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1 Introduction

Recently, the subjects of pattern avoidance and permutation patterns have taken a lot of interest.
Initially, the idea on the subjects has initiated by Knuth [7] and Simion and Schmidt [12] who
considered the problem on permutations and enumerated the number of permutations of [n] =
{1,2,...,n} avoiding a particular element or subset, respectively, of patterns of length three.
Afterwards the problem has been linked with several other discrete structures, such as compo-
sitions, k-ary words, and set partitions; see, e.g., the texts [8,9] and references contained therein.
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We say a permutation is standard if its support set is an initial segment of the positive inte-
gers, and for a permutation m whose support is any set of positive integers, St(7) is the standard
permutation obtained by replacing the smallest entry of 7 by 1, next smallest by 2, and so on.
As usual, a standard permutation 7 of [n] avoids a standard permutation 7 of [k] if there is no
subsequence p of 7 for which St(p) = 7. In this context, 7 is a k-letter pattern (or just simply, a
pattern). For a set T' of patterns, S,,(T") denotes the set of permutations of [n] that avoid all the
patterns in 1" (for example, see [10, 11] for subsets of at least ten 4-letter patterns and [2—6] for a
class of three 4-letter patterns). We denote generating function for the number of permutations of
Sn(T') (T-avoiders of [n]) by Frp(t), namely

Fr(t) =) 1Sa(T)]t".
n>0

Two sets of patterns 7" and 7" are said to be Wilf-equivalent if their avoiders have the same
counting number, that is, if |S,,(T")| = |S,(7”)| for all n > 0. In the context of pattern avoidance,
a symmetry class refers to an orbit of the dihedral group of order eight generated by the operations
reverse, complement, and inverse acting entrywise on sets of patterns. Two pattern sets in the
same symmetry class are trivially Wilf-equivalent.

In [1], the authors interested on the number of data structures of a certain wreath product type.

In particular, they showed that the generating function of the number of permutations of [n] that
avoid A; = {2413, 3142, 3124, 1423} is given by

)
Falt) = 1= B3Co(t)
where

C(t) =

1—\/1——41522 1 (2”)t"

2t n+1\n

n>0
is the generating function of the Catalan numbers.

In this paper we are interested in avoidance problem on permutations. Our experiments with
numerical computations show that at most 19 classes of quadruples of 4-letter patterns have same
number of avoiders with A;-avoiders. Our main result can be formulated as follows.

Theorem 1. Let

Ay = {2413,3142,3124,1423}, A, = {2431,4132,1432,1324}, As = {2143,2413, 3241, 3142},
Ay = {2431,2341,2314,3142}, As = {2431,2314, 3241, 3142}, Ag = {2143, 1432, 1324, 1423},
A7 = {2143,1324,1342,1243}, Ag = {2134,1324,1342,1243}, Ag = {2134, 1342,1243, 1234},
Ao = {3142,1342,2431,2341}, A1y = {2431, 2413,2314, 3241}, Ay, = {1342, 2341,2413, 2431},
Ay = {3142,1432,1342, 1324}, Ay = {3142, 1342, 1324, 1423}, A5 = {3124, 1342, 1324, 1243},
A = {3124,1324,1423,1243}, A17 = {3124, 1324,1423,1234}, Ays = {1324, 2341,3241, 3421},
Ay = {1243,1342, 1423, 2341}.

Then the generating function for the number of permutations of size n that avoid A; is given by

C(t)

Bl =1 "acsgy
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where 7 =1,2,...,19.

To prove our main result, our main strategy is to examine the structure of an avoider, usually
by splitting the class of avoiders under consideration into subclasses according to a judicious
choice of parameters which may involve, for example, left-right maxima, initial letters, positions
of given letters, and whether resulting subpermutations are empty or not.

2 Proofs
A permutation 7 expressed as 7 = i, m(MNipr® .4 7™ where i; < iy < --- < i, and
i; > max(7V)) for 1 < j < m is said to have m left-right maxima (at iy, i, . . . ,i,,). Given

nonempty sets of numbers S and 7', we will write S < 7" to mean max(S) < min(7") (with the
inequality vacuously holding if S or 7" is empty). In this context, we will often denote singleton
sets simply by the element in question.

Let 7" be any pattern set. Throughout the paper, a(n) denotes the the number of T-avoiders
of size n. Moreover, a(n;iyiy - - - i5) denotes the number of T-avoiders 7,7, - - - 7, of size n such
that m; = i; forall j = 1,2,...,s.

2.1 Case2: T = {2431,4132,1432, 1324}

Lemma 2. Let T = {2431,4132,1432,1324}. Let H,,(t) be the generating function for the
number of permutations (n+1—m)rW(n+2—m)7® ...nx™ € S, (T). Then H,,(t) satisfies

H,(t) =t + mz: Ot Hypyr— () + tHy(t) + " C#)(C(2) — 1),

forallm > 2.

Proof. Let us write an equation for H,,(t) with m > 2. Letm = (n +1 — m)rW(n + 2 —
m)r® ...nx™ € S, (T) with n > m. Note that ()72 ... 7(™) avoids 132. If n — m belongs

s—1

to 7 with s = 1,2,...,m — 1, then 7(¥ = ... = 76~ = () because 7 avoids 1324, so

we have a contribution of tC(t)H,,41_(t). Otherwise, n — m belongs to 7™, so we can
write 7™ = a(n — m)B. If B = (), then we have a contribution of tH,,(t), otherwise, 7 =
(n4+1—=m)---na(n —m)p such that « > 3 and «, 5 avoid 132. Thus, we have a contribution
of t"T1C(¢)(C(t) — 1) (see [7]). Hence,

H,(t) =t" + mi: Ot Hypyr— () + tHy(t) + " C#)(C(2) — 1),

where t™ counts the case n = m. OJ

Lemma 3. Let T = {2431,4132,1432,1324}. Let J,,, 1 (t) be the generating function for the
number of permutations

(n—m)r . (n+k—1—m)a™ P4+ k+1—m)rm=Rong(M(n 4 k—m) € S, (T).
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Then Jy1(t) = tH,(t) and Jp x(t) = t*C* () Hypya—g for all k = 2,3,...,m — 1, where
H,,(t) is given in statement of Lemma 2.

