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1 Introduction

In this paper, we consider a primitive Pythagorean triple, i.e., a triple (a, b, ¢) of positive integers
satisfying the following conditions:

o a2 +b2=¢2,
e a, b and c are relatively prime, and
e ¢ and c are odd, b is even.

We discuss a way to realize a primitive Pythagorean triple as the Hosoya indices of graphs. For
a graph (G, a matching in G is a subset of the edge set of GG such that any two distinct edges do
not share any vertices. The Hosoya index Z(G), or the Z-index, introduced in Hosoya [1] is the
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number of matchings in a graph (G. He introduced the graph invariant for his chemical studies, and
developed mathematical theory. Recently he studies a family of triples (A, B, C') of graphs such
that (Z(A), Z(B), Z(C)) is a Pythagorean triple. In [3, 4], Hosoya studied primitive Pythagorean
triples with consecutive legs. He gave a family of triples of caterpillars which realizes them.
(See Definition 2.1 for the definition of a graph called a caterpillar.) In [5], he showed that
a triple of graphs obtained by gluing copies of a graph in some manner realize a Pythagorean
triple. He also introduced a method to construct a triple of caterpillars which realizes a primitive
Pythagorean triple in [6]. His method is based on the Euclidean algorithm. First we run the
Euclidean algorithm for some integers. Next we construct a caterpillar from the information of
the Euclidean algorithm. The number of leaves of the caterpillar obtained by the second procedure
corresponds to the quotient of each step of the Euclidean algorithm. In this sense, the caterpillar is
a visualization of the Euclidean algorithm. Finally we construct a triple of caterpillars by gluing
copies of the caterpillar obtained by the second procedure to a certain triple of caterpillars, called
a symmetric kernel. Then the triple of the caterpillars realizes a primitive Pythagorean triple.
Hosoya gave two candidates of symmetric kernels. From one of them, we can constract a triple of
caterpillars for each primitive Pythagorean triples (a, b, ¢) satisfying a/b < 3/4. From the other
symmetric kernel, we can constract triples for the other primitive Pythagorean triples. Hosoya
conjectured the uniquness of such symmetric kernels.

In this paper, we discuss the following problem: We construct a triple of graphs by gluing
copies of a graph to a symmetric kernel. We do not assume that the graphs are caterpillars. We
obtain a family of triples of graphs from a family of graphs and a common symmetric kernel by
this construction. Characterize a common symmetric kernel such that we can obtain a family of
triples of graphs which realizes a family of primitive Pythagorean triples. In this paper, we divide
primitive Pythagorean triples (a, b, ¢) into two families by the ratio a/b, and show the uniqueness
of the common symmetric kernel for each family (Theorems 3.4 and 3.5).

This paper is organized as follows: In Section 2, we define notation and give examples. We
show main results in Section 3. In the proof, we use some technical lemmas shown in Section 4.

2 Definition

First we define some typical graphs in our discussion. In this paper we consider a non-directed
simple graph G = (V| F), i.e., a graph whose set of vertices is V' and whose set of non-directed
edges is £/ which contains no multiple edges and no self loops. We can regard F as a subset of

{{v,w}CcVi]jv#w}.

Definition 2.1. For positive integers a1, . . ., agq, we define the caterpillar C(ay, . .., aq4) to be the
following graph (V| E):

Vi={(@li=1...,a; },
v=Jv
Ei:{{(ivl)v(i7j>}|1<j§ai}v
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H={{(1),Gi+1,1)}|i=1,....d—1},

d
E=HU| JE;
=1
The graph (V;, E;) is the star graph or the complete bipartite graph K ,,_;. The edges in H
connects the central vertices (¢,1) and (i+1, 1) of (V;, E;) and (V;11, E;+1). Hence C(ay, . . ., aq)
1s

a1—1 ag—1 az3—1 ayg—1 ag—1

AN AN AN AN A

Note that the caterpillar C'(ay, . . ., aq_1, aq, 1) is isomorphic to the caterpillar C'(ay, . . ., aq_1, ag+
1) as graphs.

Definition 2.2. For positive integers ay, . .., aq and s, we define the graph Q(ay, ..., aq) to be
the graph obtained from the caterpillar C'(ay, . . ., aq) by adding the edge {(1,1), (s, 1)}.
Example 2.3. Since the caterpillar C'(aq, ..., aq) is a tree, the graph Q3(ay, . .., ay) has a unique
cycle of length 3. The graph Q3(ay, ..., aq) is

az—1

a1—1 ~ N a3—1 ag—1 ag—1

Note that the graph Qs3(ay, as, as, ..., aq) is isomorphic to the graph Qs(az,ay,as,...,aq) as

graphs.
Example 2.4. The graph Q4(a1, as, as, as) has a unique cycle of length 4. The graph Q4(a1, as, as,

aq) is

Note that Q4(ay, as, as, ay), Qs(as, as, as,aq) and Q4(ay, as, as,a;) are isomorphic to one an-
other as graphs.

Definition 2.5. For positive integers ay, ..., aq and s, we define the graph O (a4, ..., aq) to be
the graph obtained from the caterpillar C'(ay, ..., a4) by adding the edge {(1,1),(s,1)} and

{(1,1),(d, D}

Example 2.6. For the positive integers aj, as, az and ay4, the graph O3(ay, as, ag, ay) is

a2—1 az—1
a1—1 ~ =~ = as—1
A A
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In this paper, we discuss a common structure to a family of graphs. To formulate such struc-
tures, we define an operation to make a new graph from two graphs.

Definition 2.7. Let G and H be graphs. For a vertex v in GG and a vertex h in H, we define a
one-point union G \/ H at base points g and h to be the graph obtained from the disjoint union

of G and H by contractlng the vertices g and h.
If the context makes base points clear, then we will omit base points as G V H.

