Invent. math. 109, 557-561 (1992) Invents
entiones

mathematicae
© Springer-Verlag 1992

Cohomology of local systems on the complement
of hyperplanes

Héléne Esnault’, Vadim Schechtman® *, and Eckart Viehweg!

! FB 6, Mathematik, Universitidt-GHS-Essen, W-4300 Essen 1, Federal Republic of Germany
2 School of Mathematics, Institute for Advanced Study, Princeton, NJ 08540, USA

Oblatum 9-IV-1991

1

Let {H,},.; be a finite collection of (distinct) hyperplanes in the complex projective
space P". Define H = | ] H;; U = P" — H. We denote by QF, the sheaves of holo-

iel
morphic forms on U for 0 £ p £ n. We set Oy:= QY.
For any i,jel we have H;— H;=div(f;) for some f;e C(IP"); Define
n;=dlogf;e'(U,Qp). For a given reN—{0} we choose matrices
P;eEnd €', i€l such that ) P;=0.

Fix je I and define
w=Y n;®P,el'U,Q2})®End C".
iel
This form doesn’t depend on the choice of j. (It could be written as
“Y dlogH;® P;”)

iel

The form « defines the connection d + w on the trivial bundle &:= 0. We
suppose that (d + w) is integrable which is equivalent to the condition w A w =0
as dw = 0. Let Qp(8) = Qp ® ¢, ¢ be the de Rham complex with the differential
d+ o.

On the other hand, one defines finite dimensional subspaces
AP =« I'(U, Q%(8) =T (U, Qf) ®cC" as the C-linear subspaces generated
by all forms #,; A ... An,; ®v, veC". As one obviously has
(d + w)A? = wA” = A”*1, the exterior product by w defines

4045415 5 a0

as a subcomplex of I'(U, Qy(&)).
If L = IP"is a linear subspace, we write [, = {ie [|L <« H;}. For0<j<n—2
we define #; to be the set of linear subspaces L = P”, dim L = j, such that

(Bad) forallipel onehas L= () H,.

1ely — 1o}
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n—1
Weset &, 1 ={Hi}ier, =) &,
=0

J
In this note we prove the

Theorem. Suppose that
(Mon): for all L e &, none of the eigenvalues of Y. P; lies in N — {0}.
Then the inclusion el
A* s I'(U, Qy(£))
is a quasiisomorphism.
An obvious consequence is the following
Corollary. Under the assumption of the theorem, one has
H?(U,¥)= H(A*) for0<p<n
where & is the local system of flat sections of (£, d + w) on U.

The corollary answers positively a conjecture due to Aomoto [A, p. 7]. In fact,
there a slightly stronger monodromy condition was required. A partial result was
obtained in [S-V, 4.6], by different methods. If all P; = 0 then the result is due to
Brieskorn [B, Lemma 57.

The reader will realize that the proof is straightforward using the methods of
[E-V] and relies on [D II] and [B].

2

Lemma. Let nw: X — IP" be any blowing up of P" with centers in H such that X is
smooth and D = n ™' H is a normal crossing divisor. Then H4(X, Q%(log D)) = 0 for
q > 0and H°(X, Q% (log D)) is generated by forms n™'(n;,;, A ... A ;).

Proof. If (Q2%(log D), d) denotes the standard logarithmic de Rham complex one
knows [D II] that the Hodge-Deligne spectral sequence

EY = HY(X, Q4(log D)) = H’"9(X,(Qx(log D),d)) = H?"4(U, T)
degenerates in E;. On the other hand,
Wiy, A e A mg) € HO(X, Q5(log D))

and by [B, Lemma 5], those forms generate HP(U,C) (actually even
H?(U,(2rn/ — 1)? Z)). O

Proof of the theorem. Using the lemma it is enough to construct a blow up
7 : X — P", as above, such that

H"U, ¥)=H"X,(Q%(log D)® C", d + w)) .
Let Z; be the set of linear subspaces considered above. One has the sequence

n-2

X=Xn—1l:’Xn—2—’"' “’Xrt‘l’Xo:IP"
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where 7,: X, — X,_, is the blow up along the proper transform of () L under
P

T10T30 ... 9Tg_ 1. 1
Claim. X is non singular, t*H is a normal crossing divisor fort = 1, ... °1,_, and
for all s the proper transform of | ) Lundert,°t,° ... °1,_, is the disjoint union of

£,
the smooth proper transforms of the Le L.