Proof. Let us find a formula for J,, x(¢). Let m € S,,(T") with the form
r=m-maW.- o n+k—1-—m)r™ P (n4+k+1—m)am=R . g™+ k—m).

By Lemma 2, we have that J,,, 1 (t) = tH,,(t). Let k = 2,3,...,m — 1. Since 7 avoids 1324,
we see that 7)) > 72 > ... > g1 - ZE)7E+H) o 7m) and 709 avoids 132 for all s =
1,2,...,k—1, which, by Lemma 2, implies that J,, (t) = t*C*~1(¢)H,, 1 _x(t), as required. [

Theorem 4. Let T = {2431,4132, 1432, 1324}. The generating function for T-avoiders is given

by
C(t)

Prt) =T —%esmy

Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1and G4(t) = tC(t).

Let us write an equation for G,,(t) with m > 2. Let 7 = i;7Wiyn@® .. .4, 7™ € S, (T)
with exactly m left-right maxima such that 7; < i3 < --- < %, = n. Since 7 avoids 1324, we
see that /) < iy forall j = 1,2,...,m — 1. If 7™ < 4, then we have a contribution of H,, (t)
(as discussed in Lemma 2). Otherwise, (™ has a letter between i; and i;, for 1 < j < m — 1.
Since 7 avoids 7', we see that 7™ = a(i; + 1)(i; + 2) -+ - (i;01 — 1) with & < 4;. Hence, by
Lemma 3, we have a contribution of .J,,, ;(¢). Hence,

—1
t tiCci—1
Pl + 3 T

3

Herl*j (t)

I|
¥

J
Thus, by summing over m > 2, we have that

1 t2C(t)
D Cnlt) = <l—t+(1—t) 1—tC(t >ZH

m>2

which implies
14+ 2C2(t
Fr(t)=1+tC(t) + i § H,,

C1—t
m>2
On the other hand, by Lemma 2, we have
1 +tC(t)(C(t) — 1))
> i |
(1—1)2—=1tC(t)

m>2

Hence, by after several algebraic operations with using the fact that C(t) = 1+ tC?(t), we obtain

that Fir(t) = 1%03(005 > as required. O
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2.2 Case3: T = {2143,2413,3241,3142}

Theorem 5. Let T' = {2143,2413, 3241, 3142}. The generating function for T-avoiders is given
N c
t
Fr(t) = 1—3C5(t)
Proof. Let G,,(t) be the generating function for 7T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and G4(t) = tFr(t).

Let us write an equation for G, (¢) for all m > 2. Let 7 = i;7Wiyn® .. .4, 7™ € S, (T)
with exactly m left-right maxima such that 1 < 7o < -+ < 1, = n. If 70 > 4, for all
j = 1,2,...,m (that is, iy = 1), then we have a contribution of tG,,_1(t). Otherwise, there
exists s, 1 < s < m, such that 7(*) has a letter smaller than 7;. Since 7 avoids 3241 and 3142,
we see that 70) > i, forall j = 1,2,...,5s — 1,5+ 1,5 +2,...,m. Since 7 avoids T, we see
that 7(9) = () for all j # s. Since 7 avoids 2413, we can write 7(*) as a(®a(s=1) ... o} such that
ijo1 < a¥ < i;forall j = 2,...,s and o # @ such that o) < 4;. Note that 7w avoids T
if and only if o¥) avoids 213 forall j = s,5 — 1,...,2 and oY) avoids 7. Also, the generating
function for the number of {213 }-avoiders is given by C(t), see [7]. Thus, we have a contribution
of t"C* 1 (t)(Fr(t) — 1). Hence,

Gm(t) =tGp 1 (t) +t™(Fr(t) — 1) Zm: C* (1.

By summing over m > 2, we obtain

t*(Fr(t) — 1) t?C3(t)(Fr(t) — 1)
(1-t)(1-C(t)) 1-C(t) ’

Fr(t) —1—tFp(t) =t(Fr(t) — 1) +

which, by using the fact that C'(t) = 1 + ¢tC?(t), leads to Fr(t) = %, as claimed. O

2.3 Cased: T = {2431,2314,2341, 3142}

Theorem 6. Let T' = {2431, 2314, 2341, 3142}. The generating function for T-avoiders is given
by
B C(t)
1 —1305(t)
Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and G4(t) = tFr(t).

Let us write an equation for G5(t). Let m = in'nn” € S,,(T") with exactly 2 left-right maxima.

Fr(t)

If 7”7 > 4 then 7’ and 7" must avoid 231 and 7T, respectively. So we have a contribution of
t2C'(t)Fr(t). Otherwise, 7" has a letter smaller than i. By considering if 7 < i (thatisi = n—1)
or not, we obtain the contributions of lt—_Qt(FT(t) —1)and lt—_Qt(C (t) — 1)(Fr(t) — 1), respectively
(we used the fact that the generating function for the number of 231-avoiders is given by C(t),
see [7]). Hence,

2 2
1_t<FT(t)_1)+ ¢

Go(t) = °C(t)Fr(t) + (C(t) — 1)(Fr(t) —1).
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Let us write an equation for G, (¢) for all m > 3. Let 7 = i;7WMiyn® .. -4, 7™ € S, (T)
with exactly m left-right maxima such that 7; < 75 < --- < 4, = n. Since 7 avoids 2314 and
2341, we see that 70) > 4, for all j = 2,3,...,m. Thus, we have G,,(t) = tC(t)Gp,_1(t). By
summing over m > 3, we obtain

Fr(t) — 1 —tFp(t) — Go(t) = tC(t)(Fr(t) — 1 — tFp(t)),
which, by solving and using the fact that C'(t) = 1 + tC?(t), implies that Frp(t) = %,
claimed. [l

as

24 Case5: T ={2431,2314,3241,3142}

Theorem 7. Let T' = {2431, 2314, 3241, 3142}. The generating function for T-avoiders is given
by
C()
T 1-B0(t)
Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and Gy(t) = tFr(t).
Let us write an equation for G (t). Let 7 = in'nn” € S, (T) with exactly 2 left-right maxima.

