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Abstract
We give a simple proof of a generalization of the equality

|
Y ST = [2,20,21,21 22 23 25 ],
n=1

where T = (1++/5)/2 and the exponents of the partial quotients are the Fibonacci numbers, and some

closely related results.

P. E. Bohmer [2], L. V. Danilov [4], and W. W. Adams and J. L. Davison [ ] showed independently
that if o > 0 is irrational, b > 1 is an integer, and Sp(ct) = (b — 1) Y2, ﬁ, then the simple continued

fraction for S, (o) can be described explicitly in the following way. Let o have simple continued fraction

a=ay+———— =[ao,a1,-- ],
a1+a2+...
. n _ _ b‘In_blIn*Z _ .
with % = [ag,...,an], n > 0. Let to = aob, t, = %=1, n > 1. Then Sp(at) = [to,t1,...]. Thus in the

case o = T = (14+/5)/2, the golden ratio, and b = 2, one gets the remarkable equality ¥°°_, ﬁ =
[2,20,21 22 23 25 .. ], where the exponents of the partial quotients are the Fibonacci numbers.

More recently, R. L. Graham, D. E. Knuth, and O. Patashnik [7] indicated how to give a very different
proof of the power series version of this result, where the number b is replaced by an indeterminate (they
carried out the proof for the case a = (1++/5)/2), using the continuant polynomials of Euler [5].

In this note we give a proof, which we feel is simpler than the others, which makes use of a property
of the “characteristic sequence” of & discovered by H. J. S. Smith [12]. The crucial idea of our approach
appears in Lemma 2 below, where we regard certain initial segments of the characteristic sequence of &

as base b representations of integers.
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(Bohmer, Danilov, and Adams and Davison also show that S, () is transcendental for every irrational
. We omit the proof of this fact, which is an easy application of a theorem of Roth [10], using Lemma
3 and Theorem B below.)

Preliminaries. Let a be an irrational number with 0 < & < 1. (At the end, we will remove the re-
striction @ < 1.) Let o = [0,a;,az,...] and f;—;’ =1[0,ay,...,a,], n > 0, where p,, g, are relatively prime
non-negative integers. (Asusual, weputp_>=0,p_1=1,g-»=1,qg_1 =0, so that p,, = a,p,—1 + pn—2,
Gn = GnGn—1 + qu—2 for all n > 0.) For n > 1, define fy(n) = [(n+ 1)a] — [nct], and consider the infinite
binary sequence fo = (fa(n))n>1, Which is sometimes called the characteristic sequence of o. Define
binary words X,,, n > 0, by Xy =0, X; = on-11, x, = X,?lek_z, k > 2, where X“ denotes the word X
repeated a times, and X; = 1 if a; = 1.

The following result was first proved by Smith [12]. Other proofs can be found in [3,6, | 1, 13], and
further references to the characteristic sequence can be found in [3]. Nishioka, Shiokawa, and Tamura [8]
treat the more general case [(n+ 1)t + B] — [no + B].

Lemma 1. For eachn> 1, X,, is a prefix of fo. That is, X;, = fo (1) fa(2) - fo(s), where s is the length
of X,.

The main proof. We are now ready to prove the result stated in the Introduction. (However, we will
keep the restriction o < 1 until the following section.) Let b > 1 be an integer, let 0 < & < 1 be irrational,
o =[0,a1,az,...], let Z—: =10,ay,...,a,], n > 0, and let the binary words X,,, n > 0, be defined as above.

According to Lemma 1, the binary word X, (which has length ¢, by a trivial induction using g, =
angn—1 + gn—2) is identical with the binary word fy (1) f«(2)--- fu(gn). If we let x, denote the integer
whose base b representation is X,, i.e., X, = fo (1)b% ™1 + £5,(2)b? =2 + - - -+ f4 (g, )b°, then we can write

Xp = b‘]n . % f(X(k) .

k
k=1 b

Now we come to the crucial step.

