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Abstract

Kernel mean embeddings and maximum mean discrepancies (MMD) associated with posi-
tive definite kernels are important tools in machine learning that allow to compare proba-
bility measures and sample distributions. We provide a full characterization of translation
invariant MMDs on R? that are parametrized by a spectral measure and a semi-definite pos-
itive symmetric matrix. Furthermore, we investigate the connections between translation
invariant MMDs and Wasserstein distances on R?. We show in particular that convergence
with respect to the MMD associated with the Energy Kernel of order o € (0,1) implies
convergence with respect to the Wasserstein distance of order 8 < a. We also provide
examples of kernels metrizing the Wasserstein space of order o > 1. A short numerical
experiment illustrates our findings in the framework of the one-sample-test.

Keywords: Reproducing Kernel Hilbert Space, Kernel Mean Embedding, Maximum
Mean Discrepancy, translation invariance, Wasserstein distance.

1 Introduction

Background. Many problems in statistics and machine learning require comparing several
probability measures and/or sample distributions: goodness-of-fit testing compares a sam-
ple distribution to a reference distribution (Chwialkowski et al., 2016); two-sample testing
compares two sample distributions (Gretton et al., 2012); independence testing compares a
joint distribution to a product distribution (Gretton et al., 2005); generative model fitting
compares the distributions of real and fake data (Dziugaite et al., 2015; Sutherland et al.,
2017). The different methods proposed in these references all rely on the important notion
of Maximum Mean Discrepancy (MMD).

MDMDs are semi-metrics between probability measures and their definition relies on the the-
ory of Reproducing Kernel Hilbert Spaces (RKHS) and Kernel Mean Embeddings (KME).
Given a symmetric positive definite kernel k£ and its associated RKHS Hj, the KME is a
map p — K(p) that assigns a function K(u) € Hj to each signed measure p in a suit-
able subspace My, (defined in Equation (3) below). The corresponding MMD between
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two measures p and v is defined as the RKHS distance between their embeddings, i.e.
di(p, v) = ||K () — K(v)|l2,. When the KME is injective, in which case the kernel is called
characteristic, the MMD defines a proper distance that can be used to compare probability
measures and/or sample distributions. Due to their theoretical tractability and computa-
tional efficiency, KMEs and MMDs are widely used in many areas of machine learning. We
refer to Smola et al. (2007) for an overview on distribution Hilbert space embeddings and
their applications in machine learning.

Related works. In the last decade, an important line of research has focused on theo-
retical properties of KMEs and MMDs. Sriperumbudur et al. (2010) and Sriperumbudur
et al. (2011) consider conditions ensuring that a kernel is characteristic, meaning that the
associated kernel mean embedding is injective. In the particular case of invariant kernels
on R? the question can be addressed thanks to Fourier analysis and the kernel is shown
to be characteristic if and only if the spectral measure has a full support on R?\ {0}
(Sriperumbudur et al., 2010, Theorem 9). Already considered in the latter references, the
question of whether MMD can metrize weak convergence of distributions has been fully
addressed by Simon-Gabriel and Scholkopf (2018) and Simon-Gabriel et al. (2023). The
main result is that, for a continuous kernel with RKHS included in the space of continuous
functions vanishing at infinity, the MMD metrizes weak convergence if and only if the kernel
is characteristic.

Although weak convergence is an important concept and a minimal requirement, this notion
of convergence is very weak, as its name suggests. A stronger notion of convergence, which
has turned out to be very useful and successful in machine learning, is the convergence in
Wasserstein space. The Wasserstein distance is related to optimal transport (Villani, 2008)
and was recently used successfully in statistics and machine learning, as described in the
recent monograph by Panaretos and Zemel (2020) or survey by Montesuma et al. (2023) —
see also the numerous references therein. To cite only a few, optimal transport is used in
learning algorithms (Frogner et al., 2015), signal processing (Kolouri et al., 2017), generative
models (Lei et al., 2019). . ., algorithmic fairness Si et al. (2021). .. One of the main question
addressed in the present paper is whether a MMD can metrize the Wasserstein space. We
show that the answer is positive and that the use of unbounded kernels is needed. In
a slightly different perspective, Auricchio et al. (2020) and Vayer and Gribonval (2023)
establish non-asymptotic inequalities relating MMD and Wasserstein distances.

Main contributions. Our main findings are the following:

e The class of translation invariant MMD on R? is characterized by a spectral measure
and a symmetric positive semi-definite matrix (Corollary 5). Extending the results of
Sriperumbudur et al. (2010), we provide an explicit formula for the MMD in terms
of Fourier transform (Proposition 7) and provide a necessary and sufficient condition
for the kernel to be characteristic over probability measures (Proposition 9).

e Strong connections between Energy kernels and Wasserstein distances are established
(Theorem 13) in Section 3.3. More precisely, for a € (0, 1), we denote by d, the MMD
associated with the energy kernel of order o and by W, the Wasserstein distance of
order «; we prove that convergence of probability measures with respect to W, implies
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convergence with respect to dg for all 0 < 8 < o and, conversely, that convergence
with respect to d, implies convergence with respect to W3 for all 0 < 5 < .

e We exhibit new families of kernels that metrize the Wasserstein spaces of order o > 1
(Theorem 14) in Section 3.4.

e We provide non-asymptotic inequalities between W7 and d,, for tight subsets of prob-
ability measures (Proposition 17) in Section 3.5.

Structure of the paper. Section 2 gathers some necessary material on reproducing kernel
Hilbert spaces, kernel mean embeddings and maximum mean discrepancies in Section 2.1
and some important results about equivalent kernels and their characterization via vari-
ograms closely related to Sejdinovic et al. (2013) in Section 2.2. Original results on the
characterization of translation invariant MMDs on R are presented in Section 2.3, Corol-
lary 5 being the main new result. Next we focus in Section 3 on the connections between
MMDs and Wasserstein distances. Some background on Wasserstein spaces is presented in
Section 3.1 and some preliminary results in Section 3.2. The relationships between MMDs
associated with the Energy Kernel of order a < 1 and Wasserstein distances of order o < 1
are investigated in Section 3.3. New families of kernels metrizing the Wasserstein spaces
of order @ > 1 are studied in Section 3.4. Finally, some nonasymptotic inequalities re-
lating MMDs and Wasserstein distances are established in Section 3.5. All the proofs are
postponed to Section 6.

Notation. In Sections 2.1 and 2.2, (X, B) denotes a measurable space and M (resp. P) the
sets of signed measures (resp. probability measures) on (X, B). The total variation measure
of a signed measure u € M is denoted by |u|. In the rest of the paper, we take X = R?
endowed with its Borel sigma-field and M (resp. P) denotes the space of Borel signed
measures (resp. probability measures) on R?. We equip R¢ with its canonical Euclidean
structure and we write ||z|| and z - y respectively for the norm of z and the inner product
between x and y. The characteristic function of y € M is denoted by ji and defined by

€)= [ ), gere

For a > 0, we define M* = {y€ M: [pa|lz||*|u/(dz) < oo} and P* = MNP as the
set of signed measures (resp. probability measures) with finite moment of order «. The
minimum between a,b € R is denoted by a A b.

2 Kernel Mean Embeddings and Maximum Mean Discrepancy

This section is dedicated to the characterization of translation invariant maximum mean
discrepancies (MMD) where we show that the underlying kernel need not be translation
invariant in order that the MMD be. In Section 2.3, such kernels are characterized by a
semidefinite positive matrix ¥ and a possibly infinite measure v on RY\ {0}, see Corol-
lary 5. Necessary material on MMDs and variograms are introduced in Sections 2.1 and 2.2
respectively.
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2.1 Preliminary: Hilbert space embedding of measures

We present some basic elements of the theory of Reproducing Kernel Hilbert Spaces (RKHS),
Kernel Mean Embeddings (KME) and Maximum Mean Discrepancy (MMD). For more de-
tails, the reader could refer to Berlinet and Thomas-Agnan (2004), Smola et al. (2007) or
Steinwart and Christmann (2008, Section 4).

Reproducing Kernel Hilbert Space (RKHS). Let X’ be an arbitrary space and F (X, R)
denote the space of real valued function on X. A function k£ : X x X — R is called a kernel
if it is symmetric and positive definite. The latter condition means that

Z a;ajk(z;,x;) >0, forallmn>1, z1,...,2, € X, a1,...,an €R.
1<i,j<n

An Hilbert space H C F(X,R) is called a RKHS if, for all z € X, the evaluation map
f — f(x) is continuous. By the Riesz representation theorem, there exists, for all z € X, a
unique representer K (x) € H such that

VieH, flz)=(f K(z)).

Then, the function k(z,y) = (K(z), K(y)) is a kernel and is called the reproducing kernel
of H because of the following reproducing property: for all x € X, k(z,-) € H and

VieM, f(z)=(f k). (1)

In particular, we have K(z) = k(x,-). The reproducing kernel characterizes the RKHS.
Conversely, Aronszajn’s theorem states that for any kernel k on X x X, there exists an
unique RKHS, noted Hj, with reproducing kernel k.

