SUPERSINGULAR j-INVARIANTS, HYPERGEOMETRIC
SERIES, AND ATKIN’S ORTHOGONAL POLYNOMIALS

M. KANEKO AND D. ZAGIER

§1. INTRODUCTION.

An elliptic curve E over a field K of characteristic p > 0 is called supersingular
if the group F(K) has no p-torsion. This condition depends only on the j-invariant
of F and it is well known (cf 62 for a review) that there are only finitely many

supersingular j-invariants in F,. We are interested in computing the polynomial

ssp ()= I G-i®) e Fll.
E/F,
E supersingular

The polynomial describing supersingularity in terms of the A-invariant of E' (defined
by writing E over K in Legendre form y? = z(x — 1)(z — )\)) has a well-known and
simple explicit expression, but a convenient expression for the polynomial expressing
the condition of supersingularity directly in terms of the j-invariant (i.e., in terms of
a Weierstrass model over K, without numbering the 2-torsion points over K) is less
easy to find. In this (partially expository) paper, we will describe several different
ways of constructing canonical polynomials in Q[j] whose reductions modulo p give
$Sp(j). These will be of three kinds:

A. polynomials coming from special modular forms of weight p — 1,

B. the Atkin orthogonal polynomials, and

C. other orthogonal polynomials coming from hypergeometric series.
In the rest of this introduction, we will describe in more detail these various ways
of getting the supersingular polynomials.

A. For any even integer k > 2, let M} denote the space of modular forms of
weight k on I' = PSL(2,Z). We can write k uniquely in the form

k=12m+46+6¢  with meZso, 0€{0,1,2}, e€{0,1}, (1)

and then dim My = m+ 1 and any modular form in M}, can be written uniquely as
f(r) = A(m)™ Ea(7)° Es(7)° F (4 (7)) (2)

for some polynomial fof degree < m in j(7), the coefficient of j™ in fbeing equal

to the constant term of the Fourier expansion of f. (Here A, E4, Eg and j have
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their standard meanings, recalled in §3.) On the other hand, if K = p—1 for a prime
number p > 5, then deg ss, = m + § + ¢ and the polynomial ss,(j) is divisible by
§%(j — 1728)°. We will describe for each k four (three if ¥ = 2 mod 3) modular
forms Fy, Fi, Gy, and Hy, of weight k such that if £ = p—1 then the corresponding
polynomial in j, multiplied by j°(j — 1728)¢, reduces modulo p to the supersingular
polynomial. These forms are defined as follows:

E). is the normalized Eisenstein series of weight k£ ;

Gy, is the coefficient of X* in (1 — 3E4(7)X* + 2F¢(1) X6)~1/2;

Hy, is the coefficient of X* in (1 — 3E4(7)X* + 2Eg(7) X6)/2;

Fy, for k # 2 (mod 3) is the unique normalized solution in Mj, of the differential
equation V2V Fj, = k(ﬁf) E Fy. Here 9 : My — My is the derivation f —
f' — kEyf/12 where f' = (2mi)~Ydf /dT = qdf /dq and E; = A’/A =1 —24q — - -
is the “nearly modular” Eisenstein series of weight 2; the existence and uniqueness
of F}j, will be shown in §3. The first result is then:

Theorem 1. Letk = p—1 where p > 5 is prime and let f be any of the four modular
forms Ej, ljk, Gy, Hjy described above. Then the coefficients of the associated
polynomial f are p-integral and

ssp(j) = £5°(j — 1728)° £(j)  (mod p).

Of these four descriptions of ss,(j), the ones in terms of Hy and Ej are well-
known, the former being a classical result of Hasse and Deuring and the latter a
result apparently first noticed by Deligne (cf. [8]). We will give self-contained and
elementary proofs of all four in §§2-3. We will also give alternate descriptions of Gy,
as the residue at 0 of the %-‘ch power of the Weierstrass g-function and of Fj as
a hypergeometric function. As a numerical example, for £k = 28 the polynomials
F(4), related to the corresponding modular forms by f(7) = A(7)2 Eq(7) f(§ (7)),
are given by

2 5699870640000 ; | 1180807372800000
k\J J 3392780147 J 3392780147

(7) =
k(]) — 33200445803 j2 o 83911435 ] + 176359680,
1(j) = 6608316 j% — 23558895360 j — 1434705592320,
) =

F 391 52 11424 j + 4644864 .

S

Q

S

J

=

and with p = 29 we indeed find

Er(j) = F(j) = —Gu(j) = —Hp(j) = 5% + 25 + 21 = ss,(j) /5 (mod p).

B. The second, and even more beautiful, description of the supersingular poly-
nomials was found about ten years ago by Atkin, who was inspired by a paper of
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Rankin [7] on the zeros of Eisenstein series. However, Atkin’s proofs were appar-
ently never published and are not well-known. One main purpose of this paper is
to popularize and to provide simpler proofs of his discoveries.

Atkin defines a sequence of polynomials A, (j) € Q[j], one in each degree n, as
the orthogonal polynomials with respect to a special scalar product. Recall that, if
V is the space of polynomials in one variable over a field K, and ¢ : V — K a linear
functional, then one can consider the scalar product on V' defined by (f, g) = ¢(fg)
and the family—which for generic ¢ exists and unique—of monic polynomials which
are mutually orthogonal with respect to it. The study of such polynomials, which
we will review briefly in §4, is an old subject and is important in many parts of
mathematics. In our context, we take V' to be the space of polynomials in j; thinking
of j as the modular invariant j(7) = ¢~ ! + 744 + - - -, we can identify V with the
space of holomorphic I'-invariant functions in the upper half-plane H which are

meromorphic at infinity (i.e. f (%) = f(7) for all (Z 3) € I' and f has a Laurent

series expansion f(7) = > ¢pq").

n>—oo
Theorem 2 (Atkin). There is a unique functional ¢ on'V' (up to a scalar multiple)
for which all Hecke operatorsT,, : V.— V (n € N) are self-adjoint with respect to the
associated scalar product (f,qg) = ¢(fg), and a unique family of monic polynomials
A, (j) of degree n = 0,1,2,... which are orthogonal with respect to this scalar
product.

We will prove this theorem, and at the same time give several explicit descriptions
of the scalar product, in §5. We mention only one here. Take the weight 12 cusp
form A(7) = q — 24¢* +252¢> + - - - (rather than q or j—1) as a local parameter for
H/T" at infinity. Then

(f,g9) = constant term of f(7)¢g(7) as a Laurent series in A(7). (3)

The polynomials A,, can be found by the Gram-Schmidt orthogonalization proce-
dure or by the explicit formulas given in Theorem 4 below. The first few are

AO(]) =1,
Ay () = 5% — 16405 + 269280,
12
As3(j) = 5% — %763'2 + 15269585 — 107765856,
Ay(j) = j* — 338453 + 352855252 — 11332636805 + 44184000960 .

The coefficients of A,, are rational numbers in general, but they are p-integral
for primes p > 2n. In particular, if n, (= p/12) is the degree of the supersingular
polynomial ss,, then A, has p-integral coefficients, and we have:

Theorem 3 (Atkin). Let p be a prime number. Then ss,(j) = Ay, (j) (mod p).

The form of this theorem is a little surprising: unlike the descriptions in Theorem 1,
where the polynomials depended separately on m, § and € and we therefore had four
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polynomials of each degree, here the polynomial depends only on n = m+d+¢. Thus
a single Atkin polynomial A,, may have to do duty for as many as four different
supersingular polynomials, if the four numbers 12n — 13, 12n — 7, 12n — 5 and
12n + 1 are all prime, e.g. the supersingular polynomial for each of the four prime
numbers p = 23, 29, 31, 37 is the mod p reduction of the same polynomial Az(j).
For instance, for p = 29 we find A3(j) = j2+242+21j (mod p), in accordance with
the numerical examples given in A above.

Theorem 4. The polynomials A, are determined in each of the following ways:
i) Recursion relation:

_ . 144n* — 29 -
An1(j) = (G- (2n+1)(2n — 1)) An) (4)
g (20 =13)(120 - D20 =512+ 1)

n(n—1)(2n —1)2

for n > 2, with initial values Ay, Ay, As as given above;
it) Closed formula:

oS (A T

i11) Differential equation:

727 = ©)* (%) — 144) AT + j(j — ) [6n%)% — 144(36n° + 7)j + ¢* /3] A}/
[(2n* — Tn?)j® — 48(72n* — 245n? — 30)5% — 4¢(240n” + 413)j + 320c%] A”
[(2n* —n?)j? — 24(72n* — 13n® — 12)j + 2¢(192n? — 107)] A/,

+ [n%) —24(18n* —n?)] A, =0

where ¢ = 1728, and A,, is the unique monic polynomial solution of this equation.