FT(t)

Since 7 avoids 2431 and 3142 we can write 7 as im'naf such that « < 7' < i < (. By
considering either « is empty or not (in this case 7’ is empty), we have the contributions of
t2C(t)Fr(t) and t2C(t)(Fr(t) — 1), respectively. Hence,

Go(t) = °C(t)Fr(t) + t2C(t)(Fr(t) — 1).

Let us write an equation for G, (¢) for all m > 3. Let 7 = i;7Miyn® .4, 7™ € S, (T)
with exactly m left-right maxima such that i; < i, < --- < 4, = n. Since 7 avoids 2314,
we see that 709) > 4, forall j = 2,3,...,m — 1. If 7™ > 4, then we have a contribution of
tO(t)G -1 (t). Otherwise, 7™ has a letter smaller than 7,, so, since 7 avoids 7" we can write 7
as m = 1119 - - - 1y such that a < 4y < f < iy. By considering either 3 is empty or not, we
obtain the contributions t"*(Fr(t) — 1) and t™(C(t) — 1)(Fr(t) — 1). Hence,

G (t) = tO() Gy (t) + t"C (1) (Fr(t) — 1).

By summing over m > 3, we obtain

t3
Fr(t) — 1 —tFp(t) — Ga(t) = tC(t)(Fr(t) — 1 — tFr(t)) + . tC(t)(FT(t) - 1),
which, by solving and using the fact that C'(t) = 1 + tC?(t), implies that Fp(t) = %, as
claimed. []

2.5 Case6: T = {2143,1324,1342, 1432}

Theorem 8. Ler T' = {2143,1324, 1342, 1432}. The generating function for T-avoiders is given

N 0
C(t
"0 =1 mcsa)
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Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and G,(t) = tFr(t).

Let us write an equation for G5(t). Let 7 = in'nn” € S, (T') with exactly 2 left-right maxima.
If 7”7 < i then we have a contribution of ¢(Fr(t) — 1). Otherwise, 7" has a letter greater than
i, so 7 = () and 7" includes the subsequence (i + 1)(¢i + 2)---(n — 1). Since 7 avoids T,
(

then 71 (i + 1)a® (i 4+ 2) - - - a7V (n — 1)a™ such that o) > a? > ... > o772 >
(Fr()—1)

"=~ > ("=) Thus, we have a contribution of t21_ ‘o - Hence,
t*(Fr(t) — 1)
Go(t) =t(Fr(t) — 1)+ ——————.

Let us write an equation for G,,(t) for all m > 3. Let 7 = i,7Mign® .. .4, 7™ ¢ S (T)
with exactly m left-right maxima such that 7; < 75 < --- < 1, = n. Since 7 avoids 2143, we see
that 70) < ¢, forall j = 1,2,...,m — 1. Since 7 avoids 1324 and 1342, we see that 7(!) > 7()
forall j = 2,3,...,m — 1 and 7(™ has no letter between i; and 7,,_;. Hence, by case m = 2
and considering either 7(!) empty or not, we have that

Gm(t) =tGr1(t) +t(C(t) — 1)(C ()™ *t(Fr(t) — 1).
By summing over m > 3, we obtain
Fr(t)—1—tFr(t) — Gao(t) = t(Fp(t) — 1 —tFp(t)) + +t(C(t) — Dt(Fr(t) — 1) /(1 —tC(t)),
c(t)

which, by solving and using the fact that C'(t) = 1 + tC?(t), implies that Fip(t) = TRCw
claimed. [l

as

2.6 Case7: T = {2143,1324,1342,1243}

Theorem 9. Ler T' = {2143,1324,1342,1243}. The generating function for T-avoiders is given
by
C(t)
T 1-805(t)
Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and G,(t) = tFr(t).
Let us write an equation for G5(t). Let 7 = in'nn” € S, (T') with exactly 2 left-right maxima.

Fr(t)

If 7”7 < i then we have a contribution of ¢(Fr(t) — 1). Otherwise, 7" has a letter greater than i,
so 7w’ = (), which implies a contribution of ¢(Fr(t) — 1 — tFrr(t)). Hence,

Go(t) = t(Fr(t) = 1) + t(Fr(t) — 1 = tFr(t)).

Let us write an equation for G,,(t) for all m > 3. Let 7 = i;7Wipn® .. .4, 7™ € S, (T)
with exactly m left-right maxima such that 7; < iy < --- < %, = n. Since 7 avoids 1324, 1342
and 1243, we see that 70) < iy for all j = 1,2,...,m. Since 7 avoids 1324 and 1342, we
see that 7V > 73 > ... > gm=2) » z(m=1)z(m)  Hence, by case m = 2, we have that
Gn(t) = (tC(t))™*t(Fr(t) — 1). By summing over m > 3, we obtain

Fr(t) — 1 —tFp(t) — Ga(t) = O (Fr(t) — 1) /(1 — tO(2)),
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which, by solving and using the fact that C'(¢t) = 1 + tC?(t), implies that Fp(t) = %(Ct‘?”(t)’

claimed. u

as

2.7 Case8: T = {1243,1324, 1342, 2134}

Lemma 10. Foralll <:<n—3,

afnsi) = aln — 1) + Y aln — 11) — 3 aln —2.5) ~ _a(j)

with a(n;n —2) = a(n —1) = > 77~ 2 a(j) and a(n;n) = a(n;n — 1) = a(n — 1).