Kernel Mean Embedding (KME). We assume that (X, 5) is a measurable space and
the kernel & is measurable on X x X'. The space of signed finite measures (resp. probability
measures) p on (X, B) is denoted by M (resp. P) and the total variation measure of p by
|te|. The reproducing kernel property (1) readily implies that for any finite discrete measure
=>4 aidy,, the function K(u) =>"" | a;K(x;) € Hy, satisfies

Vf € Hio (f.K (1) = /X £ () u(da). ()

The KME extends this property to the class of measures

My ={ e m: /X\/k(x,x)\,u\(dx)<+oo}. (3)

More precisely, for all u € My, the RKHS H;, is included in £'(x) and there exists a
unique K(p) € Hj satisfying Equation (2) —see e.g. Steinwart and Christmann (2008,
Theorem 4.26). The map K : My — Hy is the KME associated with k. The measure
i € My is represented in the RKHS by the vector K (i) in the same way as the point x
(identified with the Dirac measure d,) is represented by K (z).
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Maximum Mean Discrepancy (MMD). To compare two measures in My, we compare
their images in Hy under the KME: the MMD is defined by

di(p,v) = |1K (1) = KW)lln,, v € My,
The reproducing kernel property (2) - applied twice - implies
di(p,v) = (K(p —v), K(n = v))n,
— [ blaw) (a2 (u = v)(dady). ()
XXX

For sample distributions p, = n~'>"}_; 0z, and v, = m~1 3%, 6y, the MMD reduces to

G (pinsvm) =072 D k(zga)+m? Y kyew) =207 tmTt Y Y (aw, w)

1<k,I<n 1<k,i<m 1<k<n 1<I<m

and is easily computed (for sample of reasonable size). Furthermore, using the dual repre-
sentation of the Hilbert norm in Hj, the MMD can also be expressed as

/de,u—/deV .

This form corresponds to an Integral Probability Metric (Miiller, 1997) with test functions
belonging to the unit ball of the RKHS.

dp(u,v) = sup (5)

1112, <1

2.2 Preliminary: variograms and equivalent kernels

Given different measurable kernels on X' x X', one can wonder in which case the associated
MMDs are equal. This question is investigated in Sejdinovic et al. (2013), where the authors
consider the relationships between kernels and distances of negative type (Section 4 in
Sejdinovic et al. 2013) and the corresponding MMDs and energy distances (Section 5 and
Theorem 22 in Sejdinovic et al. (2013)). We adopt here a slightly different terminology
more related to geostatistics (see Remark 2 below).

Variogram. We call variogram associated with a kernel k£ the function

1 1
p(xvy) = §k(ﬂs,a:)+§k(y,y)—k(x,y), xuyEX'

Clearly, the variogram p is a symmetric function on X x X and vanishes on the diagonal,
ie. p(z,x) = 0 for all z € X. Furthermore, according to Berg et al. (1984, Lemma 2.1
p.74), the variogram is a conditionally negative definite function on X x X', meaning that

Z aajp(xi,z;) <0

1<i,j<n

for all z1,...,2, € X and ai,...,a, € R such that > ;a; = 0. See Berg et al. (1984,
Chapter 3) for more details on the strong relationships between positive definite and negative
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definite functions. Note that Sejdinovic et al. (2013, Section 4) uses the terminology semi-
metric of negative type induced by k instead of variogram associated with k but the objects
considered are the same.

Equivalent kernels. Two measurable kernels k1 and ko on X' x X are called equivalent if
My, = My, and  di, (1, v) =dg, (p,v)  for all p,v e Mg, NP. (6)

Let us stress that, in this definition, the equality of MMDs is required for probability
measures only. The following statement is a reformulation of Sejdinovic et al. (2013, Theo-
rem 22).

Proposition 1. (Sejdinovic et al., 2013, Theorem 22) Two measurable kernels are equiva-
lent if and only if they have the same variogram.

In order to have a form of uniqueness, we consider the notion of a normalized kernel. Fix
an arbitrary origin o € X'. A kernel k is said to be normalized (with origin o) if
k(x,0) = k(o,z) =0 forall z € X.
For any kernel £ on X x X, there exists a unique kernel kg which is equivalent to k& and
normalized (with origin 0); it is given by
ko(l’,y) :k(xvy)_k(m>0) —k(O,y)+k(0,0). (7)

Denoting by p the common variogram of k and kg, one can easily check that ky can be
written as

ko(z,y) = p(z,0) + plo,y) — p(z,y). (8)
Remark 2. The term variogram comes from the theory of stochastic processes and geo-
statistics (Cressie, 1993). Let (B(x))zex be a square integrable stochastic process on X.
The covariance function is a symmetric and positive definite function on X x X, that is
k(z,y) = Cov(B(z), B(y))
1s a kernel. The associated variogram

pl,y) = SH(w,2) + () — ()

= Var(B(y) ~ B())

corresponds to half the variance of the increment B(y) — B(x). Given an origin o € X, the
process (B(x) — B(0))zex of increments at the origin has covariance

ko(z,y) = Cov(B(x) — B(o), B(y) — B(0))
= k(z,y) — k(x,0) — k(o,y) + k(o,0),
which is the unique normalized kernel with variogram p. We focus next on the class of
Gaussian processes. If the process B is centered and Gaussian, then its distribution is fully
characterized by its covariance function. It follows that, given an origin o and a variogram
p, there exists a (unique in distribution) centered Gaussian process B = (B(x))zex such

that
Var(B(y) — B(z)) = 2p(z,y) and B(o) =0 a.s.

The process B is called the Gaussian process with variogram p and origin o.
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2.3 Translation invariant MMD on R¢
In the rest of the paper, we consider X = R% endowed with its Borel sigma-field.
Translation invariant MMD. We study translation invariant MMDs as in the following

definition. For h € R?, we note 73, : R? — R? the translation defined by 74(z) = = + h and
by Th4u the image (pushforward) of a measure p on R%.

Definition 3. The MMD associated with a kernel k on R% x R? is said to be translation
invariant if, for all u,v € My, and h € R?, That by TRtV € My and

di(Thaht, Thgv) = di(p, V). 9)
Clearly, if the kernel k is translation invariant, i.e. satisfies
k(x4 h,y+h) =k(z,y), forallz,y,hcR?

then the associated MMD is invariant. Such kernels are of the form k(z,y) = ¢ (z —y) with
1 a positive definite function and are always bounded since |k(z,y)| < /k(z,z)\/k(y,y) =
¥(0). Under a continuity assumption, the class of translation invariant kernels is studied in
Sriperumbudur et al. (2010, Sections 2 and 3.2) where Bochner Theorem is shown to imply
the existence of a finite symmetric nonnegative Borel measure A on R? such that

) = [ o€ A0). (10)
R4
Furthermore the associated MMD is expressed, for u,v € M, as
Ra0) = [ 1) = HOPAE) = 1= 5l ) ()

Example 1. When X = R%, the Gaussian kernel is the most popular one in machine
learning and is defined by

k(z,y) = exp(~ ||z —yl*/2), =,y € R

This kernel being bounded, we have My = M and, using Fourier theory, the MMD can be
rewritten as

02 (1, v) = / A(€) — 2(©) 0(€) de,
Rd

where ¢ denotes the multivariate standard Gaussian density on R®. Simon-Gabriel et al.
(2023, Theorem 7) states that this MMD metrizes weak convergence on P.

Characterization of translation invariant MMDs. Interestingly, the class of trans-
lation invariant MMDs is much larger and is fully characterized in the next theorem. A
function v : R — R is said to be negative definite if

Zaiaj’y(xi - .Tj) < 0 (12)
i=1
for all z1,...,2, € R% and a4, ...,a, € R such that Z?:l a; = 0. The following result is a

consequence of Proposition 1 and states a one-to-one correspondence between translation
invariant MMDs and negative definite functions.
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Corollary 4. The MMD associated with the kernel k is translation invariant if and only if
there exists a negative definite function v : RY — [0, 00) such that the variogram p associated
with k satisfies p(x,y) = v(y — ).

Conversely, for all negative definite function v : R? — [0,00) such that ¥(0) = 0, the
MMD associated with the normalized kernel ko(z,y) = v(x) +(y) —v(y — x) is translation
invariant and its variogram is p(x,y) = y(y — x).

Using the point of view of geostatistics and random processes discussed in Remark 2, the
negative definite function v can be related to the variogram of a stationary increment
process. A process (B(z)),cpa is said to have stationary increments if for all o, ..., z, and
h € R%, we have

(B(z;) — B(x0))1<i<n = (B(z; + h) — B(zo + h))1<i<n,

where £ stands for equality in distribution. Then Corollary 4 can be reformulated as follows:
let k be a kernel on RYxRY, p the associated variogram and (B()),cga the Gaussian process
with origin 0 and variogram p (Remark 2); then the MMD associated with k is translation
invariant if and only if (B(z)),cre has stationary increments.

Then we can exploit the fact that the structure of stationary increment Gaussian processes
is well-known and has been characterized in Yaglom and Silverman (1962, Section 3.18)
or Matheron (1973, Theorem 2.1). See also Chiles and Delfiner (2012, Chapter 4) where
the different terminology of Intrinsic Random Function of order 0 (IRF-0) is used or the
more recent article by Shen et al. (2022). The following result follows from Corollary 4 by
exploiting the structure of negative definite function (or equivalently of stationary increment
Gaussian processes).

Corollary 5. Let k be a normalized (with origin 0) and continuous kernel on R*xR?. If the
MMD associated with k is translation invariant, then there exists a symmetric nonnegative
Borel measure A on RY\ {0} satisfying

L Q6 A1) A@e) < o (13)

and a d X d symmetric positive semi-definite matriz X such that
k(xz,y) = / (1- eixf) (1- e*iy'g) A(dE) + 272y, (14)
Rd

Conversely, for any such A and ¥, the kernel k defined by (14) is continuous on R% x R?,
normalized, and the associated MMD is translation invariant.

Note that the integrability condition (13) ensures that the integral in Equation (14) is
well-defined because

(1= =) (1= ) < an (Jalllgllig]?)

The symmetry condition implies that the kernel is real-valued and given by
k(z,y) = /]Rd (1 —cos(xz - &) —cos(y - &) + cos((z —y) - §))A(d§) + 2T'%y. (15)

8
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Properties of translation invariant MMDs. In the light of Corollary 5, we next
establish several properties of translation invariant MMDs. First, the following proposition
characterizes translation invariant MMDs that are bounded.

Proposition 6. Let k be the kernel defined by (14). The following statements are equivalent:
i) k is bounded on R? x R%;

it) A is a finite measure and ¥ = 0.

