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Abstract
The quadrinomial coefficient is defined as the coefficient of 2* in the polynomial
expansion of (14 z + 22+ 2°)", where n and k are nonnegative integers. In the
present paper, we derive some congruences involving the quadrinomial coefficients.
For instance, we establish two congruences that are analogous to those of Morley
and Wolstenholme.

1. Introduction

Let s > 1, n > 0 and k be integers. The bi*nomial coefficient denoted by (Z)G is
defined as

(1)

n\ [ A+t+ 45", for 0 <k <sn,
(k>s'_ 0, for k <0or k > sn,
where [t*] f (t) denotes the coefficient of ¢* in the formal power series f (t); see
Belbachir et al. [3] and Comtet [6, p. 77]. The study of bi*nomial coefficients dates
back to de Moivre [7] and Euler [9]. Combinatorially, the bi®*nomial coefficient (Z)S
counts the number of different ways of distributing & objects among n cells where
each cell contains at most s objects [10]. For s = 1, one obtains the binomial
coefficient (Z)l = (Z) Some known properties of the bi*nomial coefficients are as
follows:
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(1), ("),

e De Moivre alternating summation

(0),-2 ()

e The explicit form of the bi*nomial coefficient in term of the binomial coeffi-

().7,,2, GG -0

Gitiatetio=k

e Symmetry relation

cients

Throughout the paper we consider p as an odd prime number.
In 1819, Babbage [2] established that

1/2 2p —1

5 P = P = (HlOd p2)7

2\ p p—1
and in 1862 Wolstenholme [24] showed the same result modulo p?, for p > 5.
In 1895, Morley [18] showed that, for p > 5, it holds that

p—1 - _
((p 1 /2> = (—1)(p D/2 yp—1 (mod pg). (2)
In 1900, Glaisher [11] proved that

gn(n—1)

np—1
(pp_ ) ) =1-p TBP_?, (mod p?), (3)

where n > 1 is an integer, and B,, is the n-th Bernoulli number given by the
following generating function:

t o tF
= N"Bi—,0<|t| <on.
exp(t) — 1 1;) k! i i

In 1949, Ljunggren [5] extended the Wolstenholme congruence to the following:

(2)-() war

where n and m are positive integers.

When we set s = 2 in (1), we obtain the trinomial coefficients (A027907, OEIS
[21]). The study of congruence properties of trinomial coefficients has recently been
expanding. Apagodu and Liu [1, Theorem 1] demonstrated that

(), =2+ 2 (2) 5= (3) moas)
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where

B (t) = zm: (Z) By itk

k=0

is the Bernoulli polynomial, and (%) is the Legendre symbol with ¢ an odd prime
number and n an integer, given by

0, if ¢ divides n,
n
<> =<1, if n is a quadratic residue modulo ¢,
—1, if n is a quadratic nonresidue modulo gq.

Mao [16, Theorem 1.5] proved the following supercongruence:

,npr B nprfl
( r> = < r—1 (mOd pr+l),
mp” ) 5 mp 9

where n, m,r are nonnegative integers with > 1. Elkhiri and Mihoubi [8] showed
that

(np - 1) _ J1+npg,(3) (mod p?), ifp=1 (mod 3),
p—1/), |-1-—npg (3) (modp?), ifp=2 (mod3),
and

np —1 1+np (2qp (2) + %qp (3)) (mod p?), ifp=1 (mod 6),
((p -1 /2>2 )L

— 5PNy (3)  (mod p?), ifp=5 (mod 6),

-1

where ¢, (x) := % is called the Fermat quotient and z is coprime with p. For
more congruences involving the trinomial coefficients we refer the reader to Omiir
et al. [19] and Sun [23]. Other congruences involving the bi®*nomial coefficients can
be found in the work of Belbachir and Igueroufa [4].

For s = 3 in (1), we get the quadrinomial coefficients (A008287, OEIS [21]). For
a nonnegative integer n, the central quadrinomial coefficient x,, is the coefficient of
23" in the expansion of (1+z + 22 + x3)2n (A005721, OEIS [21]).

Motivated by the previous results, we study some congruence properties of quadri-
nomial coefficients. Our focus lies on those involving central quadrinomial coeffi-
cients.

