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On the number of coprime integer pairs within a circle
by

WENGUANG ZHAI (Jinan) and XIAODONG CAO (Beijing)

1. Introduction. Let P(z) denote the number of integer pairs within
the circle a? + b? < x, and E(z) denote the difference P(x) — mx. Then the
well-known circle problem is to estimate the upper bound of E(x) and the
best result at present is
(1.1) E(x) = O(z?3/73+¢),

See Huxley [6].
Let V(z) denote the number of coprime integer pairs within the circle
a? +b? < x. Tt is an exercise to deduce that

(12) V(@)= 2o+ 0@/ exp(—clog”? a(logloga) /),
T

where ¢ is some absolute constant. The problem of reducing the exponent
1/2 is open. One way to make progress is to assume the Riemann Hypothesis
(RH). W. G. Nowak [11] proved that RH implies

(1.3) V(z) = gx + O(a15/354),

D. Hensley [5] also got a result of this type, but with a larger exponent.
The aim of this paper is to further improve this result. We have the
following

THEOREM. If RH is true, then

6
(1.4) V(z) = —x + O(z1/30+),
7r
Notations. e(x) = exp(2miz). m ~ M means ;M < m < coM for

absolute constants ¢; and cy. E(x) always denotes the error term in the
circle problem. € denotes an arbitrary small positive number and may be
different at each occurrence.
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2. Some preliminary lemmas and results. The following lemmas
are needed.

LEMMA 1. Suppose 0 < c1\1 < |f'(n)] < ceA1 and |f"(n)] ~ M N~ for
N <n<eN. Then

ST elf(n) < AT+ AANY2
N<n<cN

Proof. If ;A1 < 1/2, this estimate is contained in the Kuz’'min-Landau
inequality; otherwise, the estimate follows from the well-known van der Cor-
put’s estimate for the second order derivative.

LEMMA 2. Suppose a(n) = O(1),0 < L < M < N <cL,L>1,T > 2.
Then

1 a(l) Nt — it
Z a(n):%x Z T — dt

M<n<N —T L<i<cL

+O<mi“ (1’ T||fw||> i (1’ TIILNH>
+O<Llog(jlﬂ+L)>>‘

Proof. This is the well-known Perron formula.

LEMMA 3. Suppose f(n) < P and f'(n) > A for n ~ N. Then

1
E min < (P+1)(D+AYlog(2+A71).
— ( 7 >H) ®

Proof. This is contained in Lemma 2.8 of Krétzel [9].

LEMMA 4. Suppose a(n) are any complex numbers and 1 < Q < N. Then
> oanf <y X (1-)r X awatnra
N<n<cN 0<q<Q N<n<cN—q
Proof. This is Weyl’s inequality.

LEMMA 5. Let M < N < Ny < M; and a(n) be any complex numbers.
Then

oo

S a(n)’ﬁ SK(G)’ 3 a(m)e(mb)| o

N<n<N; —o0 M<n<M,;
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with K(0) = min(M; — M + 1, (x|6]))~*, (]0])~2) and
S K(#)do < 3log(2+ M, — M).

—0o0
Proof. This is Lemma 2.2 of Bombieri and Iwaniec [2].

LEMMA 6. Let a8 # 0,A > 0,M > 1,N > 1. Let A(M,N,A) be the
number of quadruples (m,m,n,n) such that

|(m/m)* — (7/n)’| < A
with M < m,m <2M and N <n,n <2N. Then
A(M,N,A) < MNlog2MN + AM?*N?.
Proof. This is Lemma 1 of [3].
LEMMA 7. Suppose f(x) and g(x) are algebraic functions in [a,b] and
@~ @) <
9(2)| < G, |¢'(z)| < GUY,  UU > 1.
Then
3 stmetston) = gﬁbu%e“(”") un, 4 1/8)
+O0(Glog(B—a+2)+GOb—a+R(U+U™))
+O(Gmin(VR,1/(a)) + Gmin(VR, 1/(8))),

where [a, (] is the image of [a,b] under the mapping y = f'(x), n, is the
solution of the equation f'(z) = u,
b — 1 fora<u<p,
v % foru=a€e€Z oru=pecZ,
and the function (t) is defined as follows:
) = ||| if t is not an integer,
| B—a otherwise,

where ||t|| = min,ez{|t — n|}.
Proof. This is Theorem 2.2 of Min [10].