Definition 2.8. Fori = 1,... d, we write C(ay,...,d;,...,ay) to denote the caterpillar C'(ay,

., aq) with the base point (i, 1) to make a one-point union. Similarly, for [ and r satisfying
I < r, we write C(ay,...,a;,...,G4,...,aq) to denote the caterpillar C'(aq,...,ay) with the
base point (/, 1) to make a one-point union from the left and with the base point (7, 1) to make a
one-point union from the right. If [ = r, then we write C'(a4, ..., d, ..., aq). We also define this
notation for () in the same manner.

Example 2.9. Let

G = C(dl,ag, ceay ad_l,dd),
H - C(i)l,bg, e ,befl,i)e).

In this case, we have
GV H= C(dl,ag,. ..,0q-1,0q —|—b1 — 1,52,. .. ,befl,l.)e).

Definition 2.10. Let S; be a graph with the base point /; to make a one-point union from the left
and with the base point r; to make a one-point union from the right. We say that (.S;, Se, S3) is a
symmetric kernel of a triple (G1, G, G3) of graphs if there exist a graph G and a vertex g of G
such that

Gi=GVS VG (i=123).

g:li Ti,g
Next we recall the Hosoya index for a graph. The Hosoya index is defined as follows.
Definition 2.11. For a graph GG, we call a set M of edges a matching in G if no pair of edges

in M share a vertex. Define p(G, k) to be the number of matchings with k edges in G. We also
define the Hosoya index Z(G) by Z(G) = ), p(G, k).

Remark 2.12. If G’ is a subgraph of G, then a matching in G’ is a matching in G. Hence we have
p(G', k) < p(G, k), which implies Z(G") < Z(G). Since p(G, k) is the number of edges in G,
the Hosoya index Z(() is greater than the number of edges in G.

The following formulas for Z(G) are known.

Lemma 2.13. If the graph G is the disjoint union of graphs G| and G, then the graphs G, G
and G4 satisfy the equation

2(G) = Z(Gh) - Z(Ga).
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Lemma 2.14. Fix an edge {u,v} of the graph G. Let Gy, .} be the graph obtained from G by

removing the edge {u,v}, and G, , the restriction of G to vertices other than w and v. The graphs
G, G' and G" satisfy the equation

Thanks to these two formulas, we can calculate the Hosoya index recursively.

Example 2.15. The following are the complete list of connected graphs with at most three edges:

1 2, Z(C(3)) =3,
Z(C(2,2)) =5, Z(C(4)) =4, Z(Qs(1,1,1)) = 4.

: Z(C(2,3))
) Z(Q4(171a171)) =

7 Z(C(5)) = 5,

Z(C(2,1,1,2)) = 13, Z(C(2,1,3)) = 11, Z(C(2,2,2)) = 12,
Z(C(2,4)) =9, Z(C(3,3)) = 10, Z(C(6)) = 6.
The following are the complete list of connected graphs with five edges containing Q3(1,1,1) as
a subgraph:
Z(Q3<17171a2)) = 107 Z(Q3(1a173)) :87 Z(Q3(27172>> :9a

Z(03(1,1,1,1)) = 8.
The following are the complete list of the other connected graphs with five edges:
Z(Q4(1,1,1,2)) = 10, Z(Qs(1,1,1,1,1)) = 11.

See also Section 4.1.

Finally we define notation for continued fractions and continuants.

Definition 2.16. For positive integers ay, . . ., a4, we define a rational number [ay, .. ., aq] by
1
a1, ... aq] = a; + "
as +
1
ag—1 + —
Qaq
Note that [al, e, Qq-1,04, 1] = [CLl, ceyQg—1,0q + 1]
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Definition 2.17. We define the polynomials K in variables z1, zo, ... by
Ky =1,
Kl = I,
Kd = QZdefl + Kd,Q.

The polynomial K is called the continuant. For positive integers ay, ..., ay, we write K (aq,
..., aq) to denote the integer obtained by substituting a; for z; in K.

It is known that K (a4, . ..,aq) and K (as, ..., aq) are relatively prime integers satisfying
K(alv"'7ad>
[al’”.’a/d] N K(a27"'7ad>
for positive integers aq, . . ., aq. In [2], Hosoya showed that

K(ay,...,aq) = Z(C(ay,...,aq)).
Since K (ay,...,aq) = K(ag, .. .,a1), it also follows that
K(ay,ag,...,aq) = a1 K(as,...,aq) + K(as,...,aq).
Lemma 2.18. If positive integers ay, . .., aq, b1, ..., b, satisfy

}((Cll,...7CLd):I((bl,...,be)7
K((Ig,...,ad):K(bg,...7be),
adabe> 17

thend = e and (aq, . ..,aq) = (b, ..., be).

Proof. First consider the case where ¢ = 1. In this case, K(by,...,b.) = K(b;) = b; and
K(by, ... b)) = Ko = 1.1f d > 2, then we have

K(a27...,ad)ZK(CLd):ad>]_,

which contradicts the condition. If d = 1, then we have K (a;) = a;, which implies a; = b;.
We consider the case where d > e > 2. Let

m=K(ay,...,aq) = K(b1,...,be),
n:K(CLQ,...,CZd):K(bg,...,be).

