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Abstract. A recent result, conjectured by Arnold and proved by Zarelua, states that for a prime
number p, a positive integer k, and a square matrix A with integral entries one has tr(A4? k) =
tr(A? o ) (mod pK). We give a short proof of a more general result, which states that if the char-
acteristic polynomials of two integral matrices A, B are congruent modulo pk then the charac-
teristic polynomials of A? and B? are congruent modulo pk *1 and then we show that Arnold’s
conjecture follows from it easily. Using this result, we prove the following generalization of
Euler’s theorem for any 2 x 2 integral matrix A: the characteristic polynomials of A®™) and
1

AP —b(™) gre congruent modulo n. Here ¢ is the Euler function, ]_[f=1 p;.x is a prime factor-

ization of n and ®(n) = (¢(n) + ]_[ll-zl p?i_l(pi +1))/2.
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1. Introduction

In a series of papers [1]-[8] Arnold investigated dynamical aspects of the arith-
metic modulo n. In particular, he observed many congruences for traces of pow-
ers of an integral matrix and he considered them as generalizations of Fermat’s
little theorem and Euler’s theorem. It is remarkable that Arnold arrived at these
congruences in an experimental way typical in natural sciences (but also fun-
damental in mathematics of Wallis, Newton, and many others) by gathering
extensive experimental data and extrapolating from it general results. His most
striking discovery is perhaps the following congruence:

(1) tr(A?") = w(4?"")  (mod p"),

where p is a prime and 7 is a positive integer. Arnold proved (1) forn =1, 2,3
and conjectured it in general. Arnold’s conjecture was subsequently proved by
Zarelua [13] and Vinberg [12], and in fact this result can be found already in
papers by Janichen [9] and Schur [11]. For an excellent exposition of the history
of these questions and some applications to topology and dynamics we refer to
a recent paper by Zarelua [14].

In the present note we give a surprisingly simple proof of a more general
result contained in the following theorem:

Theorem 1.1. Let A, B € My, (Z), and let p be a prime and k a positive integer.

(i) If the characteristic polynomials of A and B are congruent modulo pk,

then the characteristic polynomials of AP and BP? are congruent modulo
k+1
prTh

(ii) The characteristic polynomials of AP and AP are congruent modulo
p*.

As (i1) 1s essentially Arnold’s extension of Euler’s theorem, part (i) should
be thought of as a generalization of the following simple but very useful fact in
elementary number theory: if a, b are integers such thata = b (mod p¥) then
a? = bP (mod pkt1).

As another generalization of Euler’s theorem to matrices Arnold suggested
the following congruence:

tr(A™) = (A" ™) (mod n),

where A is an integral matrix, 7 a positive integer and ¢ is the Euler’s function.
Unfortunately, Arnold himself pointed out that this is false already forn = 6
and some 2 x 2 integral matrices. On the other hand, it is an old but relatively
unknown result that (1) for all prime powers implies that

Z,u(g)tr(Ad) =0 (mod n),
dln
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where © is the Mobius function (just prove it separately modulo each prime
power in n by pairing the summands appropriately to apply (1)). See [14] for
more about the history of this congruence. In the last section of this note we
use Theorem 1.1 to prove a different extension of Euler’s theorem, much closer
in spirit to Arnold’s attempt, but only for 2 x 2 integral matrices. To formulate
this result consider a positive integer n > 1, whose prime factorization is n =

M, p;", and define ®(n) by

I
o) = 3 (o0 + [T o' (ps + 1),

i=1

where ¢ is the Euler function. Note that ®(n) = n if n is a prime power and
®(n) > n otherwise.

Theorem 1.2. Let n > 1 be a positive integer and let A € My(Z). Then the
characteristic polynomials of A2®™ and A2M=9®M) are congruent modulo n.

Note that Euler’s theorem is indeed a simple consequence of Theorem 1.2
applied to matrices of the form (§ 8 .

2. Main result

Lemma 2.1. Let p be a prime and n a positive integer. For any symmetric poly-
nomial f € Z[x1,...,X,] there exists a symmetric polynomial h € Z[xq,...,
Xn] such that

f(xf,xé’,...,x,f) = f(x1,....x0)? + ph(x1,...,xn).

