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A B

A ⊗ B

A × B

A⊗B
∑n

i=1 ai ⊗bi a⊗b (a ∈ A, b ∈ B

A × B

(si : i ∈ I) si(v) = 0 v = 0

Bq = {v : sq(v) ≤ 1}

∀Bq∃Bp ⊆ Bq Bp Bq

C C
Rn R





T dim(Ker(T )) − dim(Coker(T ))



E S p : E → S

e ∈ E V ∋ e p V

E S S

E E S s ∈ S

p−1(s) s E

S

p S p S

E

S = C

ζ(s) =
∑

n≥1
1
ns s s





(Ei) (ei) Ei E E

E ei

E Ei



LF)

Lp

F

F LF
LF F



E F

E⊗̂F

E ⊗ F E⊗̂F

α β α⊗ β)(u) = inf
∑n

i=1 α(xi)β(yi)
u =

∑n
i=1 xi ⊗ yi



E,F E ⊗ F,E⊗̂F

F

L1

E × F



E F

E ̂̂⊗F
ˆ̂
( ) (̌ )

ˆ̂
( )

l1

⊗



F

(̂ )
ˆ̂
( )

l1 (̂ ) ≈ ˆ̂
( )

E⊗̂F = E ̂̂⊗F E F

c0 l1 L1(µ) L∞(µ)



u ∈ l1 ⊗ c0 u2 = 0 Tr(u) = 0

C∞ Lp(µ)

E

E K ⊂ E

V 0 E u : E → E ux − x ∈ V x ∈ K



lp(Z)



lp p

E F F

E ⊗(p) F

E⊗F

E ⊗(p) F

p

K



p = 1 p

p

p 2
3

2
5

L1(µ) C(K) T d d

E

F E⊗F

E

E

E

F DF



L1(µ) C(K)

F DF

l1 c0

DF E E⊗̂F

E ̂̂⊗F F l1 c0

F DF

Rn

l1 l∞

l1 c0



E

F E⊗̂F

(F) (DF)



E⊗̂F E

F

F

E⊗F E⊗̂F

Rn



Rn

Lp



E

E⊗̂F ≈ E ̂̂⊗F F F

E⊗̂F E ̂̂⊗F

(̂ )
ˆ̂
( )

(̌ )



(̂ ) ≈ ˆ̂
( )

Rn C

C(K)



l1 c0





E F

α β γ

E ⊗ F G ρ

(∗) B(E,F ;G)

α, β, ρ L(E⊗F,G)

γ, ρ

γ(u) = α⊗β(u) = inf
∑n

i=1 α(xi)β(yi) u =
∑n

i=1 xi⊗yi
E F E⊗̂F

(∗)

E⊗F

E⊗̂F B(E ′, F ′)

E ′ F ′

(x, y) %→ x⊗ y E×F B(E ′, F ′)

E ⊗ F B(E ′, F ′) E F

γ



E⊗̂F B(E ′, F ′)

E ⊗ F

E ̂̂⊗F

E⊗F B(E ′, F ′)

ˆ̂
( ) (̌ ) (̂ )

(̌ )

L C
E⊗̂F B(E′, F ′)



C0

l1

E ̂̂⊗F

F

E⊗̂F E ̂̂⊗F

l1⊗̂F l1 ̂̂⊗F F

F

l1 C0

E ̂̂⊗F E′′ ̂̂⊗F ′′

F
F



L C

(̂ ) ∼ ˆ̂
( )

F DF

E F E E⊗̂F ∼ E ̂̂⊗F F F

E DF E E⊗̂F ∼ E ̂̂⊗F F = l1 F ⊇ c0







L1 L2 L∞

⊗

∧ ∨



⊗

⊗

⊗

⊗

⊗ C L

∧ ∨

L1 C0 C

L

⊗ ∨ ∧

⊗

C L

/∧ ∧\ / ∧ \ \∨ ∨/ \ ∨ / ⊗

∨

C L

H

⊗

H H ′



/ ∧ \ \ ∨ / H

H ′ L2 H H ′

L C

⊗

α L1 L∞

L C

⊗



L1 L2 L∞



⊗

E F α E ⊗ F α

E ×F → E ⊗F : (x, y) %→ x⊗ y ≤ 1

E ′×F ′ → (E⊗F )′ : (x′, y′) %→ x′⊗ y′

α′ α α′

E
α
⊗ F E ⊗ F α

⊗



E ⊗ F ∨

∧

|u|∨ = Sup|< u, x′ ⊗ y′ >| ( x′ ∈ E ′, y′ ∈ F ′, ∥x′∥ ≤ 1, ∥y′∥ ≤ 1)

|u|∧ = Inf
∑

i

∥xi∥∥yi∥ ( u =
n∑

i

xi ⊗ yi ∈ E ⊗ F ).