In this case, the two kernels defined in Equations (10) and (14) respectively are easily shown
to be equivalent and thus associated with the same MMD defined by Equation (11).

Next we discuss the domain of definition M, of the KME associated with k and the form
of the corresponding MMD dj. Note that the kernel decomposes into k = kp + kx with

— _ otx€ _ o€
ka(z,y) /]Rd (1 e ) (1 e ) A(dE) (16)
kE(xv y) = 1)sz7 : (17)
As a consequence, Steinwart and Ziegel (2021, Lemma 3.3) implies My, = My, N My, and
di(p,v) = di, (p,v) + di (p,v)  for all p,v € My,

One can therefore study kp and kx. separately and, for the sake of readability, we use the
short notation M, and dp (resp. My and dy) instead of My, and dj, (resp. My, and

iy )-
Recall that M“ denotes the set of finite signed measures with a finite absolute moment of
order o > 0.

Proposition 7. Let kp be the kernel defined by Equation (16). If [pa([|€]* A1) A(dE) < oo
for some o > 0, then M®/?2 € My. In particular, Equation (13) implies that M' C M.
For p,v € My,

. N 2
Riw) = [ |13 = 5(6) — n(RY + v(RY[* Ade). (18)
Note that for probability measures p1, v € My NP, Equation (18) yields d3 = || — /|| L2(A)
as in Equation (11), because the difference u(R%) — v(R?) vanishes.
Proposition 8. Let ky be the kernel defined by Fquation (17). Then the space My is

characterized by

Mz):{,LLGMZ /Rd|ej-aj||p|(dx)<oo foralllgjgr},

where r denotes the rank of X and (e1, ..., e,) an orthonormal system of eigenvectors asso-
ctated with the positive eigenvalues 0 < Ay < ... < \.. For u,v € My,
r 2
)= 30| [ (et - [ (e a)vids)
j=1

R4
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In particular, if ¥ is strictly positive definite, then My = M! and, for pu,v € M?,

d%:(n,v) = lle(p) — e(w)II%

where e(p) = [pa @ p(dz) is the expectation of p and [|z]|§ = 2”7Sa the squared norm
associated with X.

We finally focus on conditions ensuring that the kernel k is characteristic over probability
measures, meaning that dj, defines a proper distance (and not only a semi-metric) on M;NP,
which happens exactly when the KME is injective on My N P. Note that the kernel k
is never characteristic on M}, because di(,u,,u + adp) = 0 for all p € My and a € R,
showing that the KME is not injective on My. The following theorem provides a necessary
and sufficient condition and generalizes Theorem 9 in Sriperumbudur et al. (2010) which
considers bounded kernels only.

Proposition 9. The MMD dj, is a distance on My NP if and only if supp(A) = R<.

Examples of translation invariant and unbounded MMDs. We next provide ex-
amples of translation invariant MMDs associated with unbounded kernels. It is worth
emphasizing that these MMDs are translation invariant even if the underlying kernels are
not.

Example 2. The quadratic kernel k(z,y) = x -y on R? x R? has been considered in Sripe-
rumbudur et al. (2010, Example 2) and is the simplest unbounded kernel associated with a
translation invariant MMD. It corresponds to A = 0 and ¥ = 1dg in Equation (14). Clearly,
the corresponding RKHS is the finite dimensional space of linear functions on R%, the cor-
responding variogram is p(x,y) = %Hx - Z/H2 and the corresponding stationary increment
Gaussian process can be represented as B(xz) = G-z, x € RY, with G ~ N(04,1dg). Accord-
ing to Proposition 8, the MMD takes the form dy(u,v) = |le(n) — e()|| for p,v € M. In
particular di(p,v) = 0 if u and v are probabilities with equal moment of order 1 and dj, is
not a proper distance on M

Example 3. Brownian motion is the most important stationary increment Gaussian pro-
cess. In dimension d = 1, its covariance function is k(x,y) = min(x,y) for x,y > 0, and
more generally

1
Kz,y) = 5l + 1yl ~ e —yl) forz,y € R

Clearly, k(z,z) = |z| so that My, = M2, The associated variogram is p(x,y) = =yl
The spectral measure and matriz in the representation (14) are known to be A(d€) = 5= |¢]~2
and ¥ = 0 so that the MMD can be rewritten

1 A D 2
d%('uﬂ/):%/]}gdw d¢, /L7V€M1/2.

Interestingly, when restricted to probability measures, the MMD coincide with the Cramer
defined as the L?-distance between the cumulative distribution functions. More precisely,

R = [ Fule) = Fa)fde, v M0

10
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with Fy(x) = p(] — oo, z]) and similarly for F,,. In the literature on scoring rule, this kernel
is associated with the so-called CRPS (Gneiting and Raftery, 2007).

Example 4. A well known stationary increment Gaussian process on R is the fractional
Brownian random field with Hurst index H € (0,1) defined by the covariance

kn(z,y) = % (Il + gl =l = ]*") (19)
see Herbin and Merzbach (2007) or Cohen and Istas (2013, Section 3). This is a natural
extension of the previous example because the particular case d = 1 and H = 1/2 corresponds
to the Brownian motion. The kernel satisfies k(z,z) = ||z||*" so that My = PH. The
corresponding variogram is p(z,y) = %HIE —y||?H. The spectral measure and matriz in the
representation (14) are known to be (Cohen and Istas, 2015, Section 3.3.1)

1

—d—2H _
e and D=0

A(dg) =

with constant

) VAT(H +1/2)
A ) = ST o) sin( H)D(H + 4]2)

The MMD can be rewritten

di(p,v) = p,v e MM, (20)

1 (&) — (&)
 c(d,H) /]Rd

jegen 96

Thus family of kernels is connected with the a-distance correlation for independence tests
(Székely and Rizzo, 2009, Section 4). In the literature on scoring rule, this kernel is asso-
ciated with the so-called Energy Score (Gneiting and Raftery, 2007).

Example 5. Another extension of Brownian motion to higher dimension is the fractional
Brownian sheet (Cohen and Istas, 2013, 3.53.2) defined by the covariance function

1
k(gj)y) = H 5 (|$l|2Hl 4 ’yl’2Hl . ’xl . yl|2Hl) ,
=1

where © = (7;)1<1<d, ¥ = (Y1)1<1<a € R? and Hy,...,Hy € (0,1). Here the spectral measure
takes the product form A(d§) = Hle c(1, Hy)~Yg| 1 2Mdg and ¥ = 0.

3 Metrizing the Wasserstein space with MMD

The MMD associated with a characteristic kernel defines a distance on the space of prob-
ability measures. Understanding the notion of convergence — or equivalently the topology,
associated with this distance — is an important question which has been investigated in
particular by Sriperumbudur et al. (2010) and Simon-Gabriel and Schélkopf (2018). Most
of the results in this line of research consider bounded kernels and the equivalence between
weak convergence and convergence in MMD.

11
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In this section, we investigate the case of unbounded kernels and consider whether con-
vergence in Wasserstein spaces can be metrized by an MMD. The intuition behind this is
that convergence of probability measures dj(jip, 1) — 0 for the MMD implies convergence
of integrals [ fdun, — [ fdu, for all test functions f € Hj — see Equation (5). When
k is bounded and continuous, the RKHS is included in the space of bounded continuous
functions and one cannot expect more than weak convergence. On the opposite, when k
is unbounded, the RKHS contains unbounded function and one may hope convergence of
integrals for power test functions = ~ [|z||”, 8 > 0, whence the relationship with conver-
gence of moments and Wasserstein spaces. Because the Energy Kernels from Example 4
are naturally related to power functions, the associated MMDs are natural candidates for
metrizing the Wasserstein distance.

3.1 Background on Wasserstein spaces

We first provide the necessary background on Wasserstein spaces. For the purpose of this
paper, the underlying space will always be R? and we therefore restrict our presentation to
this case. More general results as well as proofs can be found in Villani (2003, Section 7).
Recall that M® (resp. P%) denotes the set of signed measures (resp. probability measures)
with a finite absolute moment of order o > 0. Given two probability measures y, v on R?,
we denote by I'(u,v) the set of couplings between p and v, that is the set of probability
measures v on R? x R? such that

V(B xRY = u(B) and (R x B) = v(B),

for all Borel set B C R%. The Wasserstein distance of order « is defined, for ac > 1, by

1/
wam,u):( mi | ux—ywwdm,dy))  vep.
YET (1,v) JR

For a € (0,1), it is defined by

Walpv) = it [ o=y 9 (do.dy).
yel(p,v) JRd

For all @ > 0, the Wasserstein space (P%, W,,) is a complete and separable metric space.
The case @ < 1 is somewhat less usual and we stress that the Wasserstein distance W,
is then equal to the Wasserstein distance of order 1 on the metric space (]Rd, Po) with the
alternative distance po(z,y) = ||z — y||*.

An important result in the theory of Wasserstein space is the Kantorovitch-Rubinstein
duality which states that

Wi(u,v) = sup {/ ed(p—v): ¢:RT SR 1—Lipschitz}.
R4

In the case a > 1, a more involved duality theory, called Kantorovitch duality, holds but it
will not be needed here. In the case o < 1, we have

Wa(p,v) = sup { /Rd ed(p—v): ¢:R*=R (a, 1)—H61der}, (21)

12
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where a function ¢ is said to be (a, 1)-Hdlder if [p(z) — o(y)| < ||z — y||* for all z,y € R4
Note that the set of (a, 1)-Holder functions is equal to the set of 1-Lipschitz functions on
R? equipped with the distance pq, so that the duality in the case o < 1 is a straightforward
consequence from the Kantorovitch-Rubinstein duality.
We finally discuss the notion of convergence in Wasserstein spaces. Let a > 0 and (pn,)n>1, 1t €
P. According to (Villani, 2003, Theorem 7.12), the following statements are equivalent:

i) Wa(pn, ) — 0;

i1) the sequence (pn)n>1 converges weakly to p and

el o) [l )

iii) for all continuous functions ¢: RY — R satisfying |p(z)] = Opsoo([|z]|*), we have
[ #@mmda) > [ o utao).
R R4

Note that the convergence in P¢ is stronger for larger values of a. More precisely, 8 < «
implies P C P?, and for all (uy)n>1, 14 € P,

Wa(pin, ) — 0 implies  Wg(pn, pr) — 0. (22)

3.2 Some negative answers

Our main question is whether an MMD can metrize the Wasserstein distance according to
the following definition.