We will give a proof of Theorem 3 from the point of view of modular forms theory
in §6 and a second proof, from the point of view of the theory of hypergeometric
functions and with the recurrence (4) as the definition of the Atkin polynomials,
in §7. (Atkin’s original proof also used modular forms and hypergeometric func-
tions, but involved higher hypergeometric functions ,F;, and was considerably more
complicated.) §7 also contains the proof of Theorem 4 and of other explicit formulas
for A,, in terms of truncated hypergeometric series.

C. In §8 we will show that the polynomials F, (j) attached to the modular forms
Fy (2]k, k # 2 (mod 3)) defined in part A have beautiful expressions as hyperge-
ometric polynomials and also enjoy properties like those of the Atkin polynomials:
not only do their reductions modulo p give the supersingular polynomials, but they
are also orthogonal with respect to a suitable scalar product on a space of modular
functions on PSL(2,7Z). This scalar product does not have the nice property of
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making the Hecke operators self-adjoint, but is in other respects much simpler than
the Atkin scalar product (the scalar product of two monomials in j and j — 1728
is given by a very simple formula). Moreover, the polynomials F}, are given by for-
mulas similar to those in Theorem 4, but rather simpler: they satisfy a recursion of
almost exactly the same form as (4) (more precisely, four recursions, one for each of
the residue classes modulo 12 which occur), but are given by a much simpler closed
formula and satisfy a much simpler differential equation, of order 2 rather than 4.
The detailed statement will be given as Theorem 5 in §8 when we have established
more notation.

The last two sections of the paper contain a few complementary results. As we
already mentioned, the recursion (4) implies that A, (j) has rational coefficients
and is p-integral for p > 2n. But the recursion shows only that its denominator
divides %ﬂ, while from numerical examples we find that the denominators
are in fact far smaller. (For instance, the denominator of Ag(j) is only 34, and
only three of its coefficients are non-integral, and the previous A, (j) have even
fewer non-integral coefficients.) In §9 we will use the closed formula in Theorem 4
to study this phenomenon and some related congruences. Finally, in §10 we will
describe an elementary argument relating the properties of the classical modular
polynomial ®,(X,Y) € Z[X,Y] to the mod p reduction of the polynomial E,_;(j),
and thus the supersingular polynomial. This yields at the same time easy proofs
of some properties of supersingular polynomials which were mentioned in the text
and a partial answer to a question of E. de Shalit [9].

§2. SUPERSINGULAR ELLIPTIC CURVES

The definition of supersingular elliptic curves over a field of characteristic p was
given at the beginning of the paper. We begin by recalling the statement and proof
of the standard criterion for deciding whether a given curve over a finite field F,
(¢ =p", p odd) is supersingular or not.

Proposition 1. Let E be the elliptic curve over F, defined by the equation y* = f(z)
(f € Fy[x] of degree 3), and a, the coefficient of xP~ in f(x)P=Y/2. Then
|E(Fy)| =1 - Ng,/r,a, (mod p).

Corollary. FE is supersingular if and only if a, = 0.

Proof. For x € F, the number of solutions in F, of y* = f(z) is equal to 1 +
f(2)@1/2 (namely, to 0, 1, or 2 for f(z) ¢ (F,)?, f(x) =0, or f(zx) € (F)?,
respectively). Counting also the point at infinity, we find

BE) =1+ (1+f(x)"T) nF,.

x€lF,

Since the sum over z € F,, of 27 equals —1 for j = ¢ — 1 and 0 for all other j in the
range 0 < j < 3(q¢ — 1)/2, this gives

|E(Fy)| =1-aq4 in Fg,
5



where a, denotes the coefficient of x9~! in f(x)@~1/2, (In particular, a, belongs
to F,, and not merely to F,.) But from the expansion

p—1

. f(p"’l) (xp"*l)T :

p—1

F(@) T = fo) T ) ()P ) (47)

where (") is the polynomial obtained from f by raising all its coefficients to the p/-
th power, we see that a, = a%,“’*“‘“’r_l = Ny, /r,(ap). This proves the proposition.

To prove the corollary, note that if a, = 0, then |[E(Fp)| = 1 # 0 (mod p)
for all n, so E has no p-torsion over F,. Conversely, if a, # 0, then |E(Fyn)| =
1—(Np,/r,ap)" is divisible by p for n divisible by the order of Ng_/r, (a,) modulo p,

so E(F,) does contain p-torsion.

We now write out the contents of the corollary explicitly in terms of the standard
Weierstrass equation. This will give the proof of Theorem 1 in the case f = Hy.
Suppose that p > 5. Then any elliptic curve over a field K of characteristic p can
be written in a Weierstrass form

E: yv*=2°-3Qr+ 2R, (5)

where the factors —3 and 2 have been included to coincide with traditional notations.
(If @ and R are replaced by the Eisenstein series E4(7) and Fg(7) then (5) is an
equation of the elliptic curve C/(Z7 + Z) over C with j-invariant j(7).) The j-
invariant of E is equal to @Q3/A, where A = (Q3 — R?)/1728. We define a graded
homogeneous polynomial H,_1(Q, R) of degree p — 1 in @ and R (where () and
R have degrees 4 and 6, respectively), the Hasse polynomial, as the coefficient of
2P~ in (23 — 3Qx + 2R)P~Y/2] 50 that the modular form H, ;(E4(7), Es(7)) is
the same as the modular form of weight p — 1 denoted H,_;(7) in the introduction.
As explained there, we can write this polynomial in the form

H,_1(Q,R) = A"Q°R° H,_,(j)

for some polynomial pr_l € Z[j], where m, 6 and ¢ are the numbers defined by (1)
with £k = p — 1. They are given explicitly by

p} 5:{0 if p=1 (mod 3), 52{0 if p=1 (mod 4),

m= i 1 ifp=2 (mod 3), 1 ifp=3 (mod 4).

(6)

It now follows from the corollary above that, at least in the case K C I_Fp, the curve
E is supersingular if and only if 5°(j — 1728)°H,_1(j) = 0 and hence that

s5p(7) 1 7°(F — 1728)° Hy,1(j) -

The fact that the two polynomials agree up to a constant, as claimed in Theorem 1,
therefore follows from the well-known formula

ny ((=degssy(j)) = m+9d+e, (7)
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but to make the paper self-contained we give a direct proof. It suffices to show that
the polynomial j°(j — 1728)°H,_1(j) has no multiple roots, since we have already
shown that it has the same zeros as ss,, which is square-free by definition. We first
treat the roots 0 and 1728. From the expansion

p—1 p—

p—1 — 1 p=3
(¢° = 3Qu +2R)"T = («° +2R) 7 — 35— Qu(a*+2R) 7 + 0(Q?)
we find

(Zj:) (2R)*F +0O(Q) if p=1 (mod 3)
11?——1(697}%) == ’ p—3 s
—3 % (pTEQ) (2R) s Q+0(Q? if p=2 (mod 3)

and hence in both cases that ﬁlp_l(O) # 0 (mod p). A similar argument works
for j = 1728. That the other numbers in F, cannot be multiple zeros of pr_l(j)
follows from the fact that this polynomial satisfies a second-order linear differential
equation with polynomial coefficients and with leading coefficient j(j — 1728). (We
will show in §3 that I;Tpfl and ﬁpfl agree modulo p, and the differential equation
for the latter is a simple translation of the definition of Fj, given explicitly in §8.)
This implies that any common zero in F), \ {0, 1728} of ]?Ip_l and its first derivative
would be a zero of all higher derivatives and hence have infinite order, which is
impossible. (Note that since we are in characteristic p, this argument would fail if
I;Tp_l were a polynomial in 57, but this is not the case since deg flp_l =m < p.)

Remark. We have proved in particular that there are only finitely many supersin-
gular invariants in F,, as mentioned in the introduction. In fact, one knows that
these are the only supersingular j-invariants (i.e., the j-invariant of a supersingular
elliptic curve over any field K of characteristic p lies in ]Fp), and also that they
all lie in [Fj2 (equivalently, ss,(j) factors into linear and quadratic polynomials
in F,[j]). For proofs we refer the reader to [3] and [1], which are the two basic
references for the theory of supersingular elliptic curves. In §10 we will give an
elementary proof of the fact that all roots of ssp(j) lie in F,2 (using the formula

ssp(7) = §2(j — 1728)° ~p_1(j), which will be established in the next section), as
well as another proof of the simplicity of the zeros # 0, 1728 of H,_1(j) (mod p).

§3. MODULAR FORMS AND SUPERSINGULAR POLYNOMIALS

Our object now is to prove Theorem 1 of the Introduction. We begin by giving
the definitions of the special modular forms Ej, Fi, Gk, and Hy in more detail. For
k even and positive we denote by By the kth Bernoulli number and by Ej(7) the
kth Eisenstein series

B =1- 2 (S =

n=1
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It is a modular form of weight k for £ > 4 and for £ = 2 is “nearly modular”:

ar +by, 9 6 a b

2(07+d) —(CT+d) EQ(T)—FEC(CT—Fd) ((C d) EF) (8)
We also define A = (E3 — E2)/1728 € M1 and j(7) = E4(7)3/A(7), the modular
invariant. From (8) it follows easily that

E2 - E, E>Ey — Eg EyEg — E3

12 3 B 2 ’
and more generally 9 (f) = f' — %ng € My for any f € My, where ' denotes
differentiation with respect to 2mir. If k is represented as in (1), then any f € My
has a zero of multiplicity > § at 7 = e™/3 and a zero of multiplicity > e at 7 = emi/2
and hence is divisible by E{Eg, and it follows that f has a representation as in (2)
with f a polynomial of degree at most m.