LEMMA 8. Suppose A;, Bj, a; and b; are all positive numbers. If Q1
and Qo are real with 0 < Q1 < Q2, then there exists some q such that

Q1 <q¢< Q2 and
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ZAiqai +Zqu—bj
i=1 j=1
< 2m+“(ii AY Bo )V @itby) +ZA QY +ZB Qs )

=1 j=1 j=1
Proof. This is Lemma 3 of Srinivasan [12].

LEMMA 9. Suppose x is a large positive real number, M, N, U are positive
integers such that 1 < N < ]\41/4,:13E < M < 24 gnd MY < U < M°/6,
Then

(2.1) S=Y S Y (Vf)

n~N u~U v~ MU—1
< (22 MTNENT/I2 L 2 N2) (og 4

where an, by, c, are coefficients satisfying |an| < 1, |by| < 1,|cy| < 1.

Proof. We use Heath-Brown’s method [4].

Without loss of generality, suppose M /2 < U < M?®/6; otherwise we
change the order of U and V = MU ~!. Suppose 1 < Q < VN is a parameter
to be determined. For each ¢ (1 < ¢ < VN) define

2 -1 2V N
wy = {(v,n) \/>(q ) v \/>q}

v~V n~N, < — <

VQ v VQ

Then

S = Zbui< Z aww({j?)).

u~U  g=1 *(v,n)Ewy

By Cauchy’s inequality

Q
(2.2) SP<UQ "N > Ay Ty

u~U ¢=1 (v1,n1),(v2,n2)Ew,y

o5

u V1 V2
<UQY

P C )|

where (%) denotes the condition

< 2N
— VQ’

U]

(23) vl,vng,nl,nng.

U1 V2
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Let A = \/n1/v1 — y/n2/va. Then by Lemma 1, the inner sum in (2.2) can
be estimated by

V|l
By Lemma 6, the contribution of U (namely |A| < Uz~1/2) to |S|? is
(2.5) U?Q(VNlog2VN + Uz~'/2N3/2V3) <« U?QV N 1og2VN.
The contribution of U2z~ 2|\~ (|]A| > Uz~1/?) is

U?QV N(log 2V N)?

by a similar argument. The contribution of z'/4|A|"/2U~1/2 is (note |\| <

VN/(VQ),Q < VN)

(2.4) min (U, ) + /A2y,

LAYV N B20-1/2
Now, taking Q = 1 + [zY/SU 1 N>6V1/3] we get
(2.6) |S[log ™! 2VN < UVI2NY?2 4 g/ 22y 28 NI/,
whence the lemma follows since M1/2 < U < M®/6,
LEMMA 10. Suppose x, M, N satisfy the conditions of Lemma 9. Then

(2.7) T(M,N) = > aln) 3 “(m)e<\/v?>

n~N mn~ M
< (V2MTAZNIIZ | pp1L/12 N1/2) e
where |a(n)| < 1.

Proof. By Heath-Brown’s identity (k = 4), T(M, N) can be written as
O(log® ) sums of the form

28) T=Yam > ... Y Mml”“““”(ﬁ)’

n~N m1~M1 msNMg

where M < M ... Mg < M, M, My, Ms, M, < (2M)Y*. Some m; may
only take value 1.
To prove the lemma we consider three cases.

CASE 1: There is some M; such that M; > M5/6. It must follow that
i > 5;i = 8 for example. We use the exponent pair (1/6,4/6) to estimate the
sum on mg and estimate other variables trivially, to get (F = v NzM 1)

1 Ms F Y 2/3
2. T< NMM = - M
(2.9) < 8 <F + <M8> 8
< 2 V2NRNY/2 4 g1 /12 ) 5/12 N13/12
< V12 )5/12 \13/12 o (1/12 3 7/12 \f11/12,
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CASE 2: There is some M, satisfying M6 < M,; < M58 Tet u = ms,
v = Hj# m;, U = M;. Then by Lemma 9 we get
(210) 2 T < .’E1/12M7/12N11/12 + M11/12N1/2,
where x° comes from the divisor argument.

CASE 3: All M; satisfy M; < M'/6. Without loss of generality, suppose
My > Ms > ... > Msg. Let [ be the first positive integer j such that

(2.11) M ...M; > MY
then [ > 2. Thus we have
M ... M,

IA

(My ... M;_1)M; < M*/5.

Now take u = my...mj,v = mjy1...mg, U = My...M;. By Lemma 9,
(2.10) still holds.
Lemma 10 follows from the three cases.