Definition 10. Let k be a kernel on R? and o > 0. We say that the MMD d;, associated
with the kernels k metrizes the Wasserstein space of order o if P N My = P% and, for
all (pin)nz1, o € P,

di(ptns ) = 0 if and only if Wo(pn, ) — 0.
The following proposition is elementary but it emphasizes the need for unbounded kernels.

Proposition 11. Assume the kernel k metrizes the Wasserstein space of order o > 0.
Then k is unbounded on R? x RY.

Another negative result focuses on translation invariant MMDs associated with kernel of
the form (14). According to Proposition 7, such kernels satisfy P! C M, so that it is
natural to ask whether dj can metrize the Wasserstein space of order 1.

Proposition 12. There exists no kernel k of the form (14) such that di metrizes the
Wasserstein space of order 1.

The proof relies on a counter-example with measures of the form p, = (1 — p,)do + Pnds,,,
n > 1, with sequences x,, — 00, p, — 0 chosen so that (u,),>1 converges to dg for the
MMD dj, but not for the Wasserstein distance Wj. More generally, as a straightforward
adaptation of this construction shows, there exists no translation invariant MMD metrizing
the Wasserstein space of order o > 1.

13
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3.3 Energy kernels and Wasserstein spaces of order a < 1

We focus in this section on the special class of Energy Kernels, see Example 3. We recall
that, for a € (0,1), the Energy Kernel is defined by

ka(z,y) = l2l** + Iyl = lz — y**, 2,y €RY,

and that the associated MMD is defined on M® and translation invariant. For clarity of
notation, we denote by d, = di, the MMD associated with k,. The following theorem links
Energy Kernels and Wasserstein distances.

Theorem 13. Let o € (0,1) and (pin)n>1, 1 € P<.
i) Waltin, ) — 0 implies do(pin, pt) — 0.
i1) do(fin, ) = 0 implies W (pin, 1) — 0 for all B < a.

The theorem reveals the close relationship between the Wasserstein distance W, and the
MMD d,. The first point states that W, is stronger than d,, while the second point states
that d, is stronger than Wy for all § < a. Since W, can be seen as the limit of Wy as
B 1T «a, this suggests that d, and W, are almost equivalent. However, we conjecture that the
two distances are not equivalent on P¢.

3.4 MMD metrizing the Wasserstein space for o > 1

In view of the negative result from Proposition 12, we wish to exhibit a MMD that metrizes
the Wasserstein space of order 1, or more generally, of order o« > 1. The issue evidenced in
the proof of Proposition 12 is that the matrix part ds; controls the expectation and not the
absolute moment, suggesting the following modification of Equation (14).

Consider the symmetric positive definite kernel

k(z,y) = /R (1) (1) A + lal Ty (23)

where A is a symmetric measure on R%\ {0} satisfying condition (13), ¥ is a d x d symmetric
positive semi-definite matrix, & > 1 and |z|* = (|z1]|%,. .., |z4|%) denotes the componentwise
absolute a-power. Note that the introduction of this absolute power breaks the translation
invariance of the associated MMD.

Combining Proposition 7 and a straightforward adaptation of Proposition 8, one can prove
that M, always contains M® and that, for u,v € M,

di(p,v) = /Rd () — 2(&) — p(RY) + v(RY)? A(dE) + [Ima(p) — maW)[I%, (24)

where mq (1) = [ga |z|* p(dz) € R? denotes the absolute a-moment of p. With similar
argument as in the proof of Proposition 8, one can also prove that M = M® if and only
if ker ¥ N Ri = {0}. The next theorem states two important properties of the MMD.

Theorem 14. Let a > 1, k be the kernel defined by Equation (23) and dy, the corresponding
MMD given by Equation (24).

14
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1. The MMD dy, is a distance on My NP if and only if supp(A) = R,

2. The MMD dj, metrizes the Wasserstein space P* if and only if and only if supp(A) =
R? and ker X NRY = {0}.

Example 6. Taking A the standard Gaussian measure on R¢ as in Example 1 and a > 1,
we obtain the modified Gaussian kernel

k(z,y) = exp(—[lz —yl[*/2) + |2[* - |y|*, =,y € R
According to Theorem 14, the corresponding MMD metrizes the Wasserstein space P*.

Remark 15. [t is interesting to see that the condition supp(A) = R? does not imply that the
MMD metrizes weak convergence. It is indeed tempting to think that, in Equation 24, the
first term guarantees weak convergence while the second term ensures convergence of moment
of order a > 1, whence the convergence in Wasserstein space. However this heuristic is not
valid, as the following example shows. Let ¥ =0 and A = Z;:“fj”émj, with (z;);>1 an
enumeration of the dyadic rational numbers {:I:a/Qb: a,be N}. Consider the sequence of
probability measures ji, = 6on, n > 1. For j > 1, it holds fi,(x;) = 1 for large enough n,
so that [i,(§) — 1 A(dE)-a.e. as n — oo. Then, in view of Equation (24), the Dominated
Convergence Theorem implies d(fin,00) — 0 as n — co. Since (pn)n>1 does not converge
weakly to &g, the MMD does not metrize weak convergence. To put this result in perspective
with Theorem 7 in Simon-Gabriel et al. (2023), note that the RKHS Hy, is not included in
the subspace of functions vanishing at infinity, showing that this hypothesis is crucial in the
theorem mentioned.

3.5 Non asymptotic inequalities for the control of Wasserstein distances

We have considered in Theorem 13 the topological equivalence between MMDs associated
with energy kernels and Wasserstein distances. In the following we consider stronger results
establishing non asymptotic upper bounds.

The first result gives a strong control of the Wasserstein distance W7 on subsets of probabil-
ity measures with uniformly bounded support. A result similar in spirit is due to Auricchio
et al. (2020) where discrete measures on a regular grid of [0, 1]% are considered; their anal-
ysis relies on Fourier analysis and the Wasserstein distance between discrete measures is
bounded by the L?-norm between Fourier transform which is closely related to MMDs. For
K >0, let

T (RY) = {j € P(RY): p(R!\ B(0, K)) =0}
Proposition 16. Let o € (0,1). For all p,v € TOO,K(IR{d),
Wi, v) < C dg(p, v) "/ (HH15)
with constant C' = C(d, K, &) explicitly given in Equation (36).

Next we consider a similar result where the assumption of uniformly bounded support is
relaxed. We focus here on the case of uniformly bounded moment of order v > 1 but what
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really matters is to consider a relatively compact subspace 7 C Wi (R%). We recall that the
relative compactness of 7~ in the Wasserstein space W, (R?) is equivalent to

fim sup [l gy ucde) =0,

K—oo ,LLGT

see e.g. Proposition 2.2.3 in Panaretos and Zemel (2020). For v > 1 and S > 0, define

Ts(®@) = {ue PE): [ ol uian) <5},

The upper bound
S
/Rd |2l ga> iy (de) < 227, 1€ Ts(RY), (25)

implies that 7, g(R%) is relatively compact in Wy (R?).
Proposition 17. Let a € (0,1). For all p,v € T, s(R%),
Wi(p,v) < Cdalp,v)° (26)

with exponent p = 7 and constant C = C(d,~,S,«) explicitly given in Equa-

y—1
d+a+l)—«
tion (37).

Unfortunately, we can see that in Propositions 16 and 17, the exponent in the upper bound
depends on the dimension so that the upper bound gets worse as the dimension increases.

4 Application to the One Sample Test

We propose a simple numerical experiment illustrating the behaviour of the various MMDs
considered in this paper in the context of the One-Sample-Test. This simulation study is
very close to those for the Two-Sample-Test proposed in Sejdinovic et al. (2013, Section 8.1)
or Gretton et al. (2012, Section 8.1), except that we provide a comparison with the test
based on Wasserstein distance in order to illustrate Theorem 14 and support the idea that
suitable MMDs can be used as surrogate for the Wasserstein distance. We consider the
One-Sample-Test rather than the Two-Sample-Test merely for simplicity and our point is
to illustrate the comparison between MMD and Wasserstein distance in the simplest setting.

The One-Sample-Test problem is to determine whether a sample (X1,...,X,) comes from
a reference distribution FPy. The null assumption is thus

(Hp) : (X1,...,X,) is an independent sample from the distribution Py,

In the following, we always take the standard Gaussian distribution (in various dimensions)
as reference Py. We consider the alternative

(Hy): (X1,...,Xy) is an independent sample from the distribution P # P.