It follows by the definition of continuants that

m=K(ay,...,aq) = a1 K(as,...,aq) + K(as,...,aq)
=an+ K(as,...,aq),

m=K(by,...,be) =0 K(ba,...,b.) + K(bs,...,be)
=bin+ K(bs,...,be).
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Hence we have
(by —ay)n = K(ag,...,aq) — K(bs,...,be).
Since both K (ag, ..., aq) and K (bs, ..., b.) are less than
n=K(a,...,aq9) = K(by,...,b.),
we have the inequality
—n < K(as,...,aq) — K(bs,...,b.) <n.
Hence b; — a; = 0. It also follows that
K(as,...,aq) — K(bs,...,b.) = 0.
Hence we have the lemma by induction. ]
Lemma 2.18 implies the following lemma.
Lemma 2.19. Let G = C(ay,...,aq) and G' = C(by, ..., b.). Assume that d > e > 2. If
Z(Clay, ... aq)) = Z(C(by,...,be)),
Z(Clag,...,aq)) = Z(C(bs,...,be)),

then the caterpillar G is isomorphic to the caterpillar G' as graphs, and a; = b; for each i =
1,...,e—1
Proof. If a, and b, are greater than 1, then it follows from Lemma 2.18 that GG is isomorphic to
G’ as graphs. Consider the case where b, = 1. If e > 2, then we have

C(bh R befb 1) = C(bla s 7bd71 + 1)7

C(bg, ey be—17 1) - C(bQ, “e >bd—1 + 1)
Hence we may assume that b, > 1. Similarly we may assume that a; > 1. Hence it follows
from Lemma 2.18 that G is isomorphic to G’ as graphs. If e = 2, then Z(C(ay,...,aq)) =
Z(C(by)) = 1. Hence the graph G is the caterpillar C'(aq, 1). Since Z(C(ay,1)) = Z(C(by,1)),
we have a; + 1 = by + 1, which implies a; = b;. [l

3 Main results

We consider a family of triples (A, ., Bim.n; Cm.n) of graphs which gives primitive Pythagorean
triples as (Z(Am.n), Z(Bmn), Z(Cpmp)), and the common symmetric kernel to the family. In
other words, we consider the triple (A, B, C') of graphs with base points and the family of graphs
G, With base points satisfying

Amn = Gun VAV Gyyp,

Bpyn=GnnV BV GGpay,

Crim = Gmn VOV Gy .

Let P be the set of the pair (m, n) of positive integers satisfying the following:
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e m and n are relatively prime,
e m and n have opposite parity,

e M > n.

It is known that there exists a bijection ¢ from P to the set of primitive Pythagorean triples defined
by o(m,n) = (m? — n?,2mn, m? + n?).
Define P; and P, by

Plz{(m,n)ep‘%22}
PQZ{(m,n)E'P’1<T<2}.

n

Remark 3.1. For (m,n) € P, the primitive Pythagorean triple corresponding (m,n) is (m? —

n?,2mn, m? 4+ n?). Hence the pair in P corresponds to the primitive Pythagorean triple (a, b, c)
such that a/b > 3/4. the pair in P, corresponds to the primitive Pythagorean triple (a, b, ¢) such
that 0 < a/b < 3/4.

In [6], Hosoya developed a method, based on Euclidean algorithm, to construct a triple of
caterpillars whose Hosoya indices are primitive Pythagorean triples corresponding to P;. He also
gave one for P,. Here we show essentially the same propositions as his methods.

Proposition 3.2. Let (m,n) € Py and positive integers ay, . .., aq satisfy m/n = [aq, ..., aq).
Note that a; > 2. Define G%?n, Ay By Cn by

Gﬁ}ﬂn =COlay — 1,aq,...,aq),

Apn =G, vO(1,1,1) vGy,,

By =GW, v CE)vGY,

Conn =GO, v C(2,2) VG,

The triple (Z(Apn), Z(Bmn), Z(Cmn)) of Hosoya indices is the primitive Pythagorean triple
(m? —n?,2mn, m? + n?).

Proof. Since m and n are relatively prime, we have

Z(Clay,...,aq))) = K(ay,...,aq) =m,
Z(Clag,...,aq))) = K(ag,...,a5) =n
Since G&i)n = C(ay — 1,as, ..., aq), we obtain
= C(adﬂldfla coag,a1 — 11 ap —1ag,. .. ,Gdfb@d),
Bpn =G0, vC@) vGY,
= C(ad, aq—1, - .., 03, 02,201, 02,03, . .., 041, ad),
Crn = GO v C(2,2) VG
- C(ad7 aq—1,...,03,0a2,0a1,0a1, 02,03, ...,04—1, ad)-
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Applying Lemma 2.14 to the central edge {(d, 1), (d + 1,1)} of C,, ., we obtain

Z(Crmn)

:Z(C’(ad,ad Tyovny
:Z(C(ad, Ad—1y -+ -,
+ Z(C’(ad,ad,l, c

:m2 + n2.

Similarly, since

Z(C<2a17 az, as, ..., aqd
= 2@12(0(&2, as,...,a
=2(mZ(Clag,as,...,a

as,as,a1,Aa1,02,043,...,04—1, ad))
,Gg—1,Qq)

y Ad—1, a/d)

as,az,a1) - Z(C(ay, az, as, . ..
) A3, a2)) ’ Z(C((Ig, as, ...

)+ Z(Clas,...,aq))
a)) + Z(Clas,...,aq)) + Z(C(as, ...

a)) +Z(Clas,...,aq)))

7ad))

=2Z(C(ar,as,...,aq)) = 2m,
we obtain
Z(Bun)
Z(C(a'dv adg—1,---,03, a2, 2@1, A2, a3, ... ,Ad—1, CLd))
:Z(C(ad; aq—1,--.,0a3, a2, 2a1)) : Z(C(CL% ag,...,04—1, ad))
+ Z(C(ag, aq-1,...,as3,az2)) - Z(Clas, ..., a4-1,aq))
( (2a17a27~"7ad)) 'n+n'Z(C(a37"'7ad))
—n(Z(C(2a1,an, .-, as)) + Z(Clas, ..., aa)))
=2mn.
Since K (ay,...,aq) = a1K(ag,...,aq5) + K(as,...,aq), we have
K(ay—1,...,a0) = (a1 = VK (az, .., az) + K(ag, ..., aq)
=a K(ag,...,aq) + K(as,...,aq) — K(aa,...,aq)
= K(ay,...,aq) — K(aa,...,aq)
=m —n.
Hence it follows that
Z(Am,n)
Z(C(adaad 1.y 02,01 — L, 1,a1 — 1, aa,. .. 7ad71>ad))
:Z(C(ad, ad—1y-..,02,01 — 1)) . Z(C(l, ap — 1, ag,...,aq—1, CLd))
+ Z(Clag,a4-1,...,a2)) - Z(C(a; — 1, a9, ...,a4-1,a4q))

