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NECESSARY AND SUFFICIENT CONDITIONS FOR SIMPLE <#-BASES

Calvin Long, Washington State University

and

Carl Swenson, Seattle University

Let Ol— {At},->i where At is a set of m- distinct integers with m- > 2 and 0 £ At
for each i. It is shown that”~possesses a simple £T-base if and only if A, is a complete
residue system modulo mtfor each i and the elements of {J"Lh A, are relatively prime

for every positive integer h.

The notions of simple and non-simple £T-bases are due to Long and Woo [3] and

generalize those of simple and non-simple A-bases due to de Bruijn [I].

DEFINITION 1. Let (X: where each A- is a set of mt distinct integers
with mt > 2 and 0 € At for each i. The integer sequence B — {&e}>! is called an
AT7-base for the set of integers provided every integer n can be written uniquely in

the form
r(n)
u—+y”™ b , cift £ A- V-
t=i

If, with possible rearrangement, B can be written in the form B = {dtMt_i},>i where
the di are integers and where M0 = 1 and Mi = TVj=Imj for i > 1, then it is called a

simple O(-base.
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DEFINITION 2. Let A be a set of m distinct integers with m > 2 and 0 £ A. If
A, = A for all t, the integer sequences of Definition 1 are called A-bases and simple

A-bases respectively.

Properties of A- and ~7-bases were studied by de Bruijn and by Long and Woo
but, until recently, necessary and sufficient for the existence of bases were not known.
In [5] we gave necessary and sufficient conditions for the existence of simple A-bases.
In the present paper we give necessary and sufficient conditions for the existence of
simple CT-bases. Necessary and sufficient conditions for the existence of non-simple
A- and a -bases are not known, but finding meaningful conditions seems unlikely
since Swenson [4] has shown that any two sets C and D such that c—c'* d —d' for

all c,c' e C and d,d" E D can be extended to form a non-simple A-base.

In [3], Long and Woo point out that the sequence {dtMt_i}t>i forms an a -base
only if Aj is a complete residue system modulo mtand (dt,mt) = 1 for each i. They
also observe that it is necessary that the elements of the set USi be relatively
prime and that is an ~7-base if and only if {dt+1Aft/ M s}t>a is an ~-base
where (X—{A,-+!},->, for all s > 0. Ofcourse, this further implies that it is necessary
that the elements of ( J A t be relatively prime for all h > 1. In the present paper

we show that these conditions on £7are both necessary and sufficient.

We first prove two lemmas.

LEMMA 1. Let (X—{At}j>i where At is a complete residue system modulo mt
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and i > 2 for each i. Let {M,},>0 be as above. If the elements of Ai are
relatively prime for each h > 1 then, for each s > 1, there exists an integer q > s
and elements at G A, for s <i < g such that

. a— M. A
(i) VNSt Mt I

Proof. Choose an arbitrary element a9 G Aa. If aa = +1, the desired result is

in-1
.= 1.
d_|

clearly true for any q. If a8/ 1, divide the distinct prime divisors of a9 into two

classes:

B\ {p:p |asand p | mtfor some i > 5}

B2

{p:p|a, and p*m,- for any t > s}

St
If p G Hi, there is a least i = «(p) > £ such that p | m-. Since At(p) is a complete

residue system modulo m,(p), there exists a specific element at(p) G At() such that
at() = I(mod m,(p)). Hence, we can choose a,(p) such that p~a,(p) and p | m,(p). Of
course, we can do this for each of the primes in Hi and we note that it may be the
case that i(p) = {(p*) for p 7*p\ But then pp 4*a«qp) and PP I mt(p)- Indeed, if 7 is
the product of all the primes g £ B 1such that i(q) = t(p), then #-fat(p) and & | m,(p).
Let t = maXpeB”i*p)} and let

J_ M, _ Mt-i\
V M, 1 Ms-1 M_1y

where the a- = at(p) for p £ B\ and a- is an arbitrary but fixed element of A* for all
otheri,s <i<t. Sincep \ f o r p GHi, it follows that p | d for any such
p. Now consider the primes in H2. Since, by hypothesis, the elements of USt+i A+
are relatively prime, we may choose specific elements at GA, fort+ I <i<t+u
such that (at+l,a*+2,eee, at+u) = 1. But then

*{/In,q-] M, Mt 1
g-1 2y 155+ v



30

since p G B, implies

M&i MB Mt- ]
pA a»m_ , 08+ Mg- L o> at Wr

1

and p G B2 implies that

f Mt Mt+1
P'f la*+iT7----7at+2 aialal'e 5o VK
\% M *

Therefore, setting t + u = ¢, we have

a A= + Adg Kk i Mo =1
M -i%l g LT

as claimed.

Note that if g satisfies Lemma 1 for a given s, then any larger value of q does

also.