If k+4 # 0 (mod 3), then every element of M}, is divisible by Fy4, so we have an
endomorphism ¢, of M, defined by éx(f) = E;y *0ri2(0%(f)). Since the constant
term of @i (f) is ki := k(k+2)/144 times the constant term of f, this map preserves
the codimension 1 subspace of cusp forms and induces on the quotient space the
map multiplication by k. It follows that ki is an eigenvalue of ¢p. If we pick
some corresponding eigenvector Fj, then the other eigenvectors are the modular
forms A'Fy_19; (1 < i < m) with eigenvalues ki_12; # ki (because ¥ o A® =
AP0 _19; and dim My, = m+ 1), so F}, is unique up to a normalizing factor, which
we will fix later when we give natural formulas for Fj in terms of hypergeometric
series. Together with the definitions of Hj and Gy given in §1, this defines the
four modular forms Ey, Fj, Gy, Hy € M. (The letters E, F an H are meant to
suggest Eisenstein series, hypergeometric function, and Hasse invariant, while the
remaining letter fills the gap.) We will prove that for any prime number p > 5

By 1(j) = Fpur () = (1) Gpoi(j) = (-1)°  Hyq(j) (mod p)  (10)

El = E} = E! A =EA  (9)

and

ssp(7) = (=1)°*°j° (j = 1728)° Hp—1(j)  (mod p), (11)
which together form a slightly more precise version of Theorem 1. (Here and in
what follows, § and ¢ are defined by (6).)

Equation (11) was already proved in the last section, except for the value of the
constant (—1)°*%. Since ss, is by definition monic, we only have to compute the
leading coefficient of ITIp_l. The leading coefficient of the polynomial f( j) for any
modular form f € My, is just the constant term of the Fourier expansion of f, i.e.
the limiting value of f as ¢ — 0. Since E; and Eg have the value 1 at ¢ = 0,
this number for ]?Ip_l is just the coefficient of XP~1 in (1 — 3X* 4 2X6)(p=1)/2 =
(1—X2)P~1(142x2)P=1/2 and from

p— 1 - sz p— p— b—
(1-X2P~1(1 +2X2)"7 = — [+ 2X%)"7 —3"7 +3"7 ]
= (1 — X°?) (polynomial of degree p —3) + (5)ﬁ (mod p)
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we find that this coefficient is congruent to (%) = (—1)%*¢ modulo p, as claimed. We
remark that the evaluation of the constant in (11) would also follow from equation
(10) which we will prove independently, since both ss, and Ep_l are monic.

We now proceed to equation (10). The congruence ép_l = f[p_l (mod p) is
obvious, since the generating functions of the modular forms G, and Hj differ
by a factor (1 — 3E,X* 4 2EsX%)P/2 = 1 + O(XP) (mod p). For the congruence
between épfl and E’p,l we again use a generating function. Consider the elliptic
curve over C with Weierstrass model (5), where Q = E4(7), R = Eg(7). It can be
parametrized in a well-known way by the Weierstrass p-function (here renormalized
to keep coefficients rational), namely by = = P(u), y = —%P’ (u) where

. 12"/2B,, e
Pluy=u?—- > —n(n_Q)!En(T)u 2

n>4, n even

(B, = nth Bernoulli number). Therefore the change of variables X = P(u)~!/? =
U+ ... gives

dX
Gk = ReSX:()
Xktl /1 —3E,X%* +2F4X6
= Resy_o P(u)" % du
k41

1272 kD
. k- n n
= coefl. of u” in (1 — n>§ven n(n——2)| En u )

Now take k = p — 1 and observe that B, E, /n! for n < p —1 is a polynomial in E,
and Eg with p-integral coefficients, while p B,_1/(p — 1)! =1 (mod p), so

12"/2B » p=1
— - 7n n — p—1 P
(1 § n(n_Q)!Enu)2_1+122 E,_1u?™' +0(u”)  (mod p).

n>4 even

Using 12(°=1)/2 = (2) = (—1)°*¢, we obtain the desired congruence for G,_.
Finally, we have to consider Fy. This function was defined (up to a constant)
as the unique modular form annihilated by the operator ¥;419% — ki E4. Since
for k = p — 1 the eigenvalues rj_12, (0 < 7 < k/12) of the operator E; 05419}
remain distinct after reduction modulo p, this characterization remains valid also in
characteristic p. (By a modular form of weight & modulo p we mean a polynomial
in £, and Eg of the right degree with coefficients in F,.) But using formulas (9) we

find that

kE+1 k(k+1
(?91:+219k:—/<&kE4)f:f”—LEQf"" (k+1)

E/

6 o 2

and this certainly vanishes modulo p if k = p — 1 and f is E,_1, since then the

Fourier expansion of f reduces to 1 mod p. The proportionality of E,_; and Fj,_;
9



modulo p follows. To get the exact constant of proportionality in (10) we still have

to normalize F}, which we have not done. For reasons to be explained in §8, we will
do this by

k=5
constant term of the Fourier expansion of Fy(7) = (—1)™ ( 6 ) , (12)
m

where m is defined as in equation (1). For k& = p — 1 the right-hand side of (12) is
clearly congruent to 1 modulo p. This completes the proof of Theorem 1.

§4. ORTHOGONAL POLYNOMIALS

In this section we review what we will need from the theory of orthogonal poly-
nomials. Let V' be the vector space of polynomials in one variable over a field K and
(, ) ascalar product on V of the form (f,g) = ¢(fg) where ¢ : V — K is a linear
functional. (For the classical orthogonal polynomials, and also for the ones we shall

be considering, K is a subfield of R and ¢ has the form ¢(f) = ff f(X)w(X)dX
for some real numbers a < b and some positive function w on (a,b).) Applying
the Gram-Schmidt process to the basis {X"},,>¢ of V, we obtain a unique basis of

orthogonal monic polynomials P,, by the recursion

P = X" = 3 (),

provided that at each stage the scalar product (P, P,,) is not zero. (This condition
is satisfied generically and is automatic for ¢ of the special form mentioned above,
since then (f, f) > 0 for all f # 0.) The next proposition describes the recursive
calculation of the polynomials P, (X), assuming this non-degeneracy condition.

Proposition 2. i) The polynomials P, satisfy a three-term recursion of the form
P (X)= (X —ap) Po(X) — by P11 (X) (n>1) (13)

P, Py,
R,
(Pn—l, Pn—l)

ii) Define a second sequence of polynomials {Qn}n>0 in K[X] by the same re-
currence as in 1), but with initial values Qo = 0, Q1(X) = ¢(1). Then

for some constants a,, b, € K, b, =

?3:(())?)) = ®(X) + O(X 1) € K[[X'] (14)
where
O(X) = g X" eK[XT], g = (X" 1) = o(X"). (15)
n=0

This property characterizes P, (assumed to be monic of degree n) and Q,, uniquely.
10



i11) Define numbers A\, € K (n > 1) by the continued fraction expansion

g0+ g1z + gaa oo = o € Kl (16)
)\21‘

1—

1—

Then all \,, are non-zero and a, = Aap + Aan+1, bn = Aap—1A2n forn > 1.

Proof. i) Since the P,(X) are monic, we have X P, = P11 + annPp + -+ + ano Py
for some constants a,.,, € K. The orthogonality of the P,, and the fact that the
scalar product of two polynomials depends only on their product imply that

0 if m<n-—2,

nm Pmypm - XPum = Pn;XPm - .
i ( )= )= ) {(Pn,Pn) ifm=n-—1.