Now we prove the following proposition. It plays an important role in
this paper. The idea of the proof has been used by several authors; see Jia
[8], Baker and Harman [1], for example.

PROPOSITION 1. Suppose M, N are large positive numbers, A > 0, «, 3

are rational numbers (not non-negative numbers). Suppose m ~ M, n ~ N,
F = AM*N? > N,|a(m)| < 1,|b(n)| < 1. Then

S= Y > a(m)b(n)e(Am*n?)

M<m<2M N<n<2N
< (MN1/2 —|—F4/20M13/20N15/20 + F4/23M15/23N18/23
+F1/6M2/3N7/9 +F1/5M3/5N4/5 +F1/10M4/5N7/10) 10g4 F

Proof. Without loss of generality, we suppose 8 > 0; for § < 0, the
proof is the same. By Cauchy’s inequality and Lemma 4 we get

(2.12) SP<M > ‘ > b(n)e(z‘lﬂ”t‘l?”bﬁ)2

M<m<2M N<n<2N

< M2ZN? n MN‘2 ‘
Q Q
with
Q N
5= (1 - g) Y Wbt Y e(Amtg(nq),
q=1 N<n<2N—q M<m<2M

where @Q is a parameter satisfying logN < Q < Nlog ' N, g(n,q) =
(n+q)? —nP.
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We write

(213) Y= > > Y+ Y ¥

1<g<Q 2N—Q<n<2N—q m  g<B N<n<2N-Q m
+ Z Z Zzzz+23+247
B<g<Q N<n<2N-Q m
where B = max(log N, M N /(¢(e, 3))F) and
c(a, f) = 2|af| max(2*~1, 1) max(2° 71, 1).

By Lemma 1 we have

MNQ F1/2Q5/2

(2.14) Yo K ( fa + Nz log N,
MN?

(2.15) Y3 < (F + F1/2N1/2> log? N.

So we only need to bound 4. Notice that ¥4 can be written as the sum
of O(log Q) exponential sums of the form

(216) Ss= > clq) Y. b(mbn+q) D e(Amg(n,q)),
Q1<q<2Q: N<n<2N-Q M<m<2M
where B< Q1 <Q/2,¢(q) =1—q/Q.
By Lemma 7 we have

(2.17) Y. e(Am®g(n,q))

M<m<2M

(Ag)l/(2(1_a)) 1/(1—-a) 1/(1—),, —a/(1—a
Ui <u<U>

+ 0|1 F+MN+ i MNP ! !
0 —— 4+ min| —»—=,max | —, ——

*T TR Firg 2 M\ ) Uh)) )
where U; = cs AM® g, Uy = csAM“~tg, g = g(n,q). By Lemma 3, the
contribution of the error term to X5 is

NQ:log F + MN?*F~'log Q, + F'/2Q%*N—1/2.

It can be easily seen that g(n,q) < Bgn”~! for 0 < 8 < 1, g(n,q) >
BgnP~1 for B > 1. If BgAM*nP~1 — AM* g > log™ " N, then by the
trivial estimate we have (i = 5, 6)

1/(2(1-a))
1) % 3 (o)

< uw(l—a/2)/(1-a)
q~q1 n~

ciAMa—lg<u<c;BqAM>—1nhf-1

X e(C4A1/(1—Oc)gl/(l—a)u_a/(l_a))

< FY2Q%2N-1/2]0g? N.
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Now suppose BgAM*1nf~1 — AM*>1g <log™' N. Notice that the fact
that
[e:iBgAMO ™ Y] — [, AM®g] = 1
always implies
|e; AMg|| < c;BgAMY InP~Y — ¢, AM g = ;.
We have

(Ag)l/@(l—a))
(2.19) Z u(—a/2)/(1—a)
ciAMe—lg<u<c;qAM>—1nB-1

MN/?
L — E 1
F1/2Q1/2
1 c;AMe—1lg<u<c;BqAMe—1npf—1

MNY2Z ) 5
< FU2Q)? e < ’ HCZ-AM“‘19H>

MN1/2 FQ2 1
<<rnin(17 Q1~ ),

F1/2Q}/2 MN? |c;AMe—1g||
thus by Lemma 3,
(Ag)V/20-a)
(2200 0> )3 W—a/D =)

a~q N e AMOlg<u<e; fgAM e~ nf—1

e(04141/(1—a)gl/(l—oz)u—a/(l—a))

