

ej5 < Dnot?0 (14w /m)) V(R o) exp(—Bj,/64(0 v o)) ).
Finally, with the similar strategy, we have

ejo = | > En, [wiuw (I1X = il = doi®)(IX = i |2 = doi)/201?)| (o} - o) /o
1#£1

< (205/ V) [Eo, [wh(1X — pi|? — doi®)2) 3 (1/072)/Ep, [wh(1X — i |2 — dot?)2],
1#£1

The summation over [ # 1 is O(1) as shown in Lemma 28. Therefore,
) D *20 * *\/&R* *\2 _R*Q 19 * *\2
ej6 < Doy (1 + a7 /m)Vd(R}y [o7)” exp(—Rj,"/128(0; V 07)7) ) -
Collecting all error terms, every term is less than
of* (14 7} /m5)VdO ((R§1/UT)3 exp(—R5y*/128(0F V 07)%) + (R /07)" exp(—Rj, */64(0} v 01‘)2)> :

By Lemma 26, the entire summation is smaller than co’}?751/d for some small constant c. Recall
that v/d will be divided by d in the end.
Errors from own component j = 1: We will walk through the same procedure. The first term is:
— U u u\T * 2 *2 u2
enr = [Ep, [wi(1 — wi)(X — pt)" (m1 — 1) ([[v]|” — do17)]/ o
< 2Dy sup Ep,[(1—wi)(|o]* — dof*)(X — uf, 5)] /07

sesd—1
< 2Dy, sup > Ep, [wi(|Jo]|* = doi*)(X — Y, s)]/o}
seSd-1 1#1
2 *2
<2Dm\/1[§p1 [([[v]|? — dot%)?] /o] sup Z\/ED1 [wi(X — py, s)?]
s€Sd-1 1#1
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< DpVdo7O | ) (1 + 7} /7)ot exp(— R}y % /128(af v 07)?) |
I#1

which is smaller than ¢D,,,v/do for some small ¢ by Lemma 26.
Similarly, the second term can be bounded as

er2 = Ep, [y wiwi(X — ui) (e — p)(|[v* — doi?)]/o}?

1#£1
<20, sup En[wi(ol]* — dori®)(X — uf ) /o
1#1 seSd—
<2D,, sup S Ep, [uf'(Jv]® — doi*)(X — it s))/of
seSd—1 1#1
< 2D,\[Ep, [(J0]]? — dot®)? sup 7 y/Ep, [wf (X — ut,)?)/0}2
seSd-1 I1#£1
< CD \/go'l y

for small constant ¢, where in the last step we used Lemma 27.
e13 and ey4 can be bounded similarly. Finally, e;5 can be bounded as

€15 = ’Evl [wi’(l —wi)(Jol® = doi?)(1X — ui|? — dot?)/(201%)| (0} — 07?) /o1

< (2D /o7*Vd) Y Ep, (ol = doi)wi (o + (uf = ut)|]? = doi® + d(o” - UW}

1#£1
< (2Dm/o1*Va) Y Ep, [wp (o] = doi?) ((l0ll? = doi?) + 2Dmoi (v, 5) + D20t + DotV
1#1
< (20n/01Vd) S \JEp, [wfly/Ep, [le]]2 — do7?)4] + 2D ot /o, o, s>2MEDI[<HvHZ — dot?)?]
1#£1

+ (DuVd + D)ot [Ep, [wp]\/En, [([o]2 - dot?)?]

Then, we are summing over O ((1 + 7} /7})(Ru /o) exp(— R}, ?/128(0} Vv o7)?)) for I # 1,
which is bounded again with Lemma 26. Dominating error bound is therefore e;5 < cD,, \/&J}‘Q
again for small constant c. We follow the similar procedure for the final term ejg.

e16 = [Ep, | S wtef(IX — uil]? — doi®)(I1X - i |2 - do}®)/(2012) | (07 — 072) o>
1#£1

< (2Dm/Vd) Y (1/07)Ep, [whup (o] — doi®) (ol - doi?) + 2Ry (v, 5) + 2R + d(o7” = 1) |
1#1

< (200/Vd) Y- (1/0}) (ED1 [wi(0]2 = do*)?| + 2Ep, [Riyui'(v,s) + B[] - dot)|
1#£1
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+Ep, [w] (0] — dot?)d(o1” — 07 *)] + Ep, [wf'(Jv]|* — do}?)d(o}* — 072)]> :

The remaining steps are bounding each four term in the summation.

Ep, [w ([v]]* — doi*)’] < y/Ep, [w}] \/ED1 [(lvl? = doi?)4]

< O (dot(1+ i /5) exp(—Rjy > [128(07 V o1)?) )

where we used (31) for bounding fourth order central moment of degree-d chi-square random variable.
The second one is

2REEp, [wf (v, 5) + Ri) (0] = doi®)] < 285, \/2B, [wf (v, )2 + By )\ Ep [(v]2 — doi?)
< O (VAR 01> (1 + 7 /1) exp(~ Ry /128(07 v 01)?))