Proof. The polynomial f(xf, xg, o xEPY— f(x1, ..., xn)? is symmetric, has
integer coefficients, and its reduction modulo p is O. [
Lets; = s;(x1,...,x,) be the i-th elementary symmetric polynomial (see

Section 6 of Chapter IV in [10] for basic facts about symmetric polynomials).
The fundamental theorem about symmetric polynomials [10, Theorem IV.6.1]
implies that for every positive integer m there exist unique polynomials 7, ; €
Z[x1,...,Xxn], i =1,2,...,n,such that

i x) = Tmi(s1(x1, ooy Xn)y ooy Sn(X1, .0, X0))
fori = 1,...,n. Lemma 2.1 yields the following corollary:

Corollary 2.2. Let p be a prime. Then Ty i(x1,...,Xp) = xlp (mod p) for
i1 =1,2,...,n.

The following lemma was suggested to us by Takeshi Saito.
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Lemma 2.3. Let p be a prime. The polynomials Ty i (X1 + y1,...,Xn + Yn) €
Z[X1yoosXn, V1s---»¥nl, 1 = 1,...,n, satisfy

Tpi(x1 +y1.....xn+yn) =Tpi(x1,....,x4) (mod pl + 12),
where I is the ideal (y1, ..., yn).

Proof. The Taylor expansion yields

Tp,i(xl + Y1y sXn + Yn)

n
0
= Tp,i(xl, ceXn) + Z ng,i(xl, ...,xn)yj (mod ]2).
j=1"

The lemma follows now immediately from the congruences

0
ng,i(xl, ..., Xp) =0 (mod p),
j

which hold for every i, j = 1,...,n by Corollary 2.2. [

Consider now a commutative ring S. For a monic polynomial f = x" +
S (—=1)'a;x"" of degree n in S[x] and a positive integer m define the poly-
nomial 7, ( f) by

Tn(f) = X"+ ) (1) Tmilar,...,an)x""".

i=1

It follows directly from the definition of the polynomials 7y, ; that if f(x) =
(x —u1)---(x —up) then T,,(f) = (x —uf")---(x —uj}'). This implies that
if f is the characteristic polynomial of a matrix A € M, (S) then T, (f) is the
characteristic polynomial of A™ (this is clear when S is a domain and in general
follows from the functorial properties of characteristic polynomials).

Remark 2.4. Takeshi Saito pointed out the following natural construction of the
operations 7,,. The ring S[x] can be considered as an algebra over itself via the
substitution homomorphism x +— x™. This makes S[x] a free S[x] module of
rank m and therefore the norm N, : S[x] — S[x] is defined in the usual
way (Npm(f) is the determinant of multiplication by f). It is multiplicative
(Nm(fg) = Ny (f)Nm(g)) and satisfies Ny, (ax —b) = (=1)™ (@™ x —b™).
In fact, these two properties and functoriality with respect to change of the co-
efficient ring characterize Ny,. It follows that Ny, (f) = (=1)*=D T, (f) for
any monic polynomial f of degree n.

An immediate corollary of Lemma 2.3 is the following theorem:
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Theorem 2.5. Let p be a prime, S a commutative ring and I and ideal of S.
If f,g € S|[x] are monic polynomials of the same degree such that f = g
(mod 1) then Tp(f) = Tp(g) (mod pI + 1 2). In particular, for any positive
integer k, and any monic polynomials f,g € Z[x] such that f = g (mod p¥)
we have Ty(f) = Tp(g) (mod p*t1).

Proposition 2.6. Let p be a prime and f € Z[x] a monic polynomial of degree
n. Then T,(f) = f (mod p).

Proof. Corollary 2.2 and Fermat’s little theorem yield
Tpi(ay,....an) = aip =a; (mod p)
fori = 1,...,n and any integers ay, ..., ay,. O

We are ready to prove our main result.