< FY2Q32N-1/210g? N.
Now it suffices to bound

(221) Ze= Y clg Y. bn)bn+q)
Q1<¢<2Q, N<n<2N-Q

(Ag)/ (2(1=a)) 1/(1—a) 1/(1-a), —a/(1—a)
quu oy G g ! )

where
csBgAMO Pl < < cgBgAMY InP~L
By Lemmas 2 and 3 we get (choose T' = F''0)
(2.22) S < |S7] + FY2QY2N-1210g N

with
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- 1/(2(1-a))
(2.23) Tr= Y elg) D> b(n)b(n+Q)foi)a/z)/u_a)

Q1<q<2Q1 N<n<2N-Q

it git ) f(a—1)ity, (B—=1)it
q n e(cg A/ (=) g1/ (=) —a/(1=a)),

it
where t is a real number in%ependent of the variables and
7 FQi(MN)™' <u < csFQi(MN)™
It is easy to see that
AL/ 2(1—a))+it jp(a—1)it

) b(n)n(B—Dit
(224) 27 - Z u(l_a/2)/(1_0¢)+it Z b(n)n( )
' N<n<2N-Q
x Z J(Q)b(n+ q)gl/(2(1fo¢))
Q1<q<2Q1

X €(C4A1/(17a) 1/(1704),&*()(/(1704))
Ag 1/(2(1 ) B—1\1/(2(1—«

< Z w(l—a/2)/(1—a) (QINFP=HY/ A=)y ()

< PYQYIN 5, )
for some ug with
(2.25)  Zs(u) = Z ‘ Z Jj(@)b(n+q)g, 1/(2(1—a))

N<n<2N-Q Q1<q<2Q:
X €(C4A1/(1706)‘(]1/(170‘)“7‘1/(1*04)) ’

where j(q) = ¢(q)q",1 < go = g(QINP~1) " < 1.

Suppose 10 < R < @ log_l/zN is a parameter to be determined. By
Cauchy’s inequality and Lemma 4 we get

(2.26) 2« NZ ‘ Z] b(n + q)go/ @1~

X (g AV (1= g1/(1=0) —a/(1=)) |

N2Q? N
Ql + Ql Z ‘Er’7

< R R

1<r<R

where

E= Y ST @b+ gy’ * T (n,q)

N<n<2N-Q Q1<q<2Q1—r

% j(g+ b+ q+ g’ C D (g + 1)

% e(C4Al/(1—a)u—a/(1—a)(gl/(2(1—a))(n’ q) — gl/(Q(l—a))(n,q +7))).
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So it reduces to bound FE, for fixed r. Making the change of variable
n+q =1, we have

E,= > j@ilg+r) > b()b(l + r)ga/ P (1 = ¢, q)
Q1<q=L2Q1—r N+4q<I<2N+q—Q

x g5’ (1= g, 4 1)
> e(c4A1/(1—a)u—a/(1—a) (gl/(2(1—cﬂ)(l7 q) — gl/(2(1—a))(l7 q+7)))
= > b(n)b(n + 1)
N+Q1<n<2N+2Q1—-r—-Q
X > i(@)ila+r)
max(Q1,n—2N+Q)<q<min(2Q1—r,n—N)
% gé/(2(1—a))(n _ q,q)gé/(z(l_a))(n —q,q+7)

x e(cy AV =Ny =o/ U=k (n g 1)),
where
k(n,q,r) = g"/ 1= (n —q,q) — g/ 0= (n — g, q +1).

By Lemma 5 we get

B log”'N < Y ‘ > i@ilg+ g * (- q,q)

n~N  g~Qa

< go/ FAm (1 — g g+ r)e(es AV Oy~ / 0= k(g 1) + Ooq)|,

where 6y is a real number independent of n and q.

Suppose 10 < T < Q1 log_l/QN is a parameter to be determined. By
Cauchy’s inequality and Lemma 4 we get
N?Q7 | NQ:

T+T

(2.27) |E.|*log 2 N <« |Dy(r)],
with

D=5 Y i@ilatre " m-q.q)

n~N Q1<q<2Q1—t

x 9o’V (n— g q+1)j(g+t+1)j(g+ )
< a0 =g~ teg+ 0y C V- g =g+ t+7)
% e(C4A1/(1—a)u_a/(1_a)(k:(n, q,7) —k(n,qg+t,1)))

< 3| emerm),

qg~Q1 n~N
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where

b(n) = g(l]/(2(1—a))(n —q, q)g(l]/@(l—a))( —q,q+T)

% g0/ PV (n—q—t,q+ 1))/ g —t.qg+t+7)
and
f(n) = cg AY =0y =/ A=) (k(n q.r) — k(n, q + t,7)).
It is an easy exercise to verify that ¢(n) is monotonic and

Frt Frt

\f’(”)”“w, \f”(n)|”\“w (N <n <2N);

thus by Lemma 1 we get
QN2 (Frt)l/? Q2N?  (FrtQ)'/?

