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Two types of radially symmetric three-dimensional nonlinear photonic crystals with the cylindrical structure and
the egglike structure are proposed, from which the conical and the spherical quadratic harmonic waves can be
produced, respectively, by three-dimensional quasi-phase matching. First, the cylindrical structures with periodic
and aperiodic modulations of the nonlinear coefficient are both studied, showing their significant advantages
compared to the corresponding two-dimensional structures. The dependencies of the transverse and the longi-
tudinal phase-matching periods on harmonic propagating directions are also calculated and analyzed. Then,
the egglike structure is designed by programming and the distribution of reciprocal vectors is presented, indicating
its ability to generate the spherical harmonic as a point light source. The investigation of the intensity distribution
on the spherical wavefront is also performed, showing its strong dependence on the harmonic polarization and the
quadratic nonlinear coefficients. © 2011 Optical Society of America

OCIS codes:  140.3380, 050.5298.

1. INTRODUCTION

Nonlinear photonic crystals (NPCs) associated with quasi-
phase-matching (QPM) technique [1] are created by the mod-
ulation of quadratic nonlinear coefficients so as to result in
realizing the expected optical parametric process. By ex-
tending the one-dimensional (1D) QPM theory into the two-
dimensional (2D) one, the 2D NPC was first proposed by
Berger in 1998 [2]. Ever since then, plenty of work has been
comprehensively done on the 2D NPC, of which some popular
issues are, for example, the nonlinear Cerenkov radiation in 2D
NPCs [3-6], the broadband frequency doubling in random
phase-matching media [7-13], and the nonlinear Bragg diffrac-
tion in annular periodically poled NPCs [14-18]. These novel
phenomena which cannot be observed in 1D structures deeply
reveal lots of new physical origins, substantially enlarging the
research scope of QPM.

Recently, the NPC has been further generalized into the
three-dimensional (3D) case [19] by us, which may provide
more abundant reciprocal lattice vectors (RLVs) with addi-
tional spatial freedom to compensate the phase mismatches
in the optical parametric processes that cannot occur in the
1D or 2D regime, making the RV design more flexible. Although
the fabrication of 3D NPCs is extremely difficult, many experi-
mental explorations have been done. The most possible reali-
zation of the 3D NPC now seems to be the domain reversal
induced by ultraviolet pulses [20,21] and femtosecond laser
[22-24] due to the relatively convenient operation of light
which avoids the complicated scheme including multiple steps
such as bonding, cutting, and regrowth. Once the fabrication of
the 3D NPC comes true, a great deal of work may be concen-
trated on this newly arisen research direction. Consequently,
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the theoretical design and study of new structures appear to
be very necessary for the practical application of 3D NPCs.
In this paper, we design to our knowledge, two novel ra-
dially symmetric structures, namely, the cylindrical structure
and the egglike structure for the 3D NPC. The former is de-
rived by adding an additional longitudinal modulation to
the conventional 2D annular structure such that the generated
conical harmonic wave may have an arbitrary apex angle in
contrast to the fixed one in a 2D structure. The latter is cre-
ated via programming so that the spherical second harmonic
may be emitted from the egglike structure which can be con-
sidered a point light source. The unique properties of these
two structures are also analyzed for further understanding.

2. CYLINDRICAL STRUCTURE

The design of the cylindrical structure is enlightened by the
traditional 2D annular NPC as shown in Fig. 1(a) which exhi-
bits radial symmetry (rotational symmetry along the poling
direction, namely, the z axis) and possesses an infinite num-
ber of RLVs arranged in the crystal plane, namely, the x-y
plane. Saltiel et al. [14,15,17] have deeply studied this kind
of structure by irradiating the fundamental beam along the
2z axis. The conical second harmonic may result from it via
the nonlinear Bllagg diffraction since the phase-matching con-
dition is 2?0,,, + Gy = 122(,,, where IE,,, is the fundamental wave
vector, 122{,, is the harmonic wave vector, and thg tran-
sverse phase mismatch is compensated by the RLV G, [see
Fig. 1(b)]. However, as it can be seen, the vertex angle 2¢’
is a fixed value of arccos(2k,/ks,), owing to the limitation
of the longitudinal phase-matching condition where there is
no longitudinal modulation.

