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1 Introduction

Recently, Behera and Panda [1] introduced balancing numbers n. € Z™ as solutions of the Dio-
phantine equation

1424+ +(n—-1)=Mn+1)+n+2)+ -+ (n+7r) (1.1)

for some positive integer r which is called balancer or cobalancing number. For example
6, 35,204, 1189 and 6930 are balancing numbers with balancers 2, 14, 84,492 and 2870, respec-

tively. If n is a balancing number with balancer r, then from (1.1) one has w =rn+ @
and so
—(2n+1)+v8n2+1 2r +14+v8r2 4+ 8r+1
r= 5 and n = 5 . (1.2)
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Let B, denote the n balancing number and let b,, denote the n™ cobalancing number. Then
B,.1 =6B, — B,_1and b,,, = 6b, —b,_1 + 2 forn > 2, where By = 1, By = 6,b; = 0 and
by = 2. From (1.2), we see that B, is a balancing number iff 8 B2 + 1 is a perfect square and b,,
is a cobalancing number iff 802 + 8b,, + 1 is a perfect square. So we set

C, =+/8B2+1 and ¢, = +/8b2 +8b, + 1

which are called the n” Lucas—balancing number and n™ Lucas—cobalancing number, respec-
tively.

Ray derived some nice results on balancing numbers and Pell numbers (sequence A000129
in OEIS) which are the numbers given by Fy = 0, P, = land P, = 2P, 1 + P, o forn > 2
in his/her Phd thesis [8]. Since z is a balancing number if and only if 822 4 1 is a perfect
square, we set 822 + 1 = y? & y? — 822 = 1 for some y # 0, which is a Pell equation. The
fundamental solution is (y1,z1) = (3,1). So ¥, + 7,v/8 = (3 + /8)" for n > 1 and hence
Yn — TnV/8 = (3—+/8)". Lety = 34 /8 and 6 = 3 — /8. Then we get x,, = 2"=°" \hich is the

n n ’7_6
”7:3 . The characteristic equation for Pell

numbers is 22 — 2z — 1 = 0 and hence its roots are u = 1++/2 and v = 1 —+/2. Since u? = ~ and
v? =4, we easily get B,, = “22\’/%2”. Thus there is a correspondence between balancing numbers
and Pell numbers. Further we can give the n'" term of balancing numbers as B,, = %. Binet

u2n71_v2n71 N l C o u2n+v2n o u2n71+1}2n71
2y ~n —
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Binet formula for balancing numbers, that is, B,, =

formulas for other balancing numbers are b, =

Pop—1—1
2

2 On 2
and also b,, = ,Ch, = Py, + P5,_1 and ¢,, = Ps,_1 + P»,_o (for further details see
[5,6,7]).

In [4], Liptai, Luca, Pinter and Szalay generalized the theory of balancing numbers to numbers
defined as: Let y,k,] € Z™ such that y > 4. Then a positive integer = such that x < y — 2 is
called a (k,!)—power numerical center for y if 1¥ + -+ (z = 1)F = (z + 1) + - - + (y — D)".
They derived some algebraic relation on it. Later Kovacs, Liptai and Olajas [3] extended of the
concept of balancing numbers to the (a, b)—balancing numbers defined as follows: Let a > 0

and let b > 0 be co prime integers. If for some positive integers n and r, one has
(a+b)+---+(aln—1)+b)=(a(n+1)+b)+---+ (a(n+7r) +b)

then the number an + b is called an (a, b)—balancing number. The sequence of (a, b)—balancing

numbers is denoted by Bfff’b) form=1,2,---.
In [2], Dash, Ota and Dash considered the t—balancing numbers and their properties. A

positive integer n is a t—balancing number if
1424+---+n=Mn+14+t)+n+2+t)+---+(n+r+1t) (1.3)

for some positive integer r which is called t—balancer or t—cobalancing number. We deduce
from (1.3) that