2.28 D =

(2.28) ) < Q1< Frt " (QN)1/2 Fri N1/2

Inserting (2.28) into (2.27) we get

2N2 Q3N3
2.2 Elog N <« 9 ! SR (NFT)V,

220)  |B gy « AN AT vy

Notice that (2.29) is also true for 0 < 7' < 10; then by Lemma 8 choosing a

best T' € (0, Q log~1/? N) we get

N3/2
(2:30) |, log N < N'Y2QYPFYort/o 4 N*Qu + NQ* + FI/Qr?/12'
Inserting (2.30) into (2.26) we have
(2.31)  Bg(u)?log 2 N

2 N2 N5/20)2
QR + N3/2Q /O ORYC 4 F1/2Rcf/12 +NSBQE 4+ N2QY.

This is also true for 0 < R < 10. Choosing a best R € (0,Q log_1/2 N) via
Lemma 8 we get

(2.32)  Sg(u)log 2N < N1/4QI3/Mp1/14 | N14/16)15/16
+ N5/4Q£1’»/4F—1/4 + N5/6Q1 +NQ?/4.
Inserting (2.32) into (2.24) we have
(2.33) Yr < N4/14Qfo/14p8/14 +N6/15Q?3/16F8/16 n N3/4Q‘;’/4F1/4
—|—N1/3Qi’/2Fl/2 +N1/2Q‘;’/4F1/2.
Combining (2.17), (2.18), (2.20), (2.22) and (2.33) we get
(2.34) Yslog ™t F <« NY/14Q20/14p8/14 4 N6/16()23/16 8/16
+N3/4Q5/4F1/4 +N1/3Q3/2F1/2
+NV2QYARY? £ NQ + MN?F™!
+ FY2Q32NY2,
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Inserting (2.14), (2.15) and (2.34) into (2.12) we get
2

M2N?
(2.35) [S)?log *F < + MN18/14Q6/14 p8/14

£ MN22/16QT/16 £8/16 |y NT/AQL/A /A
4+ MNY3QV2FV2 £ MN3/2QVAFY2 £ MN?
4+ M2N3Q ' F~' + MN'Y/2Q3/2F\/2,
Since @ < N < F, we have
MN? + MNTAQVAF/4 « MN3/2QVAFY/?,
M?N3(FQ)™ ' < M?N?Q".
So we obtain

M2N?2
(2.36) |S]?log " F <

+ MN18/14Q6/14F8/14

+MN22/16Q7/16F8/16 +MN4/3Q1/2F1/2
+MN3/2Q1/4F1/2 +MN1/2Q3/2F1/2.

Note that (2.36) is trivial for 0 < @ < log N. Now the proposition follows
from choosing a best Q € (0, Nlog™' N) via Lemma 8.

3. An expression of the error term. In the rest of this paper, we
always use Ep(x) to denote the difference V(x)— gw. The aim of this section
is to give an expression of Ep(x) subject to RH.

Let y be a parameter, ¢ < y < z!/27¢,

(3.1) fi(s) = um)n™,  fa(s) = ¢ (s) = fuls).

Let r(n) be the number of representations of n as a sum of two squares.
Then

(3.2) va)= Y 1= 33 um)

a®>+b2 <z a?+b2<z m|(a,d)
(a,b)=1
= > wm)= Y upm)r(k)
m2(a?2+b2)<z m2k<z
= 24‘2 =X + Yo, say.
m<y m>y
Notice that for o > 1,
oo
(3-3) r(n)n=* = 4¢(s)L(s, x),

n=1
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where x is the non-principal character mod 4, we have