LEMMA 2. Let X —{A}-"! and {M,},->0 be as in Lemma 1 and let 0 G A, for

each i. Then, for any s > 1, every integer n can be represented in the form
Mg-, . Mg Ma,
n —a,gdg—-=----- h CLg+dgH — ----- Heee+ o,
(2) g M-, dg M-, Q.qdq Mg-,

where q > s and d8d9 + e«,dqare integers with (d-, mt) = 1 and at G At for each *

Proof. Of course, O is trivially representable in the desired form. Forn / 0, we

distinguish two cases.
Case 1. n=1.

Since Aais a complete residue system modulo ma, there exists a G As such that

a= I(mod m8. By Lemma 1, there exists an integer g > s and elements at G At for
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s < t < Qsuch that

|v| B 5& | Ma Mg\ 1
By v mai Af-i
Thus, the diophantine equation
Ma x - Ma ] M-I
©)) 1— (. _ *sHid** fdt Xr,

has a solution (d'9,d'8+1,- «+,d'q). This implies that
aada= 1= a(mod m,,)

and hence that (ds,ma) = 1. We now set da= daand proceed by a limited induction
to determine datl, dat2, e+e, dqgsatisfying (2) and such that (dt,mt) = 1fors <i < q.
Since we have found we assume that we have determined dt for s < i < k where

k is fixed and k < g. Thus, we have

@) 1= ara 97 H---+ Ajfc-infe-i *(_MJfCl " et Q,“Ji’/\g-l
with (di,rrii) = 1, for s <i <k. If ( dkmk)= 1, we set d* = d|
(5) et= fdk amda— —h Ma_ e dridk.; -2
so that
ot a\ d. M—l+ ttJ‘+|dJ+IM |- re+ ﬂilt_iids_’_ | = 1.

Then, by Dirichlet’s theorem, there exists r* such that

where pk is a prime and pk~\-(Mg/M &i). Also set

. A i Af .
<ij - d}/j, I/d_adJB f-i 4~ — ]

(6) Vo M*i M »-i M *-j 7
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Now assume that (dk,mk) 72 1. Then there exists a prime p such that p | dkand p | mk
and hence p = pkor p | ek. But p 7" pk, since pkJF(Mg/Ma 1) and p | (Mg/M s~i).

Therefore, p | ek and hence, by (5), p | dk and

7 p MST L astdatt M 4w <Licidii 2
(7) Ma x AT

But then, by (4) and (7), p | 1 since p | dk and p \mKk. But this is a clear contradiction

and it follows that (dk,m k) = 1. Moreover, using (4) and (6), we have that

L Ms-1 M k-i\  Ma L Mk-i\
1= f + a,,+idati A .
Qg L+ Qlllcy, mal "t T ANy L)

Moo+ Clk-idke il\lil/:p-2 (1+ akrk M1

a | M A

Mk-1 dk - rk§/a»da’\-i + aatlda+tlIM N~ 3———— Fak-idk-i~Mf~-\
M,_X L M»-1 M*~1 Ms-i J\

Adg |

1 MKk
+ak+idk+1-A— H—— h aqdI

- ' -M, | Mk= i i Mk i i
-:i---ﬁ"a«+i5@«+iﬂ“§f:i---'|<---41 ak%lkm :—i---lh ajfeJera]’_\!m::i---l(- -1 Mal

This completes the induction and the proof for Case 1.
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Case 2. n”™ 1.

It suffices to consider n such that all prime factors of n divide infinitely many of
the mt. For suppose n = nin2where every prime factor of n\ divides only finitely
many of the rat. Then the g of Lemma 1 and t may be chosen sufficiently large that

(ni,Mg/Mt-i) — 1. Now suppose that n2can be represented in the desired form
M t~1 Mt ] Mgl
8) n2 —cld prg--mat+iat+l— - CLpEt ————C—r—f

with (d'~rrii) = 1 and at€ A, fort <i < q. Then

n = nin2
at[nidt)— - + at+i(nidf+l) » - + eeegg(nidg)— *“
j Mf_-_i.__ y '_|VI__‘____ "eoo | M_-__i_-_ eee ’7-
Ma ra«+|!1Ia+|MS_i (Voo + atéltMg_i heest a2,

where at = Oand dt = 1 fors <i <t —1and dt= nidj- fort < i < g. Then, since
(ni,Mg/Mt-i) = 1 and (dj, mt) = 1 fort < i < q, it follows that (dt,mt) = 1 for

5< t< gand n is represented in the desired form.

Therefore, we must show that all values of n such that all prime factors of n
divide infinitely many of the m< can be represented as in (8). If we asume that n has

this property, it follows that the q of Lemma 1 and t < g can be chosen sufficiently
large that

Mg-I Mg-I
. and m,
nM t-i nMt-1
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fort <i <qg. Set

Mt-2 Mt Mg-2
0 eee® A1
At ® AtHl (o3 M4 |

where
kAi = {6:6 = ka,af£ A-}and A05 = {c:c =a+ 6,aG A,6g B}.