This proves the assertion (with a, = ann, by = app—1)-

ii) From the definitions, (f,g) is just the coefficient of X ~! in the Laurent series
f(X)g(X)®(X). In particular, the fact that P, is orthogonal to all monomials of
degree < n says that the coefficient of X "1 in P, (X)®(X) vanishes for 0 < r <
n — 1, i.e., that we have

Pp(X) @(X) = Qu(X) + O(X™"7") € KX, X7']] (17)

for some polynomial @, (X) of degree n — 1. (Here K[X, X !]] denotes the ring
of Laurent series in X !, i.e. sums of polynomials in X and power series in X !,
where X is to be thought of as large.) Reversing the argument shows that property
(17), which is obviously the same as (14), is equivalent to the orthogonality of P,
with all lower degree polynomials and hence characterizes the (monic) polynomial
P,, completely, as asserted. Finally, from (17) and the recursion (13) we find that
Qnt1(X) = (X —an)Qn(X)+b,Qn-1(X) = O(X ™), so that this expression, which
is a polynomial, must vanish for n > 1. Hence the @),, satisfy the same recursion
relation as the P,, with Q¢ = 0, Q1 = go.

i11) Define another vector space V* as K[Y| with scalar product given by (f,g) =
Y(fg), where (Y™) is 0 for n odd and g, /o for n even. Then we get a family of
orthogonal polynomials P(Y') by the same construction as before. Since odd and
even polynomials in Y are orthogonal to each other, it is obvious by induction that
P} has parity n for all n (i.e., the even- and odd-index polynomials are even and
odd, respectively), so the first part of the proposition applied to (V* 1) gives a
recursion of the form Py ,(Y) = YP;(Y) — A\, P;_, for some non-zero constants
An = (P, PY)/(Pr_y,P}_;) € K. The argument of ii) gives a sequence of compan-
ion polynomials Q to the P} (of degree one less, and hence of opposite parity) for
which the rational functions Q7 (Y)/P}(Y) are the best possible approximations at
infinity to > g»Y ~2¥71, and they satisfy the same recursion Qni1=YQ,— Q1
as the P*’s. From this one gets by induction on n the formula

S Qi) _ (o ON(Y 1\ (Y 1
P, P v 1)\ =X o0 “An 0)°
11



This translates by a standard calculation into the continued fraction

}/—1 * Yf N 1
s = QZH( ) - B+ T+ e + O
L ALY P (Y) Yy Y y?2n yan
AyY 2
1__ 2
1o\, Y2

Setting 2 = Y =2 and letting n tend to infinity, we get (16). Finally, the recurrence
satisfied by the P implies the recurrence P 5 = (Y2 =X, = A1) P — A1 A Py
for the P of a given parity. But V can be identified via X = Y2 with the even part
of V*, with compatible scalar products, so Py, (Y) = P, (Y?). The relation asserted
in the proposition between the coefficients a,, and b, and the numbers \,, follows.

Remark. From the proof we see that the necessary and sufficient condition for the
scalar product defined by ¢ to be non-degenerate (in the sense that (P,, P,) # 0
for all n) is that the power series »_ g,z™ has a continued fraction expansion
as in (16) with go and all A, different from 0. We also see that if ( , ) is
positive definite then the numbers b, = A2,_1A2, are always positive, and if
(f,g) = f;f(X)g(X)w(X)dX with w > 0 and a > 0 then all A, are positive.
(The condition @ > 0 is equivalent to the scalar product on V* being positive
definite, and then \,, = (P}, P})/(P; ¥ 1) >0.)

n—1"+ n—1
§5. THE ATKIN SCALAR PRODUCT AND THE ATKIN POLYNOMIALS

We gave one definition of Atkin’s scalar product in §1. The following result gives
several alternate descriptions. Recall that V' is the set of I'-invariant holomorphic
functions on H which grow at most like ¢~ at infinity for some IV, that V coincides
with the set of polynomials in j, and that one can take ¢, 77! or A as a local
parameter at infinity, where ¢ = €2™7, j = j(7) = ¢~ + 744 + 196884q + - - - is the
modular invariant, and A = g — 24¢® + 252¢> + - - - is the discriminant function.

Proposition 3. The following four definitions of a scalar product on V' coincide:
i) (f,g) = constant term of fg as a Laurent series in A ;

ii)  (f,g) = constant term of fgFE2E,/Eg as a Laurent series in j~ ! ;
iti)  (f,g) = constant term of fgF> as a Laurent series in q;

. /2 i i

i) (f,9)="2 [T/2 () g(e?)db.

Corollary. The scalar product ( , ) is positive definite on Vg = R[j].

Proof. The equivalence of the first three formulas is immediate by writing the con-
stant terms as 1/(27i) times the corresponding residues and using the formulas
dA d Es(1)E dj
(7) = 27i Eo(7) dm = E5(T) 4 2(1) Ea(7) j(T) :

A(T) q Eg(r)  j(7)
For the fourth, we use the global residue formula: Let F, denote the standard

fundamental domain of T', truncated at some height a > 1 (i.e., the domain |z| < 1,
12




22 +y? > 1,y < a, where 7 = x + iy). The integral of f(7)g(7)Ex(7)dr over
the top edge of this domain equals (f,g) by formula (iii), so the holomorphy of
fgE> implies that (f,g) is also given by the sum of the integrals over the rest of
the boundary, taken with the appropriate signs. The integrals along the vertical
edges ¢ = :i:% cancel because fgF5 is periodic of period 1. Replacing 7 by —1/7 on
the left half of the bottom edge and noting that f and ¢ are invariant under this
transformation, we find that (f,g) equals the integral along the arc from e™/3 to
e™2 of [Eo(1) — 772 Ey(—1/7)]f(7)g()dr. But the expression in square brackets
equals —6i/77 by the transformation law (8) of Es, and this, with 7 = €%, gives
formula (iv).

The corollary follows immediately from (iv), since j(e%) is real for § € [7/3, /2]
and consequently f://; f(e)2df > 0 for f(r) any non-zero polynomial in j(7) with
real (or a fortiori, rational) coefficients. Note that formula (iv) can be rewritten in

the form
1728
(ho)= [ 1aiuyd.  w6) = 200)

(here and from now on we will commit the standard abuse of notation of using the
same letter to denote an element of V' thought of as a function of 7, ¢, j or A,
indicating by one of these letters the argument intended), where 6 : [0,1728] —
[7/3,7/2] is the inverse to the monotone increasing function 6 — j(e?®). A graph
of the function w(j) is given in Figure 1.

By the results of the last section we now deduce that (i) there is a unique sequence
of monic orthogonal polynomials A, (j) of degree n; (ii) the scalar product of two
monomials ;™ and j™ equals g, m, Where g, is the coefficient of j(7)~"~! in

_ Ex(1)Ey(7)

1 2
B(r) = 720

2 =g —24¢%> +196812¢° + - = —— + —
Eg(7)j(7) i ()2

(iii) the A, are the denominators of the best rational-function approximations to
®; and (iv) they satisfy a recursion of the form

An1(7) = (7 = Qan + A2nt1)) An(d) — Azn—1A2nAn-1(4) (18)

<

where the )\, are positive rational numbers defined by the continued fraction ex-
pansion of ® with respect to 1/j. Computing numerically, we find that the first few
values of g, = (5™,1) and A, are given by

go=1, g1 =720, go=911520, g3 = 1301011200, g4 = 1958042030400,
2001

A =720, Ao =546, A3 =374, Ny =475, s =

In §7, in connection with hypergeometric functions, we will show that

720 ifn=1,
An = (D) (19)
12(6—1—71_1);6—1—7) ifn>1,



giving the explicit recurrence written in part (i) of Theorem 4 of the Introduction.
However, this recurrence is not needed for the proofs of the two most important
properties of the Atkin polynomials, their Hecke invariance and their relationship
to the supersingular polynomials in characteristic p, to which we now turn.

Proof of Theorem 2. For k € 7Z let Vi, denote the space of holomorphic functions in
‘H which transform like modular forms of weight £ and have at most exponential
growth at infinity (i.e., Vj is the degree k part of the graded ring C[Ey, Es, A™1]).
Note that V' =V}, and that V5 coincides with the set of derivatives of functions in
V. We define Hecke operators on Vj by

T+b
(W)@ = Y e () (meN. e,

(% 4) erwm,

where M, denotes the set of 2x2 matrices with integral coefficients and determinant
n. (This is not the standard normalization of T}, unless k = 2, but will turn out
to be a more convenient normalization when we study both positive and negative
weights.) Notice that this formula makes sense only for f € Vj, since the expression
(cr+d)Ff (%) will not be independent of the choice of representative in '\ M,
if f is not modular, but the “Hecke operator at infinity”

ad=n_b (mod d)
d>0

a,

makes sense for any 1-periodic function f and agrees with |,T;, if f € Vi because
n

the matrices (8 Z) with 0 < b < d = — are a set of representatives for '\ M,,.
a

We claim that

Resoo ((f[6T5°) - h) = Resoo (f - (hl2—#T5°))  (f, heClg~'ql])  (20)
and
(9E2)|2T° = (gloTn) - B2 (mod Vo) (g9 € Vo), (21)

where Resy, (F) for a 1-periodic holomorphic function F' on H denotes the residue
at infinity of 2miF'(7)dr, i.e., the constant term of F as a Laurent series in g.
Theorem 2 then follows using description (iii) of the Atkin scalar product and the
fact that VV5 C V5 and that Res,, vanishes on Vs:

(floTns 9) = Resoo ((floThn) - g - Ba) = Reseo (f - (9E2)[2T,°)
= Resw (f ’ (g|0Tn) ’ EQ) = (f7 g|0Tn) (f? g€ V) :

To prove (20), we check that T);° acts on Fourier series by

(AT =02 3 Y A

ad=n r

14



and consequently that

RGSOO((f|kTsO) h’) = nk/Q Z Zdl_kAdrB—ar

ad=n T
=n' 72 3" TN B A s = Resao (f (hla—iT5%))
ad=n S

for f =>  A.q", h = Bsq®. For (21), we use the well-known fact, equivalent to
3

the transformation equation (8) in §3, that Es(7) = E3(7) + —, where y = (1)
my

and the non-holomorphic function £3(7) transforms like a modular form of weight 2.
Denoting by V5" the space of functions with the last property, and observing that
VVy C V5 and that |27, preserves V5", we have

SH

(9 B2)[2T° = (g0Tn) B2 = = ((9y™ H)2Ty° = (9loTw)y™")  (mod V5).