=(m—n)-Z(C(1,a1 — 1,as,...,aq)) + Z(C(ag,...,aq)) - (m —n)
=(m —n)(Z(C(ay,aq,...,aq)) + Z(Clag,...,aq)))
=(m —n)(m+n) =m?+n’.
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Proposition 3.3. Let (m,n) € Py and positive integers ay, . . ., aq satisfy m/n = [ay, ..., aq).
Deﬁne Gg?n: Am,n: Bm,ny Cm,n by

Gg,)n = C(dz,ag, ce ,ad),

Apyn =GP vVCB)vGY

m,n’

By =GP, v C(i,2,1)vGY

m,n?

Cw =GP, v, 1,1,1) VG,

The triple (Z(Apn), Z(Bmn), Z(Cmn)) of Hosoya indices is the primitive Pythagorean triple

2

(m? —n?,2mn, m* + n?).

Proof. Similarly to the case where (m,n) € P;, we have

Z(Clay,...,aq))) =m,
Z(Clag,...,aq))) = n.
Since G, = C(ag,as,...,aq) and a; = 1, we have
Apn =GP, vO@B) VGEP,
= Cl(ag,a4-1,...,a3,2as + 1,as3,...,aq-1,a4),
By =GP, v C(1,2,1)vGY,
=Cl(ag,a4-1,--.,03,02,2,a2,a3,...,0q_1,0q)
= Cl(ag,a4-1,.-.,as,as,2a1,a9,a3, . ..,04-1,0q),
Crm=G2, v, 1,1,1)vGY,
=Cl(ag,a4-1,-..,a3,a2,1,1,as,a3,...,a4_1,a4q)
= Cl(ag,a4-1,...,03,02,01,01,0,03, . ..,04_1,0q)-

Hence, similarly to the case where (m,n) € P;, we obtain Z(B,,,,) = 2mn and Z(C,,,,) =
m? + n?. Since
Z(Clay,...,aq)) = a1 Z(Clag,...,aq)) + Z(Clas, ..., aq))
= Z(C(az, ..., aq)) + Z(Clas, ..., aq)),
we have
Z(C(G@, s 7ad)) = Z<C(a’17 s 7ad>> - Z(C<a27 R ,CLd))
=m—n.

Applying Lemma 2.14 to central edges {(d — 1,1),(d —1,j)} in A,,,, for j = 2,3,...,2as + 1,
we obtain

Z(Am,n)
=Z(C(ag,a4_1,...,a3,2as + 1,as,...,aq-1,a4q))
=Z(C(ag, ag_1,...,a3,1,as,...,aq-1,aq)) + 2a2Z(C(as, ..., a4-1,aq))*
=Z(C(ag, ag1, . ..,a3,1,as, ..., aq-1,aq)) + 2as(m —n)*
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Since
Z(C(ag,aqg_1,...,a3,1,a3,...,a4-1,0aq))
(C(a ag—1,-..,0a3,1)) - Z(Cas,...,aq-1,aq))
Z(Clag,ag—1,...,a3)) - Z(C(aq,...,aq-1,0q))
(C(l,ag,..., 2)) - (m—=n)+(m—n)-Z(Clay,...,aq))
=(m —n)(Z(C(ag,a4-1,...,as3,1)) + Z(Clay,...,a4-1,0q)),
we obtain
Z(Amn)
=Z(C(ag, ag_1,.-.,a3,1,as,...,aq_1,aq)) + 2az(m — n)?
=(m—n)(Z(C(1,as,...,aq)) + Z(C(ag,...,a4-1,0q)) + 2a2(m —n)).
Since Z(C'(1,as,...,aq)) = Z(Clas,...,aq)) + Z(C(ay,...,aq)), we have
Z(C(1,as,...,aq)) + Z(C(ayg, ... ,aq)) + 2a2(m — n)
=Z(Clas,...,aq)) +2(Z(C(ay,...,aq) + az(m —mn)).

Since Z(C(as, ...,aq)) = m —n, we have Z(C(ay, ..., aq) + as(m —n)) = Z(C(ag, ..., aq)).
Hence we obtain
Z(Amn) = (m—n)(Z(C(as,...,aq) +2Z(C(as,...,a4)))
=(m—n)(Z(C(ay,...,aq)) + Z(C(ag,...,aq)))

:(m—n)(m+n):m2—n2. O

These families for P; and P, have common symmetric kernels
(C(1,1,1),0(4),C(2,2))
and
(C(3),0(1,2,1),Cc(1,1,1,1)),

respectively. Hosoya also conjectured the uniqueness of such structure. Main results gives an
answer to his conjecture. First we show our main result for P;.

Theorem 3.4. Let { (Amn, B, Cinn) } (m.n)ePy be a family of triples of connected graphs sat-
isfying

Z(Amn) =m* —n?,

Z(Bmn) = 2mn,

Z(Cpn) = m* +n”.