© 2011 Optical Society of America
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Fig. 1. (Color online) (a) The 2D annular NPC which can only pro-
vide (b) the transverse RLV G, and consequently generate the conical
harmonic with fixed vertex angle, in contrast to (c) the 3D cylindrical
NPC that may offer (d) not only the transverse RLV G, but also the
longitudinal RLV G; and therefore produce the conical harmonic with
arbitrary angle, for example, (e) the toroid and (f) the counterpropa-
gating cone.

Such an obstacle can be eliminated by extending the annu-
lar NPC to the cylindrical structure by adding an additional
modulation in the longitudinal direction as shown in Fig. 1(c).
Then the phase-matching condition becomes

212(11 + 6!t + él = IEZ(»’ (1)

so that the extra RLV él can be offered to help compensate the
longitudinal mismatched phase [see Fig. 1(d)]. Thus, the ver-
tex angel 260 becomes arbitrary through intentionally choosing
the proper longitudinal and transverse RLVs, and then many
interesting phenomena will be observed. For instance, if 6 is
set at 90°, the toroidal second harmonic, the so-called T' wave
[17], will be produced in the cylindrical NPC. Different from
the two counterpropagating fundamental beams utilized in
[17], the single fundamental beam is used so that the relatively
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higher conversion efficiency may be obtained for avoiding the
spatiotemporal walk-off. In an even more limiting case, if 9 is
chosen in the range from 90° to 180°, the second harmonic will
propagate as a cone along the opposite direction to the funda-
mental wave.

Figure 2 shows the poling periods of the cylindrical NPC
relevant to the transverse and longitudinal phase-matching
which are calculated according to the harmonic propagating
directions. As we know, the different refractive indices be-
tween ordinary and extraordinary harmonics result in differ-
ent phase mismatches and further lead to the different phase-
matching periods. For the ordinary harmonic, because of the
refraction being independent of the wave orientation, the
transverse and longitudinal periods can be expressed as
follows:
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where 1 is the fundamental wavelength, 0 refers to the diffrac-
tion angle which is half of the vertex angle of the cone, and
N, and n, 5, denote the ordinary principal refractive indices
for the fundamental wave and the harmonic, respectively. As
for the extraordinary harmonic, since the refraction depends
on the wave propagating direction, the transverse and longi-
tudinal periods have the following relation:
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Fig. 2. (Color online) Dependencies of the transverse and the long-
itudinal phase-matching periods (A with subscripts ¢ and [, respec-
tively) for the ordinary and extraordinary harmonic [A with
superscripts (o) and (e), respectively] on the diffraction angle 6.
For convenience of watching, the inset is extracted from the middle
section of the curves that are almost coincident.
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where ng(e) is the extraordinary refractive index varying
with the harmonic orientation, and 7, 5, represents the extra-
ordinary principal refractive index for the harmonic wave.

As illustrated in Fig. 2, by use of the data reported in [25],
the calculation is applied to LiNbOs. It can be seen that the
curves of the phase-matching periods for the ordinary and ex-
traordinary harmonics are almost coincident in the LiNbOg
crystal. Then the curves will overlap more closely in the
LiTaO3 case for the smaller birefringence. Therefore, these
two harmonics may together come out of the crystal. In addi-
tion, for compensating large phase mismatches, the periods of
the first-order QPM are very short with the minimum value
down to about 0.1 ym, which is far beyond the state-of-the-
art poling technique. The solution is to use the higher-order
RLVs just like the thirteenth order used in [14] and, of course,
the resulting disadvantage is the inevitable efficiency de-
crease of the harmonic generation. Nevertheless, in the small
0 regime, the RLVs with low order such as first, second, and
third order may be utilized due to the transverse periods shar-
ply increasing with the longitudinal ones tending to a stable
value of 2.2 ym that can possibly be realized for first-order
QPM in experiment. Note that the low-order conical harmo-
nics are also observed in [14], but their mechanism is the non-
linear Raman-Nath diffraction [26] with low second harmonic
generation (SHG) efficiency in contrast to the nonlinear Bragg
diffraction with relatively high SHG efficiency discussed in
this paper. For Raman-Nath diffraction, the longitudinal mod-
ulation will not change the diffraction angle because it only
needs to satisfy the transverse phase-matching condition.
Moreover, on the condition that @ is set at 0° or 22°, the cy-
lindrical NPC will degrade to the 1D periodic or the 2D annu-
lar one, because of the transverse or the longitudinal period
having a tendency to be infinite.