The right-hand side of this formula vanishes by virtue of the calculation

Gy IRIR)0= Y o) () =y gL ).

ad=n
b (mod d)

so the left-hand side, which is holomorphic, belongs to V5 as claimed.

The uniqueness clause in the theorem is easy to prove. Any functional ¢ : V. — C
as in Theorem 2 annihilates the polynomials h,, = j|T;, -1 — j - 1|T}, (n > 2) and
h* = j2|Ty-j— j?- j|T>. But these polynomials span a codimension 1 subspace of V,
since deg h,, = n and h* is not a linear combination of the h,’s, so ¢ is unique.

Remark. One can prove in the same way the more general adjunction formula

(f|an7 g) = (f7 gl—szn) (f € Vka g € V—kz)7

where the pairing (, ) : Vi ® V_i — C is defined by (f,g) = Reso(f - g - E2).

§6. “MODULAR” PROOF OF THEOREM 3

We saw in the last section that the Atkin polynomials are the denominators of
the best rational approximations to the function ® = EyF,/Egj, considered as a
function of j near infinity. If p > 5 is a prime, then we know that the Eisenstein
series F,_1 and E,y; are congruent (as power series in ¢ and therefore also as
power series in 1/j) to the constant function 1 and to the Eisenstein series Fs,
respectively, so we can replace ® modulo p by the modular form E,1E,/E,_1Egj,
which has weight 0 and hence is itself a rational function of j. This rational function
is then a perfect, and hence certainly a best possible, approximation to itself, so its
denominator must be (the mod p reduction of) the corresponding Atkin polynomial.
But this denominator is essentially Ep_l, and hence essentially the supersingular
polynomial for p by the result of §3. We now give the details of this argument.

15



Let p be a prime > 5 (Theorem 3 is trivial for p = 2 or 3), and define m, §,
and € by (6). They coincide with the m, §, and € of (1) for weight & = p — 1,
while the corresponding numbers for weight p +1 are m+§ + ¢ — 1, 2(1 — §), and
1 — ¢, respectively. Equation (2) for the Eisenstein series E,_; and E, 4, therefore
becomes

) i d+e—1 2—28 pl—e 1
E, 1=A"E)E{E, 1, Ep=A"TtlEITYETTE, G,

SO

= EQE4 = Ep+1E4_ = Ept — (mod p).
Eej  Ep—1Eej (5 — 1728)¢E, 1

The right-hand side here is a rational function whose denominator is ss,(j) (mod p)
by the result of §3, while the numerator is a polynomial of degree m+9 + ¢ — 1 =
np, — 1. On the other hand, ® is equal to B,(j)/A.(j) + O(j72"~1) for any n by
equation (14), where A,, is the nth Atkin polynomial and B,, a certain polynomial
of degree n — 1. Taking n = n, and multiplying A, and B, if necessary by a
common power of p to make A, p-integral and primitive modulo p, we obtain

E~p+1(j) . 2n,—1
=0 = = "o m
55,0)) . +0(j ) (mod p)

o

where Anp and Bnp are polynomials over [F, of degree < n, and < n, — 1, re-

spectively. Multiplying this identity by A, (j)ssp(j), we find that the expression
B, ssp— Ay, Eptl is O(j7!) as j — oo and hence, since it is a polynomial, valiishes.
If we show that E,1(j) is prime to ss,(j), then it follows that ss, divides A, (j)
(mod p) and hence, since A,,, is monic of degree n,, that A, indeed has p-integral

coefficients and reduces to ss, mod p. This coprimality assertion is a consequence
(since ss, has no multiple roots) of the identity

- Ssp'(j)

Ep1(7) 5—1288;@)—}—85 +6e ssp(J)

] j— 1728

which in turn follows from the formulas

d
129, 1 E,_1 = 12¢ d_q E, 1—(p—1)EE, 1 =E = E,;; (mod p),

(ﬁp_lEp_l)N = —j(s(j — 1728)5 (% + m + %)Ep_l .
This completes the proof.

We remark that the last steps of the proof could have been simplified if we had
used the formula (19), which will be proved in the next section, for then it would
follow (i) that the coefficients in (18) are p-integral for n < n,,, and consequently that
Ay, (j) is a polynomial with p-integral coefficients and can be reduced modulo p, and
(ii) that the mod p reductions of A, and B, are coprime (because A, B, 1 —
By, Ap, 1 = £by---b,,_1 # 0 (mod p)). It then follows by an argument like the
one above that the reduction of A, divides, and hence, since it is monic, equals,
8Sp.

16



§7. HYPERGEOMETRIC ASPECTS OF A, (j) AND ss,(j)

Recall the definition of the classical Gauss hypergeometric series F' = oF} :

0o oo (—a)\ (—b
Flaben) =3 @20 g S5 Ldla) ey <y
n=0 (C)n n=0 ( n )
where (a),, denotes the “ascending factorial” a(a +1)---(a +n —1). (The minus
signs in the second formula are because Gauss chose to use ascending rather than
descending factorials.) If ¢ = —k is a non-positive integer, then F'(a,b;c;x) is not
defined, since all terms after the kth have infinite coefficients; if instead a or b is a
non-positive integer, then F'(a, b; c; x) is a polynomial. In this section we will relate
the Atkin polynomials to hypergeometric and truncated hypergeometric series, and
use this relationship to give a second proof of Theorem 3 and to prove the various
formulas for A,,(j) given in Theorem 4 of the Introduction.

We first define four monic polynomials UZ, V2 of every degree n > 0 by the
formulas

3" F (35, 13 1 H28) = Un(5) + 0(1/5)

JPH (G = 1728) F (35, 13 15 128) = Un () + O(1/5)
(G —1728)" F (35, 55 1 =) = Vi (4) + O(1/4)
JU=1728)" 7 F (3, 1331 mhaay) = Va (7) + O(1/5)

as j — oo (truncated hypergeometric functions).

We will prove two results about these polynomials: that the Atkin polynomials
can be expressed as linear combinations of them, and that their reductions modulo
primes give the supersingular polynomials. Together, these give a second proof of
the relation between the Atkin and the supersingular polynomials. But now we
will take the recursion relation (4) rather than the orthogonality property with
respect to the Atkin scalar product as the defining property of A,,, so that the new
proof is simpler or more complicated than the first one we gave depending on which
definition of the A,,’s one considers to be the more fundamental one.

Proposition 4. The functions A, (j) (n > 0) defined by the recurrence and initial
conditions given in part (i) of Theorem 4 have the following expressions in terms
of the polynomials introduced above:

A) = 0 (12 (" Iﬁ) (” ;ﬁ) (2”7; 1) U0,

m=0
A4,() = mio<—12>3m (LR () v,
ay= > (M E) () (7 )
A= 3 1 (” ;_) (” f) (2”7; 1)_1v;_m<j>



Proof. We will prove only the first of these formulas (which is the same as the
formula given in part (ii) of Theorem 4), the other cases being similar. Denote the
expression on the right of this formula by A%. The equality A2 = A, is checked
directly for n < 2, so we must prove the recursion A%, = (j — a,)A2 — b, AV _,
where a,, and b,, are the rational functions of n occurring in formula (4). We can
rewrite the definition of A% as A% ="}, ¢(n, k)UY with

- ()
c(n, k) = ¢(n,0) - 1273 (Z) (—kn) (_5212) -1 (_11/12) . |

Then, noting that jUP = UP, | — 123++3 (}1&2) (7k54{12)7 we find

Ap1(9) = (G = an) A3 (§) + bn Ay 1 (j)

= cin+1,k) —c(n,k—1)+ay,c(n, k
Z}( ) — e ) + ancln, k) -

— —1/12\ [(—5/12
. 0 3k+3
+ by, c(n—1,k)] Uy —|—kE_012 (l{:—i—l)(l{:—kl)dmk)

for n > 2, where we have set ¢(n, —1) = 0 and used that ¢(n,n) =1, ¢(n—1,n) = 0.
We can check directly that the coefficient of Uy on the right equals 0 for k£ > 1 and
equals 84c(n,0)/(n? — 1) for k = 0. Substituting the value UJ = 1 and the values
of a,, b, and ¢(n, k) and writing k = n — m, we then find that the right-hand side
of (22) equals

L) §2 (e V(7)o (2]

where the “extra” term m = n+ 1 comes from the multiple of U in (22). This last
sum is just the coefficient of "™ in (1 + z)'™"[7(1 + z)"*! — 12(n + 1)(1 + z)"]
and hence vanishes for n > 2.

