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Abstract
The k-free part of a positive integer n is the product of the prime powers dividing n
that have exponent less than k in the factorization, while the k-full part of n is the
product of the prime powers that have exponent at least k. We consider sums of
the prime factor counting functions w and €2 going over the k-free parts and k-full
parts of some particular number sequences.

1. Introduction
For a positive integer with prime factorization

n:qil"'q:T7 (1)

where the ¢; are the prime factors and the s; > 1 are their respective exponents, the
prime factor counting functions are defined by w(n) =r and Q(n) = s1 + -+ + s,..
For k£ > 1, and n as above, let

Li(n) = H qjs-j and Uk(n) = H q;J.

1<j<r 1<5<r

sj<k k<s;
We say that L(n) is the k-free part of n and that Uy(n) is the k-full part of n. By
convention, L;(n) = 1, while naturally U;(n) = n. Similarly, when £ > max; s;, we
have Li(n) = n and Ug(n) = 1. We remark that n = Ly(n)Ui(n) for any k and
that Li(n) and Uk(n) are coprime. The case of k = 2 was considered by Cloutier,
De Koninck, and Doyon [2].
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The aim of this article is to consider sums of w and 2 composed with Uy and Ly
evaluated in certain sequences of positive integer numbers.

To begin, we consider the evaluation in the whole sequence of positive integer
numbers.

Theorem 1. Let k > 1 be an integer. We have that

> w(Uk(n)) = (Z plk> z + Oy (1:;36) ; (2)

n<lx p

and

3" W) = (Z m>w+0k (1xgz> ©)

P

where the sums over p indicate that the sums are taken over all prime numbers.

For the rest of this article we will continue to use the convention that sums and
products over p indicate over all the primes, unless stated otherwise.

Corollary 1. Let k > 1 be an integer. We have that

Zw(Lk(n)):xloglogx—i— (Bl—zplk>x+0(lozx), (4)

n<xz p

where By is the Mertens constant given by

Blzy+§:o%<1—;>+;>, (5)

and v = 0.57721 ... is the Fuler—-Mascheroni constant.
We have that

1-k+k

n<x P

where 1
By = By + _ 7
T %;p@—l) “

Let h > 1 be an integer. A positive integer n is said to be h-free if all its prime
factors have exponents less than h. In other words, if n has prime factorization (1),
then s; < h —1 for all j. In particular, n is square-free if all s; = 1. We denote by
Sy, the set of h-free positive integers.

We have the following result.
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Theorem 2. Let h > k > 1 be integers. Then we have

1 -
Z QUi (n)) ==—~Da ik nrx + Oy, (z%kizl log logas) , (8)
2 R0
neSy
n<x
1 2k—1
3" w(Ui(n)) =7~ Du ez + On (x " log log x) . 9)
2 R0)
neSy,
n<x
where
h—1—(k—1p"=" —hp+ kph—F+1
D = , 10
=2 P—DG -1 1o
and
h—k
P -1
Dw,k,h = Z phi—l (11)
P
Corollary 2. Let h > k > 1 be integers. Then we have
1
> QLi(n)) =—=xloglogx + O(x), (12)
2 C)
neSy
n<x
1
Z w(Lg(n)) =——=xloglogx + O(x). (13)
2 S
neSy
n<x

Let h > 1 be an integer. A positive integer n is said to be h-full if all its prime
factors have exponents greater or equal than h. In other words, if n has prime
factorization (1), then s; > h for all j. (This definition is trivial for h = 1.) We
denote by N}, the set of h-full positive integers.

We prove the following estimates.

Theorem 3. Let k > h > 0 be integers. Then we have

Z Q(Uk(n)) :70,hEQ,k,h1'% + 0 (x%*(%*l)‘wrz‘hl(wrlwre loglog m) : (14)
neNy
n<zx
Z w(Uk(n)) :’YO,ha,k,hl'% +0 (lel_(%—l) k+2h1(h+1)+6 log logx> 7 (15)
neN;
n<lz
where
p—p*
= 14+ 16
yor =1 S (16)
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kph —k+1
EQ,k,h = Z k—h—1 1 141 1 ’ (17)
p D P (ph — 1) (p o+ ph —P)

and

1
Eoin= Z — . (18)

p D (p”%ﬂﬁfp)

Corollary 3. Let k > h > 0 be integers. The following formula holds:

1
> Q(Li(n)) =hon27% loglog z + 0. (Coun — Bukn) 2 + O (%) :

’I’LENh
n<x
(19)
where
h+ 1)pit% — hp — 2hp* + (2h — 1)p*
CQ’h:h(Bg—logh)—kz( = DpT = hp = 2007 p7 (20)

» (p-1) (p% — 1) (p“% +ph —p)

Corollary 3 is deduced from an estimate for the first moment of Q(n) over h-full
numbers that was computed in [8, Theorem 2]. It would be interesting to obtain
an analogous result for w(n). To do this, we would need to use different techniques
than the ones employed in the proof of [8, Theorem 2|, which rely in the total
multiplicativity of Q(n). See [9, Section 6] for a discussion of this issue in the
function field case.

This article is organized as follows. Section 2 includes the proof of Theorem 1 and
Corollary 1 by elementary counting, as well as a corollary considering the sum going
over h-powers. Theorem 2 is proven in Section 3. This is achieved by counting first
the h-free integers that are coprime to certain fixed number. Corollary 2 is obtained
as a consequence of known results for the count over all h-free numbers. Finally,
Section 4 contains a proof of Theorem 3, which follows from counting integers that
are simultaneously h-free and k-full, while Corollary 3 is obtained as a consequence
of known results for the count over all h-full numbers.

2. Sums over Integers

In this section we prove Theorem 1. We start by recalling the following results
involving sums of primes.

Lemma 1. [1, Lemma 1.2] If s > 1,

3L Y S
p* (s—1)zs—llogz w5~ tlogiz )
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Lemma 2. [1, Lemma 1.4/ Ifr,s >0,
xs+1 $S+1
Z r+1 + O ( r+2 > :
log” p (s+1)log" " x log"™“ x
Proof of Theorem 1. We consider Equation (2). Notice that summing over all the
numbers of the form w(Uy(n)) is equivalent to counting the number of powers p’ < x
such that ¢ > k, and each power must be counted with multiplicity equal to the

number of n < z such that p’ | n. But this is equivalent to counting the multiples
of p* that are less than or equal to z. In other words, we have

Sewn =3 5| = ¥ - T {5}

nse prsw p<azk p<ak

Applying the Prime Number Theorem as well as Lemma 1, we have

Zw(Uk(n)) :xzp:p —x Z — + O (kfgkx)

n<z p>mk

_xz P (10; >

Equation (3) is proven similarly. Summing over all the numbers of the form
Q(Ui(n)) is equivalent to counting the number of powers p’ < x such that ¢ > k,
and each power must be counted with multiplicity equal to the number of n < x
such that p* | n but p*! { n, multiplied by ¢. Set t = Uogp xJ We have

S QU () ZZfQ J_Ljﬂp

n<x pk <z l=k
-ZH J M+---+H)
k<z pk-‘rl pt
1
pk<z
-Z({ }+{kﬁ1}+"~+{ﬁ}>
i p p
k+1_ %H k
Il R X
E<x p p pgm%
k+1_%+kk
P pfl P
_,I‘Z + 0O | logz Zl logp

pk
<z p p<zF
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Now we use the Prime Number Theorem to estimate

1 1 m%
x — <L - K .
Z P - 1) Z z Flogx

pk<w p %

By applying the above estimate as well as Lemmas 1 and 2 (with r = 1,5 = 0), we
obtain

o o ot
_ P P P P
R e L~ iy
n<zx P P p>ak P
1—k+kp xk
:xzp: pr i T Ok <logx :
This concludes the proof of Theorem 1. O

Proof of Corollary 1. To prove Equations (4) and (6) we use the well-known iden-
tities [5, Theorem 430] and [4, Section 1.4.4]) for z > 2:

Zw(n) =xloglogx + Bixz 4+ O < ac > ) (21)
— log
Z Q(n) =zloglogx + Bax + O < = > ) (22)
—~ log

where By and By are given by Equations (5) and (7) respectively.

Notice that Q(n) = Q(Lg(n)) + Q(Uk(n)) and, since Li(n) and Ug(n) are co-
prime, w(n) = w(Lg(n)) +w(Uk(n)) as well. Combining Equations (2) and (3) with
Equations (21) and (22), we get Equations (4) and (6).

O

A perfect power is a number of the form n”, where h > 2 and n are positive
integers. We can immediately deduce the following result from Theorem 1.

