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The sum of divisors function o(m) is defined by

> d iftmeN,

deN
dlm

0 ifmeQ, meN.

o(m) =

Let H denote the upper half of the complex plane. Let 1(z) (# € H) be the Dedekind eta
function. A class C of eta quotients is given for which the Fourier series of each member
of C can be given explicitly. One example is

2 4
M 27rznz
EEPEIta2s) Z c(n)e zEH,

where
c(n) =20(n) —30(n/2) + 40(n/4) +90(n/6) — 360(n/12), n € N.
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1. Introduction

The Dedekind eta function 7(z) is the holomorphic function defined on H := {z €
C | Im(z) > 0} by the product formula

o0
n(z) =] (1 - ). (1.1)

n=1
The product formula (1.1) ensures that 7(z) does not vanish on H. An eta quotient is
a finite product g(z) := ngl 0" (myz), where N is a positive integer, mq, ..., my
are positive integers with my < mo < -+ < my, and by,...,by are non-zero

integers. Since n(z) # 0 for z € H the eta quotient g(z) is holomorphic on H
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regardless of the choice of the exponents by, ...,byx. The level of the eta quotient
g(z) is the positive integer

L:= LCM(mh...,mN). (12)
Each my, divides L and we can write the eta quotient as

g(z) = | I n4m(mz), (1.3)
meN
m|L

where some of the integers a,, may be 0. The eta quotient g(z) has a transformation
formula like that of a modular form of weight W given by

1
W= o > am, (1.4)
meN
m|L

with respect to some multiplier system, on the congruence subgroup

a b
()

a,b,e,d € Z, ad—bc =1, ¢ =0 (mod L)}

Let
1 A
o

where A € Z, B € N, GCD(A, B) = 1 and B | 24. Then g(z) has a Fourier expansion
of the form

g(z) = Z c(n)e™ /B e(A) =1, (1.6)
"4
n=A (mod B)

where the ¢(n) are integers. An important continuing area of research is the explicit
determination of the coefficients ¢(n) in the Fourier series expansion (1.6) of par-
ticular eta quotients. Many papers have obtained such expansions, see, for exam-
ple, [3-6, 8-10]. Recently a very comprehensive book devoted to determining such
expansions has been published [7]. We just give two such examples. The first exam-
ple [6, Theorem, p. 147] is an eta quotient of weight 3/2 on I'y(2), namely,

775(22) _ - n—1 n 2min?z
PG L0 () e, .7

where the Legendre symbol (%) = 0,1, —1 according as n = 0, 1,2 (mod 3), respec-
tively. In this example A =1, B = 3 and for m € N

n=1

n
(=)t (=) ifm=n? neN,
c(m) = (3)

0 ifm#n? neN



Fourier Expansions of Eta Quotients 995

The second example [6, p. 153; 7, p. 146] is an eta quotient of weight 2 and level 2,
namely,

3 [sS)
n (22) Tinz
= o(n)e , 1.8
ne = X oW (1)
n=1 (mod 2)

where the sum of divisors function o(n) was defined in the abstract. In this example
A=1and B=2.

In this paper we prove a theorem which gives the Fourier series expansions of
many eta quotients. This theorem is proved in Sec. 2 using results deduced from the
theory of theta series [1, 2]. It is convenient to define for a non-negative integer a

5(a) 1 ifa=0, (1.9)
a) = .
0 ifa>1.

Theorem 1.1. Let a,b,c,d, e be non-negative integers satisfying
a+bt+ct+d+e<4 (1.10)
Define integers Ao, A1, Aa, Az, Ay by
(1 —2)° A+ 2)°(1 4 20)4(2 + )¢ = Ao + A1z + Agx® + Aza® + Ayz. (1.11)
The integer Ay is given by
Ag = 6(a)2°Te. (1.12)
Next define integers ai,as, as, a4, ag, a12 by

ay:=—a+2b—2c—4d — e+ 4,
as :=3a+ b+ 3c+10d + e — 10,
as := 3a + 2b+ 6¢ + 4d + 3e — 12,

(1.13)
ag:=—2a—b—c—4d+ 2e+4,
ag := —9a — 7b — 9¢ — 10d — 7e + 30,
a1z = 6a + 3b+ 3c+ 4d + 2e — 12,
so that
a1 +as+az+ag+ag+ax =4 (1.14)
and

a1 + 2as + 3as + 4aq + 6ag + 12a12 = 24a. (1.15)
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Finally, define rational numbers by, ba, bs, by, bg, b12 by