Remark. The formulas in Proposition 4 can be inverted, e.g., we have
n 1 rd -1
n+ = n— 5 2n—m
UO N 123’1"% 12 12 A _ i)
=3 (CTE (L) () At
Proposition 5. Let p > 5 be a prime number and write p as 12n —8) — 6+ 1 with
neN,d ee€{0,1}. Then

ssp(7) = Un(j) =V, () (mod p).
18



Proof. Again we treat only the case of U? in detail, the other cases being similar.
So assume that p = 1 (mod 4); then we want to show that ss,(j) = U2(j) (mod p).
Write p = 4] + 1. Expanding H,_; by the trinomial theorem, we have

H,_; = coefficient of X?' in (1 — 3E4 X" + 2 E¢ X6)2l

B Z rls!( = l (—3E4)" (2E5)°

20 —r —s)!
r,s>0
2r+3s=2I
_ (L3my) %’] (20)! 4 j—1ms\t
B VoL (1-3k) 2R I+ R\ 2T ’

where k = s/2 and we have used that E2/E3 = (j —1728)/j. (The calculation with
Ul in the case p = 3 (mod 4) would be similar but with s = 2k + 1, while to obtain
the results for V° we would instead set r = 3k + ¢ and then expand in powers of
j/(j —1728).) But one checks easily, either directly or by induction on k, that

(20)! 4.6 (20\ (35)
(I —3k) (2k)! (1 + k)! (_ﬁ) - (z) k!

so using (11) and noting that [[/3] = m = n—4§ and (—1)° = (-3/p) = 3% (mod p),
we find (writing F),(a, b; ¢; z) for the hypergeometric series truncated at degree m)

. e o0
ssyld) = (=0)° Hya () = (-3 (7)) 0" Flya (G i 1= 22) (o p),

Now, taking into account that the coefficients of 2* and y* in F(%, 1%; 1;x) and

F(%,2;3;y) vanish modulo p if k is in the range [I/3] < k < 2 and that both
F(%, %; 1;2) and F(%, %; %; 1—x) satisfy the same second order linear differential
equation with polynomial coefficients of degree at most 2, we can conclude that the
polynomial on the right-hand of the last formula is a multiple of U?(5). This multiple

must then be 1 because the supersingular polynomial is monic.

“Hypergeometric” proof of Theorem 3. The theorem is trivial for p = 2 or 3. Oth-
erwise n, is the same as the number n in the proposition. Applying Proposition
4 to US or to V2 with this value of n immediately gives the desired result, since
all coefficients except the one for m = 0 vanish modulo p. So we actually get two
proofs.

Proof of Theorem /. i) We need to prove only the explicit formula (19) for the

coefficients of the continued fraction expansion of ® = FyFE,;/Fsj with respect

to 1/j, since then (4) reduces to equation (18), which we have already proved.

From the formulas (9) we immediately find that & = —d(log A)/dj. On the other

hand, A can be expressed hypergeometrically in terms of j by the formula A =

%F (L, 231 %)12. It follows with the aid of Gauss’s contiguous relations that
19



®=F(13,3:1; %)/jF( L2 L.Qg), and (19) now follows from Gauss’s well-
known formula for the continued fractlon expansion of a quotient of contiguous
hypergeometric functions, as given in [2].

i1) We have just shown that the Atkin polynomials are indeed the A,, of Propo-
sition 4. The closed formula given in Theorem 4 is then just a rewriting of the first
formula of that proposition, as already mentioned.

i11) The closed formula of part (ii) is equivalent to saying that A, (j) can be
obtained by truncating the product

F(35, 15 Liw) F(=n — 35, —n+ {5;1 = 2n; 2) (23)

at 2" and inverting it (i.e., set = 1728/j and multiply by j™). Notice that some
truncation is necessary, since the coefficients of the second factor in (23) become
infinite from degree 2n onwards. In fact we can truncate at x™ for any m between
n and 2n — 1, since the coefficient of z% in (23) vanishes for n < i < 2n, as can be
seen by letting v — 1 in the following identity, which is a consequence of Gauss’s
contiguous relation and two formulas of Heine ([4], proved in [5]):

Fla, Biv;z) F(=n —a,—n+1-f3;=2n+2 — ;)

+ 0,2 (1—2)F(1 —a,1 = 3;2—v;z) Fla+n+ 1,8+ n;y +2n; )
() G) ) € n”))

N (1= (2n) [ 2 :

G GGG
The differential equation for A, now follows from this truncation argument and
the fact that the product of two hypergeometric functions (or of any two functions
satisfying linear differential equations of second order) satisfies a fourth order linear
differential equation whose coefficients can be calculated by an explicit procedure.
For the uniqueness, we observe that if the function A, (j) is replaced by a polynomial
beginning j¢ for some integer d > 0, then the left-hand side of the differential

equation in (iii) has leading term n?(n? — d?)?, so the differential equation can be
satisfied only if d = n.

= polynomial of degree n (n >1, 0, =

As a corollary to Theorem 4, we have

Proposition 6 (Atkin). The scalar product of A, with itself and its special values
at 7 =0 and j = 1728 are given forn > 1 by

et (/1200 (5/12), (7/12), (13/12),
(o ) = 127 (2~ 1)1 (2n)! ’

_ nt1 (—1/12)n (5/12)n
_ i1 (Z1/12)5 (7/12)n
A, (1728) = — 1237 G 1)

Proof. The values at j = 0 and j = 1728 can be checked directly from the recursion
(4), while the formula for the scalar product follows from the recursion and part (i)
20



of the Proposition 2, §4. The fact that (A,, A,) > 0 for all n gives a second proof
of the fact, already mentioned in §5, that Atkin’s scalar product is positive definite.
From the explicit formula for (A,, A, ) and Stirling’s formula we see that the length
of A, in the Atkin norm is asymptotically equal to 1/6/m432™ as n — oo.

§8. HYPERGEOMETRIC PROPERTIES OF Fj .

Recall that the modular form Fj (1) for £ # 2 (mod 3) is the unique normalized
solution of the second order differential equation

k(k +2)

Vg2 Vi Fl — BEVYR

E Fp,=0, (24)

the normalization being given as in (12). We introduce the following notations:

1—26 1-2 k+1
v = , V1= 6, VOOZL (Yo + V1 + Voo = 2m + 1),
3 2 6
J
0o=4J 1793’ 1 J, (Xo+ X1+ 0)
Yo=E}, Yi=-E;, Y,=-1728A (Yo+ Y, + Y, =0),

where m, § and e are associated to k by (1) as usual. The following theorem
gives various explicit descriptions of the Fj and their associated polynomials F(j),
similar to those given earlier for A,,, G, and H.

Theorem 5. Suppose k>0, k # 2 (mod 3). Then we have:
i) Differential equation: Fy(j) is the unique normalized polynomial solution of

5 —1728) B + {(1 = v1) j + (1 — o) (j — 1728)} Ff + m(m — voo) Fy = 0.
ii) Closed formulas: Let o be any permutation of {0,1,00}. Then

Xo(oo))
X5(0)

= . m m_VO'OO m
Fu(i) = (sanlo)1728)™ (™ 7 7)) Xty P, =gy 1 oo -

and
m - m—"Vs m —Vs(o m—
Fu(r) = sonloy” B 5 Y (-0 (") (M ) v v
=0

iti) Recursion relation: The Fy(j) satisfy

(m 4 1)(m = vao) (1 = veo) Frt1o
Voo [(1 4 ) (1 = o) § — 1728((1 — 1) (v + v1) + 2m(m — vao))] Fi,

+1728%(m — o) (m — 1) (1 + veo) Fre12 =0 (k> 12).
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iv) “Generating function”: For k € Z>q and any o denote by Gy, o(T) the coefficient
of X* in (1 —3E4(1) X* +2Es(7) X%)*. Then

Fi(r) = (g (S (6 2>)_1 Gyaas (7).

m m+ €

Proof. 1) We can easily transform the equation (24) into the one in terms of j, by
using formulas (9) and the relation F, = A™EES F},. The uniqueness follows from
the same argument used in the proof of Theorem 4, iii) in §7.

ii) The equation in i) is in fact a hypergeometric differential equation and has
a polynomial solution F(—m,—m + voo;1 — 19;7/1728). We have 6 polynomial
solutions out of Kummer’s 24 solutions to this equation. By the uniqueness, they
differ only by constant factors. Making the expressions symmetric, we obtain the
formula in the theorem. The formula for F} follows immediately.

iii) The first three arguments of the hypergeometric series in the formula for F}, (7)
will change by 1 if we replace k by k£ + 12. The recursion is therefore a consequence

of Gauss’s contiguous relations.
iv) Put Y, = (1 — 3E,X* + 2EsX°)%. From the relations