Corollary 4. Let k > 2 be an integer. The following formulas hold:

1—k+kp\ 1 7
h
> QUn") =h <Z M) Ok <log$> ’

nhgw

> w(Ui(nh) = <Z plk) o + Op (é;;) .

n"<z
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In addition, the following formulas hold:

L—k+k
S Q(Liy(n") =hat logloga + h (132 —logh - H) ot
p - D
p

nhgz
*
+0h< )
log

1 i
> w(Li(n")) =2% loglog a + (31 —logh — Zpk> 2t 40, (1:;) .

nhéflf P

Let wi(n) be the number of primes with exponent k in the prime factorization
of n.

Corollary 5. Let k > 1 be an integer. We have the asymptotic formula

-1 TF
Zwk(n) = (; Z;,Hl> z+ Oy <10gx> .

n<z

This recovers a result of Elma and Liu [3], who also studied the second moment
of wg.

Proof. By Equation (2), we have

S wn(n) = 3 w(Ui(n) — w(Uipa(n) = o (2; -3 p,}+1> +o, (kfg’“m) 7

n<x n<x

and the result follows. O

Remark 1. It is interesting to consider the quotient of the sums appearing in
Equations (2) and (3). We get

Yuze Uk(n)) | X, jerk
2n<q W(Uk(0)) - S, E (23)

Since we have that
ﬁ: k(p—1) < kp—(k—1) < (k+1(p-1) _ k+1
proprp—=1) © pFp-1) T prp-1) Pk
and the second inequality is strict for p > 2, we conclude that the limit (23) belongs
to the interval (k,k + 1).

Remark 2. The constants appearing in Equations (2) and (3) can also be expressed

" 11 ¢" —¢" "\ w(U)
;F_@ ZH( 1 > U (24)

UeNy q|U
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and

1—Fk+kp 1 <qqu1>Q(U)
Z k1 _ ok ZH k_ : (25)
~ P pr R e N € U
This can be seen by working with the generating functions, in a method that will
be employed to find the constants in Theorems 2 and 3. In fact, Equations (24) and
(25) can be obtained from D, , j, and Equation (30) as well as Dq j, 5 and Equation
(29) by letting h — oo and therefore removing the condition h-free.

3. Sums over h-Free Numbers

In this section we prove Theorem 2. We start with the following estimate for the
number of k-free positive integers that are not divisible by some fixed primes.

Lemma 3. Let qi,...,q, be prime numbers, and let Qi 4,...q.(z) be the number of
k-free positive integers not exceeding x such that they are relatively prime to q1 - - - g,
The following formula holds:

Qk,gr g, (T) = ! ) ﬁ (1 - %>

w0 6=

We remark that the above formula generalizes the classical estimate giving

x+ Oy (2%%) )

Qr(z) = ﬁ +0 (I%) ;

where Qp(z) is the number of k-free numbers not exceeding x.

Proof. Consider the modified M6bius function defined as

M(d) (d7 q1 qT) = 17
g (d) = .
Hay-ar () {O otherwise.

By Mobius inversion, we have

Qg (@)= D, 1= ) > uld

neESy n<z dk|n
n<w (n,q197)=1 (d.qy g, )=1
(n,q1-+-qr)=1 (dar---ar)
= Z Z Har g, ().
n<z dF|n

(n,q1-+-qr)=1
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Writing n = d¥e, we have

Qgyovgr (T) = Z Hgy g, (d) Z 1.

dk<z e<wz/d"
(e,q1-+gr)=1

Estimating the inner sum with inclusion-exclusion, we obtain

Qg =3 tigr, (@) Q;J _ L]fsz N L;M +>

dk<z

=S @ 11 (1- 1)
dr L- d;
dk<a j=1
T T r

P e AR
= Z :u"h""b‘(d)% H (1 a 1) +o |2 Z 1

dF<z 7=1 E drse

After using the full sum to estimate, the above becomes,

zdzuq“'%‘(d)c;ﬁjljl (1 B ql]) - “ql"'qT(d);chljl (1 - qu> +0 (2%&)

dk >z
—xH(l—i)ﬁ<1—1>+O xzik +O(2Tx%)‘
DPFq; L Jj=1 4 dk>xd

Estimating the first big-O term by approximating with an integral, we obtain
Or(x7), and this yields

O

We now state some results involving sums of prime factor counting functions over
h-full numbers that will be needed for the proofs of Theorem 2 and Corollary 2.
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Theorem 4. Let h > 1 be an integer. We have

1
Z Q(n) = hyope loglog + 04 Cana™ + Oy < - ) ; (26)
log x
e

where Yo, 1s given by Equation (16) and Cq.p is given by Equation (20).
We omit the proof, since Equation (26) was proven in [8, Theorem 2].