Proof. 1t is sufficient to consider a neighbourhood of some p € P" and to assume
that pe L for all Le .#.
If pe &, ie. if p is the center of 7, one considers

X, P 'xP" and pr,: X, ->P"" ',

Since each Le % is a linear subspace of IP" containing p, we have
t*H = prfH' + E where E is the exceptional divisor of t; and H’ is a configuration
of hyperplanes in IP"~!. By induction on n we can assume that the blow up Y, -, of
P"~! given by the same construction for H' is nonsingular and the pullback of H' is
a normal crossing divisor. As X,,_; = Y,_, xp-1 X, and E is a cross section of
pri: X, — P! the pullback of E to X,_,; and the pullback of H' to X,_,
intersect transversally,

Ifp¢ &, ie. if 7, is an isomorphism we can find a neighbourhood Z of p and
a smooth morphism ¢ : Z — IP"~* such that H|z is the union of the pullback of
some configuration H' of hyperplanes in IP"~! and a divisor H” in Z which has

relative normal crossings over IP" !, In fact, consider the smallest dimension d,
n—2

with &, + . As U #; is stable under intersection, £, contains just one

=0

element, say L', and fjor j > doeach L e &;contains L'. (We still assume that p lies

onall L € #.) Hence, to obtain ¢: Z — IP"~ ! we can take the blow up of some point
ge L', q * p, and take Z to be the complement of the exceptional divisor.

Then we argue by induction on n. O

Let E be an irreducible component of t*H. If E is the proper transform of some
H;, we assumed in (Mon) that none of the eigenvalues of the residues of (d + w)
along E lies in N — {0}. If E is exceptional, E is obtained by blowing up the proper
transform of some Lin #,_; in X,_,. Let ¢; be a local parameter of H; in a general
point of L for ie I;. Then ¢;°n = t*; where y; is a local equation of the proper
transform of H; and ¢t is a local equation of E. The connection on X is locally
given by

dt
L

i+ S P,-%&+< v p,)

iel, iel,

Hence the residue of the connection along Eis Y P,. By assumption (Mon) none
iel,
of the eigenvalues of ) P;lies in N — {0}.
iel,
By Deligne [D, 3.13] one knows that (2%(log D) ® €', d + ) is quasiisomor-
phic to (Rj(2y ® €"),d + w) for j: U — X. The theorem is proved. O
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3

In this section we give a condition equivalent to (Bad) of n°1.
As in the proof of the theorem, for each linear subspace L of P" we can

consider the blowup X S P" of L and the projection p:X — P where
r+ l=codimL =n—dim L The points of P, :=P" parametrize the
n —r=dim L + 1 dimensional linear subspaces of IP* which contain L. In particu-
lar, if H; is a hyperplane containing L we find a hyperplane H; in IP" whose inverse
image p~'H is the proper transform of H; under t.

Proposition. Let L be a j-dimensional linear subspace of P", j<n — 2, with
L= () Hi.Letr=n—j—1and p:X - P, as above. Then the following condi-
iel,

tions are equivalent:

a) Le Z;.

b) For each iy € I, the arrangement U H; of hyperplanes in P contains

el — {io}
a coordinate symplex.

c) x(]PL — U H§> =+ 0 where y denotes the Euler characteristic.

iel
d) x(]PL— U H;)-(—l)’>0.
iel;

Proof. Obviously J  Hj contains a coordinate symplex if and only if

iel, — {io}
H,= ¢&.
iel, — {io}
Since N H,~=Lur<p'1< N H;)) the conditions a) and b) are
iel, — {io} iel, —{io}
equivalent.

Assume that c) holds true. Let us prove b).
Assume that for some iy, U H does not contain a coordinate symplex or
i€l —{io}
equivalently that ()  Hj contains a point p. We can choose p to be the
iel, — {io}
zero-point of A" =P" — H; and for ie I, — {iy}, Hi|p is a linear subspace of

C ~ A If C" - {0} % P! is the natural map,

U=C- |J Hileg=P-J H;
iel, — {ig} iel,
is a trivial €*-bundle over an open subset of P"~! and 3(U) = 0.
Evidently, d) = c). To see that b) implies d), let us fix some iy € I;. For iy i, we
can find a coordinate symplex

H .,er Wlth]o]rEIL*'{ll}

jo,-;

Obviously, one of the H; can be replaced by ip and we may assume that j, = iy. In
other terms, the arrangement

H;':H”H;o, iEIL—{iO} of]P"leQO
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again satisfies the assumption b) and by induction we may assume that

X< w— U H}mH;0>'(—l)’_l>0.

iel, — lio}

Since the Euler characteristic is additive we have

v U w)=d(m- U mom)eo(v- Y o).

iel, — {io) i€l — o} iel,

If the arrangement H, i € I, — {io} does not satisfy the assumption b), the left hand
side of the equation is zero and d) holds true. Otherwise, by induction on the
number of hyperplanes we may assume that the left hand side lies in
(— 1)+ (N — {0}) and again one obtains d). O

Thus, the monodromy condition (Mon) should be verified only for those subspaces
L for which e(L):= x(ll’{ — |J Hi|#0. This should be compared with [S-V],

iel,
Theorem 3.7.

4

When applied to the special arrangements studied in [S-V, part 1], the theorem
provides the subset A = C* which is a union of a finite set of arithmetic progres-
sions such that for all k~! ¢ A (where x is as in loc. cit.), the construction of [loc. cit.
7.2.8] gives the complete set of solutions of Knizhnik-Zamolodchikov equations.
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