E ⊗ F B(E ′, F ′)

B(E,F )

⊗ α

E F

E
α
⊗F

ui : Eiα → Fi i = 1, 2 ∥u1

α
⊗ u2∥ ≤ ∥u1∥∥u2∥ ⊗

⊗ ∨ E F E
∨
⊗ F

⊗ ∧ E F E
∧
⊗ F

α β α(u) ≤ β(u) u

E
β
⊗ F ! E

α
⊗ F E

∧
⊗ F ! E

∨
⊗ F

α ≤ 1



⊗

⊗ α ⊗
tα |u|tα = |tu|α ⊗ α ⊗ α′

|u|α′ |u′|α ⊗
t(tα) = α (α′)′ = α t(α′) = (tα)′

∨
α ⊗ α β α ≤ β |u|α ≤ |u|β
u ∈ E ⊗ F ⊗

∨ ∧ ⊗

(∨)′ = ∧ (∧)′ = ∨

α

⊗

⊗ C L

u ∥u∥ ≤ 1

L∞(µ)

u : E → F ∥u∥ ≤ 1



E → L∞ → L1 → F ′′ L

≤ 1

C

C0(M) L

L1(µ)

L C

∨ ∧

E F E

L
∧
⊗ F ! L

∧
⊗ E L

C
∨
⊗ E " C

∨
⊗ E/F C

C0(M) M

! "



⊗ ⊗ α

E G F ⊆ E

E F
α
⊗G ! E

α
⊗G

α

tα α

α α′ α

α′ α

∨

∧

∨



α

⊗

α ⊗ /α ⊗

α α\ ⊗

α \α ⊗ α

α/ ⊗ α

α α

⊗ α

⊗ α

/ \ \ /

α → tα α → α′

⊗

/ \ \ / t ′



C L

C L

u : E → F ∥u∥\α ≤ 1

∥u∥α/ ≤ 1 u u = E
ϕ→ C

v→ F ′′ ∥ϕ∥ ≤ 1 ∥v∥α ≤ 1

u = E
v→ L

ϕ→ F ′′

/∧ ∧\ / ∧ \ \∨ ∨/ \ ∨ /

∧ ∨

C L

\∨ C

∨/

L

/∧ ∧\

L2(µ) L1(µ) L∞(µ) L2(µ)

µ

/∧ \ \∨ /

C L

L2



⊗

/\∨ ∨/\

⊗ ∨ ∧

⊗ ∨

α → α′ α → tα α → /α

⊗ H

/ ∧ \ \H H/

H

⊗

⊗

⊗

H

\∨ = C ∨/ L
C L

γ /C /\∨ λ = L\ ∨/\)

γ′ γ



L C H λ L γ

C

α → β k β ≤ kα

α β

⊗

∧ → ∨ E
∧
⊗ F ! E

∨
⊗ F

∨ ≤ ∧



⊗

H

E F u E × F ∥u∥H ≤ 1

H ϕ : E → H ψ : F → H ′ u(x, y) =

⟨ϕx,ψy⟩ H

E → H → F

H tH = H H ≤ /∧ \

H ′

H ′ ≥ \∨ /

H H ′

H ≤ ρH ′ ρ 1 ≤ ρ ≤ 2 \H

H/

P ∗ : P → P u ∈ P u∗ = u u

E × E u(x, y) = u(y, x)

H H′



⊗ ⋆

⊗

Γ

/H ′\ ≤ σH σ = π
2

H H ′ ρ σ

L C H H ′

C

L H H ′

u : C0 → H ≤ 1 u = C0 → L2(µ) → H

u : H → L1 ≤ 1

u = H → L2(µ)→ L1

⊗

C L
C L



L

C

C L

γ /C /\∨

C λ = L\ ∨/\)

L

C L

Id ∥Id∥λ ≤ 1

∥Id∥γ ≤ 1

L1

H ≥ λ, H ≥ γ

C(K)