Lemma 4. Let o« € R. Then, we have

Z Q(n)n® = Oy (y%'*"’ log logy) + Oy, (x%'*'o‘ log logw) .

nGA@
z<n<y

and
Z w(n)n® = Oy, (y%“* log log y) + Op, (:E%J“O‘ log log:r) .

neNy
r<n<ly

Proof. Denote

@)=Y ),
nGA@

n<zx

and remark that the asymptotics for 43 (z) is given by Equation (26).
By Abel’s summation formula,

> et i)y — A —a [ e

neNy,
rz<n<ly

:h"y()’hy%*’JZ loglogy — h”yoﬁz%““ log log x
1 1 v v —
+0 (yﬁ*c‘) +0 (xﬁ*a) +0 (/ 2= "% log logtdt)
=0y, (y%*‘“ log log y) + Op, (m%J”" log log m) .

The estimate for the sum over w(n) can be deduced from the fact that w(n) < Q(n).
O

Proof of Theorem 2. We prove Equations (8) and (10). Fix 0 < B < z (to be
determined later) and suppose that U = Uj(n) is such that U < B. We start by
counting all the possible values of L = Li(n) satisfying L < z/U. By Lemma 3,
the number of possible values of L is given by

Q (+)= 1 H (A P P
P\ TR S\ g -1 ) U vt )’
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,gr are the primes in the factorization of U. Thus we have

where ¢y, . ..
SN QUn) = D QUkm)+ > QUk(n)
neSy neSy neSy
n<x n<x n<x
Uk(n)<B B<Ug(n)<z

s ()

UeNLNSy, q|lU
U<B

+o| ¥ Q(U)2“(U);—Z + Y QUm)).

UeNNSy neSy
U<B n<z

B<Ui(n)<z

Notice that for U € N}, we have 2w(U) < qL-qr < Ut. Using this to bound

the error term gives

T k _ k—1 QU 1
> Q(Uk.(n)):m > H(q k_ql ) gj)+o zi Y Q)
neSy UeN NSy q|U 4 UeNENSh
n<x U<B
k_ k-1
T 9 —4q Q)
v Y - X I(5S) S
nESh C(k) veNinsn gl ~ T T 1 4
n<x B<U
B<Ui(n)<z
(27)
We have the following estimate
x x
> oewm< Y |Hews Y fow). (28)
neSy UeNNSK UeN}
n<z B<U<Lxzx U<z
B<Ui(n)<z
Applying Lemma 4 to Equations (27) and (28), we have
k _ k—1 QU
Z Q(Uk(n)) - Z H <q - a 1 > 5] ) + Oy (z%B% loglogB)
nesn ¢ )UeNkﬂSh au N 4T
+ Oy, (:z:% log log 1:) + Oy, (az:B%*1 log log B) .
Let B = 21~ %. We get
k_ k—1
x " —q Q) 2k—1
QU, =—— O Z logl .
> o)~ 3 H( o ) D 1 0, (% 1og1og )

nesSy UeNNSy q|U
n<zx
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We now proceed to find a closed expression for
1 Z H ¢" —¢" "\ QU)
gk —1 U

C(k) UeNNSy, q|U

We consider a generating function given by
Q(n) k_ k-1
z q q
Dawn(z) = Y. - 71
neNLNSy qln
k_ o k—1\ Lk h—k—1
P —p z z z
T (1 ( JETEERE ==

1;[ ( pr—1 ) p* P phkt

1y 2=

:H - PP =Y E - &

pk—1 -1 )

which is absolutely convergent over compact sets.
We will recover our term of interest from considering Dg, ;. 1,(1). In order to find

this term, we consider the logarithmic derivative of Dg  n(2):
o i)

Dhial®) _ g~ (255) ((h = Dger — (k= 1)
P ()" (1 () 25
Evaluating at z = 1, we obtain,
Dgl,k,h(z) (1%) (;%11 - ;%11 o # + ﬁ)
Pl 5 (=) (- (- 3))
_1 Hp (1 _