Lemma 2. Forn>0, lett,| = %. Then forn > 1,

Xn41 — tn«l»lxn +Xp—1.

Proof. Using the facts that X, has length ¢g,, X, has length ¢g,_1, x4 is the integer whose base b
representation is X, 11, and X, = X X, _q, it follows that

X1 = b1 (14 b9 4 b2 o plensi=Nanyg 4y
bin—1 (ban+lqn — 1)

B Wxn'i'xnfl = In41Xn +Xp—1
O
Lemma 3. Forn> 1, b1
[Oatla"'atn] = — *Xn-
bin — 1



b’ln

Proof. Lety, =
atn =0 by settmg to =0. Note thatxg =0, x; =1, yo =1,y =

,n > 0. We show by induction on n that [0,1,...,#,] = {*. We start the induction
b = 1 =1. For the induction step, we

simply note that x, 1 =t 1%, +Xp—1 and yp41 = tuy 1Yn +Yn—1. O

Theorem A. Let b > 1 be an integer, and let 0 < a < 1 be irrational, with fy(n) = [(n+1)0o] — [n],
n>1.Leta=[0,a,az,...],let ”: =[0,ay,...,a,),n >0 (where p,,q, are relatively prime non-negative

7 2
b2=b™" 5> 1. Then

integers), and let 7, = =2=5—-,

Ot17t27 ]

Proof. We have seen that x,, = b?" an “’ fulb) Hence by Lemma 3,

bqn qn ” k
00 (G ) L 250 = el
k=1

and we can take the limit as n — oo. O

Theorem B. With the same hypotheses as in Theorem A, we have

; n/OC] 0 tlatza ]

Proof. This is a restatement of Theorem A, using the easily verified fact (when 0 < & < 1) that f (k) = 1
if and only if k = [n/ a] for some n. O

Theorem C. With the same hypotheses as in Theorem A, we have

= [ko]
—— =[0,t1,12,...].
; b [71727 ]

Proof. Using fo(k) = [(k+ 1)a] — [ko] and [o] = 0, the series in Theorem C is obtained from the series

in Theorem A by a slight rearrangement. O

Theorem D. With the same hypotheses as in Theorem A, we have

L=

k

= (Dt

1 (b2 — 1) (bt-1 — 1)

Proof. We say in the proof of Lemma 3 that [0,#,...,t,] = 3%, n > 1, where y, =

,n>0. Bya
well-known theorem (J. B. Roberts [9, pp. 101]), j—: =Yr %, n > 1, and Theorem D now follows
from Theorem A. O

Removing the restriction o« < 1. Now let o' = ag + o, where ag > 0 is an integer, « is irrational, and
O<a<l.



By Theorem A we get

6% m};}({k) oy @t

k=1 k=1 bk
=(b-1) aoz +(b Z
= ao-}—[o,tl,tz,...]
= [ao,l‘l,tz,...].

To handle Theorem B we need to use the fact, whose simple proof we omit, that if &' = ag + a,
where 0 < o < 1, then for each k = 0,1,2,.. ., the value k is assumed by the expression [n/a’] exactly
ap + 1 times if [n/a] = k for some n > 1, and exactly ag times if [n/ o] never equals k. It then follows
from Theorem B that (b—1) Y, W = [aob,t1,12,...].

By Theorem C and some careful rearrangement we get (b —1)2 Y5, [I%] = [aob,t1,12, .. .].

Finally, the modified Theorem D (using the modified Theorem A) is

f = (D (b—1)?
b—1) Z ; btk — 1) (b1 —1)°

Remark. This paper grew out of the first author’s consideration of the number ) ;> , f ”é(kk) , where o0 =

H\f , as the fixed point of the sequence {g,(0)}, n > 1, where g1 (x) = x/2, g2(x) = (x+1)/2, gu(x) =
8n—1(gn—2(x)), n > 3. This quickly leads (upon setting g,(x) = (x+ a,) /b, and solving for a, and b,) to

Zf 2202121222325 ]
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