⊗

α

L1 L∞ α /α\

∥Id∥/∧\≤ h Id

h

/ ∧ \ ≤ hH

h

R C π
2 ≤ h ≤ shπ

2

π
2 ≤ h ≤ 2shπ

2 sh(x) = ex−e−x

2

/ ∧ \ H

H ′ \ ∨ /

⊗

H ≤ k (\ ∨ /) / ∧ \ ≤ l (\ ∨ /) k

l h

⊗

h



h hn

H n hn

H

h

C L H

C L H



H

C L

⊗ /∧\ H

H = sup≤(λ, γ)

C L

l1 l2 l1
∨
⊗ L ! l2

∧
⊗ L

≤
√
2

C∗ H

ϕ ∈ L∞(G) G

ϕ(t−1s) G × G

≤ h∥ϕ∥H h

⊗

C C ′ h



C∗

C L H λ γ

E
∧
⊗ F E

∨
⊗ F E F

C L H



C L λ γ

⊗

∧ ∨





⊗ α

/α α\ \α α/

\

L C H γ

λ



∧ ∨



⊗

∧ ∨

C L

C

L

C L

1 → 3 → 2



C L

⊗

u : E → F ∥u∥∧ ≤ 1 u L1 L∞

⊗

C L

C γ L λ

γ λ H γ λ

C L



C L

H

/ ∧ \

/ ∧ \ ≤ hH

H ≤ k (\ ∨ /) H

\ ∨ / = sup≤(∨/\, /\∨) = sup≤(λ, γ) γ λ

C L

⊗



C L

⊗













Coim(u) → Im(u) u

S C

C(S) Σ

C(Σ) C

1 ≤ j ≤ 6 C(Σ)

C C(Σ)



∂ ∂∗ ∂ ∂∗

∂

∂ ∂



O CO



CO

Hp(X,F )

F X

Hp(X,F ) p > 0

H1(X,F )





G

G G − O G

O

G

Hn(X,G,A)

Hn(X,G,A)

Extn(X,A,B)

G − O

Φ



C

A B Hom(A,B)

C Hom(A,B)

u : A → B u Hom(C,A) → Hom(C,B) : v %→ uv C
Hom



vu u v

u : B → A u′ : B′ → A u ≤ u′ ∃v u = u′v

τ

(vi : Ai → Bi) (i ∈ I)
∏

i∈I vi
∏

i∈I Ai →
∏

i∈I Bi

vi
∏

i∈I vi

vi
∏

i∈I vi

ϵ A ϵA
A τA A

∃xA(x)↔ A(ϵA) ∀xA(x)↔ A(τA) ϵ τ
τ ϵ

ϵ
τ

ϵ τ

τ ϵ

C
C

C



Hom(A,B)

C C′ (F,G,ϕ,ψ)
F : C → C′ G : C′ → C

ϕ : IdC → GF ψ : IdC′ → FG

ϕ ψ

ϕ ψ



u

Coim(u) → Im(u)

A P Q A

sup(P,Q) = Im(P +Q) inf(P,Q) = Ker(< πP , πQ >: A→ A/P × A/Q)

u : A → B Ker(u) A
v : C → A uv = 0

Coker(u) u Im(u) = Ker(Coker(u))
Coim(u) = Coker(Ker(u)

B u

⊗

0 ∀A∃! 0 → A ∀A∃! A → 0

i : Z → Q
f : Q → A g : Q → A fi = gi Z

Ker(f − g) {0} Q Q f = g



(Ai)i∈I

(
∑

i Ai) ∩ B =
∑

i(Ai ∩ B) A
⋂
)

∑

A



lim
−→

(A) A

C

(Ui)i∈I C C A ∈ C

B ̸= A

∃i ∈ I, ∃u : Ui → A u Ui → B

U {U} C

A ∈ C

C lim
−→

(A) C

F : C → D

C

F



U U

X (ZU)U⊆X ZU

X − U U

Z T = R/Z

M

B ! A u : B →M

ū : A → M ū #B = u

A

M A ! M

M : C → C A %→ M(A) M(A) f : Id→ M



fA : A ! M(A)

M V U v : V →M v

v̄ : U →M A ∈ C

M(A)

M

B ! A u : B → M
ū : A→M P = {ū : C →M, C ⊇

B, C } ≤
(P,≤)

ū : B → M B = A
ū

U

A



C C ′ C ′

C ′

C

C′

C



A ! M(A) ! M(M(A)) · · ·

· · ·H2(X) → H(X) → X F

i RiF

RiF (A) = Hi(F (C)) C A

0→ A→ C0 → C1 → · · ·

X

n H(X)