If the family { (Am.n, B, Con) }(m )Py has the common symmetric kernel (A%, B CM),
then

(AD, BO oWy = (C(1,1,1),C(4),C(2,2)).
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Proof. We find the graphs AV, BO, M and G,,, , so that

Z(Gmn V AD v Gmn) =m* —n?,
Z(Gmn V BW v Gmn) = 2mn,
Z(Gp VCY VG, ) = m? +n?

for (m,n) € { (2,1),(4,1),(5,2) }. Since Z(Ga1VAYVGy,) = 3, the graph Go 1 VAV Gy,
is the caterpillar C'(3). By Lemma 4.2, the graph Gy ; V B v Gy 1 is the caterpillar C'(4). Hence
the graph Gy ; is either C(1) or C(2).

If Gy, = C(2), then the graphs A®) and BM are C(1) and C(2), respectively. Since Z(Gy 1V
BM v G41) = 8, it follow from the table in Lemma 4.1 that the graph G ; is the caterpillar C (4)
Hence we obtain Z (G4 VAV VG, ) = Z(7) = 7, which contradicts Z (G4, VAY VG, ) = 15.

If Gy, = C(1), then the graphs A and B are C/(3) and C/(4), respectively. Since Z (G4 V
BW v Gy,) = 8, the graph G4 ; V BV v Gy 1 is the caterpillar C'(8). Hence the graphs B!) and
G are C(4) and C(3), respectively. It follows from direct calculation that

w
—~

) =1 AN = (C(1,2))
Z(Gai vV ADV Gyy) =< Z(C(5,2)) =14 (A = C(i,2))

Z(C(1) =1 (A1) = C(3)).

Hence the graph AM is C(1,1,1). Since Z(CW) = Z(Ga1 vV OW v Gyy) = 5, the graph C(V is
either C'(2,2) or C(5). By Lemmas 4.3 and 4.4, candidates of CV) are C(2,2) and C(1,1,2). By
Lemma 4.5, if C") = C(1, 1, 2), then we can not construct G5 . Hence the graph C™) is C/(2,2).

Therefore (A, BM 0W) = (O(1,1,1),C(4),C(2,2)). O
Next we show our main result for Ps.

Theorem 3.5. Let { (A, Bins Conn) } (m.m)cp, De a family of triples of connected graphs sat-
isfying

Z(Amn) =m* —n?,

Z(Bmn) = 2mn,

Z(Cppp) = m? +n’.

If the family { (A, Binn: Cinn) }onmyep, has the common symmetric kernel (A® B® C@),
then

(A®, B, ) = (€(3),¢(1,3,1),C(,1,1,1)).
Proof. We find the graphs A®, B® C® and G,,,,, so that

Z(Gmn V APy Gmn) =m* —n?,
Z(Gmn V B@ v Gmn) = 2mn,
Z(Gpun VCPV Gpy) = m? 4 n?
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for (m,n) € { (3,2),(4,3),(7,4) }. It follows from Lemma 4.6 that the graph G4 3V A® v G, 3
is the caterpillar C(7), which implies

(C(5),C(1),C(2)),
(AP G35,Gy3) € (0(?.;.), ) :

If (A®) G34,Gy3) = (C(5),C(1),C(2)), then we have
Z(B(2)> - Z(G372 \ B(Q) \ G372) == 12
By Lemma 4.7, we have Z (G574 V B® v G 4) # 56 for any (G4, B®) such that

(G74VA(2) V Gry) =33
Z(Gy3V BV Gys) = 24.

Hence (A®) Gs4,Gy3) = (C(5),C(1),C(2)) does not satisfy the condition By Lemma 4.8,
for (A(Q) G32,G43) = (C(1),0(3),C(4)), we have Z(Gy3 vV B® v G,3) # 24. Hence
(AP G3,,Gy3) = (O(1),C(3),C(4)) does not satisfy the condition. By Lemma 4.9, if (A®),
Gsa,Ga3) = (C(3),C(2),C(3)) and B® # C(1,2,1), then

(G43\/B V Gyg3) # 24.
Hence we may consider only the case where
(A®), B® G5, Ga3) = (C(3),0(1,2,1),C(2),C(3)).

In this case, it follows from Lemma 4.10 that G 4, = C(1, 3). We also obtain C?) = C(1,1,1,1)
by Lemma 4.11. Therefore we have

(A® B@ ¢y = (C(3),c(1,2,1),c(,1,1,1)). O

Theorems 3.4 and 3.5 imply the uniqueness of the symmetric kernels (A®, B M) and
(A® B® C®@). However G,,, are not unique.

Example 3.6. Let G = C(2,3) and G’ = Q4(1,1,1,1). In this case, the Hosoya indices of G
and G’ are equal to each other. Moreover the Hosoya indices of the restrictions G and G’ to

vertices other than the base points are also equal to each other. Hence we have Z(A) = Z(A'),
Z(B)=Z(B')and Z(C) = Z(C"), where

A=GVvC@B)VGa, A=GvCB)va,
B=GvC(i,2,1)va, B'=G'v0O(,2,1)vE,
C=GvC(1,1,1,1) VG, C’'=Gvced i) va.

Since [1,2, 3] is equal to 10/7, the both triples (Z(A), Z(B), Z(C)) and (Z(A"), Z(B'), Z(C"))
are equal to the primitive Pythagorean triple for (10,7) € Ps.
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If we consider only caterpillars, then we have the uniqueness of G, ,. First we show the
theorem for (m,n) € P;.

Theorem 3.7. Define the caterpillars G, A, B and C by
G = C’(dl,oz2, .. 7&5),
A=GvC(1,1,1) VG,
B=GvCH#) V@
C=GVC(22)VGQa).