= (—4Ag + 2A1)/20F¢,
by i= (24A¢ — 1241 + 4A5)/20F¢,
b3 := ( 4A0+6A; —8A5 + 8A3)/2a+5, (1 16)
by == (—16Ag + 8A; — 843 + 16A4)/2°F¢, '
be := (—8Ag + 4A; +4Ay — 8A3 — 32A4)/29T¢,
b1 == (—16Ag — 8A; + 843 + 16A4,)/297¢,
so that
b1+ bs + bz + by + bg + b1o = —245(a). (1.17)

Then, for z € H, we have
n“ () (2z)n* (3z)n* (4z)n* (62)n*'* (122) = é(a Z )e* T (1.18)

where for n € N

c(n) = bio(n) + bao(n/2) + bso(n/3) + byo(n/4)
+beo(n/6) + bi20(n/12). (1.19)

Table 1 lists the eta quotient identities resulting from this theorem. Two exam-
ples are discussed in Sec. 3. Some concluding remarks are given in Sec. 4.

2. Proof of Theorem 1.1
Taking = 0 in (1.11) we obtain

Ay = 092¢ = 0%2%2° = §(a)2%"°,

which is (1.12). Equations (1.14) and (1.15) follow from (1.13) and equation (1.17)
follows from (1.16) and (1.12).
For ¢ € C with |¢| < 1 we define the theta series ¢(q) by

(@) =>"¢". (2.1)

TEL

Then we define

k= k(q) = . (2.2)
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Using results from the theory of theta functions it was shown in [1, Theorem 1.1,
p. 280] that

=1+ Z —40(n) + 240(n/2) — 40(n/3) — 160(n/4)

- 80(n/6) —160(n/12))q", (2.3)
pk? = Z(?a(n) —120(n/2) 4+ 60(n/3) + 8a(n/4)
n=1
+40(n/6) — 80(n/12))q", (2.4)
p°’k? = (40(n/2) — 80(n/3) + 40(n/6))q", (2.5)
P°’k? = (80(n/3) — 80 (n/4) — 80(n/6) + 8c(n/12))q", (2.6)
p'k* = i(16a(n/4) —320(n/6) 4+ 160(n/12))q". (2.7)

In [2, pp. 48-49] each of [[)2 (1 —¢™) (r € {1,2,3,4,6,12}) was expressed in
terms of p and k, namely

o0

H(l _ qn) _ q71/24271/6p1/24(1 _p)1/2(1 +p)1/6(1 + 2p)1/8(2 +p)1/8k1/27

3
Il
-

oo

(1 _ q2n) _ q71/12271/3p1/12(1 _p)1/4(1 +p)1/12(1 + 2p)1/4(2 +p)1/4k1/2,

3
Il
-

3n) — q71/8271/6p1/8(1 _p)1/6(1 +p)1/2(1 + 2p)1/24(2 —|—p)1/24k’1/2,

—3
=
!
(S

3
Il
-

_ q71/6272/3p1/6(1 _p)1/8(1 +p)1/24(1_|_2p)1/8(2 —|—p)1/2/€1/2,

3
_

|
Q%

3
I
—

6n) _ q—1/42—1/3p1/4(1 _p)1/12(1 _|_p)1/4(1 +2p)1/12(2 —|—p)1/12/€1/2,

i
_
|
(S

S
-

H 12n _q—1/22—2/3p1/2(1_p)1/24(1 _|_p)1/8(1_|_2p)1/24(2 —|—p)1/6k’1/2.

Solving these six equations for the six quantities p, 1 —p, 1 +p, 1 + 2p, 2 + p and
k, we obtain

12n)6 (28)

p_qu 1—q2")3(1 )21 —q

—q")( l—q )21 — ¢bm)0 7
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]__ 1_ 1— 3n21_ 12n\3
bor= U = (1 —qq )5(1 —qqﬁr)‘)§ T, (2:9)
- O (1 _ q2n)3(1 _ q3n)6(1 _ q12n)3
R ¥ e T (210
0 1 — g27)10 (1 — 43n)4(1 — g12n)4
- O (1 _ q2n)(1 _ q3n)3(1 _ q4n)2(1 _ q12n)2
2+p—27£[1 T : (2.12)
ﬁ (L= g"P(1 = " (1 = )" o)

1_q 1_q3n) (1_q12n)

Taking x = p in (1.11), and then multiplying the resulting equation by k2, we obtain
p (1= p)" (1 +p)°(1+2p)"(2 + p)°k?
= Aok? 4+ A1pk? + Ap®k? + AspPk? + Agp k2. (2.14)
By (2.8)—(2.13) and (1.13) the left-hand side of (2.14) is

2a+eqa H(l o qn)al (1 _ q2n)a2(1 _ q?m)ag(l o q4n)a4(1 o an)a5(1 _ q12n)a12

and the right-hand side of (2.14) is by (2.3)—(2.7) and (1.16)
Ag 4 20F¢ Z(bla(n) + bao(n/2) + bso(n/3) + byo(n/4)