We introduce our first congruence which is similar to the Wolstenholme congru-
ence.
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Theorem 1. Let p > 5. Then
o 1 3
Kp =4+ 8p > E,_3 (mod p°), (5)

where E,, is the n-th Euler number (A122045, OEIS [21]).

The second congruence is an analogue to the Morley congruence (2) modulo
squares of primes.

Theorem 2. Let p > 5. Then
-2 7 (-2 -1 2
son= () o (0@ (3 (F) -3(5)) -2(2) ) wmoart
(p—1)/2 (p) p() 9 P p p P ( )

where

A (_1)(17*1)/2 P, — (_8)(17*1)/2
p = D )

is the Pell sequence (A000129, OEIS [21]).

in which (Py,),,

The next congruence is inspired by the Glaisher congruence (3).

Theorem 3. Let p > 5 and n be a positive integer. Then

(Zp__f)?) _ % <(_p1> + 1) +pa, (2) 7 (5 (‘pl) N 3) (mod 7).

The rest of the paper is devoted to the proofs of the theorems stated above.

2. Proof of Theorem 1

The following lemmas are needed to prove Theorem 1.
Lemma 1. Let n and k be nonnegative integers. Then
min(n,k) .
n) _ Z (n) (Sn—Zj) (—2) )
(k 3 j=0 J k )
Proof. Let g (t) := 1+t +t> + t3. One observes that

g(t) =1+t —2t(1+1),
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and consequently

<Z>3 = [t"] ((1 +6)* =2t (1 +t)>n

Z< ) —2)7 [tFT] (14 ¢)*

> (5)
(—2)° (3Z:jj>.

n
J
> (
J
Lemma 2. If s and k be integers, where 0 < k < p—1, then

J

()

(7o) =0t s od i)

where H,, is the n-th harmonic number given by H, = 2?21 1/j forn > 1 and
Hy=0.

Proof. We have

and thus

as claimed. O

Lemma 3. Let 0 < k < p—2 be an integer. Then

H, 1 = H; (mod p). (8)
Proof. We have
p—1—k p—1 k
1 1 1
AT S L —
i e el

For any integer x coprime with p, we have 1/ (p + ) =1/ (mod p). Then

k
1
prlfk = prl +;m (mod p)

Knowing that H,_; =0 (mod p?) (see [24]), we obtain (8). O
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Lemma 4. Let n,m,k,t be nonnegative integers with 0 < k,2 < p—1. We have

(%p:Q:) = <:1> (2:> (1+np (Ha, — Hy))  (mod p?). 9)
If i > k, then
(:iii) =(n-mp (Z) M (mod p°). (10)

Proof. We have

(np+2k> _ (np) — ((np—i—l) (np+2)--- (np+ 2k)

mp + k mp (mp+ k) (n—m)p+1)---((n—=m)p+k)
Set
f(z) = (nz+1) (nx+2) - (nx + 2k) .
(mex+1)---(mx+k)(n—m)x+1)---(n—m)x+k)
Note that

1) = (2: )

Also, we have

k
log(f Zlog (nz +7) Zlog(mx+y Zlog (n—m)x + j),
j=1

by deriving both sides with respect to x we get

k
(7) m
f(z) mc—l—j me-Fj Z x—l—]

and thus

The Ljunggren congruence (4) and the taylor expansion of f(p) yields (9). Similarly,
we obtain (10). O

Lemma 5 ([20]). Let p > 5. Then

E)) @ mm wan o

=
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k=1
Lemma 6. Let p > 5. Then
p—1
2k\ 1 1 /-1
Z (k ) T (Hgp, — Hy,) = 3 (p) E, 3 (mod p) (15)
k=1
and )
.
2k\ 1 1
T (k ) sirHlio = 2 (2) (mod p). (16)
k=1

Proof. We have

p—1 p—1 p—1
2%\ 1 1 2\ 1
1( )2% Hz’“_H’“)_k_1<k)2kk(H2’“1_H’“)+2 1(k>2kk2'

(]

k=

Applying (11), (12) and (13), we get the desired (15). From (14) and (13) one
obtains (16). O