Multiplying the above by Dq (1) and by the coefficient

provides the coefficient for the main term of (8):
k k-1 ho, k )

P
pF—1 phTL

Do) _ 1 ( ;
() - Z 1 p* 1 1
(=) (0 -#E G-

C(k) — C(k
¥ 1 1
Xl;[<1<p’“—1>(php’“)>
Sﬁ%—z’fﬁé—;ﬁp’iH(l pl)
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Equations (9) and (11) are proven analogously. Here the difference is that we
must consider instead

1 " —q w(U)
C(’f)ZH<q—1>U’ (30)

UENNSy q|U

while the error term can be bounded as in the Q case, using the fact that w(n) <

In this case the generating function is given by

w(n) k k—1

Z qa —q
Dwﬁk‘ﬁ(z) = Z L

neENRNSK " qln ¢ =1
B Pk —pE1\ 2
=II(r+ 1)
p
1 1
= P T ,
. p 1 > 1

which is absolutely convergent.
In order to find D, , (1), we consider the logarithmic derivative:

Dy, .1(2) :Z ( pF—1

Dorean(2) P14 (p —p""*l) Z(ﬁ"f’v) .

Therefore,

Dfu,k,h(fz)
Dy kn(2) |,—

ZP

p—l

Multiplying the above by D,, k.5 (1) and by the coefficient ﬁ =1, (1 %) yields
the coefficient for the main term of Equation (9):

T :c(lm . p;k—_ll 1 (- () G- 3)
S (1)

p P
1 phh—1
Chy & ph—1"

This concludes the proof of Theorem 2. O



INTEGERS: 22 (2022) 14

Theorem 5. The following asymptotic formulas hold:

Z Q(n) = %h)x loglogz 4+ O(z), (31)
e

and
Z w(n) = ﬁmlog log z 4+ O(x). (32)
neSh
n<zx

We omit the proof, since Equation (31) was proven in [8, Theorem 1] and Equa-
tion (32) can be proven similarly.

Proof of Corollary 2. Since n = Li(n)Ug(n), we have Q(n) = Q(Lg(n)) +Q(Uk(n)),
and similarly with w (since Ly (n) and Ug(n) are coprime). Combining Equations (8)
and (31), we immediately obtain Equation (12). Equation (13) follows by combining
Equations (9) and (32). O

4. Sums over h-Full Numbers

In this section we prove Theorem 3. Before proceeding to the proof, we need the
following generalization of Lemma 3.

Lemma 5. Let q1,...,q,. be prime numbers and let k > h be integers. We define
Qi h,gyq.(x) as the number of k-free, h-full positive integers not exceeding x such
that they are relatively prime to q1 - - q.. The following formula holds:

1 —1

1
1 1
- 9 2 1 P
q h 1
Qk,h7q1~~-qy-($):H L+ 17% H(l_p> 1+ 1,1 zh
I

J=1

9;

2h+41
7"1‘5
+ 0] (QTJJ 2h(h+1) ) ,

where € > 0 is arbitrarily small.



INTEGERS: 22 (2022) 15

Proof. Consider the generating function

S =T (gt )
s osh T s(k—1)
neNLNSk " PF#q; p p
(n,q1---qr)=1

> Pz
—1
i 1\ 7 ey
= 1+ Sh) Hq, qr(s)
e ( a; ((2sh)
Notice that for Re(s) > %ﬂ,
;1 - 1k
s(h+1 £l
Mgy q,(s)] < 1+ L (1+ L :
PFq; ( B 1?) (1 + pSh)
(;} y ik
s(h+1 s
<II{r+|— — : (33)
» (1=7) (1+ )

which is convergent for Re(s) > thrl + ¢, and therefore H,,...q, (s) is convergent for

Re(s) > %H Now we use Perron’s formula ([10, Section 5.1], [11, Section 4.4],
more precisely, Problems 4.4.15-4.4.17). Take o9 = % +e. AsT — oo,

Qingrg (@)=Y, 1

neNLNS
n<x
(n,q1---qr)=1
. -1
1 oot L 1 C(sh) x®
= 1+ ——Hg, . q.(5)—ds
270 J g it H( qj'sh) ¢(2sh) "7 (s) S

x(To-‘rE
w0 (")

To compute this integral we consider the rectangle of vertical sides [og —iT, o9 +47T]
and [0y — 4T, 01 + iT] and horizontal sides [o¢ £ 4T, 01 £ iT]. The integral over the

sides is equal to the residue from the pole at s = %, which can be computed as



INTEGERS: 22 (2022) 16

follows:

r -1 h 1
11 <1 " ql) @H‘h“'qr (;) v Res,_1 ((sh)
=1 !

