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1 Introduction

Lucas [10] in 1876 introduced a sequence, called Perrin sequence after R. Perrin [13]. The well
known Perrin and Cordonnier sequences are respectively

Qn=0Qn2+ s forn>3 and Q1 =0, Q2 =2, Q3 =3

and
Pn:Pn_2+Pn_3 forn > 3 andP1:P2:P3:1.

The characteristic equation associated with the Perrin and Cordonnier sequences is
P —r—1=0

with real solution p ~ 1, 324718, called plastic number. The plastic number corresponds to the
golden number ¢ ~ 1, 618034 associated with the Fibonacci numbers, for example,
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In [14], authors defined associated polynomials of Perrin and Cordonnier sequences as
Qn(x) = szn—2<x) + Qn—?)(x) forn >3 and Ql(x) - Oa Qg(ﬂ?) = 27 QB(x) =3z

and
P.(z) = 2°P,_o(z) + P,_3(x) forn >3 and Pi(z) = 1, Py(z) =z, Ps(z) = 2?

respectively, and studied on these polynomials. In addition, Kaygisiz and Bozkurt [2] defined k
sequences of generalized order-k Perrrin numbers.

Many researchers studied on determinantal and permanental representations of number
sequences. For example, Minc [11] defined a square matrix whose permanent is equal to the
generalized order-%k Fibonacci numbers. Some of other such papers are [3, 4,5, 6,7, 8,9, 12, 15].

In this paper we give some determinantal and permanental representations of associated poly-
nomials of Perrin and Cordonnier numbers by using various Hessenberg matrices.

2 The determinantal representations

Ann x n matrix A,, = (a;;) is called lower Hessenberg matrix if a;; = 0 when j — ¢ > 1li.e.,

a1 a12 0 0
asy 22 a3 0
4 — as ass as3 0
"=
Gp—-11 An—-12 0p-13 Ap—1n
| Qp,1 Qp,2 Gn,3 Qn,n ]

Theorem 2.1 ([1]). Let A, be the n X n lower Hessenberg matrix for all n > 1 and define
det(Ag) = 1. Then det(A,) = a1y and forn > 2

n—1

n—1

det(An) = anpn det(An_1) + > (=1 "an, | [ ajjer det(A,-1)).

r=1

j=r

Theorem 2.2. Let n > 1 be an integer, QQ,,(x) be the associated polynomials of Perrin numbers

and C,, = (¢y5) be an n x n Hessenberg matrix, where
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iz? ifr—s=-—1
i ifs#landr —s=1
—1
— ifs#1landr —s =2
24
&rs =4 2i
— ifs=landr —s=1
22
-3z
o ifs=1landr —s =2
L0 otherwise
lLe., ) )
0 4@ 0 0 0 0
21
— 0 w@* 0 0 0
22
-3
2 i 0 a2 0 0
c =z
n ~1
0o — 0
24
1 0 iz?
—1
_O 0 O el O_

Then, det(C,,) = Q,(z), where i = /—1.

Proof. Proof is by mathematical induction on n. The result is true for n = 1 by hypothesis.
Assume that it is true for all positive integers less than or equal to n, that is det(C,,) = Q,(x).
Using Theorem 2.1 we have

det(C’nﬂ) = Cn41,n+1 det + Z < n+1 TCn+177» H Cji+1 det(CT_1)>

j=r
= Z ( n+1 Tanrl r H Cj.i+1 det(Cr 1))
j=r
+ Z < n+1 TCn"rl r H Cji+1 det(Cr 1))
r=n—1 j=r
= Z ((_1)n+1—7’cn+1,r H Cji+1 det(C’,,_l)>
r=n—1 j=r
= (—1)n+1—n+1cn+1,n_1 H Cs,541 det(Cr_a)
j=n—1

+ (_ 1)n+lincn+1,ncn,n+1 det(cnfl)

12



_ (;—j)m%xQ det(Crs) + (—1)i.ia? det(Cp_)

= det(Cp_o) + 2% det(C,, ).
From the hypothesis and the definition of associated polynomials of Perrin numbers, we obtain
det(Cry1) = 2°Qu-1(2) + Qn-2(x) = Quy1().

Therefore, the result is true for all possitive integers. ]

Example 2.3. We obtain Q5(x), by using Theorem 2.2.

[0 22 0 0 0 |
21
— 0 iz 0 0
2
—3x . . 3
det(CE,):det ) 0 212 O :31' +2
4
-1
— i 0 dx?
S|
I 0 0 F 7 0 |

Theorem 2.4. Let n > 2 be an integer, P,(x) be the associated polynomials of Cordonnier
numbers and P,, = (p.s) be an n X n Hessenberg matrix, where

;

ir?  ifr—s=—1
1 ifs#landr —s=1
-1
— ifs#landr —s =2
o

Prs = s ifs=1landr —s=1
22
1
— ifs=1landr —s=2
23
0 otherwise.