Proof. The initial conditions a(n;n) = a(n;n — 1) = a(n — 1) and a(n;i,n) = a(n — 1;4) with
1 <17 < n — 1 easily follow from the definitions. For 1 < 57 < ¢ < n — 2, since 7 avoids 2134,
we have

<.
|
—

7j—1
n)%j ZanaZu% —|—CL(TL7Z,],TL>: a(n—l,j,k)—i—a(n—l,z,])
k=1 1

i

Since 7 avoids 1324 and 1342, we have that a(n;i,j) = Oforall2 <i+ 1 < j <n — 1. Since
m avoids 7', we see that a(n;i,i + 1) = a(n;i,i + 1,i+ 2,...,n — 1) = a(i). Therefore, for
1<j<i<n-2,

a(n;i,j) = a(n = 1;5) —a(n — ;5,5 + 1) —a(n — 1;4,n) + a(n — 1;4, 5)

which, by summing over 5 = 1,2,...,7 — 1, implies
i—1 i—1 i—1
a(n;i) —a(n — 1;1) — :Zan—lj Za(n—?;j)— a(y)
j=1 j=1 j=1
+a(n —1;i) —a(n — 2;4) — a(i).
Thus, foralli =1,2,...,n— 3,
i i i1
a(nii) = a(n —130) + Y a(n = 135) = Y aln = 25) = Y _alj)
=1 j=1 j=1
with
n—1 n—2 n—3
a(n;n —2) (n—ln—2)—|—2a(n—1j) aln—2;7) =Y a(j)
=1 j=1 j=1
n—3
=a(n—1)= ) a(j)
j=1
with a(n;n) = a(n;n — 1) = a(n — 1), as claimed. O
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Theorem 11. Let T = {1243, 1324, 1342, 2134}. The generating function for T-avoiders is given
by
c()

Prt) =T —%esmy

Proof. Define A, (v) = >_"" , a(n;i)v'~*. Then the recurrence in Lemma 10can be written as

An(v) = A (D@ 4+ 0" 2 10" + A (0) — Ay o(D) (0" +0™70)
A, (v) =02 A, o(1) — o3 (A1 (1) — A, a(1))
1—-v

+

Apo(v) — 0" 34, (1) <2 — o2

j=1

with initial conditions Ag(v) = A;(v) = 1 and Az(v) =1 + v.
Define A(t;v) = ), 5 An(v)t". Hence,
Altv) =1+t+ 1+ o) +t(1+ 1/ v+ 1/0*)(A(tv; 1) — 1 — i)
+t(A(t;v) — 1 —t) — (1 + 1/v) A(tv; 1)
At 0) —1—t) — 2(A(to; 1) — 1) — H(A(tv; 1) — 1 —ot) + 2(A(tv;1) — 1)

* 1—-v -
CP(AY) — 1) = S(A(tv; 1) — 1)
1—wv
P A1)+ Pv A1) - 1)
(1—-t)(1—v) ’ (1 —wvt)(1—v) ’ ’
which is equivalent to
(t—v+0)(t - U>A(t/v;v)

(1 —v)v?
(=t + o+ 20+ 1 =)t — (1 +20)(v? —v+ )2 + (0¥ — v + 1))
v3(1 —v)(v—1t)(1 —1t)

— vt + (v +2)t —v(1+v)(20 — D)2+ (v2 =20 — 1)+t
v3(1—t)(t —v) '

A(t; 1)

+

i

To solve the preceding functional equation, we apply the kernel method and take v = & 21_4t =

1/C(t). Then after several algebraic operations with using C(t) = 1 + tC?(t), we obtain that

At 1) = %@5@)’ as claimed. O

2.8 Case9: T = {1234, 1243,1342, 2134}
Lemma 12. Foralll <:<n—3,
i i i—1
a(n;i) =a(n—1;0) + Y an—1;7) =Y aln—2;5)— > a(j)
j=1 j=1 j=1

with a(n;n —2) =a(n — 1) — Z;:f’ a(j) and a(n;n) = a(n;n —1) = a(n —1).
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Proof. The initial conditions a(n;n) = a(n;n — 1) = a(n — 1) and a(n;i,n) = a(n — 1;4) with
1 <17 < n — 1 easily follow from the definitions. For 1 < 57 <7 < n — 2, since 7 avoids 2134,
we have

-1

7—1
a(n;i, j) =Y a(n;i, j k) + a(n;i, j,n) = > a(n = 1;5,k) + a(n — 154, ).
1 k=1

<.

b
Il

Since 7 avoids 1234 and 1243, we have that a(n;i,j) = O forall 1 < i < j < n — 2. Since
7 avoids 1342 and 1234, we see that a(n;i,n — 1) = a(n;i,n — L,n —2,...,i + 1) = a(i).
Therefore, for 1 < j <1< n—2,

a(n;i,j) =a(n —1;j) —a(n —1;5,n — 1) —a(n — 1;5,n — 2) + a(n — 1;1, j),

which, by summing over 5 = 1,2,...,7 — 1, implies

i—1 i—1 i—1

a(n;i)—a(n—l;i)—a(@'):Za(n—l;j)—Zan—Zj Za

j=1 j=1 j=1
+a(n —1;1) —a(n — 2;4) — a(q).

Thus, forall: =1,2,...,n— 3,

a(n;i) = a(n = L;i) + 3 Ja(n—155) = > _aln =2j) = 3 alj),

j=1 j=1
n—1 n—2 n—3
anin—2)=an—1Ln—-2)+>» an—17)— ) an—2;5)— Y a(y)
7j=1 J=1 7=1
n—3
=a(n—1) =) al(j)
j=1
with a(n;n) = a(n;n — 1) = a(n — 1), as required. O

By Lemmas 10 and 12 with using Theorem 11, we have the following result.

Theorem 13. Let T' = {1234, 1243, 1342, 2134}. The generating function for T-avoiders is given

by

C(t)

Fr(t) = ———.
) =1z 3C5(t)

29 Casel10: T = {3142,1342,2431,2341}

Theorem 14. Let T' = {3142, 1342, 2431, 2341}. The generating function for T-avoiders is given
by
C(t)

Frh) =T —%csm
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Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and G,(t) = tFr(t).

Let us write an equation for G5(t). Let 7 = in'nn” € S, (T') with exactly 2 left-right maxima.
Since 7 avoids 3142 and 2431, we can write 7 as in'naf such that « < 7/ < i < (. By
considering either « is empty or not, we get the contributions ¢* Frr(¢)C (t) and f—ftC (t)(C(t)—1),
respectively, where C'(¢) counts the 231-avoiders.

2

Go(t) = *Fr(t)C(t) + -

CH)(C(t) —1).