-1
T LILJ_ 1;& 1 %ﬂi lk
I @75 ah.
=1 Tk P (1-%) <1+1l7>
J ph

Since we are interested in the integral over the segment [og—4T, 0¢+iT], we proceed
to bound the integral at the vertical segment [07 —iT, o1 +¢7T] and at the horizontal
lines [og £ 4T, 01 &+ ¢T]. First we note that Inequality (33) gives a uniform bound
for Hg,...q, (s) which is independent of the choice of ¢, ..., ¢g,. Next notice that we
have, over the same segments,

1—1

qsh

1 1 1
<

< 1—- - —1--1 —71_-L
gRe(oR D T
gh+T q2

)

’1—1—

and the above bound is less than or equal to 2 when g # 2,3, and for ¢ = 2,3 it
is bounded by 4 and 3, respectively. Thus, we have the following bound over the
vertical segment [0y — iT, 01 4+ ¢T] and at the horizontal lines [og & ¢T, 01 £ iT]:

—1
. 1
11 <1+Sh> <122
j=1 qj

Since ((o +4T) = O (T2 ) uniformly for ¢ < o < 1 as T — oo (see for ex-
ample, [6, Theorem 1.9]), the horizontal integrals on [oo £ iT, o1 £ ¢T] contribute

1
rx’0T " 2
012 logz

The vertical line [o7 — 4T, 01 + iT"] contributes to O (2Tm‘71T%).

Finally, taking T' = @ RO gives a final estimate of

11N\t 1 1
- U gk 1 A oF ,
i p v =
Qi hgyogn(T) = H 1+ - T 0 H 1+ T
j=1 o p (1 — L ) (1 + l)
J ph p

+0 (el 1),
]

We remark that the main term in Lemma 5 reduces to the main term in Lemma,
3 when h = 1. However, the error term has size O (2Tx%+5 and is worse. The
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reason for this is that we are we are only considering the pole at s = % in Perron’s

formula. To eliminate the dependence on h we would need to remove all the poles
up to %

Another interesting case is when k& — oo and r = 0. This counts the h-full
numbers not exceeding x and recovers the formula

2h+41
Yopz® 4 O (:c2h(h+1>+5> .

This is a much weaker version of the result of Ivi¢ and Shiu [7], who estimate this

number to be
1 1 _1
f}/o,hgjh + 'Yl,hxh+l + -+ Yh—1,nT 21 + Ah(l')7

where Yo, V1,h - - -, Yh—1,n are certain computable constants and Ay (z) < z” for p

small.

Proof of Theorem 3. First, we proceed to prove Equations (14) and (17). Fix 0 <
B < z (to be determined later) and suppose that U = Ui (n) is such that U < B.
We start by counting all the possible L = Ly (n) satisfying L < 2/U. Since L must
be both k-free and h-full, Lemma 5 implies that the number of possible values of L
is given by

1 1

- — 1 1
T q; T’f -~ & 1
Ty 4d; 1 p ph Th
funaeea () <TI0 | 15— | TH(-5) (1 1= )
J=1 q P ph

2ht
U2h(h+1)+5

2h+1
- x2h(h,+1)+€
+0|2"—5—— |,

where q1,...,q, are the primes in the factorization of U.
To make the proof easier to follow, we define

1 1

1 P k

k,h) = 1—= 14+ —2
s =1 (1) 1+ 7=
ph

p
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Thus we have

ST AUkn) = > QUn)+ Y. QUk(n)

nENh nGNh nGNh,
n<w n<w n<z
Uk(n)<B B<Uyg(n)<z
i\ e
1 q % Q U
=fk, )z > ] [1+ 1_‘; "
UEN q|U qt t
U<B
23(}1}'111)"'5
.Z‘ 3
+o| Y 2°J<U>Q(U)T+s + > QUkn)
UEN; U2rtsn neN,
U<B n<z

Notice that for U € N}, we have 2¢°() < ¢y ---¢q, < Ur. Using this to bound the

error term above gives

1
> Q) =fkmat 3 T 1+ 1=
neNy, UeN q|U q%

n<x

2h+41 1 2h41
+0 xQ}L(h+1)+E E Q(U)UE‘zh(h+1)_5

UGNk
U<B
+ > QUk(n)
neN},
n<zc
B<Ug(n)<z
AR
1 q n U
— fe x> T 1+ — ar T (34)
UeNy q|U q%
B<U