Hn(X)

X S1 H1(S
1) = Z X T = S1 × S1 H1(T ) = Z ⊕ Z

X

n π(X) πn(X)

π1(S
1) = Z π1(T ) = Z⊕ Z

Hi(S
n) = 0 i > n i Sn

πi(S
n) i ≥ n

S3 ⊆ R4

S3 Sn ⊆ Rn+1

n ≥ 5

n = 4 n = 3



X

X

X

X
X (F (U))U ⊆

ϕUV : F (U)→ F (V ) U ⊇ V ϕUU = idF (U) ϕWV ϕV U = ϕWU U ⊇ V ⊃W
F : Ab(X)→

Ab(X) X



X
OX OX

R ∈ OX

M M X M × X
·→ X e · x = x e

x ∈ X g · (h · x) = (gh) · x g, h ∈ M

M

G G

M

M M M



X

O X

O

n



h



G



∃

∃!



A M(A) A ! M(A)

R
Q/Z M(A) =

∏
Hom(A,Hom(R,Q/Z)) Hom(R,Q/Z)



M

M(A)

M(A)

M

A B ! A u : B → M

ū : A → M

U B ! U u : B → M

ū : U →M

U A



U

U A

M1(A)

M1(A)

M0(A) = A Mj+1(A) = M1(Mj(A))

Mlim ηi(A) = limMηi(A)

Mi(A) M(A)

A A ! M(A) M(A)

Vi U ui : Vi → A U →M1(A)



⊗

∈

⊗

∈ ∈





K

K



K(X) A(X)

K(X) K



K

K



λ

K(G, k) G k

G K(X)

X λ

λp(N, x)

k

A(X) X

A

K(C) C



K(C)

K(X)

K

K(X)

X

K(X) A(X)

X ch

T A(X) ⊗ Q f : Y → X

f ∗ : A(Y ) → A(X) f! : K(Y ) → K(X)

f ∗(ch(y)T (Y )) = ch(f!(y))T (X)

y ∈ K(Y )



C

K(X)

X K(X) K1(X)

K(X)

K(X) = K1(X)

H∗(X) A(X)

X A(X)



K(X)

K

K

f S

Pi S mi m =
∑

i mi H

m S M m

S m− gen(f) + 1 = dim(M)− dim(H) gen(f)

S f



λ

X

λ

λ K

K
K

λ

Θ

H0(Θ) H1(Θ) Ω

H1(Θ) ≈ (H0(Ω))∗

m−gen(f)+1 = dim(H0(Θ))−dim(H0(Ω))

X

H∗(X) H∗(X)



A(X) K

C0 K(C0)

X

K(X) K K(F(X)) F(X)

X

K(X)

K X

A(X)

X

( )∗ f : X → Y

f ∗ : A(Y )→ A(X) ( )∗ f : X → Y

f∗ : A(X)→ A(Y )

A(X) K K

Pn

f : X → Y

X Y

f : X → Y

X
∑

i(ni · Vi) ni Z Q
Vi X



f∗(x · f ∗(y)) = f∗(x) · y C0
C

C0
K(C0)

C0 X

F(X) X

K(X) K(F(X)) K

K(X)

K(X)

γ(F ) · γ(G) =
∑

i≥0(−1)iγ(Tori(F,G)) γ(F )

E E′ E′′ C0
(E)− (E′)− (E′′)

K(X)
X

K

M S(M) M × M

(x, y) ∼ (x′, y′) ∃z (x+y′+z = x′+y+z)

Z = S(N) K

a ∃n n·a = 0

G γ(F ) · γ(G) = γ(F ⊗ G)



F

A(X)

f : X → Y

f ! : K(Y ) → K(X) f !(γY (Z)) = γX(f−1(Z))

Z Y f! : K(X)→ K(Y ) f!(γX(F )) =
∑

q≥0(−1)qγY (Rqf!(F )) F Rq q

(fg)! = f!g! K

f!(x · f !(y)) = f!(x) · y x y

f : X → Y

f∗(chX(x)T (X)) = chY (f!(x))T (Y ) x ∈ K(X) chX : K(X) → H∗(X)

T (X)

TX X

T (xSy) = (Tx)y ($xy)y = ($x)y



x ∈ K(X) C(x) =
∏
(1 + ai)

x ch(x) =
∑

eai

T (x) =
∏
( ai
1−e−ai

) A(X) ⊗ Q ≈ K(X) ⊗ Q

f∗(chX(x)T (X)) = chY (f!(x))T (Y )