Let us write an equation for G,,(¢) for all m > 3. Let 7 = i;7Mipn® . -4, 7™ € S, (T)
with exactly m left-right maxima such that 7; < 75 < --- < 4, = n. Since 7 avoids 1342 and
2341, we see that 717) > i; ; forall j = 3,4,...,m. So, 7 avoids T if and only if 4,7 iy7?
avoids 7" and 79 avoids 231 for all j > 3. Therefore,

Gm(t) = " 2C™2(1) Gy (2).

By summing over m > 2, we obtain

PFr(H)C(t) + {5C(1)(C(t) — 1) 3
(1) (1) e RO + T —C (),
which, by using the fact that C'(¢) = 1 + ¢tC?(t), leads to Fp(t) = %, as claimed. O

2.10 Case 11: T = {2431,2413,2314, 3241}

Theorem 15. Let T' = {2431, 2413, 2314, 3241}. The generating function for T-avoiders is given
by
C(t)
T 1-805(t)
Proof. Let G,,(t) be the generating function for 7T-avoiders with m left-right maxima. Clearly,
Go(t) = 1 and G4(t) = tFr(t).
Let us write an equation for G5(t). Let m = in’'nn” € S,,(T") with exactly 2 left-right maxima.

Fr(t)

If 7” has a letter smaller than 4, then 7’ < 7" such that 7’ avoids 231 and 7" avoids 7T'. Thus, we
have a contribution of t2C'(¢)(Fr(t) — 1). Otherwise, 7’ < i < w”, which implies a contribution
of t2C(t) Fr(t). Hence,

Go(t) = Fr(t)C(t) + 2C(t)(Fr(t) — 1).

Let us write an equation for G,,(t) for all m > 3. Let 7 = i;7Wipn® .. .4, . 7™ € S, (T)
with exactly m left-right maxima such that 7; < i3 < -+ < %, = n. Since 7 avoids 2314, we
see that 70) > tj—1 forall j = 2,3,...,m — 1. If 7™ > 4, then we have a contribution of
tO(t)Gp_1(t). Otherwise, 7™ contains a letter smaller than 4;. Since 7 avoids 2431 and 2413,
then we see that 7 = i;7Wiy - - - 4,,, 7™ such that 7Y < 7™ < ;. Thus, we have a contribution
of t™C(t)(Fr(t) — 1). Hence,

G (t) =tC()Gp1(t) + tC () (Fr(t) — 1).
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By summing over m > 3, we obtain

t3
Fr(t) =1 = tFr(t) = Ga(t) = tC(6)(Fr(t) — 1 — tFr(t) + 37— C(t)(Fr(t) — 1),
which, by using the fact that C'(t) = 1 + tC?(t), leads to Frp(t) = %(Ct)g,(t) as claimed. O

2.11 Case 12: T = {1342, 2341,2413,2431}

Theorem 16. Let T = {1342,2341, 2413, 2431}. The generating function for T-avoiders is given

N 0
C(t
() =12 BC5(t)

Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1and G4(t) = tFr(t).

Let us write an equation for G5(t). Let 7 = in'nn” € S, (T') with exactly 2 left-right maxima.
If 77 < i then we have a contribution of ¢(Fr(¢) — 1). Otherwise, since 7 avoids 2413 and 2431,
we have that 7”7 > 7. So 7 avoids T if and only if 7’ avoids 7" and 7" avoids 231. Thus, by [7],
the contribution is given by t*Fr(t)(C(t) — 1). Hence,

Go(t) = t(Fp(t) — 1) + 2 Fr(t)(C(t) — 1) = t(Fp(t) — 1) + 3 Fp(t)C%(t).

Let us write an equation for G, (¢) for all m > 3. Let 7 = i;7WMiyn® .. -4, 7™ € S, (T)
with exactly m left-right maxima such that 7; < 75 < --- < 4, = n. Since 7 avoids 1342 and
2341, we see that 717) > i; ; forall j = 3,4,...,m. So, 7 avoids T if and only if 4,7 iy7?
avoids 7" and 79 avoids 231 for all j > 3. Therefore,

Gm(t) = t"2C™ 2 (1) Go(t).

By summing over m > 2, we obtain

t(Fr(t) — 1) + 2 Fr(t)C3(t)

Fr(t) — 1 — tFp(t) = =rae

= t(Fr(t) — 1)C(t) + 2 Fr(t)C3(t),

which, by using the fact that C'(¢t) = 1 + tC?(t), leads to Fr(t) = %, as claimed. O

212 Casel13: T = {1324, 1423,1432, 2413}
Lemma 17. Forall1 <:<n—2,
a(n;i) =a(n —1;1) +aln —1;2) +---+a(n—1;4) + a(i — 1)

with a(n;n) = a(n;n — 1) = a(n — 1).
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Proof. The initial conditions a(n;n) = a(n;n—1) = a(n — 1) easily follow from the definitions.
For1l < i <mn — 2, we have

[y

a(n;i) = ' a(n;ij) + a(n;i(i + 1)) + a(n;i(i +2)) + Z a(n;ij).

n

Soassume 1 < j < i <n—2andlet 7 = ijn’ be a member of S, (7). If 7 avoids T then jz’
avoids T'. Let 7 contains 7" and j7’ avoids T, so there is an occurrence iabc of 2413 in 7w such
that b < ¢ < a < ¢. If b < j then j7n’ contains 2413, otherwise b > j and j7’ contains 1423, a
contradiction. Thus, 7 avoids 7" if and only if j7" avoids 7', which implies a(n;ij) = a(n — 1; 7).

Let 7 = i(i + 1)7’ be a member of S,,(T"), here 7 avoids T if and only if i7’ avoids 7', so
a(n;i(i +1)) = a(n — 1;14).

Let 7 = i(i 4 2)7’ be a member of S,,(T"), then 7 can be written as (i + 2)a(i + 1) 3. Since 7
avoids T, we see that m = (i + 2)(i + 3) - - - n(¢ + 1) . Thus, 7 avoids 7" if and only if 5 avoids
T, which implies that a(n;i(i + 2)) = a(i — 1).

So assume 3 < i+ 2 < j < n and let 7 = ij7’ be a member of S, (7'), then 7w contains
ij(i +1)(i+2) orij(i + 2)(i + 1), which leads to a(n;ij) = 0.

