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Abstract: We consider g-analogs of Pascal’s like triangles, which were studied by Atanassov in
a series of papers.
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Atanassov [2, 3] introduced and studied new types of Pascal’s like triangles, which were partly
motivated by [4, 6, 7]. In a subsequent series of papers appearing in the same journal, Atanassov
derived further properties of these triangles and showed connections to various well-known se-
quences of numbers. In this paper, we study g-analogs of these new types of Pascal’s like triangles
as described in [2, 3]. As a paradigmatic example, we construct the following infinite g-triangle

1
1 q+1 1
1 q+1 (@®>+1)(q+1) q+1 1

I g+1 (@®+1)(g+1) (®+1)(q®>+1)(q+1) (@P+1)(¢+1) ¢+1 1

which is a g-analog of the first triangle given in [2]. Note that the ith element in the middle
column is given by [],_, (¢" + 1) = [T,y (1 + ¢"*1), for i > 0, and reduces to 2! for ¢ — 1.
In the general case, let the elements of the infinite g-triangle be

Qoo
Q10 A1l Q12
G20 Q21 Q22 A23 Q24

a3p Q31 a3z A3z AaA34 A35 36

where a;; are arbitrary real (or complex) numbers, and for every i = 0,1, 2, ... and
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e forevery j such that 1 < j <, a;; = ¢/ a;(j_1) + ag—1)(j—1);
e forevery jsuchthat: <j <21 —1,a; = ¢ Jaz(ﬁl) + ag-1);-1)-

Clearly, for ¢ — 1, this recurrence relations reduce to those of the Pascal’s like triangles [2, 3].
As in the undeformed case studied by Atanassov, the triangle is symmetric around its middle
column, and one may regard the elements a;p (: > 0) on the left (and right) boundary diagonal as
“initial values”, determining the entire g-triangle through the defining recurrences.

We now give an expression for an arbitrary element a;; in terms of the elements a;. Itis a
g-analog of! [2, Lemma 2].

Proposition 1. Let the infinite sequence {c;}i>o of arbitrary real (or complex) numbers be given,
and let, for every i > 0, a;o = a;2;) = ¢;. Then one has, for all 1 < j <1, that

k+1 ]
Q45 i(2i—7) E q Ci—jtk-

q
In particular, the elements of the middle column are given by
=3[
a/ll Z q k C
k=0 q

Now, we present two examples for the above proposition. To do that, we use the fact that

n—1
[J+d%) = Zq () €))

mi

Example 2. Let us choose c; = ¢"™, that is, a;p = ai2i) = q"". then the middle column in the

q-triangle is given by

i ) i—1
)
s = 2 :q(’;) (k) q(m+1)k _ ] [(1 4 qk+m+1)_
k=0 q k=0

In the special case m = 0 one has ¢; = 1, that is, a;) = a;2;y = 1, and one recovers the q-triangle
displayed at the beginning.

Example 3. If we set a;o = a;2;) = [i+1], = 1—132;1, then the middle column in the q-triangle is
given by

i—1 .
—Zq ()q + i, Y ol ( )q%
q q
:H(l ¢+ + ¢?li qH (1+ ¢"*2).
k=0

k=0

'Note, however, that there is a typo in [2, Lemma 2].
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By some straightforward manipulations, one derives from this formula that

i—2
A(i41)(i41) = (1 + qiﬂ)&n’ + (1 + qi+1)qi+2 H(1 + qk+2).
k=0
For ¢ — 1, one obtains for the undeformed triangle associated to a;y = a;2; = i + 1 that
Air1)(i+1) = 25 + 2!, as observed by Atanassov (last triangle in [2], note that the shift in

the power of 2 stems from the fact that Atanassov’s numbering starts with 1 = 1, whereas our
numbering starts with 1 = 0).

Let us return to the general case.

Theorem 4. Let the infinite sequence {c;};>o of arbitrary real (or complex) numbers be given,
and let, for every i > 0, a;o = a;2;) = ¢;. Then the generating function for the elements of the
middle column is given by

kl
) ey th
utl_ q Ck
2 = g0

Proof. By Proposition 1, we have that

Zaﬁyzz(iq@w(i) )tz S 050 (Z (;k)t>

>0 120 k>0 >0

By the fact that =Y ks0 (”_Hk)qt’“, we obtain that

n—1 k
[Tizo(1 — ¢t

k+1

Zaiiti = Z (ZZ: (‘3" (Z> > . Z gU3 ) epth

i>0 i>0 k>0 _o(1— qlt)

as required. U

Above, we prescribed the elements on the left (and right) boundary diagonal and determined
the remaining elements of the g-triangle using the defining recurrences, in particular the elements
of the middle column. It is also possible to turn the perspective and prescribe the elements of the
middle column. In the case ¢ = 1, Atanassov [2, 3] studied this relation between these sequences
of elements for several well-known sequences of numbers. By induction, we obtain the following
g-analog of his result [2, Page 33].