—(2n + 2t + 1) + /8n2 + 8n(1 + t) + (2t + 1)2

r o= 5 (1.4)
(2r — 1)+ V8r2 4+ 8tr + 1
n = :
2
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We denote the n' t—balancing number by B! and denote the n™ t—cobalancing number by b .
From (1.4), we see that B! is a t—balancing number iff 8(B!)* + 8B! (1 +t) + (2t + 1)* is a
perfect square and &' is a t—cobalancing number iff 8(0 )% + 8tb!, + 1 is a perfect square. So we
set

Ct = \/8(B!)2 + 8Bt (1 +1t)+ (2t +1)2 and ¢!, = \/8(bt)2 + 8tbt + 1

which are called the n'" Lucas t—balancing number and n'" Lucas t—cobalancing number, re-
spectively. In [9], Tekcan, Tayat and Ozbek considered the integer solutions of the Diophantine
Equation 82% — y? + 8z(1 + t) + (2t + 1)> = 0 in order to determine the general terms of all
t—balancing numbers.

2 k—balancing numbers

In this section, we consider the k—balancing numbers, which are the numbers defined by

By=0,Bf =1,Bf | =6kB: — BF_, forn>1 2.1
b =0,b5 =2,bF | =6kbE — b5 +2 forn > 2
Coy=1,Cf =3,CF , =6kCE — CF_, forn > 1

=1,k = 7,07]‘1”Jrl = 6kct —cF | forn > 2
for some positive integer k£ > 1. We first consider the relations.

Theorem 2.1. Let B* denote the n™ k—balancing number, let b denote the n™ k—cobalancing

th

number; let C* denote the n™ k—Lucas balancing number and let c& denote the n™ k—Lucas

cobalancing number. Then

CF = 3BF - Bf  forn>1
= TBF | —BF ,forn>2

BY = 2kC* |+ (2k—1)B"_, forn >2
2BF = bﬁﬂ—bﬁ forn > 1.

Before prove it, we need Binet formulas.

Theorem 2.2. Binet formulas for k—balancing numbers are

Bt = 0
" 2V9k2 — 1

- (a+ Do+ (B+1)" 1 =6k —2
n 2(9k2 — 1)

b — (3—p)a" — (B —a)p"

2V/9k% — 1
2 (T —1)a"2 — (78 —1)B"2

" 2v/9k2 — 1
forn > 1, where o = 3k + \/9k?> — 1 and 8 = 3k — /9k? — 1.
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Proof. The characteristic equation for k—balancing numbers is > — 6kx + 1 = 0 and hence
its roots are & = 3k 4+ /9k2 — 1 and 8 = 3k — v/9k2 — 1. Now let B¥ = Tia" + T, for
some integers 77,75 not both zero. Then for n = 1 and n = 2, we have Ti« + T35 = 1 and
Tia? + T3 = 6k. So

6k — 0 3k + VOkZ — 1 1

T, = = =
'T a2 0B 2Bk VIR —DVORZ -1 20k -
and
T_6k—a_ 3k —V9k%2 —1 B -1
TR 23k — VO —DVORZ -1 2VOR2 — 1
Thus Bf = % as we claimed. The others can be proved similarly. ]

Proof. (Proof of Theorem 2.1) Applying Binet formulas, we easily get

. . B a — ﬁn B ﬁn 1)
3B, = Byy = 3 <2\/9k‘2 _ 1) ( 2Wok2 — 1
a"(3—ah) — B"(3— B7)

2v/9k% — 1
_ @B-H-FG-a)
9k2 —
= Ck
since o~ = B and 37! = a. The others can be proved similarly. O

Apart from above theorem, we can give the following result.

Theorem 2.3. Let BX denote the n™ k—balancing number; let bt denote the n™ k—cobalancing
number. Then the product of (n + 1)* and (n — 1)* terms of k—balancing and k—cobalancing
numbers and adding 1 are perfect squares, that is
B BE  +1 = (BE)? forn>1
bELE 4+ 1 = (b —1)? forn > 2.