Hence, a(n;i) = a(n—1;1)4+a(n—1;2)+---+a(n—1;i)+a(i—1) foralli = 1,2,... n—2,
as claimed. [

Theorem 18. Ler T' = {1324, 1423, 1432, 2413}. The generating function for T-avoiders is given

by
_ o
1 1305(t)

Proof. Define A, (v) = >_"" , a(n;i)v'"*. Lemma 17 gives

Fr(t)

1

Ap(v) — ("0 HA, (1) = .

(A1 (v) — 0" ?A, 1 (1)) + i v A;(1),

which is equivalent to

A,(v) = ﬁ(/ln_l(v) —v"A,-1(1)) + ivjAj(l).

Here, we can use the initial conditions Ay(v) = A;(v) = 1.
Define A(t;v) =, - An(v)t". The above recurrence relation can be written as

t t?
(A(t;v) —vA(vt; 1) + ]

1—w —

Alt;v) =1+ tA(vt; 1),

which is equivalent to

3 t

(1 - ﬁ) A(t/viv) = 1+ (UQ(U T U) At 1).

To solve the preceding functional equation, we apply the kernel method and take v = & 21_4t =
1/C(t). Then A(t;1) = %, as claimed. O
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2.13 Case 14: T = {1324,1342,1423,2413}

Lemma 19. Foralll <i<n-—2,
a(nyi) =an—11)+a(n—1;2)+---+a(n—1;7) + a(i — 1)
with a(n;n) = a(n;n —1) = a(n — 1).

Proof. The initial conditions a(n;n) = a(n;n—1) = a(n— 1) easily follow from the definitions.
For1 < i <n — 2, we have

—

i— n—1

a(n;i) = p_a(niij) + a(ni(i +1)) + Z a(n;ij) + a(n;in).

Soassume i + 1 < j < n and let 7 = ij7’ be a member of S,,(T"), then 7 contains 1324 or
1342, which leads to a(n;ij) = 0. Moreover, the case a(n;i (i + 1)) = a(n — 1;1) since at the
beginning we have no increasingly consecutive pattern in 7.

Soassume 1 < j < i < n —2andlet 7 = ijn’ be a member of S, (7). The following
statement holds: 7 avoids 7" if and only if j7" avoids 7. Necessary part is clear. Assume that 7
contains 7" and j7" avoids 7', so there is an occurrence iabc of 2413 in 7 such that b < i < ¢ < a.
If b < j then j7' contains 2413, otherwise b > j and jabc is the pattern 1423, a contradiction.
Thus a(n;ij) = a(n — 1; 7).

Let 7 = in7’ be a member of S, (T"), since m avoids 1423, we have that 7 contains the
subsequence in (n—1) (n —2)---(i+1). Since 7 avoids 2413, 7 must be written as 7 =
in(n—1)---(i+ 1) 7", which implies a(n;in) = a(i — 1).

Hence, a(n;i) = a(n—1;1) +a(n —1;2) +--- +a(n — 1;i) + a(i — 1), as claimed. ~ [J

By Lemmas 17 and 19 with using Theorem 18, we obtain the following result.

Theorem 20. Let T = {1324, 1342, 1423, 2413}. The generating function for T-avoiders is given

by
C(t)

Prt) = T —%esmy

2.14 Case 15: T = {1243,1324,1423,2314}

Lemma 21. Let b(n;i) = a(n;in). Forall1 <i<n —2,

—_

% i—

a(n;i) =Y a(n—1;5) = > a(n—2;j) + b(n; i)

j=1 j=1

with a(n;n) = a(n;n — 1) = a(n — 1), where forall 1 <i <n — 3,
b(n;i) =b(n—1;1) 4+ --- + b(n — 1;1)

with b(n;n — 1) = b(n;n —2) = a(n — 2) and b (n;n) = 0.
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Proof. The initial conditions a(n;n) = a(n;n — 1) = a(n — 1), b(n;n — 1) = a(n; (n — 1)n) =
a(n—2),b(n;n—2) = a(n; (n—2)n) = a(n—2) and b (n;n) = 0 easily follow. For 1 < i < n—2,
we have

i—1 n—1
a(n;i) = Za(n;zj) + Z a(n;ij) + a(n;in).
j=1 j=it1

Soassume 1 < j < i <n—2andlet7 = ijn’ be amember of S,,(T"). If m avoids T then clearly
jm’ avoids T'. Let’s assume that 7 contains 7" and j7’ avoids T, so there is an occurrence iabc of
2314 in 7w such that b < ¢ < a < c¢. If b < j then jabc is the pattern 2314, otherwise b > j and
jm' contains 1324, a contradiction. Thus, 7 avoids 7" if and only if jn’ avoids 7', which implies
a(n;ij) = a(n - 1: ).

Forl <i< j <n-—1,letm = ijr’ be a member of S,(7T"). Since 1243 € T, 7 contains
the subsequence ij(j + 1) - - - m. Since 7 avoids 2314, 1324 and j # n, we have that n is located
(n — j + 2)th position in the permutation 7. Let 7” be the permutation which is obtained by delet-
ing the element n in the permutation 7. Obviously if 7 avoids 7" then 7" avoids 7. Conversely,
assume that 7" avoids 7" but 7 contains 7". So there is an occurrence inab of 1423 should be in 7.
i(n —1)abin 7" is the pattern 1423, a contradiction. We have that 7 avoids 7 if and only if 7”
avoids 7. Hence a(n;ij) = a(n — 1;4j). Thus,

i—1 n—1
a(n;i) = Za(n - 19+ Z a(n —1;47) + b(n; 1)

j=1 j=it+1

i—1 i—1
:Za(n—lj)—i—an—lz Zan—lz] )+ b(n; 1)

j=1 j=1

i i1

=Y aln—1;4) = > _a(n—2;j) + b(n;i).

j=1 j=1

Now let 7 = inn’ € S,(T) with 1 < i < n — 3. Since 7 avoids 1423, we can write 7 as
m = injn” with either j = n — 1 or j < i — 1. Note that in(n — 1)7” belongs to S,,(7') if and
only if i(n — 1)7” belongs to S,,_1 (7). Moreover, if j < i — 1 then 7 = injn” € S,(T) if and

"

only if j(n — 1)n”" avoids T', where 7" is obtained by decreasing the element greater then i by 1.