If the triple (Z(A), Z(B), Z(C)) is the primitive Pythagorean triple (m* — n? 2mn, m?* + n?)
for (m,n) € Py, then we have

= [a1+1,a2...,ad].

s[3

Proof. Let p = Z(C(o, o, ..., q5)), v = Z(C(aa, ..., as)). Similarly to the proof of Propo-
sition 3.2, we obtain Z(A) = p? — v?, Z(B) = 2uv and Z(C) = p? + v If both p and v
are odd or both are even, then it follows that Z(A) and Z(C') are even, which contradicts the as-

~—

sumption that the triple (Z(A), Z(B), Z(C)) is the primitive Pythagorean triple. Moreover, since
= K(ay,...,as) and v = K(ag,...,q), the positive integers 1 and v are relatively prime
and satisfy p > v. Hence (p,v) € P. It follows from the bijectivity of ¢ that 1 = m and that
v =n. Let C(ay — 1,as,...,ay) be the caterpillar Gﬁ,}b)n in Proposition 3.2. Both caterpillars

C(a; — 1,aq9,...,aq) and C(aq, .. ., ag) satisfy the equations
Z(Clay — 1,ag,...,aq)) = Clay,...,as) =m,
Z(Clag,...,aq)) = Clag,...,a5) =n.
Therefore it follows from Lemma 2.19 that
%:[al,ag,...,ad]:[a1+1,a2,...,a5. O

Similarly we can show the theorem for (m, n) € Ps.
Theorem 3.8. Define the caterpillars G, A, B and C' by
G = C(dl,&Q, c. ,Oé(;),
A=GVvVC@B) VG,

B=GvC(i,2,1)va,
c=acvo(,,1,i)va.

If the triple (Z(A), Z(B), Z(C)) is the primitive Pythagorean triple (m* — n? 2mn, m?* + n?)
for (m,n) € Pa, then

m
—=[1,0q,...,q4].
n
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4 Technical lemmas

In this section, we show lemmas on the Hosoya indices, which is used in the proof of main results.

4.1 Tables of Hosoya indices

Here we calculate Hosoya indices for small graphs. Hosoya indices for all graphs with at most
five edges are in Example 2.15. The following are the complete list of caterpillars G with six
edges such that Z(G) < 13:

Z(C(7) =1, Z(C(2,5)) = 11, Z(C(3,4)) = 13.

The following are the complete list of the other connected graphs G with six edges such that
Z(G) <13:

Z(Qs(1,1,4)) = 10, Z(Qs(1,2,3)) = 12,
Z(05(1,1,2,1)) = 11, Z(05(1,2,1,1)) = 12,
Z(05(1,1,1,1,1)) = 13, Z(Q4(1,1,1,3)) = 13,
Z(Ky) = 10, Z(Ky3) =13,

Z(Qs(1,1,1) v Qs(1,1,1)) = 12,

where K4 stands for the complete graph and K5 3 stands for the complete bipartite graph. The
following are the complete list of the connected graphs GG with seven edges such that Z(G) < 13:

Z(C(8)) = 8, Z(C(2,6)) = 13, Z(Q5(1,1,5)) = 12.

The Hosoya index of a graph with at least eight edges except C'(k) is greater than 13. Hence we
have the following.

Lemma 4.1. Let 3, be the set of connected graphs G such that Z(G) = n. We have
31 - { C 1

32={C(2
33:{03

1)},
(2) },
(3)}
3a={C), @s(1,1,1) },
35 ={C(22), C0O) 1,
36 ={C(6), Qs(1,1,2) },
={C(), C(2,2,1), Qu(1,1,1,1) },
={C(8), C(2,1
(9), C(2

) ) Q3(17173) @3(1717171)}7
39:{09)70 74)

Q3(17272)}7
3 o (10>7 0(37 ) Q3(17171;2>7
) Qs(1,1,4), Qu(1,1,1,2), Ky [
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= C(11), C(2,1,3), C(2,5),
ST @s(1,1,1,1,1), 3(1,1,2,1) ’

o QB( 71 )\/Q3( 1 )a @3(1727171) ’
)
1

5 ] cus), ce0), c6.4), C21,1,2),
o @3( 71717 71)7 Q4( 717173) K2,3 '
4.2 Lemmas for the case where (m,n) € P;

Here we show lemmas to prove Theorem 3.4. First we show the following lemma to determine
the shape of B,

Lemma 4.2. Ler AV, B! G2 1 and G4 be connected graphs satisfying

G271 V A(l) V G271 == C(B)
Z(Gy1 VvV BY v Gy,) =4,
Z(Gyr VAV vV Gyy) =15

If Gy vV BY VY Gy # C(4), then Z(Gyq vV BY V Gy,) does not equal 8.

Proof. Since Z(Gay V BV vV Gy 1) = 4, the graph Gy V BY v Gy is either Qg(l, 1,1) or
C(4). In this case where Gy V BY vV Gy = Q3(1,1, 1), the graphs G5 ; and B™") are C(1) and
Qs(1,1, 1), respectively. Since the graph Gy V AW Vv Gy is the caterpillar C(3), the graph A™)
is the caterpillar C'(3). Since Z(C(2) v C(3) vV C(2)) < 8 < 15 for any base points, the graph
G4, is not C(2). Since Gy # C(2), it follows that Z(Gya vV Q3(1,1,1) V Gyy) # 8. O

Next we show three lemmas to determine C'V)

Lemma 4.3. For CV = C(5) and G4, = C(3), the Hosoya index Z(Gy1 vV CV v Gy,) does
not equal 17 for any base points.

Proof. It follows from direct calculation that

(2(C(9) =9 (W = C(5)
Z(Gy vV CY Vv Gy ) = Z(C(3,6)) =19 (CW =C(1,4))
’ ’ Z(C(3,3,3) =33 (CH=0(1,3,1))
Z(C(5,4) =21 (CW =C(1,4)).