+bso(n/6) + biao(n/12))g"

Equating the left and right-hand sides of (2.14), and then dividing by 2%%¢, we
obtain

qa H 1 — qn —q n)az(l o q?m)ag(l _ q4n)a4(1 _ q6n)a6(1 o q12n)a12
n=1

i bio(n) + bao(n/2) + bso(n/3) + byo(n/4)

+bso(n/6) + bizo(n/12))q", (2.15)
on appealing to (1.12). Now choose q = ¢*™* with z € H so that |¢| < 1. Using
[Ta—d") =] -e* ") =e™*/Pn(kz), ke{1,2,3,4,6,12}, (2.16)
n=1 n=1

n (2.15), and appealing to (1.15), we obtain (1.18). m|
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An easy calculation shows that there are 126 5-tuples (a,b,c,d,e) satisfying
(1.10). Hence the theorem yields the Fourier series of 126 eta quotients. A com-
puter program was written to loop through the non-negative integers a,b,c,d,e
satisfying @ + b + ¢+ d + ¢ < 4 and then to reorder the resulting 13-tuples
(a,a1,as,as, a4, ag,a12,b1, ba, bs, ba, bg, b12) with entries from left to right in increas-
ing order of size. Table 1 of eta quotient identities was obtained.

The weight W of each eta quotient in Table 1 is by (1.4) and (1.14)

1
W=§(a1+a2+a3+a4+a6+a12):2.

The level L of each eta quotient is given in Table 2.

By (1.5) and (1.15) the order of the cusp at co is A/B = (a1 +2a2 + 3as + 4as +
6a¢ + 12a12)/24 = a, so that A = a and B = 1. A computer program was run using
the criterion given in [7, Corollary 2.3, p. 37] to check that all the eta quotients in
Table 1 are non-cuspidal.

Table 1. Values of a,a1,az2,as, a4, a6, a2, b1, ba, b3, ba, b, b12 for which n1 (z2)n%2 (2z)n%3 (3z)
N4 (4z)n6 (62)n12 (122) = 6(a) +3°,2 (bro(n) +b2o(n/2) +bso(n/3) +bso(n/4) +bso(n/6)
+bi1ao(n/12))e2™inz .

No. a al as as a4 ag ais b1 bo b3 by bg bio
1 0 -—-12 30 4 =12 -10 4 12 24 108 48  —648 432
2 0 -10 23 6 -9 -9 3 10 12 54 8 —324 216
3 0 -9 21 3 —6 -7 2 9 6 27 —12  —162 108
4 0 -8 16 8 —6 -8 2 8 4 24 0 —156 96
5 0 -8 20 0 -8 0 0 8 0 0 —-32 0 0
6 0 -7 14 5 -3 —6 1 7 0 9 —4 —72 36
7 0 —6 9 10 -3 -7 1 6 0 10 0 —72 32
8 0 —6 12 2 0 —4 0 6 -3 0 0 27 0
9 0 —6 13 2 -5 1 -1 6 —4 —6 —8 12 —24

10 0 —6 21 2 -9 -7 3 6 —-12 —54 -T2 324 —216

11 0 -5 7 7 0 -5 0 5 -2 3 0 —-30 0

12 0 -5 1 -1 -2 3 =2 5 —6 -9 4 18 —36

13 0 —4 2 12 0 —6 0 4 0 4 0 —32 0

14 0 —4 5 4 3 -3 -1 4 -3 0 2 -9 —18

15 0 —4 6 4 —2 2 =2 4 —4 —4 0 12 —-32

16 0 —4 10 —4 —4 10 —4 4 -8 —12 16 24 —48

17 0 —4 14 4 —6 —6 2 4 —-12 =36 —16 180 —144

18 0 -3 0 9 3 —4 -1 3 0 1 0 —12 —16

19 0 -3 3 1 6 -1 =2 3 -3 0 3 0 —27

20 0 -3 4 1 1 4 =3 3 —4 -3 4 12 —36

21 0 -3 12 1 -3 —4 1 3 —-12 =27 12 108 —108

22 0 -2 =2 6 6 -2 =2 2 1 0 0 -3 —24

23 0 -2 -1 6 1 3 =3 2 0 —2 0 8 —32

24 0 —2 2 =2 4 6 —4 2 -3 0 4 9 —36

25 0 —2 3 =2 —1 11 -5 2 —4 —2 8 12 —40

26 0 —2 7 6 -3 -5 1 2 -8 —18 0 96 —96

27 0 —2 1 -2 -5 3 -1 2 —12 -18 40 36 —72

28 0 -1 —4 3 9 0o -3 1 3 0 -1 0 —27
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Table 1. (Continued)

bi2
—32
—36
—72
—27
—30
—32
—32
—64
—54
—48

az as as  as a2 b1 ba bs ba be

al

No.