Hence, '
j=1
with b(n;n — 1) = b(n;n — 2) = a(n — 2) and b (n; n) = 0, which completes the proof. O
Theorem 22. Let T = {1243, 1324, 1423, 2314}. The generating function for T-avoiders is given
by
C)
Fr(t) = ————.
() = 9= B3C5(t)
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Proof. Define A, (v) = 31 a(n;i)v'"' and B,(v) = Y20~ b(n;i)v*"". Lemma 21 gives

Ap(v) = ! (Ap—1(v) = v"Ap1(1)) — 1 i v

B,(v) = (Bno1(v) = 0" B, 1 (1)) + (v" 2 + 0" ) A, _5(1)

1—w

with Ag(v) = A1(v) = Ba(v) = 1, By(v) = Bi(v) = 0and Ay(v) = 1+ 0.
Define A(t;v) = > o An(v)t" and B(t;v) = 3 - By (v)t". The above recurrence relation
can be written as

(VA,_o(v) —v" A, _5(1)) + B, (v),

vt?

Altv) =1 -1+ L(A(t; v) — vA(vt; 1)) —

1—w -

(A(t;v) = A(vt; 1)) + B(t;v),
B(t;v) = li—U(B(t; v) — B(vt; 1) /v?) + 2 A(vt; 1) + t2(A(vt; 1) — 1) v,

which is equivalent to

(11—t o) e ) — _ﬁ_t(v—t) '
(1 U(l_v)>A(t/,) B(tfviv) =1- U(l_U)A(t,l), (1)
__t . _ bt s B+ oy B
(1 U(l_v)>B(t/, ) 03(1_U)B(t,1)+ 3 A(t; 1) ot ()

To solve (2), we apply the kernel method and take v = =% = 1/C(t). Then

B(t;1) =t*(1+ C(t)A(t; 1) — 2C(t). 3)

By multiplying (1) by 1 — t_v) and then using (2) and (3), we obtain

v(1

_ _m (£(1+ C(B)A(t: 1) — £2C (1))

(i) (-5 mgen).

To solve the preceding functional equation, we apply the kernel method and take v = 1 —¢. Then

(v +1) t?
T -
v

(1 —tC?(t) + t2C? (1)) A(t, 1)

(1 =tC#)C(),

which, by C(t) = 1 + tC?(t), completes the proof. O

2.15 Case 16: T = {1243,1324,1342,2314}

Lemma 23. Foralll <i<n— 2,
a(n;i)=an—1;1)+a(n—1;2)+---+a(n—1;7) + a(i — 1)
with a(n;n) = a(n;n — 1) = a(n — 1).
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Proof. The initial conditions a(n;n) = a(n;n—1) = a(n — 1) easily follow from the definitions.
For1l < i <mn — 2, we have

[y

i— n—1

a(n;d) = ) a(n;ig) +a(n;i(i+1)) + Z a(n;ij) + a(n;in).

Soassume 1 < j < i <n—2andlet 7 = ij7’ be a member of S, (7). If 7 avoids T then jz’
avoids T'. Let 7 contains 7" and jn’ avoids T, so there is an occurrence iabc of 2314 in 7 such
that b < i < a < c. If ¢ < j then jn’ contains 2314, otherwise b > j and jn’ contains 1324, a
contradiction. Thus, 7 avoids 7" if and only if j7" avoids 7', which implies a(n;j) = a(n — 1; 7).

Let 7 = i(i + 1)7’ be a member of S,,(7'), since 7 avoids 1243, we have that 7 contains the
subsequence (i + 1)(i 4 2) - - - n. Since 7 avoids 2314, we can write mas 7 = (i + 1) - - - n@”.
Therefore, a(n;i(i + 1)) = a(i — 1).

Soassume 1 < i < j < mn—1andletm = ijn’ be a member of S,(7"), then 7w contains
ij(i + 1)n or ijn(i + 1), which leads to a(n;ij) = 0. Moreover, the case a(n;in) = a(n — 1;1)
easily follow from the definitions (by removing the letter n). Hence, a(n;i) = a(n—1;1)+a(n—

1;2)+---+a(n—1;i) + a(i — 1), as claimed. O
By Lemmas 17 and 23 with using Theorem 18, we obtain the following result.

Theorem 24. Let T' = {1243, 1324, 1342, 2314}. The generating function for T-avoiders is given

by

c()

brt) =1 —%csm

2.16 Case 17: T = {1234,1324,1342,2314}

Lemma 25. Foralll <:<n—2,
a(n;i) =a(n—1;1)+a(n —1;2)+---+a(n—1;i) + a(i — 1)
with initials a(n;n) = a(n;n — 1) = a(n — 1).

Proof. The initials could be easily seen. For 1 < i < n — 2, we have

[y

1— n—1

a(n;i) = » a(n;ij) +a(nyi(i+1)) + Z a(n;ij) + a(n;in).

J
The case a(n;in) = a(n — 1;i) easily follow from the definitions. For i + 1 < j < n — 1,
the permutation 7 = ij7’ includes either ij (¢ + 1) n or ijn (i + 1) as a subsequence. Hence
a(n;ij) = 0.

Let 7 = i(i+ 1) 7’ be a permutation avoids the pattern set 7. Since 1234 € T, 7 con-
tains the subsequence i (i + 1)n(n—1)---(i+2). Let j < . Since m avoids the pattern
2314, cannot be located before the element greater than ¢ + 1. Thus 7 must be written 7 =
i(i+1)n(n—1)---(i+2) 7", which leads to a(n;i(i + 1)) =a(i — 1).
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Soassume 1 < j <i <mn—2andletm = ijn’ € S, (T). Itis clear that j=’ € S, (T).
Now assume that j7’ € S,_1 (T) but 7 = ijn’ ¢ S, (T). So « contains the pattern 2314. Let
1abc be this pattern. We have b < ¢ < a < c¢. If j > b then jabc is the pattern 2314, otherwise
J < bthen j7’ contains 1324. There is a contradiciton with j7' € S, _; (T'). Finally we obtain
m =ijn’ € S, (T) if and only if jn' € S,_1 (T), which gives a(n;ij) = a(n — 1; 7). So the
proof is completed. O]

By Lemmas 17 and 25 with using Theorem 18, we obtain the following result.