In analogy to the 1D regime [27], the cylindrical NPC with
periodic modulation can be developed to the aperiodic case as
shown in Fig. 3(a). The scheme is almost the same, just con-
sidering the transverse and the longitudinal modulations as
two 1D structures. Then, similarly, the multiple RLVs are ob-
tained in the discrete form in both directions [see Fig. 3(c)]
and the multiple conical harmonics with different vertex an-
gles may result from the aperiodic cylindrical NPC as depicted
in Fig. 3(b). The generated harmonics may simultaneously ex-
hibit the exceedingly different profiles such as the counterpro-
pagating cone, the toroid, and the short-vertex-angle cone
which are discussed above, concentrating on presenting the
unique properties of the aperiodic cylindrical NPC. If the azi-
muthal symmetry of the transverse modulation is changed
from continuous to discrete, analogous to the 2D case [28],
many new types of cylindrical NPCs may be created to pro-
vide RLVs in different spatial distribution.

3. EGGLIKE STRUCTURE

It can be seen in the above discussion that either periodic or
aperiodic cylindrical NPC may only generate harmonics in
one or several directions since only the discrete transverse
and longitudinal RLVs can be supplied. Then the question be-
comes how to emit harmonics in all directions; for example,
because the harmonic wavefront is a spherical surface it be-
comes an interesting problem deserving more studies. Enligh-
tened by the local QPM theory [29], the structure in Fig. 4(a) is
designed through programming according to the method sug-
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Fig. 3. (Color online) (a) Cylindrical NPC with aperiodic modulation
of the quadratic nonlinear coefficient which may supply (c) multiple
transverse and longitudinal RLVs in discrete form and then emit (b)
the multiple harmonics in different shapes such as counterpropagat-
ing cone, toroid, short-vertex-angle cone.

gested in [29], when the focal point of the harmonic which can
be considered as the spherical center is set in the crystal. Ex-
tending it to the 3D case, the structure that looks like an egg is
derived as shown in Fig. 4(b). The RLV distribution of this
kind of structure is illustrated in Fig. 4(d), exhibiting a conver-
ging tendency. Thus, the spherical harmonic presented in
Fig. 4(c) may come out of the egglike structure owing to
the phase-matching of SHG in all directions. Note that the
crystal should be cut into a ball with the center denoted in
Fig. 4(b) so that the generated harmonic wavefront will not
be distorted by the surface of the crystal. Consequently, such
a 3D NPC can be regarded as a light point source of the har-
monic, which cannot be realized in a 1D or 2D structure.

(a)

Fig. 4. (Color online) (a) Sectional view of the egglike NPC via pro-
gramming. (b) Egglike NPC with the denoted center. (c¢) Generated
spherical harmonic. (d) Diagram of the phase-matching condition.
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It is obvious that the emission of the harmonic is not iso-
tropic, so the distribution of the intensity on the harmonic
wavefront will be studied in the following discussion. As
analyzed in [14], the harmonic intensity is proportional to
the square of the effective nonlinear coefficient which is re-
levant to the fundamental and harmonic polarization.
LiTaO; crystal is employed as an example, which is in a tri-
gonal system with a 3 m point group. Since the fundamental
beam propagates along the z axis, the ordinary and extraor-
dinary harmonics are azimuthally and radially polarized, re-
spectively, involving the nonlinear components d,,, and

d,,- For convenience of analysis, the walk-off between the

,\
Qo
—

rmalized Intensity (a.u.)

30 60

6 (deg)

0

60 90 120 180

6 (deg)

150

J. Chen and X. Chen

harmonic and the fundamental wave is neglected, when the
fundamental beam is not tightly focused. So the ordinary
and extraordinary harmonic intensities can be given as

1) o< (dg))? = [dy cos(o + 2P, (7)
1(22 I (dg?)z = [dyyy cosOsin(p + 2y) + d,, sin6?,  (8)

where dg}} and dgefz are the effective nonlinear coefficients for

the ordinary and extraordinary harmonics, y is the angle be-
tween the fundamental polarization direction and the y axis, ¢
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Fig. 5. (Color online) Spatial distribution of (a) ordinary, (b) extraordinary, and (c) total second harmonic intensity in LiTaO3 with r;, = -1.7.
Corresponding distribution of total second harmonic intensity with variable r; values, (d) -10, (e) -1, (f) 0, (g) 1, and (h) 10.
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is the azimuthal angle of the harmonic with respect to the x
axis, and 6 is the diffraction angle as defined above.