29
30
31

54

12

32
33
34
35
36
37
38
39
40

12
20

48

27
12
—108

16
96

0
—27
—28
—48
—36
—24
—24
—36
—32
—24

—12

10

14

41

24

42

43

13
12

44

45

46

47
48

—12
—72

18
18

— 13 — —

32

49

—20
—27
—24

—10

23

50
51

15
14

52

—54

27

53
54
55

—16
—18
—16

—16 —

—14
—16

24
21

—12

30

—12

—10

—12
—48
—36
—12
—36
—12
—27
—24

20
16
12
28
24
36
33
32

56
57
58
59
60
61

12
36

—32
—20
—16
—24
—24
—32
—96
—32
—32
—64
—48
—32

—12

16

—10

23

—10

62

63
64

65

54

—24

24
42

—18
—12

52

16

66
67
68

48

—27
—54
—108

60
72

—10
—12

-3

10
12

69

0
20

96

70
71

108

—162
—84
—45
—42

27
15

—10

23
16

60
36
32
12
18
16

72

73

74
75

—21
—20

76

e
78
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Table 1. (Continued)

az as as  as a2 b1 ba bs ba be bi2

ai

No.

—28

79

—36

72

80
81

82

83

84
85

—24

42

86
87
88
89
90
91

—18

27

—16
—12

12

24
12

92

12

93
94

95

—12

15

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126

—18

32

—12

16

15 —
27

—10
—12

—16

24
14

-39
—21
—12
—11

15

—10

12

10

12
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Table 2. Values of level L of eta quotient (1.18).

L Cases

2 67

4 5, 87

6 8,11,13,31,36,53,57,70,82,84,98,104,116
12 Otherwise

3. Two Eta Quotient Identities
Identity 87 of Table 1 asserts that

8(4z > '
Z4E§z§ =Y (o(n) = 30(n/2) +20(n/4))e*™".
n—1
As
o(n) ifn=1 (mod 2),
o(n) —30(n/2) +20(n/4) = {0 iftn=0 (mod 2),
we have

which is (1.8).
Identity 24 of Table 1 gives the Fourier series stated in the abstract. The eta
quotient

n*(22)n* (42)n°(62)
n*(2)n*(32)n*(122)

is of weight 2 on I'g(12).

4. Concluding Remarks

We conclude with a few remarks.

Remark 1. For any rational numbers ci, ca, c3, ¢4, cg and c12, we have

o0

Z(cla(n) + coo(n/2) + cs0(n/3) + cao(n/4) 4+ ceo(n/6) + c120(n/12))¢"

n=1

=c1q+ (31 + cz)q2 + (4e1 + c?,)q3 + (Te1 + 3ea + C4)q4 +6c1g® + - .
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By (2.8) and (2.13) we have
_ 2n 3n _ 12n)\18
— 394° H (1—g*)° (1 )*(1—q'*")

_ 5
—q")(1—¢* )6(1—616")15 SR

Thus, examining the coefficients of ¢ and ¢°, we see that
pok? £ Z c1o(n) + cao(n/2) 4+ cso(n/3) + cao(n/4) + cso(n/6) + c120(n/12))q"

for any rational numbers ¢y, ¢, 3, ¢4, ¢ and c12. Thus we cannot use a quintic
polynomial in (1.11) (see also (2.14)). Hence we cannot extend the range in (1.10)
froma+b+c+d+e<4toat+btc+d+e<bh.

Remark 2. We observe that a few of the formulae in Table 1 are related. For
example identity 67 is

V22 =1+ Z —80(n) + 485(n/2) — 640(n/4))e2™n=

and identity 36 is

=1+ i(—&r(n/i’)) + 480 (n/6) — 640 (n/12))e>™ "=,

n=1

Clearly these are related by the transformation z — 3z.

Remark 3. The values of a, b, ¢, d and e are recoverable from the values of a1, as,
as, a4, ag and a2 in Table 1 by means of the formulae:

1 1 1 1 1 1
a=51m + —a2+ 8a3+ 604-1- 4064— 50125
b:lal—iag—lm—laﬁ—ialg—kl

4 12 8 6 24

1 5 1 1 1 1
CT MRl T gt gt gt t

1 1 1 1 1
d= gCLQ — ﬁa:g — ﬂaﬁ — Ea12+ 5,

1 1 1 1 7 5 3
e = —Za]_ — gag — gag + §a4 — ﬁa(; — ﬂalg + 5
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