—

Proof of Theorem 1. Let p > 5. From (7) set n = 2p and k = 3p, as k, is the

coefficient of 3P in the expansion of (1 +r+ 22+ x3)2p

=5 (DG )

Suppose that k = 3p — j, then

" :zi (szp k) (2:) (=2
_Q:Z: (3p p k) <2k) (L) +:”Z2: (3p2 k) (2:) (o 4 (g@
S (o

) () ()

, we have
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Now, let

nog (D)

and

p—1
2p 2/<:—|—4p> —k
Y= -2 .
: kzl<p—k>(k+2p =2)

From Lemma 2, for 1 < k < p— 1, we have

and applying (9) and (17), we get

In view of the Lehmer congruence [14],

He,1yy2 = =24, (2) + pap (2)° (mod p?), (18)

and Mao [15, Theorem 1.1], we have

Z(Qkk>zik a0 @) ~p2 2 (mod p?) (19)

Fermat’s Little Theorem states that b*~* = 1 (mod p) for all integer b coprime with
p. Using this fact, and in view of Lemma 6 and (19), we conclude that

¥ = =22 2pg, (2) + p? <24qp (2)> — 16 (_pl> Epg) (mod p?). (20)
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Again, by (9) and (17), we find that
1
S = — 2 4\ 5 Qk 207% (1 = 2pHyy—g—1) (1 + 4p (Hax — Hy))
i 2) i3 p—k

1
2K\ 2r—k 2K\ 2r—Fk
( )—482Z< ) (Ha, — Hy)

p—1 —k

2k\ 2P

+24p2 <k>—]€Hp_k_1 (mod pS)
k=1 p

(mod p?)

Since, for k =1,2,...,p — 1, we have

1 1 1
=% Pz (mod p?).

It follows that

SR S L R

k=1 k=1

p—1 —k p—1 —k
2k 2P 2k 2P
= — — — d p?).
34<k) z Py <k) o (mod p7)

Now, using (19) and (13), we obtain

S ()2 - () B 0) ot

k=1

Furthermore, by (15), we find

p_i <2k> sp—l;s (Hox — Hy) = — pi (Qk) 2:-_ () mod

k k
k= k=1
() Bs ot
=—(— _3 (mod p
p) "7
Applying (8) and by (14), we get
p—1 p—1
2k
Hyo1=—2 ) Hy (mod p)
> (W= 5 ()5
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Therefore,

Sy = pl2-2Pq, (2) + 24p° ((;) E,5—qp (2)2> (mod p?). (21)
Using the Ljunggren congruence (4) and combining (20) and (21), yields that
Kp = 22T — 3. 2PF2 4 20 + pg,, (2) (12 2° — 2%P12)
+ 8p? <_pl> E, 3 (mod p?).

Finally, using the fact that 2P~1 =1 + pg, (2), we complete the proof of (5). O

3. Proof of Theorem 2

Let us start with the following lemma.

Lemma 7. Letp > 5 with 1 < k < (p—1) /2 be an integer. Then

( p71+2k _ 42k (71)(?*1)/2
( =p—FF

p—1)/2+k 2k (%) (mod p7).

Proof. We have
<p—1+2k >:< p—1 > [ p—1+4)
(p—1)/2+k =1 /211, (p—1)/2+4)°

< p—1 )22’“kafl(p+i)
=1 /2) 11, (p+2i—1)*

p

We can readily get

2k—1 . o
; 2
klel (p + ) 5 = s (mod p).
[lic, (p+2i—1) Qk(k)
Finally, by the Morley congruence (2), the result is obtained. O

Lemma 8. Let a be an integer coprime with p. Then

a2 = (4] (14 G @) - g @) (o 7). (22)

Proof. See, [17, Lemma 4.1]. O

Remark 1. It is well-known that the Legendre symbol satisfies:

(a) =aP Y2 (mod p).
p
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Lemma 9. If0 <k < (p—1)/2 be an integer, then

((p— 12)k/2+k> _ (_116)k <2:> (tm0d p2).
Proof. We have

-1 2ry L (7 -i-17)
( 2k > B 4k (2k)!
I, (- 25 -17)

= 2R (mod p?)