Third term we will use Lemma 22 to get,

d(o}? — o )Ep, [wf (Jv]]? — do}?)] < d(0%? — 072)\[Ep, [wt]y/Ep, [(Jo]2 — do}?)]
< O (VaRj (o7 v of) exp(~Rjy* /128(of v 07)2)V2do1?)

and finally we have

d(o? — o), [wf(|[v]> — dot®)] < VD07 /Ep, wi]y/Ep, [(v]2 — dot?)]
<0 (\/&a,*? exp(— R 2/128(07 V ai‘)z)\/ﬁﬁ&) .

Now, we can collect all terms and bound e1¢ as

e16 < VdDpmot?0 [ > (R /of)?(1+ 7 /7}) exp(—Rjy?/128(07 V 07)?) | < eVdDpot?,
1#1

with small constant c.

Errors from all components: Now we have that errors across all components can be bounded as

k
Zﬂ;(eﬂ +...+ejp) < Tre(DpVdot?)

J=1

+e(DpVdoi?)O | Y (w4 77)(Rj1 /o) exp(— R}, /128(05 V 07)?)
i#1
< ¢ Dy Vdot rs,

using Lemma 26 with ¢ = 4. Finally, recalling the errors for variances,

o7 — 01 < ¢ DyVdoint fdrf + it — I/ < caDinot®/Vd,
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where we considered that the mean estimator at the next iteration is also improved. The constant is
cs < 1 given large enough separation between centers of Gaussians. |

In all cases, we can conclude that D, = man(H/L;r — wjll/o}, |7r;r — mi|/7, \/&|0;-r2 -
0;2\/0j2) < 4D, for some constant y < 1.

E.4. Proof of Auxiliary Lemmas
E.4.1. PROOF OF LEMMA 26

Proof We will only show for ¢ = 4 and the other cases will follow similarly. Again, let z :=
RjIQ (0} V 0%)?. Then, since z > C? > 128° by the separation condition, 2 > 512log x. Then the
proof is again trivial:

> (i + 7))pga® exp(—2?/128) < Y (] + ;) pi exp(—a/256)

#1 A1
< Z(ﬂ-f + ﬂ-;)pi(pa/ﬂ-min)_m <K CMmin,
J#1
for small constant c. |

E.4.2. PROOF OF LEMMA 27

Proof If [ = j, upper bound is simply obtained by setting w} = 1.
Ep,[wl (v + 15 — i, 5)?] < Ep, [2(v, 5)? + 2077 D2] < 403>,
If [ # j, then
Ep, [wf'(v + 15 — ', 5)%] < Ep, [wf (2(v, )% + 4R;")] < O (Ri*(1+ i /m) exp (B3> 64(05 v 07)?) )

where we used Lemma 29. Then, summation over [ # j yields

> VEn lwp (v + 5 — ity 5)2) /o < 300 ((Ryy/ot) (1 + i /mi) exp (— Ryp? 128(05 v 0)?) ) < e,
I#j5 I#j

for some small constant ¢ by Lemma 26. |

E.4.3. PROOF OF LEMMA 28

Proof If | = j, then the upper bound can be found by setting w;* = 1. That is,

(1/53%) <\/Epj [(lol2 = do32)?] + 2, /En, [(v, 43 — 2] + d(03” - al“2>>

< (\/ﬁajz + 40;2Dm + Dmajzx/&> sz = 0(Vd).
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Now consider when [ # j. In addition to previous lemmas, we need the fact about chi-square
distribution with degree d. Its fourth central moment is,

Eono,1 (017 = d)'] = 12d(d + 4). 31)

With this fact,

Ep, [wf'(lv]* — do}*)?] < \/on [wi‘]\/EDj[(Hvll2 — do?)1] < 8do (1 + wf /7F) exp(—Rj;* /128(a5 V o7 )?).
Other terms can also be bounded similarly as

Ep, [wf (v, 15 — ui)?] < 2R} Ep, [wf (v, 5)2) < O (1 + i /m5) Ryy*) exp(~ Ry [64(05 V o)),
Ep, [wf] < O ((1+ 77 /7)) exp(— R} /64(} v o7)?).

We use Lemma 22 to bound the value of d(a;fz — 01%)Ep,[w}']. We first remove u superscript as

d(o;* — o*)Ep,[w}] = (d ( —07%) +d(0f* = o} *))Ep, [w}]
< d(0}? - 07 Ep, [w}'] + Vdoi *Ep, [w}].
From Lemma 22, either we have (0;2 of?) < 10R} (07 V 0] )/V/d or

Ep,[uw}'] < O (exp(—dminu,t?) /256) exp(—R%2/64(0 v al*)2)) ,
where t = (07” — of %)/oF?. This gives us

d(03? — 07%) /o *Ep, [w}'] < O((1+ i /n )Ry (0 V of )Wdexp(—R3* /64(0) V o7)?).

Now summing up all terms over [ # j, we get

> Vdy/1 47 /70 (R;ﬁ/al*z exp(—R;%/128(07 V 07)?) + 032 /o1 exp(—R},* /256(0 V al*)?)>
1
< Vd/m3 Y (7 + )0 (R;,Q Joi2exp(—R%/128(0% V 07)?) + 072 o7 exp(— R} /256(0 v a,*>2))
1]
< eV,

for some small constant c. |
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