Proof. Using Binet formulas, we easily get

Bk Bk N 1 _ ( BnJrl) <O{ 571 1)
el 2v/9k2 2\/91«2
a® + 82 — (af)™ (Bt + Ba™t) + 4(9K* — 1)

4(9k2 — 1)
a4 57— (36k% — 2) + 4(9K% — 1)
B 4(9k2 — 1)

__a%+ﬁ%—2mm"_(<w—ﬁ”)2_u#y
B 4(9k% — 1) C\2vokz—1) "

since a8 = 1,37 + Ba~! = 36k% — 2. The other case can be proved similarly. [
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The product of (n+ 1)* and (n — 1)* terms of k—Lucas balancing and k—Lucas cobalancing
numbers are not perfect square. Nevertheless, we can give the following theorem.

Theorem 2.4. Let C% denote the n™ k—Lucas balancing number and let c* denote the n™
k—Lucas cobalancing number. Then

n—1 n—2
k k _ § : k § : k
CnJrlCnfl =3 CQiJrl - CQiJrQ
i=1 =1

n—2 n—3
ko k _ k k
Cnt1Cn—1 = 7§ C2i+2_§ C2i43-
i—1 i=1

Proof. 1t can be proved in the same way as Theorem 2.3 was proved. ]

Let (X,Y") denote the greatest common divisors of two integers X and Y. Then we can give
the following theorem for k—balancing numbers.

Theorem 2.5. Any two consecutive k—balancing numbers are relatively prime, that is,
(Bfu BS—l) =1

Proof. Using the Euclidean algorithm and the recurrence relations B = 6kB* | — B* , for
n > 2, we deduce that

B, = 6kB,_,+(=B,_,+ By_1) — By,
By = (Bi_,—Bi o) x1+B},
(6k —2)B,_ + (B,_, — By_3)
By, = (Byy—By_3)x1+B)_,
(6k —2)B; 5+ (Br_5— B)_,)

By = (6k—1)Bf + (By + BY)
(6k—1) = 1x(6k—1)+0.
Since Bf = 1 and B} = 0, we conclude that (B*, B* |) = BF = 1. O
As in above theorem, we can give the following theorem which can be proved similarly.

Theorem 2.6. Let BX denote the n™ k—balancing number. Then

1. For every positive integers n. and m, we have

Bfn(n:ﬁ:l)) = Bk

2. For every positive integers n > m > 1, we have

(BE B, =4 Pm Hm=mt
1 otherwise

for some integert > 1.
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3. If m > 2 is even, then
(B

nm—17

B’r]zm—i—l) = 1
and if m > 1 is odd, then

(By

nm—17

B )= 1 forevenn
nm 6k for odd n.

4. If m = 2tu for some positive integers t and u, then

1

E(—l)i ( b= 1 ! > (6k)172 forevent > 2

- .
|
= o

(Bﬁm— 7Bvlim ) =
bt f—1—4

]

(-1 (

=0

> (6k)172% foroddt > 3.

5. Let p > 3 be a prime number and let t > 1 is an integer. Then for every positive integers n
and m, we have
BY ifn=pt
(Bley B = 00 U0
P 1 otherwise

and
(BY,.BY) = Bk and (Bl BY) = B

np’ np’ p

Also for every integer n > 1, we have

%(—1)1‘ pol=i (6k)P~12 forn = pt
(B BY) =4 - !
1 otherwise.

For divisibility properties, we can give the following theorem.

Theorem 2.7. Let B denote the n' k—balancing number. Then

1. BE|BE  for every positive integers n and m.

2. Bfn|Bl7j'L(n:|:m) for every positive integers n. and m.

Before prove it, we need the following theorem.
Theorem 2.8. Let BX denote the n™ k—balancing number. Then
1. (BF_, + BE)(BF,, — BY) = BE ., for every integers n > 1.

2. B*

km = BEBEF . — BE_ | BF for every positive integers n, m.