— (116)’“ (2:) (mod p?).

Lemma 10. Let 0 < k < (p — 3) /2 be an integer. Then

Hpg1y/24k = =2 (2) + 2Hopq 1 — Hi - (mod p).
Proof. We have

(p+1)/2+k k 1

H =H. _ + - =H_ + — -
(p+1)/2+k (p—1)/2 Z j (p—1)/2 jz::0]+(p+1)/2

J=(p+1)/2
By (18), we get

k

1
Hpy1y240 = =205 (2) +2 ; 2511 (mod p)
= —2¢, (2) + 2Hap41 — Hr,  (mod p),

as claimed.
Lemma 11. We have

h1/2 o) o
> (k >2_k = (-)®" V2 (14 2px,)  (mod p?),
k=0

in which x, := Pp_(g)/p is known as the Pell quotient.
Proof. From Lemma 9, we get

b (2: )2’“ Sy ((p B ’“) (-8)*  (mod p?)

k=0 k=0

(p—1)/2 p—1—k Dk
= Z ( % )(8)(p )/2- (mod p?).

k=0

11
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Set

n

Y () e

k=0

where n is a nonnegative integer. One can observe that (a,), is A002315 in OEIS
[21], which satisfies

" 204 1\,
an:Z( ok )2

k=0
Set n = (p — 1) /2, we obtain
(p—1)/2 %\, (1))2 (p—1)/2 »\ s ,
I;O <k)2 =(-1) kzzo <2k>2 (mod p?)

(p—1)/2

k
= ()" V2 14p Z (2k—1)2 (mod p?).

Applying Lemma 2, we arrive at

(p—1)/2 o (1)/2 (p—1)/2 ok
27k = (—1)"~ 1-— — 2).

> ()= p Y o] (modr?)

k=0 k=1

Using the following congruence [22, Corollary 1]:

(p—1)/2 2

2 B
k

=4 (mod p),
k=1

the proof is done. O
Lemma 12. We have
(r—3)/2 2%k o o
> <k>2(”1)/2ka =, (2) (2(_1)(P— )2 (—g)lemt/ ) (mod p). (23)
k=0

Proof. Since (%) =0 (mod p), for k= (p+1) /2,...,p — 1, we get

(p—3)/2 p—1
2% 2%
>3 ( ! )2@1)/2% = 90-/2 3" ( ! >2ka
k=0 k=0

- <(pp—1)1/2> Hgp-1)/2  (mod p).
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From [20, Theorem 1], for = 1/2, we have

p—1

— (2k\ ._ _
(k )2 FHi = —g,(2) (-1 (mod p),
k=0
and by the Morley congruence (2) and (18), this yields the desired (23).
Proof of Theorem 2. Let p > 5. From (7), we have
p—1 .
p—1)<3(p—1)—23> j
K(p_ = ) ) (=2)7.
e ;;( i Jsw-12-5)

Letting k =3 (p— 1) /2 — j, we get

3(p—1)/2
. _ (%Ef/ p—1 2K\ (Lgy3to-n/2k
(p=1)/2 3(p—1)/2—k)\ k

k=(p—1)/2

k () (o) 2 () 2

Set

o (pkziﬂ (p ; 1) <(pp_11) sz k) (ot

and

—3)/2
0 (Pz:)/ < p— 1 ) (Qk + 2p) (_2)(1773)/2,].C
T = N+ D2+ k) k+p ’

Applying Lemma 7 and Lemma 2, we obtain

(p—1)/2 42k

= (_1)P"1/2 _1\*

(p—1)/2 o3k

(=2)"""7" (mod p?)

For k=0,1,...,(p—1) /2, we have

() =) - i (¥) oan

13
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It follows that

(p—im o <p§/z (—2)F
= — 7 (modp).
o 2 = (YR

Note that k(}) = n(}~7) and by [12, (2.4)], we get

(p—zl)/2 93k "y (p—zl)/2 1 (p—zl)/2 (71)k
= o(p—1)/2 e -—
2k k
k=1 Qk(k) k=1 2%k k=1 k

Considering the following two congruences (see [22]):

(p—1)/2 1
oL —2Xp +ap (2)  (mod p)
k=1
and
(p—1)/2 (—1 k
=g, (mod ),
k=1
we obtain
(:Dzlé/2 93k (
= —2(P+Y/2y " (mod p).
2k
= 2R
Thus,

Q) = p(—2)(p+1)/2 Xp (mod p?).
Now, by (9) and Lemma 2, we obtain

(r—3)/2 9% Dok
Q=2 > (k) ()P (L = pH 1 j24n) X
k=0

(1+2p (Haw — Hy)) (=2)P/27F  (mod p?)