Lemma 4.4. Let CV) = C(2,2) and G4, = C(3). If OV # C(2,2) and CY) # CO(1,1,2), then
the Hosoya index Z (G4, V CV V Gy,) does not equal 17.
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Proof. 1t follows from direct calculation that

4

Z(C(3,3,2)=23 (€W =c(i,1,2)
Z(Gaa V cWvaG, 1) = 2(C(3,1,4)) =19 (C(l) = C(i, 1, 2))
| ’ Z(C(3,1,1,3)) =25 (CM=C(i,1,1,1))
Z(C(6,2)) =13 (W = (3,2)

Lemma 4.5. If BY = C () and OV = C(1,1,2), then there does not exist a connected graph
G52 such that Z(G52 V B \/ G52) = 20 and Z(G52 V C(l V G52) = 29.

Proof. Let G be a graph with a base point v, and GG,, the restriction of G to vertices other than the
vertex v. Since B = C(4), we have

Z(GvBYvVG)=3Z(G,)*+ Z(GVvC(i)Va).
Since M = O(i, 1,2), we have
Z(GvCYVG)=22(G,)? +32(GVvC(i)Vva).

The following system of equation, however, has no integer solution:
3 1 r1) (20
2 3) \z) \29)°

4.3 Lemmas for the case where (m,n) € P,

Here we show lemmas to prove Theorem 3.5. First we show the following lemma to determine
the shape of A,

Lemma 4.6. Let A%, G35 and G4 3 be connected graphs. Assume that Z (G, 3V A?V Gy 3) =
IfGysV APV Gy 3 # C(7), then Z(Gso V A® V G34) does not equal 5.
Proof. Since Z(Gy3 VvV A® Vv Gu3) = 7, the graph Gy3 vV A® Vv Gy3 is C(2,3), C(7) or
Q4(1,1,1,1).

Consider the case where G4 3 V A@) v G43 = Q4(1,1,1,1). In this case, the graphs A® and
G,sare Q4(1,1,1,1) and C(1), respectively. Hence we have

Z(Gs2V APV Gso) > Z(AP) =17,

Consider the case where G4 3 AP v G43 = C(2,3). In this case, candidates of (A®), Gy3)
are the following:
(C(2,3),C(1)), (C(2,1),C(2)), (C(1,2),C(2)).

Since the difference of the numbers of edges of the graphs G4 3 VAR v Ga3and G VA® v Gs.2
is even, the graph G35 V A V G3, has even edges. Only C(5) is a graph G with even edges
such that Z(G) = 5. However, for any candidates of A® | there does not exists G52 such that
G32 VAP vV Gs = C(5). O
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Next we show three lemmas to determine the shape of B,

Lemma 4.7. Let A® = C(5) and G, 3 = C(2). The Hosoya index Z(G74V B®V G 4) does not
equal 56 for connected graphs B® and G 4 such that Z(B®) = 12, Z(G7 4V APV Gy 4) = 33,
and Z<G473 V B(Z) V G4’3) = 24,

Proof. First consider the case where G774 = C(15). In this case, we have G7, vV A® v Gy =
C(33), which implies Z(G74 VvV A® Vv G74) = 33. If we choose two different base points of
B® for the one-point union G74 V B® V Gz,4, then the graph G74 V B® Vv Gy 4 contains
C(15,1,...,1,15) as a subgraph. Since

Z(C(15,1,...,1,15)) > Z(C(15,15)) = 15- 15+ 1 > 56,
we obtain
Z(G774 vV B(Q) vV G774) > 56.

If we choose the same base points v of B(?) for left and right one-point unions of Gr4VB 2) VG7.a,
then

Z(G74V B® v Gyr,) = Z(B® v C(29)).
Let B, be the restriction of B® to vertices other than the vertex v. Since
Z(B® v C(29)) = 282(B,) + Z(B?) = 28Z(B,) + 12,
we obtain
Z(Gr4V B® Vv Gry) # 56.

Next we consider the case where G4 # C(15). In this case, there exits a vertex u of the
graph G’ 4 such that the distance between u and the base point is greater than or equal to 2. In
other words, the graph G~ 4 contains C (1,2) as a subgraph with a base point. Hence

Z(Grav BP Vv Gry) > Z(C(1,2) v B® v O(i,2)).

Let B, (resp. B,, B, ) be the restriction of B® to vertices other than the left (resp. right,
both) base point of B for the one-point sum G4V B® Vv G7 4. If u # v, then we have

Z(C(1,2) v B@ v C(i,2) =42(B®) + 2Z(B,) + 2Z(B,) + Bu.,.
Since Z(B?)) = 12, we have

Z(GraV BPV Gry)

> 7(C(1,2) v B® v C(i,2))

= 47(B®) + 2Z(B,) +2Z(B,) + Bu.,
> 48 +27(B,) +2Z(B,) + 1.
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If Z(B,), Z(Bu) > 2, then Z(G74V B® Vv Gr4) > 57. If Z(B,) < 1 and Z(B®) = 12, then
the graph B® is C(i, 11). However, in this case, B, = C(11) and Z(B,)=11>2.

If u = w, then the graph C(1,2) v B® v C(1,2) is B® v C(2,1,2). Since Z(B® v
C(2,1,2)) = 4Z(B,) + 4Z(B®), we have

Z(Gr4V BPV Gry) > 4Z(B,) +4Z(BY)
— 4Z(B,) + 48.

Hence, if B® ¢ { C(k), Qs(1,1, k), O(k, 2) } then

Z(C(1,1,1) v B? v C(i,1,1)) > 56.

If the graph B® is C(k), Q3(1,1, k) or C(k, 2), then the graph B®) is either C'(12) or Q3(1, 1, 5)
since Z(B®) = 12. However, since Z(C(14)) = 14 and Z(Qs(1,1,7)) = 16, these two graphs
do not satisfy the equation Z(G4 3V B® Vv G, 3) = 24. O

Lemma 4.8. Let G35 = C(3), Gy3 = C(4). For a connected graph B® satisfying Z(Gso V
B® v G34) = 12, the Hosoya index Z(G43 V B® V G, 3) does not equal 24.