We have the following estimate, analogous to Equation (28):

> eum< Y |5 SCEDY (). (35)

nGNh, UENk
n<x B<U<Lzx U<z

B<Ug(n)<z
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Applying Lemma 4 to Equations (34) and (35), we have
—1

Z Q(Uk(ﬂ)) :f(k:,h)x% Z H 1+ i—

neNy UeNy q|U q
n<x

Q
‘H ;‘\w"—‘

QU)
U#

|

+0 (x%%lg%*%* log10g3>
+0 (xk loglogm) +0 (:ChBF—f IOgIOgB)

_k
We choose B = x*+2:(:+1) and get

1
s T B (%))
> QUn) =fkh)er > T [ 1+ 1— T U(%
n€<j\[h UeN: alv q% |

L0 (SE%*(T@*I)WM“ loglogx) :

We now proceed to find a closed expression for

1
E ar QU)
f(k,h) .
D3 | [ FRAN i
UeN, q|lU qh
We consider a generating function given by
Q) 1o\
ZH q i
Eoxn(2) =, — ]I 1+1%
neNy nr qln o q%
P k 2
p k
=[[|1+(1+—E& v S+ 54
» 1-— - pi pi pﬁ
ph
11\ b &
k k
:H L+ {1+ plh L = |
» - -
ph ph

which is absolutely convergent over compact sets.
We will recover our term of interest by computing &, . 5, (1), which we find by

considering the logarithmic derivative:

k mk
ph p h
2
1- =
Eann(2) -y ( ﬁ)
k
Ean(z) " P ::
p
ph ph
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Therefore,

5§,k,h(z)
Ea,ie,n(2)

-y — .
) )
phr pn

By multiplying the above by &qn(1l) and by the coefficient f(k,h), we get an

expression for Eq i p:

|-
e
|
—

f(ky h)Eq (1) =f (K, h)

<[
7N\
—_
I
-
3
N—| T
—
3
+ =
S
I
3
z-\»—a"‘
N———

hS]

—| = S

1+

i) kS|
:\»—A‘ = :\t‘ =
bS]

X
=~

+
—

|-
F??‘
g
—- =

Il
=™
N
=
|
;«-\H‘H ~
~| T
7N
= s
+ :‘
3=
|
>
R
~

p
1 1_ 1
W 1 P ph
[T 11+ — | (1- ) [ 1+ —"F
1 T + % p 1 T
P ph P phn ph
kp%karl 14 pfp%

7;10“;571 (p% - 1) (p”% +ph —p) 1;[ p? (p% - 1)

Equations (15) and (18) are proven analogously. Here instead we must consider

1 —1
q
f(k,h) ZH 1+1

UeN q|U

w(U)
U

=}
:\H‘ = :‘\?r‘ L
==

The corresponding generating function is given b

1 1
Zw(n) 5_7%
RVEED pial | | FRa
neNy nn qln qh
1_ 1
P 1 z 1 1
:H 1+ plh k<1+1+2+ )
- T n n pi
p ph
1_ 1 z
p E &
1- T _T
p ph ph
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which is absolutely convergent.
In order to find &, ;,(1), we consider the logarithmic derivative:

EZJ,k,h(z) _Z p%
Eoin() 2 l- Tl
ph ph ph
Therefore,
, 1
w,k:,h(z) . Z o
- 1 1
Eoin@ | 5 T= T+ 1

By multiplying the above by &, k(1) and by the coefficient f(k,h), we get an

expression for E, j p:

1 1 1\ 1 1
o PR
k,R)E (1) =f(k, h —rr 1+ (1 P P
f( )w,k,h() f( )Zl_%_’_ln + +1_% 1_%
P ph p p ph ph
1
=Y
B 1 41
P 1 p%+p
1 1_ 1
E 1 P 3
<[] 1+17¢T;7¢ (1-) 1+1ii
! b Pk P ;

This concludes the proof of Theorem 3. O
Proof of Corollary 3. Recall that n = Li(n)Ug(n) and this implies
Q) = ALe()) + AT (n)).
O

Combining Equations (14) and (26), we immediately obtain Equation (19).
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