Then
det(P,) = P,_1(2)

where 1 = \/—1.
Proof. Proof is similar to the proof of Theorem 2.2 using Theorem 2.1. ]

Theorem 2.5. Let n > 1 be an integer, Q,,(x) be the associated polynomials of Perrin numbers
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and B,, = (b;;) be an n x n Hessenberg matrix, where

iLe.,

Then

p

0 —z
2
— 0
72
3
— 1
4

1
0
0 0

ifi—j7=-1

ifj#landi—j=1
ifj#1landi—j =2
ifj=landi—j =1
ifj=landi—j7=2

otherwise

—x? 0 0 0
0 —x2 0 0
0
1 0 —a?
1
0 e 1 0

det(B,) = Qu(x).

Proof. Proof is similar to the proof of Theorem 2.2 using Theorem 2.1.

Example 2.6. We obtain Q¢(x), by using Theorem 2.5.

det Bg = det

Theorem 2.7. Let n > 2 be an integer, P,(x) be the associated polynomials of Cordonnier

— 1 0 —a?
24
1
0 — 1 0
4
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numbers and S,, = (s;;) be an n x n Hessenberg matrix, where

(22 ifi—j=-1
1 ifj#landi—j =1
1
— dfj#landi—j=2
4
= 1
% ~ ifj=landi—j=1
22
1
— ifj=landi—7j=2
3
[ 0 otherwise.
Then
det(Sn) = Pn,l(x).
Proof. Proof is similar to the proof of Theorem 2.2 using Theorem 2.1. [

3 The permanent representations

Let A = (a;;) be an n x n square matrix over a ring R. The permanent of A is defined by
per(A) = > [Jaiow
0ESy =1
where S,, denotes the symmetric group on n letters.

Theorem 3.1 ([12]). Let A, be an n X n lower Hessenberg matrix for all n > 1 and define
per(Ag) = 1. Then per(A;) = a1 and forn > 2

n—1 n—1
per(A,) = an per(An_1) + Z(amr H ajjriper(Ay_1)).
r=1 j=r

Theorem 3.2. Let n > 2 be an integer, Q,,(x) be the associated polynomials of Perrin numbers
and H,, = (h,s) be an n x n Hessenberg matrix, where

(a2 ifr—s=—1
i ifs#Flandr—s=1
-1
— ifs#landr —s=2
o
— 2
hes = il ifs=1landr —s=1
22
-3
o ifs=landr —s =2
o
0 otherwise
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lLe.,

[0 —iz? 0 0O 0 0 ]
9
200 —i2 0 0 0
22
-3
—f i 0 —iz2 0 0
B x
H, = _q
0 — 0
$4
i 0 —iz?
-1
I 0 0 0 gy 1 0 |
Then
per(H,) = Q,(x)
where i = /—1.
Proof. Proof is similar to the proof of Theorem 2.2 by using Theorem 3.1. [

Example 3.3. We obtain Q¢(x), by using Theorem 3.2.

[0 —i2> 0 0 0 0 |

0

—Z 0 —iz2 0 0 0

_:er -

o 7 0 —x 0 0
erHg = per —1 = 3z + 2z*.
O I R R

x
-1
0 0 — i 0 —ix?
x
—1
0 0 0 — i 0
i x i

Theorem 3.4. Let n > 2 be an integer, P,(x) be the associated polynomials of Cordonnier
numbers and T,, = (t,s) be an n X n Hessenberg matrix, where

;

—iz?  ifr—s=-1
it ifs#landr —s=1
-1
— dfs#landr —s=2
4

brs = L ifs=landr —s=1
22
-1
— ifs=landr —s=2
23
0 otherwise.

Then
per(T,) = P,_1(x)

where i = /—1.
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Proof. Proof is similar to the proof of Theorem 2.2 by using Theorem 3.1. [l

Theorem 3.5. Let n > 2 be an integer, Q,,(x) be the associated polynomials of Perrin numbers
and L,, = (l;;) be an n x n Hessenberg matrix, where

(22 ifi—j=—1
1 ifj#landi—j=1
1

— ifj#landi—j=2

x
- 2
ii=\ 2 ij=tlandi—j=1
22
3
oifj=1landi—j=2
!
\ 0 otherwise.
Then
per(Ly,) = Q,(x).
Proof. Proof of the theorem is similar to the proof of Theorem 2.2 using Theorem 3.1. ]

Theorem 3.6. Let n > 2 be an integer, P,(x) be the associated polynomials of Cordonnier
numbers and U,, = (u;;) be an n x n Hessenberg matrix, where

p

2?2 ifi—j=-1
1 ifj#landi—j=1
1
— ifj#landi—j=2
4
v — ifj=landi—j =1
2
r .. .
— ifj=landi—j=2
3
\ 0 otherwise.
Then
per(Uy,) = P,_1(x).
Proof. Proof of the theorem is similar to the proof of Theorem 2.2 using Theorem 3.1. ]

Corollary 3.7. If we rewrite Theorem 2.2, Theorem 2.5, Theorem 3.2 and Theorem 3.5 for x = 1,
we have

det(C,) = det(B,,) = per(H,,) = per(L,) = Q.

Corollary 3.8. If we rewrite Theorem 2.4, Theorem 2.7, Theorem 3.4 and Theorem 3.6 for x = 1,
we have
det(P,) = det(S,,) = per(T,) = per(U,) = P,_;.
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