3. (B¥+ BF)(BY— BF) =B, Bf  foreveryintegersn >m > 1.

n+m-—n—m

43



Proof. (1) Using Binet formulas, we easily get

(By,, + By (B —BY) = (Bh,)"—(B)? (2.2)
2 an — gn 2

B ( 2WOR2 — 1 > B (2\/%2 — 1)

aQn(a2 _ 1) _|_ 52n(ﬁ2 _ 1)

n+l _ An+tl
o B

4(9k2 — 1)
()é2— 8] 2— _
Here we note that 4(%2_11) = suap— and 4(§k2_11) = 2\/%'2_1. So (2.2) becomes

(Bp +B)(Br = By) = (Bya)* = (By)

B (&n+1_ﬁn+1>2 ( Qn_ﬁn )2
o\ 2voRT 1 2v/0k2 — 1
a2ntl ﬁ2n+1

2v9k? — 1

= BgnJrl .
The others can be proved similarly. ]

Now we can prove Theorem 2.7.

Proof. (Proof Theorem 2.7) For n = 1 we get B | B* and so it is clearly true. Now assume that
BE | BE . is true for n. So
k| Rk
Bm ’ Bm(n—H) :

We know from (2) of Theorem 2.8 that BY,, = BFB* | — B* Bk . So

n-+m

Br|B: . < BF|BF B | — BF

mn+m mn—~"m+1 mn—1

Bk

since B¥ Bk Bk

mn*—"m+1 mn—1

BF is divided by B¥ because B* | B and BX |B* as we claimed. [
We can also give the following result which can be proved similarly.
Theorem 2.9. Let BY denote the n™ k—balancing number. Then
1. For every relatively prime positive integers n and m, we have
B,B, | B,
2. For every positive integers n and m, we have
BYBY | BBy

3. For every positive integers n and m, we have

B¥|BF < n|m.
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For the other k—balancing numbers, we can give the following three theorems which can be
proved similarly.

Theorem 2.10. Let b denote the n™ k—cobalancing number.

1. Any two consecutive k—cobalancing numbers are not relatively prime, that is,
(b bpy) # 1.
In fact,
(bk,bk - { an bn , foroddn > 3

bn+z vi_, forevenn > 4.
2

2. For every positive integer m > 1, we have

(b, b

n

)2+n(n—1) ) (b bn (n— 1)(m+1)> = bk
forn > 2 and

(bk bn2+n(n 1)m ) (blri’ bfz(n—l)(m—l—l)—i—l) = bfL

forn > 1.
3. For every positive integers m,t, we have

VEoE s m=n+nn—1torm=n(n—1)+n(n—1)t

forn > 2.

4. For every positive integer m, we have

bk| bngm (n—1)m> b’“| bn(n Dminyp1 forn > 2.
Theorem 2.11. Let C* denote the n™ k—Lucas balancing number. Then
1. Any two consecutive k—Lucas balancing numbers are relatively prime, that is,
(Cﬁ ) Crlffl) =1
2. For every integer m > 1, we have
(Cfim, Cf;z(n:tl)) =1

3. For any two consecutive odd numbers n and m, we have

(Cn.Cn) = Clomy =3

and for any two consecutive even numbers n and m, we have

(Ch,Cr) = Lwhile Cf,,, =18k — 1.
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4. If m > 2 is even, then
(Cy

nm’

M =1

foreveryn > 1 and if m > 3 is odd, then

(CF Ok = 1 forn > 2iseven
IRl 3 forn > 1is odd.
5. If m > 2 is even, then
e m 1 forn>2
and if m > 3 is odd, then
Ck forn=1
(Ck CF) = 1 forn >2iseven

3  forn > 3isodd

6. If m > 2 is even, then
(Cr,Cr) =1

for every n > 1 such that n # m, and if m > 1 is odd, then

(057051) _ 1 forn > 2.is even
3 forn > lisodd n # m.

Theorem 2.12. Let c* denote the n™ k—Lucas cobalancing number. Then

1. Any consecutive two k—Lucas cobalancing numbers are relatively prime, that is,

and for any two consecutive even numbers n and m, we have
kooky _ g, ko
(Cp» C) = L while c(;, .y =T.

3. For every integer m > 2, we have

(k) =1 forevery n>1
(k. c*) =1 forevery n>2
(cF ck) =1 forevery n>1,n #m.
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2.1 Sums of k—balancing numbers
In this subsection, we consider the sums of k—balancing numbers.