It is easy to see that A' forms a complete residue system modulo Thus,

there exists a £ A! such that

K-1
n=a(mod
©) (mod \1ex
and there exists as integer r such that
(10) n=a+ng-_i
Aft-i
Since a £ A*, we have that
Aft— Mt .
(i) - el el = aatq-léfq—_2
a= ““"aSTT + -1 -M»-|

with agl-£ A*fort <i <qg—1. Since Mg-i/nM t-\ is an integer, (10) implies that

S qu—i
12 =5+ 'alaft-1

where a/n is an integer, and this implies that (a/n,r) = 1. Now, by Case 1,v > ¢
may be chosen so that

y/RYiq}'f‘ , S , , y M-

(13) .
Ag-1+ a'+1™N +1jt d-1 + omm+ M g-\

1
with a- £ Ai and (d]-,mt) = 1 for g < i < v. Since (a/n,r) = 1, if follows from

Dirichlet’s theorem that there exists an integer u such that r+ (a/n)u is a prime not
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dividing Mv/M ¢- 1. Thus, from (13), we have that

a Mgl Mg M»-1
(14) ro AU~ Wi " a9+19+1jh *oeeet anVMg_!

where d- = [r + (a/n)u]d[- so that (d,-,mt) = 1 for g < i < v. Moreover, by (12)

and hence,

Now since m,- | i for 5< i< g, it follows that
uMagl

(17) 1— (1 nM a.'l !TMI)

Mg—2 . mq-.i Mg-1 . . Mq
+ ugridgti
Mg x griagr M o-

AC-i
+ eee+ avdv
Afg-1
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cat \ly— MU Ga LA
V" M- Y M-i)

Afg—2 . Mq-I Af,
mhRat ' 1 dqd 4 &o+rg+H
Gy aM'-J a7 M Mar IO A
r ey MV L
Af.-i
_ Mi-1 o Mt My -1
= atdtMa_! + a*+itMt+i Ma ! + *req CLvdea_!

where at = aa)j and dt = (1 —uM?_i/nM ,-i) for 5 < i < g—1. Of course, for
5<i<qg—1,

- uMa-i
=1
(di,rrii) M &

by (17), and so (<£imt) = 1 for s < i < v as required. This completes the proof.

We now prove the main result.

THEOREM. Let (X:{Qr}hwhere A{ is a set of m< distinct integers with mt > 2

and 0 G A{ for all i > 1, and let {Af<}<>0 be as in definition 1. Then$fhas a simple
(X-base if and only if A{ is a complete residue system modulo mt for each i and the
elements of A are relatively prime for every positive integer h.

Proof. The necessity follows from [3] as indicated in the introduction.

Suppose that Ot satisfies the conditions of the theorem. We must show that there



37

exists an integer sequence {<U}i>1 with (d,-,mt) = 1 for all i such that every integer

n is uniquely representable in the form

r(n)
(18) n = an,idiMi-i , ante A{ V-
»
Of course, 0 is trivially representable in the desired form. Also, by Lemma 2, 1 can

be represented in the desired form and will, in fact, appear in the sum
Si —diMgAi ©d2M iA2© ¢++© d9IM K- i A X

for suitably chosen integers d2,eee, d9 with si > 1 and (dt, mt) = 1 for 1 < i < si.
S\ is easily seen to be a complete residue system modulo M a since At is a complete
residue system modulo mtand (dt,mt) = 1 for 1 < i < &i. Of course, all elements of
Si are represented in the desired form. Let ri be the integer of least absolute value
such that ri ~ S\. If there are two such values, r and —, we set ri = r. Since Si is a
complete residue system modulo M 9l, there exists o E Si such that ri = cr(mod M 9l).
Thus, ri = a + wM9 for some integer w and, by Lemma 2, there exists an integer
s2> 1 and integers d9+H with (d9l+i,mBl+i) = 1 for 1 < *< s2such that

(19)  w = aWaHdI+A  + aw, H2daite— - + @ M”i*i?*

with aWi-1+, E Aai+$ for each t. Also, since o E 5i,

(20) A —CLaridiMo + a0i2d2M i + eee+ aarxdaxM 9x- i
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with aai € Ai and (dt,mt) = 1for 1 < i < Si. But then, combining (19) and (20),

ri —a+wMSy

—a@ldiAfo + Aspd2Mi + e+ a(dgldaiMgl- 1

VL j Wy | A j  Afai+l M @i
ri\)z*i |( J — r| ®w,«i+2<$ai+2 . ! ‘1 Qew*i+<2a ai+«3 CHEe—
Mg Mg mT
tt<r,[diAfo “h ***H* 0l dglAdgl— "F" e RN GHNAIHF2 A * |+t

which is a representation of r\ in the desired form. Now form the set
S2 = d\M0A\ © d2M\A2 © «+*© dgl+B2Agl+2Mgl+y2-i.

Note that Si C Sz since O £ Ai for all i and also note that all elements of S2 are
represented in the desired form. We now iterate with r2the integer of least absolute
value not in Sz, and so on. In this way we build our Ot -base step by step and it is
clear that any particular n will be properly represented after at most 2 | n | steps.

Since it is clear that such representations are unique, the proof is complete.
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