Proof of Theorem 1.1. Let f and g be the characteristic polynomials of A and B
respectively. Then the characteristic polynomials of A? and B? are T,,( /) and
Tp(g). Thus (i) follows from Theorem 2.5 and (ii) follows from Proposition 2.6
when k = 1 and from (i) and obvious induction in general. ]

3. An analog of Euler’s theorem for M (Z)

If g 1s a power of a prime, we denote by F; a finite field with g elements.

Lemma 3.1. Let p be a prime. The following conditions for positive integers
a, b are equivalent:

(i) A and AP have the same characteristic polynomial for any A € My (Fp).
(ii) tr(A%) = tr(A®) forany A € M (Fp).
(iii) Either (p? — 1)|(a — b) or (p? — 1)|(pa — b).

Proof. 1t is clear that (i) implies (i1). Suppose that (ii) holds. Taking for A the

matrix ( 8), where u is a generator of the multiplicative group FS, we see that

u® = u®, hence (p—1)|(a—b). Let w be a generator of the multiplicative group

]F;z and let x2 — sx + ¢ be the minimal polynomial of w over [F,. The matrix

A = (7] 7") has eigenvalues w and w”?. It follows that w® + w?¢ = w? +wrh.

Since (p —1)|(a —b), we also have wew?? = 1% = % = wPwP?. This implies

that either w® = w? or wP? = wP. In the former case we have (p2—1)|(a —b)
and in the latter case we have (p? — 1)|(pa — b). Thus (ii) implies (iii).
Suppose now that (iii) holds. Then (p — 1)|(a —b). It follows that A% and A?
have the same determinant for any A € M (IF). Let A € M (F)p). It suffices
to show that A% and A% have equal traces. Let u, w € IF > be the eigenvalues
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of A. If one of u, w is in [F,, then both are in FF,,. It follows that u¢ = u? and
w? = wb , hence 4% and A% have equal traces. If neither one of u, w is in [,
thenw = u? andu?’~! = 1.1f (p2=1)|(a—b) then u® = u® and w* = w? so
again A% and A? have equal traces. Finally, if (p% — 1)|(pa — b) then u¢ = w?
and w? = u? hence tr(4%) = tr(4?). O

Corollary 3.2. Let p be a prime. If a,b are positive integers such that (p +
D|(a+b),(p—1)|(a—Db), and the numbers (a+b)/(p+1) and (a—b)/(p—1)
are of the same parity, then A% and AP have equal characteristic polynomials
forany A € My (IFp).

Proof. Since

2 a+b a—>b
pa=b= =05, 55 p)

the result follows from Lemma 3.1. O

Proof of Theorem 1.2. Letn = H5=1 p:.xi be a prime power factorization of n.
.. i—1 l l

Fix j € {1 2,....0yandseta = 5 [1;; P77 ([Ti=1 (Pi+D+]Ti=1 (pi—1)

andb = 5 ]_[175] @i (Hf=1 (pi+1) —1_[§=1 (pi —1)). Note that the numbers

a, b satisfy the assumptions of Corollary 3.2 for the prime p = p;. It follows

from Corollary 3.2 that for any matrix A € M5 (Z) the characteristic polynomi-
als of the matrices A% and A® are congruent modulo pj. Theorem 1.1(i) implies

now that the characterlstlc polynomials of AP e @ and AP 77 are congruent
modulo p]’ Since p%~la = ®(n) and p% b = ®(n) — ¢(n), we see that
for each j the characterlstlc polynomials of the matrices 42" and 4®)—¢()
are congruent modulo p e O

A straightforward modification of the proof of Theorem 1.2 yields the fol-
lowing result.

Theorem 3.3. For n = ]_[f=1 p;" define u = lcm{pf”_l(pl- +D:1<i<l}
and w = lcm{ p?" _l(p,- —1) : 1 < i < [} (here Icm stands for the least
common multiple). Let s and t be positive integers such that su > tw. Then,
for any A € My (Z), the characteristic polynomials of the matrices AS* '™ and
ASYTIY qre congruent modulo n. If, in addition, for each i € {1,...,1} the
numbers su/p?"_1 (pi +1)and tw/p;-xi_1 (pi — 1) have the same parity, then
the characteristic polynomials of the matrices AS¥T1W/2 gpg AS¥=1w)/2 4pp
congruent modulo n.
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