The test relies on the empirical distribution P, = n™! Y | dx, that we compare to the
empirical distribution Fy,, = m~! >, 8z, of asimulated independent sample (Z1, ..., Zy,)
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from the distribution Py. For this second sample, a large sample size m can be used to reduce
the sample fluctuations. The comparison between the two samples relies on the choice of
a distance d between probability measures. The quantity d(P,, Py ) is an approximation
for d(P, Py) and a small distance supports the null hypothesis (Hp). In order to calibrate
the test, we use simulated samples (X7,...,X>) and (Z7,...,Z},) both with distribution
Py and compute the distance between their empirical distributions P} and P& m- Under
the null hypothesis (Ho), d(P,, Py, o) is an independent copy of d(Fp, Py o). Similarly as in
the parametric bootstrap, we use multiples copies d(P}, P;f:o), b=1,..., B, and compute
their empirical quantile ¢j_,, of order 1 — a. Typically, B = 1000 and o = 5%. We define a
(randomized) test with level a by rejecting (Hp) whenever d(Py, Pno) > ¢_,-

In the following, we are interested by the impact of the choice of the distance d on the
power of the test and we consider various MMDs as well as the Wasserstein distance. In our
numerical experiment, the reference distribution P, is the standard Gaussian distribution
(in various dimension d), the sample size n = 100 is fixed and we consider two families of
alternatives with the following data generating process (DGP):

e DGP1: the sample (X,...,X,) comes from a standard Student distribution 7,(df)
in dimension d with df degrees of freedom; we use the continuous parametrization
df = 1/e with ¢ € [0,1] so that df € [1,+oc] and the convention that the Student
distribution with df = +o00 is the standard normal Gaussian distribution;

e DGP2: the sample (X1,..., X,,) comes from the mixture distribution (1—&)Ny(0, 1)+
eT4(2); that is we have a contaminated standard Gaussian sample with each observa-
tions replaced by a Student T'(2) alternative with probability ¢ € [0, 1].

For the two data generating processes, (Hp) corresponds to € = 0 and H; to € > 0, with
larger value of € corresponding to stronger departure from the null assumption. We consider
the tests as described above with n = 100, m = 500, B = 1000 and a = 0.05 and the

following distances:

e GK: the MMD associated with the Gaussian kernel with variance o2 = d, i.e.
k(x,y) = exp(—||z — y|?/(2d)) (similar to Example 1);

e ESK1-ESK3: the MMD associated with energy score kernel with power a = 0.25,
0.5 and 0.75 respectively (see Example 4);

e MGK: the MMD associated with the modified Gaussian kernel k(z,y) = exp(—||z —
yl|?/(2d)) + d~ 'z - y (see Example 6).

e W1: the Wasserstein distance of order 1.

We report in Figure 1 the rejection rates of the tests corresponding to these different
distances for DGP1 and DGP2 respectively. We use Monte-Carlo estimation based on
N = 1000 replications to estimate the probability of rejecting (Hp). Recall that when
e = 0, we expect a rejection rate equal to the nominal level « = 5%. When € > 0, the rejec-
tion rate corresponds to the power of the test under the alternative and a higher rejection
rate indicates a better ability of the test to discriminate between the null and alternative
hypotheses.
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Figure 1: Rejection rates for the one-sample-test based on various distances with data gen-
erating process DGP1 (left) and DGP2 (right) in dimension d = 1 (top), 10
(middle) and 100 (bottom). The distances considered are the Wasserstein dis-
tance (W1) and the MMDs based on the gaussian kernel (GK), various energy
score kernels (ESK1-ESK3) and the modified gaussian kernel (MGK).

As should be expected, for the 6 different tests, the rejection rate is roughly equal to 5%
when € = 0 and it increases when ¢ increases. In both setting, one can see that higher
dimension yields higher rejection rate, which is due to an increased effective population
size of order nd (note that in our alternatives, all the marginal distributions are deviating
from the normal distribution). More importantly, one can compare the different tests. For
DGP2, the results are similar in all dimensions: the Gaussian kernel yields the lowest power;
Energy Score kernels with increasing a provide tests with increasing power; the Modified
Gaussian kernel achieves the best power with a performance very similar to the one of the
Wasserstein distance in dimension 1 and slightly lower in higher dimension. For DGP1 in
dimension 1, the same comments still hold. However, in higher dimension, the Energy Score
Kernels and Gaussian Kernel yield similar performances and only the Modified Gaussian
Kernel stands out.

In this simulation framework where deviation from normality arise with heavy tailed Stu-
dent distribution, our numerical experiments reveals that the Gaussian MMD has a low
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expressivity compared to the Wasserstein distance; furthermore, the MMD based on the
modified Gaussian kernel almost reaches the same level of expressivity as the Wasserstein
distance. Furthermore, these results seem remarkably stable across dimension.

Finally, we compare our findings with similar experiments from the literature.

e Fukumizu et al. (2009, Section 5) study a two sample test and the use of generalized
MMD defined as the maximum MMD over a family of kernel; the alternative to the
Gaussian distribution is a sinusoidal perturbation interpreted as a high frequency
perturbation. The focus is on kernel hyperparameter selection (e.g. bandwidth in the
Gaussian kernel). Only bounded kernels are considered with a different alternative
distribution from our, making comparison with our result difficult.

e Gretton et al. (2012, Section 8.1) propose a study of the two kernel test with Gaus-
sian distributions with a shift in mean or variance; the Gaussian kernel test, t-test,
Kolmogorov-Smirnov test or Hall test are considered among others. Here again only
bounded kernels are considered and the emphasis is put on the calibration of the test
(based on universal bound, limiting distribution or bootstrap for instance), making
comparison with our result difficult.

e To our best knowledge, Sejdinovic et al. (2013, Section 8.1) is the only reference where
unbounded kernels are considered for the two-sample-test problem. Power distances
(equivalent to our Energy Score Kernel MMD) are compared with the Gaussian MMD
in three different settings: shift in mean, shift in variance or sinusoidal perturbation
of a Gaussian distribution. The Gaussian MMD exhibits good performance in the
first two cases, while the energy score kernel with a small power a = 1/3 performs
best in the case of a sinusoidal perturbation.

This last reference allows us to compare the use of energy score kernel in two different
settings: sinusoidal perturbation (high frequency perturbation) or heavy-tail perturbation
(low frequency perturbation). It appears that smaller @ in the energy score kernel yield
better performance in the former situation, whereas larger o perfom better in the latter
situation. This suggests that the expressivity of kernels strongly depends on the alternative
considered. As a final remark, let us emphasize that the framework of heavy-tail perturba-
tion has received little attention so far and that we could see that the Wasserstein distance
offers the best performance in this setting, followed by the Modified Gaussian Kernel test.

5 Conclusion

Summary. Our main contributions provide new insight into the theory of MMDs associated
with unbounded kernels. First, we show that the class of translation invariant MMDs is not
restricted to translation invariant kernels (well studied in the literature) but is characterized
by translation invariant variograms that can be specified with a spectral measure A and
a symmetric semidefinite matrix ¥. Second, we consider the relationships between such
MMDs and Wasserstein distances: we prove that the Wasserstein distance of order 1 cannot
be metrized by a bounded MMD; we prove that the MMDs associated with energy kernels
of order a € (0, 1) almost metrizes the Wasserstein distance of order «; finally, for all o > 1,
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we propose a class of kernels metrizing the Wasserstein distance of order o > 1 (without the
translation invariant constraint). A short simulation based on the one-sample-test illustrates
the good properties of this last class of MMDs that achieves the closest performances to the
Wasserstein distance in the framework proposed with a reduced computational cost.
Potential applications. Although our focus was mostly on theoretical properties, we
believe that the present work advocates for further and possibly more applied research to
connect MMD- and Wasserstein-based learning. Due to its implicit definition as the mini-
mum of the transport cost, the computation of Wasserstein distances remains challenging,
even if efficient algorithms have been designed and surrogate distances have been considered
to reduce the computational burden (Kolouri et al., 2019; Bayraktar and Guo, 2021). Inter-
estingly, in the framework of Generative Adversarial Networks (GAN) (Goodfellow et al.,
2014), both MMD and Wasserstein distances have been studied (Li et al., 2015; Arjovsky
et al., 2017; Li et al., 2021). For instance, based on the relationships between Wasser-
stein distances and MMDs discussed in this paper, it would be interesting to compare the
performances and computational costs between Wasserstein-GANs and MMD-GANSs.
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6 Proofs
6.1 Proofs related to Section 2

Proof of Corollary 4. Assume the MMD associated with k is translation invariant. For
h € R?, define the translated kernel ky(z,y) = k(x + h,y + h). Clearly, we have
di(Thaetts Thg) = di, (11, V)

and Equation (9) implies that the kernel k and kj, are equivalent (in the sense of Defini-
tion 6). Proposition 1 implies that kj, and k have the same variogram, which implies

p(x,y) = p(x +h,y+h), forall z,y c R

Since h is arbitrary, we can take h = y — = and define the function v(h) = p(0, h) so as to
obtain p(x,y) = p(0,y — x) = y(y — x). The function 7 is negative definite because p is
negative definite. Furthermore, ~v(0) = p(0,0) = 0.

Conversely, given a negative definite function v : R* — [0,00) such that v(0) = 0, the
function p(z,y) = v(y — ) is negative definite on R? x R? and

ko(z,y) = p(z,0) + p(0,y) — p(z,y) — p(0,0)

is positive definite, see Berg et al. (1984, Lemma 2.1 p.74). One can easily check that
ko(z,y) = v(x) + v(y) — v(y — x). Furthermore, the translated kernel

kn(z,y) = ko(x +h,y+h) =~v(@+h) +~v(y +h) =y —z)
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has variogram

pu(y) = 5kl ) + 3haly9) ke, ) =1y - o).

The kernels k;, and k have the same variogram and are thus equivalent, which proves that
the MMD is translation invariant. |

The following proof may potentially exist in the literature but we were not able to find a
reference with the precise form required. The literature in the field of IRF-n is often quite
general and the purpose of this proof is to simplify the form of the characterization of the
generalized covariance of IRF-n for the specific case n = 0.