(p—3)/2 ok (p—3)/2 ok
_ < ! >2<p1>/2k Ty < ! )2@1)/“ (Hap — Hy)

k=0 k=0

(p—3)/2 9%
-p Y (k>2(p1)/2kH(p+1)/2+k (mod p?).

(mod p).

14
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From Lemma 10, we find

(p—3)/2

2k _ _
> <k>2(p DR H ) 24k

k=0

(p—3)/2 ok (p—3)/2 o)
=-2¢,(2) Y <k)2<P1>/”+ > <k>2(p1)/2k(H2ka)

k=0 k=0
(p—3)/2

2k 2

op—1)/2—k [ [ d
! kz::o <k> ot opyy) (medp)
and hence
(p—3)/2 (p—3)/2
2k 2k

0, = op—1)/2—k _ o(p—1)/2—Fk fr
=32 (3) v L ’“

(p—3)/2 (p—3)/2 _1)/9—
2k\ - (p_1) /2 2k 2(P—1)/2-k
k=0 k=0

From Lemma 11 and by the Morley congruence (2), we get

(p—3)/2

2% . .
3 <k>2(p1>/2k:(_2)<p D/2 (14 2py,) — ()P D21 (mod ),
k=0

which implies that

Rl 2k 1)/2 1)/2
Z (k >2(p1)/2k = (72)(p* )/2 (71)(10* )/ (mod p).
k=0

From [13, Theorem 2], we have

2P=D/2 4, (mod p),

(p—3)/2 (2k> o(p—1)/2—k
— k 2k+1

and by (23), we get
0, = (_2)(10*1)/2 _ (_1)(17*1)/2 4p—1 +p (C]p (2) (3 (_2)(17*1)/2 4 (_1)(17*1)/2)
(=2, 2 D2A,)  (mod 57, (26)
Combining (25) and (26) and using the Morley congruence (2), we conclude that
K‘(p—l)/2 = (_2)(P_1)/2 _ (_1)(?‘1)/2 4}771 (1 _ 2p71)
+p(ap(2) (3(=2)" V2 —a(=)PV) 202 A)  (mod p?).

Knowing that 1 — 2°~! = —pg, (2), and by (22), we finally obtain (6). O
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4. Proof of Theorem 3

In order to prove Theorem 3, the following lemma is needed.
Lemma 13. We have

(zo—zlf/2 (2:)1?2[? _ <_p1> <2Xp - %qp (2)) (mod p). (27)

k=0

Proof. From Lemma 2, we have

(p—1)/2 (p—1)/2 (p—1)/2
2%\ 2%\ — 1\ (2K ..
P (k>2 FHy= (k>2k— S (p%)(k)zk (mod p?).
k=0

k=0 k=0
Set
b__(”‘zl:)/z p—1\ [2k Q_k_(piw p—1) (p=1-K\ s
=2 Lo J\k)T T & Uk k '

Again, by Lemma 2, we get

b= (pém (p B ,1 - ’“) (-2)7" —p(p_Zm (p - i - ’“) (-2)" Hy  (mod p?).