Yo =Ye 1-(1-3E,X*+2F:X°),

aiXYa = aY, 1 (—12E,X? + 1264 X°),
kZ:OmGk,a Xk = QLM a% " — % X aiXYa =aY,_i (Es X* — E2 X°)
we obtain respectively
Gra=Gra-1—3E:Gr_4,0-1+2EsGr_6,0-1, (25)
kGhro=—-120E4Gr_ga1+120Es Gr_g.a-1, (26)
U Gro = EgGr_4,0-1 — @ Ef Gik—6,a-1- (27)

Solving (25) and (26) for E4Gj_4,q—1 and EgGr_¢,,—1 and substituting the expres-
sions obtained into (27), we get

1 E 1 k2 Eo1

UkGro = _oz——l-l(a 6 + g) (a % + 5) Grt2,0+1 + (a D) + 5) Gr+2,0 -

Using this repeatedly we finally obtain
k(k + 2)
a_—E o
Vgt2 U G, 11 1 Gy,
E 1 1 2 k E 4

=(a— =+ = — = 4= — =41 — =+ =) Grtd.a

(c 6+3)[(a+1)(a+2)(& 6 T3l gt e gt 3) Grrtar

1 k2 k4 k ko1 k(k+2

(@G 3o fyrg) o= go g5~ o Guremn
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Since the right-hand side vanishes if o = (k —2)/6 we deduce that Gy, (4—2)/6(T)
satisfies the same differential equation as Fj (7). The constant term of the Fourier
expansion of Gy, (,—2)/6 equals the coefficient of Xk in (1 — 3X* 4+ 2E6)(k=2)/6 —
(1 — X2)(k=2)/3(1 4 2X2)(k=2)/6 " which in turn equals

Scats (F) (57 ) - oot () E2(8) - o (T).

This together with (12) gives Fi(7) = ¢ G, »—2 (7) with
"6

k—2 k—2
<?) _ (—q)mtd g-2m—e (Qm—l—&?)( ko2 )
5 m m—+ e

Remarks. 1. The symmetry in the closed formula ii) is the reason why we chose the
normalization (12) of Fj.

2. Part iv) of the theorem makes it clear why the modular forms H,_i, G,—1
and F},_1 in Theorem 1 are (up to scalar factors) congruent to one another modulo
p (up to scalar factors): they are just the specializations of G,_1 , to the three

1 p—1

values a = —3, 5= and ”6%3, which are the same modulo p.

3. In the notation of [10], the formula for Fj, can be written as

k=5 -1

e= (5w

m

[VES

Fk = sgn(a)m Eg Eé Hm(l - Va(oo)7 1-— VO'(O); YU(OO), YU(O)),

where H,(k,l; X,Y) is the polynomial } . _ (—1)" (”H;*l) (”Jr?lfl)X”Ys, which
satisfies the “hidden symmetry” that it is +1-symmetric in the three variables
(k, X), (1,Y), (m,Z), where k+1+m =n—2, X +Y + Z = 0. (This poly-
nomial is essentially the Wigner 3J-symbol of quantum mechanics and arose in [10]

in connection with the Cohen bracket operation on modular forms.)

We now interpret the ﬁk as orthogonal polynomials. Consider the space W =
C[j/3, (j — 1728)'/?] which is identified with the space of holomorphic functions on
H invariant under the commutator subgroup [I',I'] of I' = PSL(2,Z) and growing at
most like a polynomial in ¢~!. For each residue class r modulo 6, denote by x” the
character of the cyclic group I'/[T, T'] determined uniquely by X(((l) 1 ) mod [, T]) =
e™ /3 and let W = @ W(r) be the corresponding decomposition of W, i.e.,

r mod 6

W (r) is the x"-eigenspace with respect to the action of I'. We note that if § €
{0,1,2} and € € {0,1} are determined by the congruence 2r = 4§ + 6¢ (mod 12),
then W (r) is identified with j%/3(j — 1728)/2C[j]. Now we define a scalar product
on W by the formula

1728 di
o = | s (Faew). (28)
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On each subspace W (r), the scalar product induced by (28) is positive or negative
definite on j%/3(j — 1728)%/?R[j] depending whether ¢ = 0 or 1. Hence we have
six families of monic polynomials { fr(r?[ )}mzoa ) being of degree m, such that the

G935 — 1728)5/2fg) are orthogonal with respect to this scalar product. On the
other hand, for each even residue class 2r = 46 + 6 (mod 12) and m > 0, put

1728)
where vy = (1 — 20) and vee = (12m + 46 + 6 + 1). If 2r # 2 mod 3 and
k = 12m + 40 + 6¢, this is nothing but Fy(j), renormalized to be monic.

Theorem 6. ,Sr) = ﬁ,&’“) for any r mod 6 and m > 0.

FO () = 5™ F(=m, —m + vo; 1 — vao;

Proof. For fixed r, the ﬁ,ﬁf ) satisfy the following recursion which is equivalent to
part iii) of Theorem 5 if 2r # 2 (mod 3):

E () = (5 = Qam + Aams1)) B () = Aomo1dom Foly (m > 1)

where

A = 12 (6 — (-1 M) <6 Ly 36w )

n—vy—1 n+1—vy—1

(11 = (1—2¢)/2). By the general theory reviewed in §4, the EY are orthogonal with
respect to the scalar product whose values g, = (j™, 1) are given by the continued
fraction (16). This continued fraction is equal to go F(1,1 —vp;2 — vg — v1;1728/5)
by [2]. Hence the (5", 1) are given by (j™,1) = go-1728" (”On_l)/(””f_z), which is a
constant multiple of f01728 Jr0 (1728 — j) "1 dj (beta function). This latter integral
is just (—1)° times the inner product (j%/3(j — 1728)5/2j™, j9/3(j — 1728)/2 . 1)
in (28). The theorem follows.

Remark. Up to a rescaling by 1728, our polynomial is essentially a Jacobi polyno-
mial. These are polynomials PT(La’ﬁ ) generalizing the Chebyshev polynomials, which
have parameters (%, %) and come in four types (even and odd, first and second
kind), corresponding to the fourfold decomposition of C[z'/2, (1 — z)'/?], whereas
our parameters are (5, 3) and we have six families.

§9 THE DENOMINATORS OF THE ATKIN POLYNOMIALS

¢ From the relation (4) we get by induction that the denominator of A,,4+1(j) is at

most (2n + 1)!(2n)!/22"n!, but this is far too large, e.g., the denominator of Ag(j)

is only 5 rather than 1380566997810000, and indeed only two of its coefficients,

those of j7 and j2, have any denominator at all. Similarly, if we fix a prime p > 3,

then (4) would lead one to expect that p would occur in the denominator of all A,

with n > p/2, but instead we find, for instance, that for p = 11 all of the A,, with
24



n < 150 are p-integral unless n is congruent to 1 or 6 modulo 11 or n belongs to
one of the intervals [62,70] or [123,130]. Finally, if we look at the values of pA, (j)
modulo p for the first values of n for which p occurs in the denominator, then we
find a very precise pattern. For instance, for the first such value n = %(p +1) we
find experimentally

pAn(j) = 05" + 84571 +37800," 2 4+ T4 (mod p)

with coefficients ¢, € Z independent of p, and with a little numerical work we
discover the empirical formula

(6r +1)!
(Br)tr! (r+ 1)12

cr =12(8r+7) (r>0)

from which in turn it follows that all of the coefficients of Ay, 1)(j) with r > pg—l
are actually p-integral. In this section we will describe these phenomena in a little
more detail and provide some explanations.

We first generalize the above congruence for pAs, +1)(j)- Recall from the dis-

cussion of orthogonal polynomials in §4 that in terms of the variable Y = /j
the Atkin polynomials are the even members of a sequence of monic polynomials
Ay (Y') satisfying the recurrence A} (V) =Y A;(Y) =\ A5 _(Y) (n > 1) with A,
as in (19). Moreover, A¥ is a polynomial of the same parity as n, so we can write
AX(Y) = Y"a,(1/Y?) where a,(t) is a polynomial of degree < n/2. In terms of

the a,, the recursion becomes
an+1(t) = an(t) = Aptan—1(t) (n=>1), (29)

and the relation to the Atkin polynomials is A, (j) = j"a2,(1/7). From the re-
cursion it follows that a,(t) has p-integral coefficients for n < p, and looking at
numerical examples we find empirically that a,(t) = ®¢(t) mod (p, t?) and

ap(t) = Po(t) mod (p, tP),

30
Pan(t) = Busylt) mod (p. ") (p<n<2p), 30)
where the ®,,(t) are certain power series independent of p, the first few being
Do(t) =1+ 120t + 83160 > + 81681600 > + 93699005400¢* + - - -,
Dy (t) =84t (1 +450¢ + 394680t + 429557700t + - - ) , (31)
Dy (t) = 27720t (1 4 944t + 1054170 ¢ + 1297994880 > + - - - )
®4(t) = 13693680¢° (1 + 1335¢ + 1757970 ¢* 4 2386445040 ¢ + - - ) .