Theorem 2.13. The sums of first n—terms of k—balancing numbers are

- (6k —1)BF — BF | —1 - (6k —1)CF —C* | —2
; ‘ 6k — 2 ; ‘ 6k — 2

forn > 1 and

- 6k — 1)bF —bF | —2n +2 - (6k —1)ck —ck_ | —6
bk:( n n—1 k: n n—1
;Z 6k — 2 2

forn > 2.

Proof. Since BF = 6kBF | — B*

b, weget BY+ B* , =6kB* | and so
By + By = G6kBj
BY 4+ BF = 6kB:
(2.3)
Blrf—l + 32—3 = 6]{532—2
B¥+Bf, = 6kBF .

If we sum of both sides of (2.3), then we obtain
(B +Bf+-+++Br )+ (B5+ B+ +Bl) =6k(Bf + By + -+ BE_))

and hence 2(BY + B +--- + B¥) = 6k(Bf + B +--- + B¥) + 1+ BY_, + (1 — 6k)B~. So
(2 —6k)(BY+ By +---+ B¥) = (1 -6k)B* + B* | + 1. Thus
(6k — 1)BE — BE | —1

6k — 2

The others can be proved similarly. O]

Bi +Bf+---+ Bk =

In 1876, the French mathematician Francois Edouard Anatole Lucas (1842—1891) discovered
an explicit formula for the Fibonacci numbers F,, (sequence A000045 in OEIS) which are the
numbers given by Fy =0, Fy = 1 and F,, = F,,_1+ F,_o forn > 2, namely

lnf2)
Fy ;
> (")

and for the Lucas numbers L, (sequence A000032 in OEIS) which are the numbers given by
L(] = 2,L1 =1land Ln = Ln—l —+ Ln_Q for n Z 2,

w5 (7))
ts i i—1 '
=0
Similarly we can give the following theorem which can be proved by induction on n.
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Theorem 2.14. Let BF denote the n™ k—balancing number. Then
L(n—1)/2]

forn > 1.
By virtue of Theorem 2.4, we can give the following result.
Theorem 2.15. Let C* denote the n™ k—Lucas balancing number and let c* denote the n'™

k—Lucas cobalancing number. Then
l(n—1)/2]

Ch= > (-1) [3 (” o i) (6k)" % — (" w2 i) (6k)"‘2‘2i]

— 7 )
forn > 2 and
[(n—2)/2]

d= 3y ("7 Y ewr - (M o]

From (2.1), we note that the recurrence relation for k—cobalancing numbers (0%, = 6kbf —
b, +2 for n > 2) is different from the other k—balancing numbers (adding 2). Consequently,

we can not give a formula for £—cobalancing numbers like in Theorems 2.14 and 2.15. But
nevertheless, we can give the following result.

forn > 3.

Theorem 2.16. Let b* denote the n™ k—cobalancing number. Then
b = L(ni/QJQ(—ni [(” —2 Z) (6k)" 272 + (" i Z) (6/{)”‘3_%] +bf,
' i=0 ‘ ! "
forn > 4.
For the sums of £—balancing numbers, we can give the following results.

Theorem 2.17. Let B* denote the n™k—balancing number. Then

1. the sum of (2i — 1)*" k—balancing numbers from 1 to n is a perfect square, that is,

ZBZZ 1=

2. Also
2n+1
ZB’“ BY(BY + BE,) ZB’“ By.1(By+ By i)
2n

Z(Bk + Bfy1) = By (Byyy + 2B, + By_y)

i=1

2n+1

Z(Bk+Bz+1) (Bk+Bn+1)(Bk+1+Bn+2)
i=1

2n

Z(Bgz—f—l + BQH—Q) Bé:n—l—l(Bgn—l—l + BQn+2)
i=0
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k_ _a"-p"
Proof. (1) Recall that B = NI So

ZBZzl = Bf"‘Bg"‘Bg +B2n1

1

= ———Ja+a’++P =B+ B+ + 57
| (B854 50
n .
Since Y a?~! = 23;57 and Z prEL = \/E% we conclude that

=1

ZBQzl = Bf+B§+B§+ +anl

_ 1 3 2n—1 3 n—1
_ 1 ( a2n -1 B2n -1 ) _ a2n + 52n ) _ (Bk)Q
2/9k% — 1 \2v9k2 — 1 2\/9k2 4(9k2 — 1) "
The others can be proved similarly. ]

For k—Lucas balancing and £—Lucas cobalancing numbers, we can give the following result
which can be proved similarly.