Proof of Corollary 5. Let k£ be a normalized kernel such that its MMD is translation
invariant. By Corollary 4, there exists a negative definite function v such that p(z,y) =
y(x —y) for all z,y € R% Property (12) corresponds to —y being conditionally positive
definite of order 0 (Matheron, 1973, Section 2.1) and therefore according to Theorem 2.1 in
the same reference, for h € R?,

x(d€)
€112

where () is an even conditionally positive definite of order 0 polynomial of degree < 2 , B
is an arbitrary neighborhood of 0 and x is a positive symmetric measure with no atom at

the origin and satisfying
x(d§)
— s . 27
fu s < 0

We define A(d€) = x(d€)/||€]|* and Equation (27) implies

[ nleR) Ae) < o
Rd

1) = | eosth-&) — 1€)X T + @),

The neighborhood can be chosen B = R¢, which amounts to changing the constant term
in the polynomial Q). Moreover, as v(0) = 0, the constant term of @ is null and then by
parity of Q, for h € R%, Q(h) = hT Mh where M € My(R). We can assume that M is
symmetric because for an asymmetric matrix A, h” Ah = 0 and any matrix M is the sum
of a symmetric and antisymmetric matrix. As @ is conditionally positive definite of order
0 polynomial, for any h € R¢,

Q(h—h) + (=1)’Q(0—0) —2Q(h) > 0

then M is a symmetric negative semi-definite matrix.
Equation (8) gives for x,y € R?,

k(w,y) = ~(x) +v(=y) =z —y)
/Rd (1 —cos(z - &) — cos(—y - &) + cos((z — ) - €)) A(dE) — 22T My

d

/ (1—e™8) (1 —e &) A(dE) + 2" 2y,

=
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where ¥ = —2M. The last equality comes from the symmetry of A. |

Proof of Proposition 6. If A is finite then k, is bounded. Now, assume that A is not
finite. Let R > 0, we denote by Bp the ball with center 0 and radius R in R? and by g
its volume for the Lebesgue measure A. By Fubini-Tonelli Theorem

L — i _ Lix€)2
e, ) ) = 5 /Rd/BRu o€ \(dz) A(dE).

We consider

Fal() = ;R/BR 1= €12 \(dz) = ;/BR (2 - 2cos(z - ) A(da).

R

By Fatou’s Lemma, as R — 400,

liminf/\lR /BR ka(z,x) A(dx) = liminf/Rd fr(&) A(dE) > /Rd liminf fr(&) A(dE).

If £ # 0, Riemann-Lebesgue Lemma entails, as R — +0o0,

lim fr(§) = lim )\i /BR (2 —2cos(z - £)) Mdz) = 2,

R

whence we deduce

lim inf 1/ ka(x, z) Mdz) > 2A(R?) = +oo0.
AR JBg

This shows that kj is not bounded. We have proven that kj is bounded if and only if A is
bounded. The condition on k = kj + ky, follows easily. |

The following Lemma gives an upper bound on the growth of the kernel kx and will be
useful in the proof of Proposition 7.

Lemma 18. Let kp be a kernel of the form (16) and assume that, for some 0 < a < 2,
we have [pa([[€]]* A1) A(dE) < +oo . Then kp(x,z) = o(||z]|*), as ||z| — +oo, and
Ma/g C Map.

Proof Assume [pq(][£]|* A1)A(dE) < oo with 0 < o < 2. We show that for all € > 0, there
exists C' > 0 such that

ka(z,2)| < C +ela]|®, zeR% (28)

Since € can be chosen arbitrary small, this shows kp(z,z) = o(||z]|%) as ||z|| = +oc.

We compute
ka(x,z) = / 1 — et
R4

CaE9 <4 [ ((allieh? A1) A
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and divide the integral into two parts, depending whether ||£]| is larger or smaller than some
n > 0 that will be fixed later. The inequality u? A 1 < 1 implies

[ (el A1) Atae) < Al = ).
{lI€lI=n}
For 0 < a < 2, the inequality u? A 1 < |u|® implies
[ (el anyaaer < [ (el a9 <l [ el acag).
{lIEll<n} {ll€ll<n}

{llgli<n}

Since [pa([|€]|* A 1)A(dE) < oo, for any fixed € > 0, one can find 7 > 0 small enough such
that f{H£II<n} I€N|* A(dE) < /4. Setting C = 4A(||£]| > 1), the upper bounds for the two

terms above entail Equation (28).
As a direct consequence of Equation (28), any measure 1 € M satisfying [pq [|2[|* [p|(dz) < oo

satisfies also [pa \/ka (2, ) [p](dz) < co. In other words, M* C M, and this concludes the
proof of the Lemma. [ ]

Proof of Proposition 7. The inclusion M®/2 ¢ M, is proven in Lemma 18. Equa-
tion (13) implies that M!' C M. The computation of the MMD in terms of characteristic
function follows the lines Sriperumbudur et al. (2010, Corollary 4 and its proof). For
JURAS MAa

di (p,v) = /Rded ka(z,y) (p—v)® (n — v)(dzdy)
B /Rded /Rd (- eiz{) (1~ e_iy'g) A(dE)(p —v) @ (p — v)(dzdy)
- /R [/R (1= %) (u = v)(da) /R (1— %) (u—w)(dy) | A(de)
- /R (L(R?) = v(RY) = 1(&) + () (u(RY) — v(RY) — u(€) + (£)) A(dE)

= [ In(® = vty — i) + o(0) | Acae).

In these lines, we have used successively Equations (4) and (16), Fubini’s theorem and the
definition of the characteristic function. |

Proof of Proposition 8. The Spectral Theorem for the symmetric positive semidefinite
matrix ¥ implies
T
ks (z,y) = 278y = Z /\j:ETeje;‘»Fy, z,y € RY,
j=1
where A\ > ... > \. > 0 are the positive eigenvalues of ¥ associated with the orthonormal

eigenvectors (ey,...,e,). Together with the elementary inequality va + b < \/a + v/b, for
a,b >0, we deduce

\/A»l}elTx‘ < Vks(z,z) < Z\/xk?x‘, l=1,...,m
j=1
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We deduce that [pa \/ks(x, ) |ul(dz) is finite if and only if [pq |e] #|[ul(dz) is finite for
all 7 = 1,...,r. This proves the characterization of My. On the other hand, a direct
computation gives, for u,v € My,

s (p,v) = / ka(z,y) (p—v) @ (p—v)(dzdy)

R4 xR
_ ;x Lo (e esel) (ev) o (= v)(dady)
= jz;l)\j‘ /Rd(eij)u(dx) - /Rd(e;‘rlr)ﬂ(dx) 2

6.2 Proofs related to Section 3
6.2.1 PROOFS OF SUBECTION 3.2

Proof of Proposition 11. The proof is done by contraposition. Assume that the kernel
k is bounded and let « > 0. We prove that di does not metrize the Wasserstein space of
order . The assumption that k is bounded implies My = M. For z € R\ {0} and n > 1,
we consider the probability measures

n—1

1
fhn = oo + ;(5711/% and pu = dp.

Then, since k is bounded,
1
A2 (s ) = 2 (k(O, 0) + k(n'/ %z, nn/“z) — 2k(n'/*z, 0)) — 0.

On the other hand,
Walpa ) = [ 191" in(dy) = 1] .

This shows that dj does not metrize the Wasserstein space of order «. |

Proof of Proposition 12. For 2 € R?\ {0} and n > 2, we consider the probability

measures
n—2

1 1
M = 0o + —0_png + —0pe and n= do-
n n

On the one hand, the measures pu, and p are symmetric and thus have expectation 0. It
follows that e(p) = e(u,) = 0 and ds(fn, dp) = 0 according to Proposition 7. Furthermore,
we compute

1
A3 (o, 1) = ﬁ(/{/\(nx,mj) + ka(—nz, —nz) + 2kp (nz, —na))
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and, according to Lemma 18, |kp(nz, nz)| = o(n?), |ka(—nx, —nz)| = o(n?) and

\ka(—nx,nz)| < Vka(nz, nz)\/ka(—nz, —nz) = o(n?).

We deduce dj(pin, pt) = da(fin, ) — 0. On the other hand,

Wil ) = [ Il a(d9) =[] =0,

This proves that no kernel of the form (14) can metrize the Wasserstein space of order 1. B

6.2.2 PROOF OF THEOREM 13

For a € (0, 1), we recall that the Energy Kernel is defined by
ka(z,y) = 2] + lyl** = [lz — y[**

and we denote by H, = Hy, and d, = di,, the associated RKHS and the MMD. We recall
that My, = M. The kernel mean embedding is denoted by K, : M* — H,, and is defined
by

KammwaéﬁAmwmwx z € R

For the sake of clarity, we divide the proof of Theorem 13 into two parts. The next two
lemma will be useful for the first part.

Lemma 19. For all p € M, the kernel mean embedding K, (u) is a-Hélder continuous
with constant co (1) = 2 [ga [lyl|® [1](dy), i.e.

[ Ka(p)(@) = Ka(u)(@)] < ca(p)]lz —2'||%,  z,a" € RY.

Proof We have, for z,z’ € RY,
Kali)a) = K@) = | [ o) ) = [ ala’, ) ()
< [ Ihala) = Kala' ) ().
R4

Using the reproducing kernel property and Cauchy-Schwartz inequality, the integrand sat-
isfies

z), Ka(y)) — (Ka(2'), Ka(y))|
z) = Kao(2'), Ka(y)]

ko (2, y) = ka(z',y)] =
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Integrating with respect to |u|(dy), we deduce

| Ka(p)(z) — Ka(p)(@')] < 2||2 —%“H“/Rd [yl [ul(dy),

whence the function K, (u) is Holder-continuous with exponent a. [ |

Lemma 20. For all p,v € P, we have

&2 (1,v) < (calpt) + cav)) Walp.v).

Proof We recall that, for o € (0, 1), the Kantorovitch-Rubinstein duality implies that

o(p,v —sup\/ (dx)( (29)

with the supremum taken over the set of Holder-continuous function with exponent o and
constant 1.
Starting from Equation (4) and integrating with respect to y, we get

diUuV)zt/‘ o) (1 — 1) ® (u — v)(dady)
R4 x R4

— [ Kalp—v)(@) (1 —v)(da).

R4

According to Lemma 19, the function K, (u — v) is Holder continuous with exponent o and
constant ¢, (p — v). Then, Equation (29) implies

) = [ Kali=)(@) (o= v)(d0)
< calp —v)Walp, v).