Proof. Since Gz = C(3) and Z(G3oV B® v G, 2) = 12, the graph B® is either Q3(1, 1, 1) or
C(8). Hence Z(Gy3V B® Vv Gy 3) equals Z(Q3(1,1,7)) = 16 or Z(C(14)) = 14. O

Lemma 4.9. Let Gso = C(2), and Gu3 = C(3). Let B® be a connected graph such that
Z(G32 V B® v Gy 2) =12 If B® £ (C(1,2,1), then Z(G43V B® V Gy3) does not equal 24.

Proof. First we consider the case where the graph G 5V B@ v Gg o is either Q3(1,1,5) or C'(12).
In this case, similarly to Lemma 4.8, it follows that Z (G, 3V B® Vv Gy3)is Z(Q3(1,1,7)) = 16
or Z(C(13)) = 14, which are not equal to 24.

Next we consider the case where the graph G35V B\ G35 is neither Q3(1, 1, 5) nor C(12).
Since

Z(Gs5V BPV Gy,) = Z(C(2) v BP v C(2)) =12,

candidates of the graph G35V B® v G, 2are 3(3,1,2) and C'(2, 2, 2). Hence candidates of B®
are the following:

Qs(1,1,2), Qs(2,1,1), C(1,1,2), C(1,2,1).
Since G4 3 = C(3), we have

Z(Q3(5,1,2)) =18 (B® = Q5(1,1,2))
Z(Ga3V B® Vv Gyz) = Z(Q5(4,1,3)) =20 (B® = Q4(2,1,1))
7(C(3,3,2)) =23 (B® =0(1,1,2),

which implies Z(Gy3 VvV B® Vv G, 3) # 24. O
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Next we show a lemma to determine G7 4.

Lemma 4.10. Let G74 and B® be connected graphs. Assume that B? = C(1,2,1). If G74 #
C(1,3), then Z(G74 Vv B® V G4) does not equal 56.

Proof. First consider the case where the graph G'7 4 contains C (3) as a subgraph with a base point.
If the graph G'7 4 contains C' (2,2) as a subgraph with a base points, then

Z(GraV B®V Gra) > 2(C(2,2,2,2,2))
Z

>
> 7(0(2,2)) - Z(C(2,2,2)) = 5-12 > 56.

If the graph G'7 4 contains Q3(1, 1,2) as a subgraph with a base points, then

Z(Gr4V BPV Gry) > Z2(Qs5(1,1,2)) - Z(Qs(1,1,2;1,1))
—6-14 > 56.

If G740 = Q3(1,1,1), then
(G74\/B \/G74)—48<56

Therefore, if the graph G774 contains C(3) as a subgraph with a base point, then Z(G 4 vV B® v
Gira) # 56.

Next consider the case where the graph G'; 4 does not contain C' (3) as a subgraph with a base
point. If G74 = C(i,1,2), then

Z(GraV BPVGry) = Z(C(2,1,1,2,1,1,2)) =5-13 + 3 -5 > 56.

If G = C(1,3), then Z(G74 vV B® Vv Gr4) = Z(C(3,1,2,1,3)) = 56. Hence if the graph G7 4
contains C(1,1,2) as a proper subgraph with a base point, then Z (G4 V B® Vv G74) > 56. [

Finally we show the following lemma to determine C(?

Lemma 4.11. Let G35 = C(2), G453 = C(3), Gr4 = C(1,3). Let C® be a connected graphs
satisfying Z(Gs oV OV Gsy) = 13 and Z(G74 v C? v Gry) = 65. If C? £ C(1,1,1,1),
then Z(Gy3 vV C? V Gy3) does not equal 25,

Proof. 1t follows that

Z(GraV O<2> Vv 0774)
=Z(C(1,3)vC® v C(1,3))
=7(C(1,3)vCo® v (i) +22(C(1,3) vo?)
=Z(C(1,1)vCeP v, 1) +22(Cc® v (i)
+27(C(1, ) v ) +42(C?)
>Z(C(1,1)vCo@ v (i, 1)) 4+ 82(C?).
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Since G35 = C(1,1) and Z(G32 vV C® Vv G34) = 13, we have
65 = Z(GraV CPV Gry) > 134+ 8Z(C?).

Hence Z(C®) < 6.
Consider the case where C® = C(6). Since the graph G, is C'(2), we have

Z(C(8)) =8 (C® =C(6))
Z(Gga V IRV, Gyo) = Z(C(6,2)) =13 (C® =0C(5,1))
’ ’ Z(C(5,3)) =16  (C® =C(5,1))
7Z(C(2,4,2)) =20 (C?® =(C(1,4,1)).

Hence the graph C® is C(5,1). On the other hand, since the graph G5 is C(3), we have
Z(Gyz3V COVGy3)=2Z(C(3,7)) = 22.

Consider the case where C® £ (C(6). Since Z(C®) < 6, the number of edges in the
graph C'? is less than or equal to 4. Since Z (G35 V C? V G3,) = 13, candidates of the graph
G3oVCPV Gyy=C(2)vC? v C(2) are the following:

C(2,1,1,2), C(3,4), Q4(1,1,1,3).

Since Z(Q4(1,1,1,1)) = 7 > 4, the graph C? isnot Q4(1, 1,1, 1). If the graph G5,V CP VG,
is the caterpillar C(2, 1, 1, 2), then the graph C® is C(1, 1, 1, 1). Hence we consider only the case
where G35 V C?) v G35 = C(3,4). In this case, candidates of the graph C'®) are the following:

C(1,4), C(1,1,2,1), C(3,2).
Hence we have

Z(5,3,1) =21 (C® =(C(1,4))
Z(GyaV OOV Gy3) =< Z(4,4,1) =21 (C® = C(2,3))
Z(1,2,6) =19 (C® =((3,2)).
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