Theorem 2.18. Let C* denote the n™ k—Lucas balancing number and let c* denote the n'™

k—Lucas cobalancing number. Then

n on
Zq‘k = BN)Cr+Chyy) Z(O bie1 + Coiva) = By (Copy + Cain)
. ot
> Ch = BiCi > (CF+Cly) = (Bl + By (Chan + Cyo)

e "o

Zcik = CSH(Bk + Bn+1) Z(Czk + CikJrl) = BSCEH(BS + b5)

=1

and
2n 2n+1
k ki k| k k ko k
E ¢ = By(ch+cpy)By, § ¢ Cn+1(B +Bn+1)
i1 i=1
n 2n
k pkok k. ok o\ _ ok k ko o1k
E 5 = By E (ci +¢ip1) = Brep (B +by)
— i1
In+1 m

Z (¢ +¢a) = (Bi+ Bi i) (Cayr + ) Z(Cgiﬂ + iy0) = Byi1 (Gt + Cona).
i—1 i=0

Remark 1. Here, one may wonder are there any formulas for the sums of k—cobalancing num-
2n

bers. No! At least one can check that the sum > bF can not be written as the product of
i=1
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k—balancing numbers. Indeed

2n
n S bk
=1
2
T2k? + 24k + 4
2592k* + 864k® + 6
03312k6 + 31104k5 — 5184k* — 1728k> + 144k? + 48k + 8.

N N

2.2 Continued fraction expansion of k—balancing numbers

In this subsection, we consider the continued fraction expansion of £—balancing numbers.

Theorem 2.19. Let BY denote the n™ k—balancing number; let bY denote the n™ k—cobalancing
number, let C* denote the n™ k—Lucas balancing number and let c* denote the n™ k—Lucas
cobalancing number. Then

1.
[6k; —6k, 6k, —6k] for evenn > 2
Bk n—2 ..
ntl _ 5= times
Bk [6k; —6k, 6k for oddn > 3.

nT_l times
2. Let n be even, say n = 2m. Then

[6k; —6k, 6k, —6k — 1]  for even m > 2
——

be_l m;2 times
vi ) [6k; —6k, 6k, —6k,6k 4+ 1] for odd m > 3.
3
Mm=2 times

2

Let n be odd, say n = 2m + 1. Then

[6k; —6k, 6k, —6k]  forevenm > 2
——

bﬁ+1 . m;2 times
vk ) [6k; —6k,6k, —6k,6k] for odd m > 3.
3
M2 times

2

[6k; —6k, 6k, —6k, 3] forevenn > 2
——

k )
Cn—l—l . ”52 times

CFk [6k; —6k, 6k, —3]  foroddn > 1.
——

n—1 ..
5 times
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[6k; —6k,6k,—7]  forevenn > 2
——

Cnt1 "sz times
ck [6k; —6k, 6k, —6k,7] foroddn > 3.
3
o times

Proof. (1) Let n be even, say n = 2t for some positive integer ¢ > 1. For t = 1, we have n = 2

and hence i )
Bs 36k° — 1 1
— = —— =06k + ——.
BE ok T ok

k
So % = [6k; —6k], that is, it is true for n = 2. Let us assume that it is true for n — 2, that s,
2

Bk
n—1
=L _ [6k; —6k, Gk, —6k].
Boo
%times
Then
BL; = [6k; —6k,6k, —6k] = 6k + p -
" g Ot
Ttlmes —6k+
6k — L
Cgee L GkBE-BY,
—6k + —  6kBL_, — Bi,
BE

n—2

So it is true for every n since BX = 6kB* | — B* ,. The other cases can be proved similarly. []
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