Theorem 26. Let T' = {1234, 1324, 1342, 2314}. The generating function for T-avoiders is given

b
y Fr(ty = —20
T —Bos@)

2.17 Case 18: T = {1342,2341, 3241, 3421}

Theorem 27. Let T' = {1342,2341, 3241, 3421}. The generating function for T-avoiders is given

by
C(t)

Fr) = sy

Proof. Let G,,(t) be the generating function for T-avoiders with m left-right maxima. Clearly,
Go(t) = 1and G4(t) = tFr(t).

Let us write an equation for Go(x). Let 7 = in'nn” € S, (T") with exactly 2 left-right maxima.
Since 7 avoids 3421, we see that all the letters that are smaller than i belongs to 7" are increasing.
Since 7 avoids 3241, we obtain that 7 contains the subsequence (i —d)(i —d+1)--- (i — 1) and
7w’ < 1 — d. Since 7 avoids 2341 an 1342, we see that 7" can be written as

T = pipa - Ps, (i — A)psy41Dsi42 Py (1 —d 4+ 1)
© Psg+1Psg+2 " Psay (Z - 1>O‘(Sd+l+1)a(5d“) e a(l)

such that p; ; > p; and aUtY < p; < al) forall j = 1,2,...,s41. Note that w avoids 7T if and

only if %) avoids 231 for all j and 7’ avoids T'. Therefore, we have a contribution of

2O Fr(t)

A=y " O OO

for fixed d. Hence,
Go(t) = Y MO (1) Pr(t) = °C*(t) Pr(t).
d>0
Let us write an equation for G,,(¢) for all m > 3. Let 7 = i;7Miyn® .4, 7™ € S, (T)
with exactly m left-right maxima such that 4y < is < --- < 7, = n. Since 7 avoids 2341 and
1342, we see that 7 > i, ; for all j = 2,3,...,m. So, 7 avoids 7T if and only if i;7(Viyr®?
avoids 7, and 7\9) avoids 231 for all j = 3,4, ..., m. Hence,

Gm(t) = " 2Go(H) O™ 2(2).
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By summing over m > 2, we obtain

Fr(t) = 1 —tFp(t) = > " 2Gy(t)C™2(t) = Ga(t)C(t) = £*C () Fr(t),

m>2
which, by using the fact that C'(¢t) = 1 + tC?(t), leads to Fr(t) = %, as claimed. O
2.18 Case19: T = {1243,1342,1423,2341}
Lemma 28. Let b(n;i) = a(n;in). Forall1 <i<n —2,
i i—1
a(n;i) = > a(n—1;7) = > a(n—2;j)+b(n;i)

1

=1 J
with a(n;n) = a(n;n —1) = a(n — 1), where forall 1 < i <n —3,

b(n;i) =bn—1;1)+--- +b(n — 1;1)
with b(n;n — 1) = b(n;n — 2) = a(n — 2).

Proof. The initial conditions a(n;n) = a(n;n — 1) = a(n — 1), b(n;n — 1) = a(n; (n — 1)n) =
a(n —2) and b(n;n — 2) = a(n; (n — 2)n) = a(n — 2) easily follow from the definitions. For
1 <i<n-—2,wehave

—_

a(n;i) = _ a(n;ij) + z_: a(n;ij) + a(n;in).

j=1 j=i+1

Soassume 1 < j < i < n and let 7 = ij7’ be a member of S, (7). If m avoids T then jn’
avoids T'. Let 7 contains 7" and jn’ avoids T, so there is an occurrence iabc of 2341 in 7 such
that c < i < a < b. If ¢ < j then jn’ contains 2341, otherwise ¢ > j and jn’ contains 1342, a
contradiction. Thus, 7 avoids 7" if and only if j7" avoids 7', which implies a(n;j) = a(n — 1; 7).
Let 7 = ijn’ be a member of S, (T") such that 1 < i < j < n — 1, since 7 avoids 1243, we have
that 7 contains the subsequence ij(j + 1) - - - n. Since 7 avoids 2341 and j < n — 1, we have that
n is the rightmost letter of 7, so, a(n;ij) = a(n — 1;ij). Thus,

i—1 n—1
Zan—lj Z a(n — 1;15) + b(n; )

j=i+1

1—1

Zan—lj )+a(n—1;i) — Zan—lz] + b(n; 1)
j=1 7j=1
i i—1
Zan—lj Za(n—Q;j)—i—b(n;i).
J=1 J=1

Now let 7 = inn’ € S,(T) with 1 < i < n — 3. Since m avoids 1423, we can write 7 as
7 = injn” with either j = n—1or j < i— 1. Note that in(n — 1)7" belongs to S, (7") if and only
if i(n — 1)n” belongs to S,,_1(T"). Moreover, if j < i — 1 then 7 = injn” € S, (T) if and only if
j(n —1)7" avoids T" (7 contains the subsequence j(n —1)(n —2)---(i+1)(i —1)--- (j + 1)).
Hence, b(n;i) = 23:1 b(n — 1;7) withb(n;n — 1) = b(n;n — 2) = a(n — 2), which completes
the proof. [
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By Lemmas 21 and 28 with using Theorem 22, we obtain the following result.

Theorem 29. Let T = {1243, 1342, 1423, 2341}. The generating function for T-avoiders is given

by
C(t)

Frlt) = T —acsmy

Moreover, we have the following result for all pattern sets A;, where j = 1,2, ...,19.

Theorem 30. The number of Aj;-avoiders of size n, where j = 1,2,...,19. is given by
L5041 (ot
a(n) :;n+2£+1 (n+2£>'
Proof. By [13, Eq. 2.5.16], we can see that

(50+1)(25 +50)! .
t3zoé+1 (i+3¢
1—t3C5 =2 ZZ g1 +50+1)! ’

>0 >0 j

which completes the proof. O]
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