In theory, a designed egglike NPC can only provide one set
of RLVs to enhance one of the ordinary and extraordinary har-
monics and suppress the other because of the different phase
mismatches. However, as we discussed above, the ordinary
and extraordinary harmonics may together come out of the
LiTaOs crystal for short birefringence. Then the total intensity
should be a summation in the form I, (tom) =1 é(;) +1 g Sup-
pose 1q = dy,,/d.,, and substitute Eqs (7) and (8) into the
above formula. The total intensity can be expressed as
follows:

I(total)

s o [rg cos(p + 2y)] + [ry cos Osin(p + 2y) + sin 6]2.

©)

Consequently, the total intensity of the harmonics is indepen-
dent of the nonlinear components d,,, and d.,,, but dependent
on their ratio.

The simulations are performed for L1Ta03 as shown in
Figs. 5(a)-5(c) which correspond to 1Y), 1Y) and 1°™ re-
spectively. Like the supposition in [14], y 1s set at 0° and r
is determined to be —1.7. It is shown that I\ 5, only changes
with ¢ while I gw varies with both 6 and ¢. Furthermore, there
are two circled cold areas (low intensity areas) in the 75
distribution. It is found that the locations of these two
cold areas move with the variation of r; as illustrated in
Figs. 5(d)-5(h). For convenience of discussion, the harmonic
sphere is viewed as the Earth where 6 = 0° stands for the Arc-
tic, @ = 180° refers to the Antarctic, and 0 = 90° denotes the
equator. At the very beginning, the cold areas lie at the equator
with 7, tending to the negative infinity [r; = -10 in Fig. 5(d)].
Then the cold areas gradually move to the two poles with 7,
increasing [r; = -1 in Fig. 5(e)]. Note that LiTaOs is at this
state. Next the cold areas completely lie in the Arctic and
the Antarctic, respectively [r; = 0 in Fig. 5(f)]. In this situa-
tion, the crystal symmetry changes from 3 m to 4 mm because
of d,,,, = 0. Subsequently, the cold areas go back to the equa-
tor little by little with 7; increasing to the positive infinity right
along [ry = 1 and r, = 10 in Figs. 5(g) and 5(h), respectively].
The 74 < 0 and 7r; > 0 processes are mirror symmetric.

Note that, during the above analysis, there may be an addi-
tional azimuthal modulation of harmonic intensities with sev-
eral peaks due to the artifacts of the discrete character of
domain boundaries in ferroelectric crystals [14]. Besides,
the difference of the phase-matching conditions for ordinary
and extraordinary harmonics is ignored for the crystal with a
small birefringence discussed here, while it should be taken
into account for the crystal with a large one. Then, conversely,
the change of the appearance of I ;Otal distribution can be uti-
lized to investigate the large birefringence of the crystal. What
is more, only the crystal with 3 m symmetry is studied in this
paper while the appearance of 1. Zt(oml distribution may change
as do the crystals with other symmetries. So the I Ztsml distri-
bution can also be used to investigate the crystal symmetry.
Studies of other possible applications of the egglike NPC are
underway.

4. CONCLUSION

We have proposed, to our knowledge, two novel radially sym-
metric 3D NPCs: one with a cylindrical structure and one with
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an egglike structure. The advantage of the periodic and aper-
iodic cylindrical NPC is that the multiple conical harmonics
with arbitrary vertex angels may be produced since the extra
longitudinal RLVs can be provided. The dependencies of the
phase-matching periods on the diffraction angles are calcu-
lated and analyzed. The egglike structure is designed by pro-
gramming according to the local QPM theory, showing its
ability to generate the spherical harmonic as a point light
source. The intensity distribution on the harmonic sphere is
studied, reflecting a lot of information such as ratio of non-
linear components, crystal symmetry, birefringence, and char-
acter of domain boundaries.
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