We conclude by using the fact that

calis=) =2 [ Iyl = vI(d)

<2 [ lylutan) +2 [ lyloviay
= Calp) + calv),

Proof of Theorem 13 (first point). Let (un)n>1, 4 € P* be such that W, (pin, 1) — 0.
By Lemma 20,

di(ﬂna p) < (Ca(ﬂn) + Ca(N))Wa(Mna 1)
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It is enough to prove that the sequence (cq(gn))n>1 remains bounded in order to conclude
do(pfn, ) — 0. This is indeed the case since the convergence u, — u in Wasserstein space
of order « implies the convergence of absolute moments

[ bl natae) — [ ol utae),

which yields ¢, (pn) — ca(pt). Being convergent, the sequence (¢4 (pin))n>1 is bounded. W

We next consider the proof of the second point in Theorem 13. The following lemma is the
key of the proof.

Lemma 21. Forr > 0, we define the measure pi,(ds) = (1+ ||s||)~*"ds. Then, forr > a,
e € M. Furthermore, for a < r < 1A 2q, the kernel mean embedding satisfies

Ka(pr)(@) ~ d(a,r) |27, as [lz]l — +oo,
with d(a,r) > 0.

Proof Asr > a, the function \/kq(x, ) = v/2||z||* is y,-integrable and hence u, € M®.
The KME K, (1) € He is defined by

K(n)(a) = [ Kalo.9)nr(dy)

- /R (lll2 + e = o = y) (1 + liyl) ™ dy.

The change of variable z = y/||z|| yields

e « o4 —(d+r
Ko)(a) = ol [ (1 1P = oLl = #1P) (1 ) a,

By the rotational invariance of the Euclidean norm and the Lebesgue measure, the integral
does not change if we replace the unit vector z/||z|| by e; = (1,0,...,0). This yields

[ a a —(d+r
K@) = a2t [ (1 a2 = ler = 2l2) (1 )~ a

Note that K, (i, )(x) is rotation invariant and depends only on ||z||. We next consider the
asymptotic as ||z|| — +o0. In order to ease the analysis, we use the following form

d+r 20 2
] Ll — s — 2]
) — 1azar [ (_lllz] N
o= el [ (=i B :

Using this expression, the proof of the Lemma is reduced to the proof of the convergence

d+r 20 2c
ul||] ) L4 |lz)1** — [lex — =|
dz = d(a,r) >0, asu— 4o0. 30
L Bl (1) (80)
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We observe that, for all z € R\ {0}, (ul|z||/(1 + ulz|]))*" — 1, as u — oo, suggesting the
convergence with limit

1 200 2
d(a,r) = / + |12l d||€1 gl dz.
Rd [|2]]4+"

This is justified by Lebesgue dominated convergence Theorem, since (u||z||/(1+ul|z|))" <
1 and g(2) = (1 + ||z]|** — |lex — 2[|?>®)/||z||**" is integrable. Indeed:

- for ||z]| > 1/2, the upper bound

l9(2)| = [12l17“ 7 kaer, 2)] < (|27 Vka(er, e1) Vialz, 2) = 2]z,
implies integrability on {z : ||z]| > 1/2} since r > «;

- for ||z|| < 1/2, the function z +— 1 — ||e; — u/|?>* is continuously differentiable on the
compact ball {2 : ||z|| < 1/2} and vanishes at 0 so that |1 — [le; — z||**| < C|z| for
some C' > 0; we deduce

l9(2)] < [zl + Clef =
which implies integrability on {z : ||z|| < 1/2} since r < 1 A 2a.

The convergence (30) is proved and it remains to show that the limit is positive. By rotation
invariance,

1 200 o 2a 1 20 2
o= [ el o [ L e valt
R [z R &

Then, taking the mean of the two expressions,we get

_ 2c 2c
dar) = [ a0 (14 e -zl Rl o,
Rd

2
2 2
(d+r) 2 [lz—ell®+z+e*y
> [ (1 el - | : ) a
= [N (1 e = (1 el?) ) a
> [ (L e =1 el s
= 0.

The first inequality uses the concavity of the function u — u® on (0,4+00) and the second
inequality uses (14 u)* < 14 u® for u > 0. Both properties hold because a € (0,1). [

The following lemma is a generalization of the classical characterization of the Wasserstein
convergence (Theorem 7.12, Villani 2003). The proof is easily adapted and omitted for the
sake of brevity.
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Lemma 22. Let f: R — R be a continuous function satisfying f(x) ~ C||z||® as ||z| —
+oo for some C > 0 and > 0. For measures fi, (fn)n>1 € P8, the weak convergence
pin —  together with the convergence of integrals [pa f(x) pn(dz) = [pa f(x) p(dx) implies
the Wasserstein convergence Wg(fin, i) — 0.

Proof of Theorem 13 (second point). Let p, (tn)n>1 € P such that dq(pn, 1) — 0.
Then K (pn) — K(p) in Hqo and it follows

V€ Hao (F K () = /R T (K ) = /R T

In particular, the result holds for the functions from Lemma 21: for € (2a — 1V 0, ),
r=2a—8¢€(a,1A2a)and f = K(u,) € Ha, we have f(z) ~ d(a,7)||z||? as ||z| — +o0.
The function f € Hjy, is continuous because the kernel &, is continuous in its two variables
so that all functions in the RKHS are continuous (Simon-Gabriel and Scholkopf, 2018,
Corollary 3).

In order to apply Lemma 22 and conclude to the convergence W3 (pn, it) — 0, it remains to
prove the weak convergence p, — p. By the discussion above, the moments of order 3 of
the measures () are uniformly bounded (note that ||z||® < C(f(x) + 1) for some C > 0)
and hence the sequence (u,) is tight. By Equation (20),

> _ ! [tin () — AE)?
dg,(pns 1) = (d.20) /Rd [~ 96— 0.

This implies that p is the only possible adherent point of the sequence (u,,). Tightness and
uniqueness of adherent point implies the weak convergence p, — p. |

6.2.3 PROOF OF SUBSECTION 3.4

The key ingredient of the first point of Theorem 14 is this following lemma. Our proof is
largely inspired by the proof of Theorem 9 of Sriperumbudur et al. (2010).

Lemma 23. Let U C R4\ {0} be a symmetric open set and o > 1. There exists a real-valued
Schwartz function 0 # 0 which has a non null Fourier transform outside U and satisfies

/ O(z) dz =0 and / |z;]“0(x) de =0, 1<i<d.
R4 R4

Proof For w € R% and ¢ € (0, 4+00)?, we define the function

d 2
fw7€(€) = H e 512—(51'—101')2 1[—61',8” (gl - U)i), g € Rd
i=1

Clearly, fuy, is a Schwartz function with support equal to the hypercube [w — e, w + €].
Because U is open and symmetric, there exist wi,...,wg+1 € U and € € (0, —|—oo)d such
that the symmetric sets [w; —e,wj +¢]U[—wj —e, —w; +¢], 1 < j < d+1, are all included
in U and pairwise disjoint. Then the Schwartz functions

é\j:fwj,a"’_f—wj,av 1§j§d+17
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are symmetric with disjoint support included in U. As the Fourier Transform is a bijection
on the Schwartz class, there is a unique Schwartz function ¢; with Fourier transform 6;,
1 <j <d+1. Note that the functions 61,...,0a41 are linearly independent because their
Fourier transforms 61, ...,0441 have disjoint support and thus are linearly independent.
Furthermore, 6; is real-valued because 6; is symmetric and its integral vanishes because the
condition 0 ¢ U implies
0;(z) dz = 6;(0) = 0.
Rd
The d + 1 vectors in dimension d

(/ |26, (x) dx) eRY 1<j<d+1,
R4 1<i<d

are not linearly independent so that there exist u,...,uq4+1 € R, non all zero, such that
d+1
Zuj/ |z;|*0;(z) dz =0 forall 1 <i<d.
4 R
7j=1

Then the function 6 = Z;-lzl ujf); satisfies the required properties. It is non null because
the functions 61, ...,0441 are linearly independent. |

Proof of Theorem 14 (first point). Consider the decomposition

k({L‘, y) = kA(l'?y) + kz,a(w‘, y) (31)

with kj defined in Equation (16) and ks o(x,y) = |z|*TS|y|.
If supp(A) = R?, we prove that the kernel kj is characteristic over probability measures
and hence k is also characteristic. The proof is similar to the proof of Theorem 9 in

Sriperumbudur et al. (2010) and we recall only the key arguments. By Proposition 7, as
p(RY =v(RY) =1

di(u,v) =0 if and only if /Rd 11(€) — 0(&)> A(d€) = 0.

Since A has a full support and the integrand is continuous, we must have ji(§) = (&) for
all ¢ € RY. We deduce j = v, showing that kj is characteristic over probability measures.

Conversely, we now suppose that supp(A) # R? and show that k = kj + ks o is not
characteristic. Let U C R?\ {0} be a symmetric open set such that A(U) = 0. By
Lemma 23, there exists a Schwartz function € # 0 such that

/ f(z) de =0, / |z;|“0(x) dz =0, 1<i<d,
R4 R4

~

and 0(z) =0 for v ¢ U. Let n > 1 and C > 0, such that the measure

C

p(dr) = —————— dz
L+ ]
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is a probability measure with a finite absolute moment of order p. As 6 is continuous and
with a fast decay at infinity, there exists u > 0, such that the function C(1+ ||z||) ™" +uf(x)
remains positive on R%. Then the measure

¢
L+ ]

v(dz) = ( —i—u@(:c)) do

is probability measure (recall that § has a vanishing integral on R?). By the properties of
0, the measures p and v have the same absolute moment of order p:

/ |z;|* p(dz) = / |z;|* v(dz), 1<i<d,
Rd Rd

so that mq (1) = mq(v) and d%,a(ﬂ, v) =0, see Equation (24). Furthermore, they have the
same Fourier transforms outside U, and together with A(U) = 0, this entails

i) = [ 76 = 7O Ad) =

We conclude that d2(p,v) = d3 (p, v) + d%a(u, v) = 0, so that the MMD is not a distance
on My NP and k is not characteristic. |

Proof of Theorem 14 (second point).