(34) Zy= Y u(m)P(,:jz>

m<y
4¢(s)L ?
S m m
m<y
_ s —1 X
= Resy—1 (4f1(25)C(s)L(s, x)z*s™) + ; ,u(m)E<m2>.
m<y
To treat 3o we begin with
fa(s) = > ulm)ym™*
m>y
for ¢ > 1. Hence
(3.5) 4£2(25)C(s)L(s,x) = Y _b(n)n™ (o> 1),
n=1
where
bn)= > um)r(k)
n=m2k, m>y
By Perron’s formula we have
1 1+s+iac2
(3.6) Se=Y bn)= 5 S | g(s)ds + O(z°),
n<x 14+e—ix?
where
9(s) = 4f2(25)C(s)L(s, x)2°s ™",
By Cauchy’s theorem, we have
1+e+iz?
(3.7) — S g(s)ds =11 + I — I3 + Ress—19(s),
211 )
1+e—ix?
where
1 1+etiz? 1 0.5+e+iz?
L = 97 S A g(s)ds, Iz= 9 S ‘ g9(s)ds,
0.5+e+iz2 0.5+e—ix?
1 1+e—iz?
I3 = — .
3= 55 S ‘ g(s)ds
0.54+e—ix2

Since RH is true, it follows that
(3.8) C(s) < tI*+1, o0>05+c¢,
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(3.9) f2(25) <y Y2(tE+1), 0>05+e

For L(s,x), we have

(3.10) L(s,x) < ([t| + 1)2=9)/2 05<o <1
Using (3.8)-(3.10) we get

(3.11) L — I3 <y Y2(1 +29),

(3.12) I <y~ V22 <I§ IE(1/2 +t€ it 0] gy 4 1>

1

< y71/2x1/2+£'

Combining (3.6)—(3.12) we get

(3.13) Yo = Resg—1(4f2(25)C(s)L(s, x)a*s ™) 4+ O(y 1/ 221/ 2+e),
From (3.2), (3.4) and (3.13) we get

(314) V() = Resea (4 (25)C(s) (s, )as™)

+ Z M(m)E<nf2> + Oy 1/ 2t/2He)

m<y

6 x _ R
= Sat S umE( L) 0t ),
m<y

Now we obtain the main result of this section.
PROPOSITION 2. If RH is true, then for ¢ <y < z'/27¢, we have

(3.15) Ep(x) = Z u(m)E(é) + Oy~ /2 /2 te),

m<y

4. Proof of the Theorem. Take y = z*/15 in Proposition 2. We only

need to estimate the sum
T
Z p(m)E <mQ>

mn~ M
for /10 « M < y. For M < x'/10, we have trivially
x 1/3,,—2/3 11/30
(4.1) > ,u(m)E(m2> < > 2w g
m<xl/10 m<xl/10

By the well-known Voronoi formula of E(t) (see [7], 13.8) we get
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4 o 3 ame( )

m~ M
/4
p(m r(n) (/nzx 11/30
<<‘ > m1/2 ) n3/46( m >‘+x :

m~ M n<g4/15

It now suffices to show that (1 < N <Y)

z1/4
p(m r(n) (v/nx 11/304¢
(4.3) E m1/2 E n3/4e( - ><<:z; /30+e

ma~ M n~N

We consider three cases.
CASE 1: M < N < z%/15, Let

Z p(m)M1/? r(n)N3/4_5e<\/@)'

1/2 3/4
m n m
m~ M n~N

By Proposition 1 (take (X,Y) = (N, M)) we get

(4.4) @ °T(M,N) < NM? 1 32/20 N15/20p11/20
| 2/23\17/23 ) p14/23 | 1/12 \115/20 3 r11/18
L 22/20 N14/20 ) [12/20 L (1/20 Nr1T/20 r12/20,

whence
(4.5) 2 ES(M, N) < a/ANVA 4 g7/20p1/20 | ;31/92 379/92
L V/B /9 4 13/10 NF1/10 71/10
< 2109/300 o 11/30
CASE 2: M'/* < N < M. We again use Proposition 1 to bound S(M, N)
(now take (X,Y) = (M, N)) and get

(4.6) 2 S(M,N) < 2 7/20 NF1/10 ) r=1/20 | .31/92 \r11/92 ) r—1/46
1P U/BNL/9 4 T/20 \r3/20 3 r—1/10 4 3/10 3 r1/5

4P /AN-L/Ap 12
< 109/300 4 ,1/43r7/16 - 11/30
CASE 3: N < M4, We use Lemma 10 to bound T(M, N) and get
.:U_ET(M, N) < $1/12N11/12M1/12 + N1/2M11/12,
whence we have
(47) JI_ES(M,N) <<.’E1/3N1/6M1/12+.’171/4M5/12
LB /8 4 /4 512
< 11/30,

This completes the proof of the Theorem.
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