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Abstract. In this paper, we consider a three-dimensional generalization of the Narayana numbers. We find a generating
function for these generalized Narayana numbers and show another way to get explicit formula. Also we obtain new
properties of these numbers for the composition of generating functions.
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The Narayana triangle is a classic combinatorial number triangle, which has many different
applications (Narayana 1979; Petersen 2015; Stanley 2015). In this paper, we use the definition of
this number triangle given in OEIS (Sloane). The Narayana triangle is defined by the following
generating function:

1-x(y+1)— (1 —x(y + 1))2 — 4x?y
F(x,y) = J - =) > N@mxmy™,

where the Narayana numbers are defined by
1 n n
N(n,m) = n (m - 1) (m)
The generating function F(x, y) satisfies the functional equation
—xF(x,y)> + (—xy —x + 1)F(x,y) —xy = 0.

The Narayana triangle describes a large number of combinatorial sets. For example, the

Narayana numbers are related to the Catalan numbers by the known formula
Nn,1)+Nn,2)+ -+ Nnn) =C,.

From this formula, we can conclude that the Narayana numbers describe classes of subsets for
the combinatorial sets described by the Catalan numbers. There are more than 200 combinatorial
sets that are described by the Catalan numbers (Stanley 2015). For instance, it can be some classes
of permutations, lattice paths, bracket expressions, Dyck words, trees, etc. One of the combinatorial
interpretations for the Narayana numbers is the set of Dyck n-paths with m peaks (Petersen 2015).
Also there are a large number of generalizations of the Narayana numbers (Barry 2011; Barry,
Hennessy 2012; Mansour, Sun 2009; Alexeev, Tikhomirov 2017). In this paper, we consider the
following three-dimensional generalization of the Narayana numbers:

k n n
Ne(n,m k) =2 (m — k) (m) @

The study of these numbers was first given in (Guy 2000), where lattice paths were investigated.
However, an explicit formula and a generating function were not obtained. The presented explicit
formula (1) is given in (Callan; Defant). Also in these papers the connection of the formula (1) with
the power of the generating function of the Narayana numbers is described.

In this paper, we present a new proof for the explicit formula of the generalized Narayana
numbers and we obtain a multivariate generating function with three variables for these numbers. In
addition, we obtain new properties of the generalized Narayana numbers for the composition of
generating functions.
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Theorem 1. The generalized Narayana numbers N,(n,m, k) are defined by the generating

function
1
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The use of the composition of generating functions with one variable is described in detail in

(Stanley 2011; Kruchinin D.V., Kruchinin V.V. 2013; Kruchinin V.V., Kruchinin D.V. 2013). In
the next theorem we give another important property of the generalized Narayana numbers, which
is associated with the operation of the composition of generating functions.

Theorem 2. Suppose the composition of generating functions

A = G(Fy) =) > atumamy™,

n=20 m=0
where

GG =) gman

nz0
and F(x,y) is the generating function for the Narayana numbers. Then the coefficients a(n, m) of
the composition are

n+m

a(n,m) = g(k)N,(n,m, k)

or
m

= 1) STk, o

k=1
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