We have

7 N
e
|
> =
|
=N
N———
Il
-7
—
S
>
N———
Il
e
o
N———
\
=
Ea
—
=
e)
Q.
s
\.\/

which gives
(r—1)/2 (p-1)/2
—-1-k 2k
Z (p f ) (-1 H27% = Z <k‘ )Hka (mod p),
k=0 k=0
and from Lemma 12, we get
(p—1)/2
—-1-k _ —1
(p f ) (—1)ka2 b= () gp (2) (mod p).
k=0 p
In view of Lemma 9, we find

(p—zl:)/2 (p - k) ot (10—21:)/2 <(p —1)/2+ k) (_2)(P*1)/2+k

k=0 k k=0 2k

(p—1)/2
_ 2k\ 1
= (*2)@ /2 E <k ) o (mod p?).

k=0
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Using [13, Theorem 2], for t = 1/8, we get

(p—1)/2
2K\ 1 2
(=) it
k=0 p

and hence

(p—znﬂ (p - llc_ k) (—1)F 9k = (—2)®-D/2 (;) (mod p?).

k=0

By (22), we obtain

B e () )

k=0

Thus,

b= (_pl) (1 + %pqp (2)> (mod p?).

Finally, using Lemma 11, we arrive at (27).

Proof of Theorem 3. From (7), we have
<np - 1> P (np - 1) <3(np -1) - 2j> =
p—1/s3 4 J p—1-J
(7 ()
s\l J
. p—1-yj J

Jj=1

+ %if < ”p_}j) <(3”1)?¥2j1> (o)1

j=(orny2 P 1

(7o) e

o (pi/z ( np — 1 ) ((3n ~2)p+2j - 1) oyt

1

= O

NS

Set

o o\l J

17
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Observe that

((3n—2)p+2j—1> _ (Bn—2)p+2j ((3n—2)p+2j>.

J (Bn—2)p+j J

In view of (9), we have

((?m _ 2);;+ 2j — 1> _ ;(2]]) (14 (3n—2)p (Hay1 — Hy_1))  (mod p?).

Applying Lemma 2 and (8), we get

(pn_pl—_lj> = (-1’7 (1 —npH,_1_;) (mod p?)

= (-1 (1- npH;) (mod p?).
Which implies that

(p—1)/2 . (p—1)/2 .
_ 2] 1 1 2] (HQ'_l —H‘_l)
— 2 § : E J J

Jj=1

(r-1/2 .
25\ H;
-n z; ( >2j (mod p?). (28)
j=

In view of Lemma 12 and (12), we find

(p—zl:)/2 2j Hj1_(p§:)/2 2j Hj_(p_zl:)ﬂ 2j i
] 27 j ) 2 j )i

j=1 J j=1 j=1

) ((;) + 1) (mod p).

Also, by (27) and (12), we obtain

—1)/2 . —1)/2 . —1)/2 .
(pz/ 27\ Haj1 _ (pzi/ 2 @ B 1 (pzi/ 2 L
J 27 r j) 2 2 = J)j2

=1

Jj=1
-1 1 1

() (20 50 @) - 56@ modp),

Hence,

v ()= = (21 (24 g @) + 50 (@) (nod )

j=1
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Putting the above result into (28) and using Lemma 11 and Lemma 12 with some
simplifications, we conclude that

() 1) (3 (a5

+3”‘4%mm) (mod 7). (29)

01

4
Set
p—1 .
np—1 3n—2)p+25—-1 1
D DI i G A i IS
=Gz P J J
or equivalently

0, (p—zl:)/2 (( np—1 ) <(3n -p+2j— 2) (_2)(;771)/273'.

2 \w-v2-7)\ w-1/2+;

In view of (10), we have

- - _yp-1/2—i-1
((3 1)p+2j 2) = p(Bn_1) (=1 (mod p?),

P—1)/2+j (P29 (p-1)/2 - j+2)
furthermore, observing that
((p—l)/2+j) _ <(p—1)/2+j) 2j (25— 1)
2j—2 2j (p=1)/2=j+1)((p-1)/2-5+1)

and from Lemma 9, we find

((3n —1)p+2j— 2> = p(3n—1) <1) 42;1 (mod p?).

(p—1)/2+] b ](j)
It follows that
(p—1)/2 35—2
) 93j
O:=p(Bn-—1) <) Z —5 (mod p?).
p Jj=1 ](J])
From (24), we conclude that
-1
Oy =-p(Bn-1) <p> Xp (mod p?). (30)

In view of Glaisher’s congruence (3), we have
np—1 _
(p . ) (=2 ' =1 +pgy (2)  (mod p?).
Combining the above congruence with (29) and (30) completes the proof of Theorem
3. O
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