Z
g→ Y

f→ X

f g fg g!

fg g f f∗ fg

f g

A(X) K(X)

TX X T (X) = T (TX)



K K(X) A(X)

f : X → Y

K K H∗

K

K

K

p > 0

f : X → Y

K



chY f! =

f∗chX

fK
∗

f : X → Y K fH
∗ : H∗(X) → H∗(Y )

f : X → Y



f : X → Y

K(X) K(Y )

H∗(X) H∗(Y )

fK
∗

chX chY

fH
∗

K H∗

Y

fH
∗ (chX(x)T (X)) =

∑
(−1)kdim(Hk(X, x))

x X

±
√
2 Q

x m− gen(f)+1 x f
k = 0, 1

f

K



K

X

f : X → Y

K



f∗ f : X → Y

Rqf∗

K(X)
K(X) K

K



K



(X,E, p) p : E → X

p H0(X,E)

p

X E

C



H1(X,G)

Φ G X
Φ E X

Φ G(Φ, E)/G G(Φ, E)
Φ E G



H1

K(X) A(X) f∗

f! ch



K



K K(X) A(X)

K

K(X) A(X)
K(X) A(X)



K(X) A(X)

K(X) A(X)

K(X) K(C0)

K(X)

K

K

K A M

A K(A) M A

Q) K(A) = Z ⊕ A A

C[X1, · · · , Xn]/I I X K(A) = K(X)

K



K

→ →

→ K →

K

A

X K

K

D

D indana(D) = dimKer(D) dimCoker(D) Ker(D) Coker(D)

Df = g

indtop(D)
∑n

i=1
∂2

∂x2
i

f f



K















p







p

f : X → X X

f
∑

x∈FIX(f) i(f, x) =
∑

k≥0(−1)kTr(f∗ # Hk(X,Q)) i(f, x)

f x f x



p

G V

V V

p

p

V ⊆ kn

V (S) = {x ∈ V : f(x) = 0 ∀f ∈ S} S ⊆ k[X1, · · · , Xn]

p

p

Fp Fp





p

{f ∈ Q[X] : f(Z) ⊆ Z}
n + 1 n



V A V

W V

V → W V

W

Q k



A Spec(A)

Spec(A) P AP

A

X OX X

X

Spec(A) f : X → Y

f : X → Y f ∗ : OY → OX

f : X → S

S S

A

f∗ : OY,fx → OX,x OY,fx OX,x

AP A(A − P )−1 A P Z p

P



f : X → S

Y S X ×S Y → Y

F

X U X F

M A U ≈ Spec(A)

X F M

F

X M A

Y X ×Y → Y



X H i(X,F ) = 0 i > 0 H0(X,F ) = M

f : X → Y

Y F X Rqf∗(F )

Rqf∗(F (n)) = 0 q > 0 n

f : X → Y

Y y ∈ Y F X

Rqf∗(F )y Oy my

my ←−k H
q(f−1(y), F ⊗Oy (Oy/mk

y))

f : X → Y Y

f−1(f(x)) U ⊆ X f # U

Y

OY (U)

X f−1(y)

X Y



X

k KX

KX Hi(KX)

Xn k
E X Hi(X,OX(E))

Hn−i(X,Ωn
X(E′)) OX(E) E Ωn

X(E′)
n X

E′

X n
k KX Ωn

X



V

n L V H i(X,OX(L)) = 0 0 ≤ i < n

f : X → Y

X Rqf∗(OX) = 0 q > 0

Hp(X,OX) Hp(Y,OY ) p

f : X → Y X Y

f : X → Y

A X

Rqf∗(A) Y



X Y

X Y

f : X → X ′

f(Y ) = {y} X−Y ≈ X ′−{y}

X Y X

G

H G G/H

X

Y Y

Y





k

p

F





p > 0



l



1
2

1
2

1
2













x

x

S2

S2

S2

X

C



x y

y x





Mg

g g M0
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Ĉ

BG

G BG

(Esp)/X X
ui : Xi → X

U U
U ∈ V ∈ V

X ′ X X
X

X
X

J(X) = {X}
Top(X)

BG G = (Gi)
G = limGi

G x ∈ X X
X

BG X

BG Gi → Gj

I card(I) /∈ U

A

a ∈ A a Crib(a) = {S ⊆ (a], S ≤} A

A A

J(a) = { S : supS = a} ÃJ
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ĜT
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