Assume that di metrizes the Wasserstein space P®. Then dj is a distance, and, by the
first point of the theorem, supp(A) = RY. We next prove that ker X N R # {0} leads
to a contradiction. If z € R% is non zero and such that |z|* € KerY, we consider the
sequence fi, = ”77150 + %57“7. Clearly Wy (n, d0) # 0 because the c-moment of p,, does not
converge to 0. On the other hand, d(pn,00) = “zka(nz,nz) because |z[P € ker £. Then
Lemma 18, implies d3 (tn, 6) — 0. This shows that dj does not metrize P and leads to a
contradiction, whence ker ¥ N R% = {0}.

We now assume that supp(A) = R? and kerS NR% = {0}. It must be shown that, for
(tn)n>1, 1 € P, Wo(fin, p) — 0 if and only if dg(pn, n) — 0.

o If Wo(pn, ) — 0, then mea(pn) — ma(p) and ds(pn, p) = [ma(pn) — ma(p)lls —
0. Moreover, as a > 1, mi(pyn) — mi(p) and hence these moments are uniformly

bounded by some constant C. This implies that the the Fourier transforms (fiy)n>1,
it are all C-Lipschitz continuous and hence

[n(€) — A(E)* < 4(1 A C2JIE]?) € LE(A).

Also, Wasserstein convergence implying weak convergence, [, — [ pointwise. The
Dominated Convergence Theorem then implies,

@ (j1ms 11) = / 1in(€) — A6 AdE) — 0,
]Rd
and we deduce di (fin, i) = d3 (kn, 1) + d5; (pin, p1) — 0.
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o Conversely, if di(pn, ) — 0, then ds (pin, 1) = [|ma(tn) —ma(p)||s — 0. This implies
Ma(fin) = ma(p). Indeed, the condition Ker$ N RY = {0} implies the existence of
¢ > 0 such that |z||s > c||z|| for all z € R% (take ¢ has the minimum of the positive
continuous function x — 7Sz on the compact {z € RL: ||z| = 1}).

Since the moment my (1) converge, the sequence p, is tight. Moreover, the conver-
gence

Blpari) = [ 1) = AOF A 0

implies that the measure p is the unique adherent point of the sequence (pr)n>1 and
hence (f1n)n>1 converges weakly to p. Together with the convergence of the absolute
moment of order «, this implies the convergence in Wasserstein space P¢.

6.2.4 PROOF OF SUBSECTION 3.5

The proof of Proposition 16 is based on the following lemma, where * denotes the convolution
product and h, the Gaussian density defined by

ho(x) = (0V2m) ™ exp(~|zl3/20%), = €R?. (32)

Lemma 24. For ¢ € CO(Rd,R) and F a probability measure on R%, we have

/}Rdgp*hg dF:(\/%)‘d/

e(y) | f(t)hi(ot) exp(—iy-t) dtdy,
R4 R4

where f is the characteristic function of F.

Proof The proof of this lemma can be found in Ouvrard (2004). By definition of the
convolution product and Fubini Theorem, we have

/RdSO *hy dF = /Rd /Rd o(y)he(t —y) dyF(dt) = /Rd o(y) /Rd ho(t — y) F(dt)dy.

By a standard result of Fourier theory (see also Ouvrard (2004) lemma 12.5),

[ holt =) Flat) = (V)™ [ f(t)(ot) exp(—iy 1)

whence the Lemma follows. [ |

Lemma 25. For all a,b > 0 and p,q > 0,

a  _p
inf (ac®? + bo~7) = Cp qar+ibr+a,
o>0
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Proof A straightforward analysis of the function o — ac? +bo~9 shows that its derivative

bg

—+ . . .
ap) P9 where the minimum is reached. [ |

vanishes at o = (

In the following, we note u(f) = [pa ¢(x) p(dz) the integral of a function ¢ with respect
to a measure u.

Lemma 26. Consider a function p: R* — R that is Lipschitz continuous with Lipschitz
constant L, bounded by a constant M and with support included in the ball B(0, K). Then,
for all probability measures p,v on R, and o € (0,1), we have

() = V()] < Cda(p, )"/ (*FoFY
with constant C depending only on d, o, K, L, M and given explicitly by Equation (34).

Proof [of Lemma 26| The proof relies on Fourier theory and on an approximation argu-
ment using the Gaussian kernel h, defined by (32). Since ¢ is L-Lipschitz continuous, the
convolution ¢ * h, satisfies

o=@ hollo < L | lallaho(s) dy = Lmao, (33)

with mg = [ga [|yll2h1(y) dy the absolute moment the d-dimensional standard Gaussian
distribution. By the triangle inequality, we have

() = v(p)] < [ulp) — (e * ho)| + (@ * ho) — V(@ * ho)| + [V(@ * he) — v(p)]
< 2Lmgo + (e * he) — v(p * he)|.

The last term is controlled thanks to Fourier analysis and Lemma 24 which implies

1l he) =) = ) 2] [ o) [ ((0) = 90 a(ot)e 7 ey

< Cn) YV MNBOK) [ i) = (0] (e) a.

where [i and © denote the characteristic functions of g and v respectively and the last line
uses the fact that ¢ is supported by B(0, K) and bounded by M. Note that the volume
of the ball is equal to A\(B(0, K)) = K%y, with vy = A(B(0,1)) the volume of the unit ball
in dimension d. Furthermore, Equation (20) together with the Cauchy-Schwarz inequality
implies

J.

with I(e, d) = [ga [|t]|“T2*h3(t) dt. Collecting the different terms, we get

~ — b 2 1/2
fi(t) — D(t) | (ot) dt < </Rd [t]|T22h2 (ot) dt x /Rd W dt>

1/2
- (I(a,d)o’m’?a % e(d, 20)d2 (1, y)) /

lu(p) —v(p)| < 2Lmgo + (277)7d/2 MK %g\/I(a, d)v/c(d, 20)dg (11, v)o 472,
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This inequality holds for all ¢ > 0 and, minimizing with respect to ¢ > 0 according to
Lemma 25, we get
() = ()] < O, v) "4+,

where the constant is given by
C = DL(d+a)/(d+a+1) (MKd)l/(d+a+1) (34)

with D depending only on d and « and given by

1/(d+a+1)
D— d+a+1 (2m )(d+a)/(d+a+1) (d+oz)vd\/l(a,d)\/c(d, 2a) (35)
d+a ¢ (2m) 4/ '

Proof [of Proposition 16] Let ¢ be a Lipschitz continuous function with Lipschitz constant
L = 1 and p, v probability measures with support included in B(0, K'). Because the quantity
() — v(p) does not change if ¢ is replaced by ¢ — ¢(0), we can assume without loss of
generality that ¢(0) = 0. Then, because of the Lipschitz property, ¢ is bounded by K on
B(0, K). Therefore, one can easily construct a function ¢ which is 1-Lipschitz on R?, equal
to ¢ on B(0, K) and equal to 0 on R?\ B(0,2K). Since p, v have their support included in
B(0, K), it holds u(p) — v(¢) = u(¢) — v(¢) and one can apply Lemma 26 to the function
¢ (with L =1, M = K and K replaced by 2K) and deduce

() = v(@)| < Cda (p, v)M/ 1+

with constant
C — 2d/(d+0¢+1)DK(d+1)/(d+Oz+l) (36)

and D given in Equation (35). |

Proof [of Proposition 17] We now remove the support condition and replace it by a weaker
moment assumption. For v > 1 and S > 0, we consider the set 7, g of measures p satisfying

/ | u(dz) < 8.
Rd

This moment condition implies that, for all K > 0,

/}Rd 2] T o>k} p(dz) < SK'T,

Consider now probability measures p, v € 7, ¢ and a Lipschitz continuous function ¢ with
Lipschitz constant L = 1 and such that ¢(0) = 0. Note that |p(x)| < ||z||. For K > 0,
consider the function x : R? — [0, 1] defined by

2K — ||z
x(2) =L <k + K-HH1K<J:||<2K-
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Clearly, x is Lipschtiz continuous with constant 1/K, is equal to 1 on B(0, K) and to 0 on
R?\ B(0,2K). We introduce the decomposition ¢ = y¢ + (1 — x)¢ and the bound

() —v(p)] < [ulxe) —vxe)| + [u((1 = x)p) —v((1 = x)¢)|-

For the first term, we note that yy is supported by B(0,2K), bounded by 2K and with
Lipschitz constant 2 so that Lemma 26 implies

‘U(X@) - V(X(P)‘ < 21-i-d/(d-i—o¢-i—1)l)[((d—i-l)/(d-i-oe-i—l)da('u7 V)l/(d—i—a—i—l)

with D given by (35). For the second term, we note that (1 — x)¢ vanishes on B(0, K) and
is bounded by ||z||, so that Equation (25) implies

(1= 309) = (1 =09 < [ et aporey ude) + [ el oo v(do)
< 28K,
Collecting the two terms, we get
() — v(p)| < 2XF /Tt D, (g, v)t/ (et g @D/ (dretl) | og 1=,
Minimizing the right hand side with respect to K > 0 according to Lemma 25, we deduce

() —v(p)| < Cda(p,v)”

with exponent
v—1

P Ad+ )+ (= Da

and constant

C = 2drD)/(d+D)+aty-)c ., 1D(d+a+l)ﬂg(d+1)/(v(d+1)+a(v—1)) (37)
Trat1 ™
with D given in Equation (35). Because the 1-Lipschitz function ¢ in the left hand side is
arbitrary, this yields an upper bound for the Wasserstein distance Wy (u, v). |
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