Comparing the recursion (29) and the congruence (30), and using formula (19) for
the \,,, we find that these power series, if they exist at all, must satisfy the recursion

i1 (t) = p(t) = A, tPpa(t)  (n21) (32)
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with
84 ifn=1,

X=9 (6 - E:):) (6_ (_i)n) it > 1.

Moreover, by inspection of the first few coefficients one finds the formulas

= (6r)! ~ (8r+7)(6r+1)! .,
Dy(t) = t" = . 33
o(?) ;o (3r)lr13 7 Z (3r)!r! (r 4+ 1)!2 (33)

So far, this is all only experimental. To check that it is true, we first find the
solution of the recursion (32) with initial conditions (33). We first observe that the
formulas (33) are equivalent to

O(t) = F(, :1;1728¢)%, @4(t) = 84tF (&5, 3:1;1728t) F (3, 13,2, 1728¢) .

(To prove this, verify that in each claimed equality both sides have the the same
first few terms and satisfy the same third order differential equation.) Now by
induction on n and the continued fraction formulas of Gauss already used in the
proof of part i) of Theorem 4 we find that the general solution of (32) is given by

D (t) = cnt" F(35, 3:1;1728¢) F([%]+ 35, [+ 55n + 1;1728)  (34)

with constants ¢, € Z given by ¢p = 1 and

cn = Al .. A, = (—1728)"n ([%}n— 1—12) (VTHL_ %) _ (67(1n+_1)1!)/$z)+((3;)>”)

for n > 1. In particular, the power series ®,(t) has integral coefficients and is
divisible by t™ for all n, properties which were visible in the examples (31) but are
not at all obvious from the recursion.

Now write a,(t) = ZEWOQ] a(n,i)t". The congruences (30) say that pa(p + n, 1)
is congruent modulo p to the coefficient of ¢* in ®,,(¢) for 0 < n, i < p. Because of
the recursions, it suffices to prove them for n even (which anyway is the case we are
interested in). By part ii) of Theorem 4, we have

t 1 5 1 7 -1
- — = -2 n+-s\/n—5\/2n—-1
Mm.i) = 1231 —1)m 12 12 12 12 )
otani =12 S () () (L) () ()
Let 2n = p+4+ 2h 4+ 1 with A > 0 fixed and p > 2h + 1. The binomial coefficient
(2"_1) is prime to p for m < 2h and divisible by p exactly once for m > 2h + 1

m
(note that m < i < p), and in the latter case we have the congruence

1(2n—1) _(p+2h) - (p+D(p—1)...(p—m+2h+1)

p m m!

m! m 2h
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Hence pa(p + 2h + 1,14) is p-integral and is congruent modulo p to

i -+ -2 h-l—l h_i m—1
_1231 12 12 . 12 12
2h+1z<m<i(i_m>(i_m> < m )( m )m( 2h )’

and using (34) one checks that this agrees with the coefficient of ¢ in ®ap, 1 (t).

This completes the proof of (30), which give congruences modulo p for the a,,(t)
in the range p < n < 2p. Going further, one finds further congruences of the same
sort. For instance,

az(t) = 5 Yo(t)  mod (p, t¥),
Pan(t) = 5 Pnsp(t) mod (p, t7)  (2p <n < 3p),
where the ¥,,(t) (n > 0) are another sequence of power series with properties similar

to those of the ®,, (they satisfy a simple recursion and factor as products of one
fixed and one variable hypergeometric series), the first few being

Wo(t) =1— 24t —179284% — 181173124% + - - -,
Uy (t) = —60¢ (14 522 + 47128812 + 519169620 1> + - - - ) ,
Wo(t) = —32760¢2 (1 + 896 ¢ + 98404212 + 1201855008 > + - - - ) .

More generally, for s < p the first p coefficients of as,(t) and p asp+,(t) (0 <n < p)
are congruent modulo p to the coefficients of vs®,,(t) if s is even and to v, V¥, (t) if
s is odd, where v9 = 1, 71 = %, Yo = —123&, V3 = —%, ... are certain constants.
Then starting at n = p? we get higher powers of p in the denominators and a new
sequence of congruences. There are also nice congruences for the power series ®,, (t)
and ¥, (t) modulo p and powers of p which the reader may want to experiment

with, but we are getting carried away from our main theme and will stop here.

§10 SUPERSINGULAR POLYNOMIALS AND THE MODULAR POLYNOMIAL

In this section, which is a bit disjoint from the rest of the paper, we tie up some
loose ends by giving direct proofs of two facts about supersingular polynomials
which appeared in earlier sections. The argument given here is essentially identical
with one given in a paper of Koike ([6], p. 136 and 169), but the presentation there
is considerably less elementary and makes use of difficult results of Thara, whereas
the discussion here is entirely self-contained. Since the present paper has a partially
expository character, and the argument is short and quite pretty, it seemed worth
including it here.

We will work with modular forms and functions considered as elements in the
ring Q((¢)) of Laurent series in ¢, which we identify with the ring Q((j 1)) of Laurent
series in j~! = j(7)7!. In particular, we define a Laurent series p,(j) € Z((57!))
with leading coefficient 744 j7~! by

opli(r)) = 1D —37). (35)

p
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Let ®,(X,Y) € Z[X,Y] be the modular polynomial relating the j-invariants
of two p-isogenous elliptic curves. The famous (and easily proved) congruence of
Kronecker says that

Pp(X,Y) = (XP = YV)(X = YP) +p Rp(X,Y) (36)

for some R,(X,Y) € Z[X,Y]. We are interested in the mod p reduction of the
polynomial H,(X) = R,(X, XP). Substituting X = j(7), Y = j(p7) into (36) we
find

1

0= =@, (j(7).3(p7)) = 25 (§(7) (I (T) = 3 (p7)") + By (7). 3 (b))

and hence, reducing modulo p and using j(pr) = j(7)P (here and from now on =
denotes congruence of Laurent series modulo p),

H,(7)
=i

ep(d) = (37)

In particular, the mod p reduction of ¢, is the Laurent series expansion of a rational
function all of whose poles are simple and are contained in F .
On the other hand, differentiating (35) gives

: et 3T 1 e
A3 =3t = P = -
where / applied to a function of 7 means (27i)~'d/dr. But from
1= Bpo(7) = A" EJE B, 1(j) = A" E{Egj~°(j — 1728) 75, (j),

where S,(j) € F,[j] is defined by S,(j) = jO(j — 1728)°E,_1(j), we get

Eu(r) )1%46%8 s (j(r) — 1728025+

7= ( ACEAR = S,G(1))2

(for p > 5). Hence the Laurent series ¢/ (j) satisfies the congruence

90/ (]) = j8m+45+46 (j4m+25 _ (j — 1728)6m+25+45
p Sp(7)?

Comparing equations (37) and (38), we deduce that:

(38)

(a) all zeros of Sy (j) except for possibly 0 and 1728 are simple;
(b) all zeros of Sp,(j) lie in [Fpe;
(c) the polynomial H,(j) (mod p) vanishes at j = 0 and 1728 and at all values
of j € F2 which are not roots of S,(j);
(d) if j is a root of Sp(j), then Hy(j) = —j8mH40H4e(j — 1728)0m+20+4 /57 ()2
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Statement (a) was needed in §3, where a different proof was given. Statement
(b), once Sp(j) has been identified with ss,(j) as was done in §3, is the fact that
all supersingular invariants lie in IF,2, which was mentioned without proof in §2.
Statement (c) can be found in the paper [9] by E. de Shalit, and statement (d)
is closely related to a question raised there. Namely, de Shalit wrote down the
conjectural formula, closely related to previous work of Oesterlé and himself on the
p-adic period pairing on Xg(p),

0 if j € IF2 is not supersingular,
.28(p+1) e(p+1)

Hp(j) = (1) v (G —1728) = if § is supersingular (39
ssp (7)1 /I SpEHETER

and proved this formula completely for p = 1 (mod 4) and up to a possible ambigu-
ity of sign if p = 3 (mod 4), his proof being non-elementary. Comparing with (d),
we see that formula (39) is true if and only if

ssp() =0 = ssp ()Pt = (~)THEOTIETY (- 1728) 2@ (40)

For instance, if p = —1 (mod 12), then (40) says simply that ss,(j) belongs to IF,,
for all supersingular j. It would be nice to have an elementary proof of this simple
statement. A sketch of an argument why equation (40) (or at least its 12th power)
should be true was shown to one of the authors by Faltings. We also mention that
properties (c) and (d) almost characterize the polynomial H,(j), since they give its
values at p? arguments and H, has degree p? +p+ 1 if p{ 744. A complete (though
not very elegant) determination of H,, then follows from (37) and the additional
formulas ¢ (0) = 0 (1 < n < 8m + 26 + 4e) and @\ (1728) = (n — 1)!(—1728)"~!
(1 <n <6m+2d + 2¢), which follow immediately from (38).
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