Proposition 5. Let the infinite sequence {d;};>o of arbitrary real (or complex) numbers be given,
and let, for every i > 0, a;; = d;. Then, for all 0 < j < i — 1, one has that
) Sy (7
Qij = Qi(2i—j) = 4 2 §<_1) q\? L qdz‘—k‘

Next, we present some examples for the above proposition, where we use (1).
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Example 6. If one has in the middle column the consecutive g-numbers (for ¢ = 1, see [2, Page
33]), that is, d; = [i + 1], = %, the elements on the left and right diagonal must be

i

@0 = A4(24) = q_(i?) Z(_qu@) <IZ€> [Z +1- k]q

SO () Sk ()
q kz:%( 1)%q (k)quq k:O( 1)%q (k:)q[ klg
— ¢ (%) ﬁ(1 — ")+ [igg (%) f[a — "),

which implies that apg = 1, a19 = 1, and a;9 = 0 for all © > 2. Thus, the sequence of elements
1,1,0,0,0,... on the boundary diagonals is the same as in the case ¢ = 1.

Example 7. If one has in the middle column the consecutive squares of the q-numbers (for ¢ = 1,
see [2, Page 33]), that is, d; = [i + 1]2, the elements on the left and right diagonal must be

)

ajn = Qi(2i) qu(izl) Z(_l)kq(g) <;€) [i4+1— k]?,

) kio(l)kq(’é) @ T2 (4) ki0<—1>kq<’5> (k)[ ~ #l,
e g(_mq@ (;)[ oy

which, by the previous example, implies that

a0 = iy = (%) (Hu )+ (14 20, [0 - ¢) + 4li - 1, [0 - q'f>) ,

k=0 k=0 k=0
that is, agy = 1, a1g = 1+T2q, Qog = % and a;0 = 0 for all i > 3. For ¢ — 1, the sequence of

elements on the diagonals becomes 1,3,2,0,0,0, ..., as mentioned in [2].

Example 8. If one has in the middle column the consecutive inverses of the q-numbers, that is,

d; = [i + 1], the elements on the left and right diagonal must be

ajp = Qj(25) = q_<i;1) Z(_l)kq(g) (/Zf) m

k=0

- e ()

i+ 1), 15
e, (o= -1),

that is, ago = 1, a;0 = [(;rllﬁq foralli > 1.
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In analogy to the above Theorem 4, it is possible to express the generating function for the
elements on the boundary diagonals in terms of the elements d; of the middle column. Since the
elements on the right diagonal equal the elements on the left diagonal, it suffices to consider the
former.

Theorem 9. Let the infinite sequence {d;}i>o of arbitrary real (or complex) numbers be given,
and let, for every i > 0, a;; = d;. Then the generating function for the elements on the left

; qj‘Hd tJ
Z ol = Z Jj+1
LI+ %)

i>0 §>0

diagonal is given by

Proof. By Proposition 5, we have that
St = 3 (o (D (1) )
i>0 >0 q

which is equivalent to

i Z+] tl J+1 (+1)
Yoot =3 (10( ) g ) o 0
q

i>0 7>0 i>0

By the fact that ——rt—— = > k>0 (”7]1%)(175’“, we obtain that

k= 0(1 qkt)
O N A A | (47) an |
> (- i g =11 T R § By
i>0 qq k=1 q k=1 q
Thus,
; q3+ d tJ
2ot =D T
i>0 j>o e (T + %)
as required. U

Atanassov [3] considered as a particular sequence the Fibonacci numbers F),. On the one
hand, one may choose the sequence ¢; = F; and prescribe them on the left and right diagonal,
that is, a;o = a;(2s) = I3, and determine the middle column. Atanassov mentioned without proof
that a;; = Fb;. In fact, using the second equation of Proposition 1, one finds for ¢ — 1 that

_ZO ~ R

using in the second equation a well-known relation for the Fibonacci numbers (see, e.g., [1]).
In a similar fashion, one can prescribe the Fibonacci numbers on the middle column, that is,
a;; = F; and determine the elements on the diagonal. Atanassov mentioned without proof that
ap = (—1)""LF;, for ¢ > 1. Using Proposition 5 for ¢ — 1 with d; = F}, one finds that

Qi = i(—l)k (;) Fiy=(-1)"'F,

k=0



using in the second equation another well-known relation for the Fibonacci numbers. Now, it

seems to be interesting to consider a g-analog of this situation. A g-analog of the Fibonacci
numbers satisfying Fy(q) = 0, Fi(q) = 1, and F,,11(q) = F,(q) + ¢" ' F,_1(q) was considered
by Schur [8] (see also [1, 5]). The first study would be to let a;p = a;(2;) = F;(q) and try to find a
relation between a;; and Fy;(q), generalizing the relation of the undeformed case; conversely, the

second study would be to let a;; = F;(q) and try to find a.
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